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The Pythagorean fuzzy set as an extension of the intuitionistic fuzzy set characterized by membership and nonmembership degrees
has been introduced recently. Accordingly, the square sum of the membership and nonmembership degrees is a maximum of
one. The Pythagorean fuzzy set has been previously applied to multiattribute group decision-making. This study develops a few
aggregation operators for fusing the Pythagorean fuzzy information, and a novel approach to decision-making is introduced
based on the proposed operators. First, we extend the generalized Bonferroni mean to the Pythagorean fuzzy environment and
introduce the generalized Pythagorean fuzzy Bonferroni mean and the generalized Pythagorean fuzzy Bonferroni geometric mean.
Second, a new generalization of the Bonferroni mean, namely, the dual generalized Bonferroni mean, is proposed by considering
the shortcomings of the generalized Bonferroni mean. Furthermore, we investigate the dual generalized Bonferroni mean in the
Pythagorean fuzzy sets and introduce the dual generalized Pythagorean fuzzy Bonferroni mean and dual generalized Pythagorean
fuzzy Bonferroni geometric mean. Third, a novel approach to multiattribute group decision-making based on proposed operators

is proposed. Lastly, a numerical instance is provided to illustrate the validity of the new approach.

1. Introduction

Decision-making is a common and significant activity in
daily life. In the past decades, decision-making problems in
rea] life have become increasingly complicated because of the
increasing complexity in economic and social management.
Given the fuzziness and vagueness in decision-making, crisp
numbers are inadequate and insufficient for managing real
decision-making problems. In 1965, Zadeh introduced the
concept of fuzzy set (FS) [1], which is an effective tool
in handling fuzziness and uncertainty. However, FS only
has a membership degree, which is unsuitable in managing
several real decision-making problems. Atanassov [2] intro-
duced the intuitionistic fuzzy set (IFS), which simultaneously
has membership and nonmembership degrees, due to the
shortcomings of FS. A few achievements on IFS have been

reported [3, 4]. Mao et al. [5] introduced a few new cross-
entropy and entropy measures for IFSs and applied them
to decision-making. Liu and Teng [6] introduced the nor-
mal intuitionistic fuzzy numbers and several new normal
intuitionistic fuzzy aggregation operators and applied them
to multiattribute group decision-making (MAGDM). Lak-
shmana et al. [7] proposed a total order on the entire class
of intuitionistic fuzzy numbers using upper, lower dense
sequence in the interval [0, 1]. Lakshmana et al. [8] intro-
duced a new principle for ordering trapezoidal intuitionistic
fuzzy numbers. P. Liu and X. Liu [9] introduced the linguistic
intuitionistic fuzzy set and a few linguistic intuitionistic
fuzzy power Bonferroni mean (BM) aggregation operators by
combining IFS and the linguistic terms set and applied them
to MAGDM. Liu et al. [10] introduced the interval-valued
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intuitionistic fuzzy ordered weighted cosine similarity mea-
sure by combining the interval-valued intuitionistic fuzzy
cosine similarity measure with the generalized ordered
weighted averaging operator. Liu [11] used the Hamacher
operations as basis to develop several new aggregation
operators to fuse the interval-valued intuitionistic fuzzy
information.

IFS is a powerful tool in decision-making. An exten-
sion of IFS, which is called the neutrosophic set [12],
was introduced in 1999 to effectively address several real
decision-making problems. In recent years, a few neutro-
sophic aggregation operators have been introduced [13-18].
A new extension of IFS, namely, the Pythagorean fuzzy
set (PFS) [19], has been developed. The difference between
PES and IFS is that the square sum of the membership
and nonmembership degrees is a maximum of one in PFS,
whereas the sum of the membership and nonmembership
degrees is a maximum of one in IFS. Several studies have
been conducted on PFSs. Gou et al. [20] developed a few
Pythagorean fuzzy functions and studied their fundamental
properties. Zhang and Xu [21] introduced several operations
for the Pythagorean fuzzy numbers (PFNs) and extended
the technique for order preference by similarity to ideal
solution (TOPSIS) method to solve MAGDM problems
with Pythagorean fuzzy information. Several Pythagorean
fuzzy aggregation operators have been introduced because
aggregation operators are vital in decision-making [22].
Yager and Abbasov [23] introduced a few Pythagorean
fuzzy aggregation operators, such as the Pythagorean fuzzy
weighted averaging (PFWA) operator and Pythagorean fuzzy
weighted geometric (PFWG) operator. Ma and Xu [24]
introduced new score and accuracy functions of PFNs and
developed the symmetric Pythagorean fuzzy weighted aver-
aging (SPFWA) operator and the symmetric Pythagorean
fuzzy weighted geometric (SPFWG) operator. Zeng et al. [25]
introduced the Pythagorean fuzzy ordered weighted aver-
aging weighted average distance (PFOWAWAD) operator,
from which a hybrid TOPSIS method was proposed for the
Pythagorean fuzzy MAGDM problems. Garg [26] introduced
the Pythagorean fuzzy Einstein operations and developed a
few new Pythagorean fuzzy aggregation operators. Peng and
Yuan [27] developed a series of Pythagorean fuzzy point oper-
ators. However, these aggregation operators cannot consider
the correlations among PFNs. Therefore, Peng and Yang [28]
developed several Choquet integral-based operators for the
Pythagorean fuzzy information.

Several aggregation operators, such as the BM [29] and
the Heronian mean (HM) [30], can capture the interrela-
tionship between arguments. These operators have been suc-
cessfully extended to IFSs [31-33] and hesitant FSs [34-36].
However, BM and HM can only consider the interrelationship
between any two arguments. Beliakov et al. [37] introduced
the generalized Bonferroni mean (GBM) to overcome the
drawback of BM; GBM has also been extended to IFSs [38].
However, to the best of our knowledge, no research has
been conducted on GBM in the Pythagorean fuzzy environ-
ment. Therefore, it is necessary to extend the GBM to the
Pythagorean fuzzy environment. The shortcoming of GBM
is that it can only consider the interrelationship among any
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three arguments. However, the correlations are ubiquitous
among all arguments. To overcome the shortcoming of GBM,
we introduce a few new extensions of BM, which can consider
the interrelationship among all arguments. Therefore, the
main objective of this study is to investigate GBM in PFSs.
This research aims to develop several new GBM aggregation
operators for PFNs and a new approach to MAGDM with
Pythagorean fuzzy information.

The rest of this paper is organized as follows. Section 2
briefly reviews a few basic concepts. Section 3 extends GBM
to PFSs and develops a few generalized Pythagorean fuzzy
BM operators. Section 4 proposes and utilizes several new
GBM operators to aggregate PFNs. Section 5 introduces a
novel approach to MAGDM. Section 6 provides a numerical
example to illustrate the approach. The final section summa-
rizes this study.

2. Basic Concepts

This section reviews a few notions, such as IFS, PFS, and
GBM.

2.1. IFS and PFS. In 1986, Atanassov [2] introduced IFS,
which simultaneously has membership and nonmembership
degrees.

Definition I (see [2]). Let X be an ordinary fixed set. An IFS
A defined on X is expressed as follows:

A={{x,py(x), vy (%)) | x € X}, 1)

where p,(x) and v,(x) represent the membership and
nonmembership degrees, respectively, thereby satisfying 0 <
palx) < 1,0 < vu(x) < 1, and py(x) + vu(x) < 1. For
convenience, the pair (¢, v) is called an intuitionistic fuzzy
number (IFN) [39], in which ¢ € [0,1], v € [0,1], and
p + v < 1. The hesitancy degree is denoted by m,(x) =
1 — pa(x) = vu(x).

In 2014, Yager [19] introduced PFS, which is a generaliza-
tion of IFS.

Definition 2 (see [19]). Let X be an ordinary fixed set; a PFS
P defined on X is expressed as follows:

P ={{x,up(x),vp(x)) | x € X}, (2)

where yp(x) and vp(x) are the membership and nonmember-
ship degrees, respectively, thereby satistying pp(x), vp(x) €
[0,1] and (;/tp(x))2 + (vP(x))2 < 1. Thereafter, the indetermi-

nacy degree is expressed by 77 (x) = \/1 = (up(x))? = (v4(x))%.
Zhang and Xu [21] called the pair (pp(x), vp(x)) a PFN, which
can be denoted by P = (up, vp).

Peng and Yuan [27] introduced the comparison law for
PFNs to compare two PFNs.

Definition 3 (see [27]). For any PFN p = (u,v), the score
function of p is defined as s(p) = u* — v*. For any two PFNs,
such as p; = (y;,v;) and p, = (uy, v,), if s(p;) > s(p,), then
P1 > Py if s(py) = s(p,), then p, = p,.
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Zhang and Xu [21] introduced a few operations for PFNs.

Definition 4 (see [21]). Let p = (¢, v), p; = (4, v), and p, =
(45, v,) be any three PFNs and A be a positive real number.
Thereafter,

W pr@p, = (\/ﬂf + 45— 5 Vi),

v1+v2—v vz)

(2) p1 ® py = (phy 1hy»
(3) Ap = ({1 = (1 = g2}, v*), and
@) p* = (A1 -1 - 2)h).

2.2. GBM. Beliakov et al. [37] introduced GBM, which can
consider the correlations of any three aggregated arguments
because the traditional BM can only determine the interre-
lationship between any two arguments. Nevertheless, Xia et
al. [38] highlighted that the GBM introduced by Beliakov et
al. [37] has a drawback. Therefore, Xia et al. [38] introduced
a new form of GBM. In the new GBM, the weights of the
arguments are also considered.

Definition 5 (see [38]). Let p,q,r > 0andg; (i = 1,2,...,n)
be a collection of nonnegative crisp numbers with the weight
vector being w = (w,,w,,...,w,)", thereby satisfying w; €
[0,1] i = 1,2,...,n) and Y., w; = 1. The generalized
weighted BM (GWBM) is defined as follows:

GWBM?" (a,a,,...,a,)

1/(p+q+r) (3)
<Z w;w wka ak> .

i,j,k=1
Xia et al. [38] also introduced the generalized weighted
Bonferroni geometric mean (GWBGM).

Definition 6 (see [38]). Let p,q, v > 0andg; (i = 1,2,...,n)
be a collection of nonnegative crisp numbers with the weight

vector being w = (w,,w,,...,w,)", thereby satisfying w; €
[0,1] i=1,2,...,n)and Y., w; = 1.If

GWBGM??" (a,,a,,...,a,)

1 n . (4)

_ W;W Wy
- 1 (oo v aay e ra) ™,
i,jk=1

then GWBGMP?" is called GWBGM.

3. The Generalized Pythagorean Fuzzy
Weighted Bonferroni Mean

This section extends GWBM and GWBGM to fuse the
Pythagorean fuzzy information and proposes several new
Pythagorean fuzzy aggregation operators.

Definition 7. Let s,t,r > Oand p; = (y;,v;) (i = 1,2,...,n)
be a collection of PFNs with their weight vector being w =
(W, wy, ..., w, ) , thereby satisfying w; € [0, 1] and Z, LW =
1If

GPEWBM®™ (py, Py -+ s Py)
1/(s+t+r) (5)
P

i,j,k=1
then GPFWBM™"" is called the generalized Pythagorean
fuzzy weighted Bonferroni mean (GPFWBM).

We can obtain the following theorem according to Defi-
nition 4.

Theorem 8. Let s, t,r > 0and p; = (u;,v;) (i=1,2,...,n) be
a collection of PENs. The aggregated value by GPFWBM is also
a PFN and

i jke=1

. 1/(s+t+r)
Str S\ Wi
GPEWBM™ (py, P> py) = <\j1— [T (- pr) > ’

(6)

" v, 1/(s+t+r)
1—<1—']_[ (1-(-wy(-2)ya-w)" >

Proof. According to Definition 4, we can obtain

pi = (Mf’ m)
= (1-0-9)).

1-(1- vi)’).
7)
Thus,
P ®p;®p;
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_ (P‘:I‘;.“;Z’ \/1 3 (1 B Viz)s (1 B v?)t (1 B Vi)r) . Furthermore,
®  Dwww(pere )

i,j,k=1

Thereafter,
W;w;wy (pf ®p; ®p,’() = <\j1 _ 1:[ ( #?sﬂityzr) v (10)
i k=1
— ‘ul MZtMZT wiijk) " t W;w;wy
<\/ -G h) ©) <\}]_[ 1-(1-v)(1-+) (1—v§)’)> >
W;w;wy i jk=1
(\/1—(1—v)(1—v)(1—vk)) )

Therefore,

1/(s+t+r)
n

GPEWBM™ (p1, pys...» ) = <\jl— [T (- prur)™ > ’
1

i, k=1
(11)
" 1/(s+t+r)
w;w;w
1—<1— [T(-a-wyr-»)a-»)"" ">
i,jk=1
Hence, (6) is maintained. Thereafter,
1/(s+t+r)
n
ww;w,
OS<\j1— [T (1-wopr) > <1,
i,jk=1
(12)

1/(s+t+r)
0< 1—(1—‘]_[ (1—(1—v)(I—V)(1_v))wfijk> <1

Thereafter,

. 1/(s+t+r)
<\j1— [T (- wsutur)™ )
i jk=1

o 1/(s+t+r)
<1 1—(1—v)(1—v)(1—vk))”k>

2

2

" 1/(s+t+r) » . o 1/(s+t+r)
< (1-wutur)” ww") +1—<1— [T(-0-v)(-%) (1—v,2c)r)”k> <1
i, jy i

k=1
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" 1/(s+t+r)
+<1— I1 (1—(1—vf)5(1—v§)t(1—v,i)r)wiijk>

» ow 1/(s+t+r)
_<1—H(1—(1—vf)s(1—v§)t(1—vi)r)ljk) =1,

thereby completing the proof. O

Moreover, GPFWBM has the following properties.

Theorem 9 (idempotency). If p; (i = 1,2,...
thatis, p; = p = (4, v), then

,n) are equal,

GPEWBM*"" (py, Pys---» Pn) = P- (14)
Proof.

GPEWBM™ (py, Py - > Py)

" 1/(s+t+r)
_ s t r
= @wiijk (Pi ®Pj®Pk)

ijk=1 15)
1/(s+t+r)
n n n n
= Z W;wwi p = Zwizwjzwkp
ivjk=1 =1 j=1 k=1
= p' D

Theorem 10 (monotonicity). Let p; = (u ’Vpi) G =12,

..,n) and q; = (Mg vg) (i = 1,2,...,n) e two collections
of PENs. If p,, <y, and v, > v, holds for all i, then

GPFWBM®*" (py, Pys---» Pp)

< GPFWBM*"" (41,45, - qy,) -

Proof. Let GPFWBM™"'(py, ps, - .-, P,

GPFWBM*"'(q,, 4y . - -
we can obtain

(,up,vp) and
»qn) = (Ug> vg)- Given that p, < p,

2s 2t 2r 2s 2t 2r

MPi‘ble“/LPk s M%"”%‘”Qk’

(1_ 25 2t 2r)wi“’fwk S (1_ 25 2t 2r>wiw}wk
Hptp P - Hg, Mg M ?

- 1 ()™ v

i,jk=1
n

25 2t 2r \Wivi%k
<1- H (1_“%”%‘”%) :
ijk=1

5
(13)
Therefore,
1/(s+t+r)
n w;w;w;
_ s, 2t 2r) bk
(\jl .1:[1(1 ”pf”p,-“p:) >
i,j,k=
1/(s+t+r) (18)
n WW; Wy
_ 25,2t 2r)
S(\jl H (1 qu”%”%f) > :
i,jk=1
Thus,
1/(s+t+r)
n w;w;w,
_ o 2s 2t er) ok
<\j1 H (1 ”pf'”pj”P:) >
i,jk=1
(19)
1(s+t+r) \ 2
n w;w;w,
_ st o)k
= <\jl ‘1:[1<1 '“q.'s‘”qj”q:) > ’
ij,k=

which means [4; < ‘u;. Similarly, we can obtain v; > VZ'

If ‘u; < y; because v; > vfi, then GPFWBM>"(p,,

Pas-- s Pn) < GPEWBM* (g, qys - - - G)s

If M}Z) = y; and v; > v;, then GPFWBMS’t’r(pl, Da>
.. py) < GREWBM**'(q;, 45, . - ., q,);

If y; = ‘ufj and v; = v;, then GRFWBM**'(p,, p,,
..» py) = GREWBM** (g, 4, .. .,4,)-

Therefore, the proof of Theorem 10 is completed. O
Theorem 11 (boundedness). Let p; = (u;,v;) (i = 1,2,...,n)

be a collection of PFNs. If p* = (max;(y;), min;(v;)) and p~ =
(min; (), max;(v,)), then
p~ < GPFWBM®*" (py, pys-..»p,) < p°.  (20)

Proof. From Theorem 9, we can obtain

GPEWBM™ (p™,p ,...,p ) =p s
1)
GPFWBM* (p*, p*,...,p") = p".
From Theorem 10, we can obtain
GPFWBM* (p™,p,...,p )
< GPEWBM®*"" (py, Pys---» Pp) (22)

< GPFWBM™”" (p*, p*,..., p").
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Therefore, p~ < GPFWBMS’t”(pl,pZ, P <Pt _ 1 1 wwjwy
Thereafter, we extend GWBGM to PFSs and introduce the T oSs+t+ ri@l (sp i ®p; &P k) >
generalized Pythagorean fuzzy weighted Bonferroni geomet- e
ric mean (GPFWBGM). O (23)

Definition 12. Let s, t,r > 0and p; = (4, v;) (i = 1,2,...,n)  then GPFWBGM*"" is called GPFWBGM.

be a collection of PFNs with their weight vector being w = . . .
(wy, Wy, ..., w,)", thereby satisfying w; € [0,1] and Y7 w; = ; VZ'e can obtain the following theorem based on Defini-
LIf ion 4.

Theorem 13. Let s,t,r > 0 and p; = (u,v;) (i = 1,2,...,n)
be a collection of PENs. The aggregated value by GPFWBGM is

GPFWBGM*™" (py, Pys-- > Pp) also a PFN and
" wiwjwy 1/(s+t+r)
r s t r
GPFWBGM*™" (py, pss- - p) = | (1~ <1 T (== (=) 1 -)) ) :
i,j,ke=1
(24)
1/(s+t+r)
<\j1 - H (1 - Vl,zsv?fvir)wiwfwk>
i,jk=1
Proof. Through Definition 4, we can obtain s t A\
~((-a-wra-wya-mr)
spi = ( Vi-(1- U V?)) \/1 - (1 - vfsvﬁtvi’)wiijk) .
tp; = ( 1-(1 -uﬁ)t,vz), (25) @7
Therefore,
o= (Vi-(1-w) %), n o
@ (sp;@tpj@rp)
Sp; ®Lp; B TPy k=1
(26) o s t r o
= (\/1 ~( -y (1-2) (1 —yi)’,va;v;). - ((\j,lﬂl(l —(=) (1-45) (1= 46) )) © (28)
i,j,k=
Thereafter, \/1 _ 1_[ (1 _ Vizsvﬁtvir)w.ﬂijk ) ;
ijk=1
(sp,- etp; @ rPk)wiijk thus,
1 n ww;w
GPFWBGM™ (py, Py > Py) = Q) (spiotpjerp)
s+it+ ri’j’kzl
" . wwjwy 1/(s+t+1)
- 1—(1— [T(-0-@y(-w)a-w)) > :
i,jk=1 (29)

1/(s+t+r)
n
25,2t 2r \Witi%k
1- 1—[ (1 - visvj vkr)
iyjk=1
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Hence, (24) is maintained.

Thereafter,

n ww;wg 1/(s+t+r)
0< 1—(1— [T(-0-@y(-w) -w)) > <1, (30)
i

Therefore,

1/(s+t+r)
vzsvth;zcr)wiijk > <1l G

1—(1—ﬁ (1—(1—@5(1—@)%1—uz)f)w)

2

1/(s+t+r)
n
+ <\}1— H (1 vzsvitvir) wwk) =1
ijk=1

T (- () () (-
T (-G () (-))

(n (1-(-w) (1-2) (1=
(
(

thereby completing the proof. O

Similar to GPFWBM, the GPFWBGM has the same
properties. The proofs of these properties are similar to that
of the properties of GPFWBM. Accordingly, the proofs are
omitted to save space.

Theorem 14. Let s, t,r > 0 and p; =
be a collection of PFNEs.

(,ui)Vi) (l = 1,2,...,1’1)

(1) Idempotency. If p; (i = 1,2,...
p = (u,v), then

GPFWBGM* (p,, p,, ...

,n) are equal, that is, p;, =

s Pn) = P- (33)

(2) Monotonicity. Let q; = (("qi’ ti) (i =1,2,...,n) be two
collections of PFNs. If 4, < p, and v, > v, holds for all i,
then

GPEWBGM*™" (py, Pys-- > P)

(34)
< GPFWBGM™ (q1, 43> - - -»qy)

“’)
)
7

2
1/(s+t+r)

1/(s+t+r) " 1/(s+t+r) (32)
< 1—[ (1 - vzsvitvir) e ) <1
1

i, j,k=1

1/(s+t+r)

1/(s+t+r)

(3) Boundedness. If p* = (max;(y;), min;(v;)) and p~ =
(min; (y;), max;(v;)), then

p~ < GPEWBGM™ (py, py-..sp) < pF (35

4. Dual Generalized Pythagorean Fuzzy
Weighted BM

The primary advantage of BM is that it can determine
the interrelationship between arguments. However, the tra-
ditional BM can only consider the correlations of any
two aggregated arguments. Thereafter, Beliakov et al. [37]
extended the traditional BM and introduced GBM, which
can determine the correlations between any three aggregated
arguments. Xia et al. [38] introduced GBWM and GBWGM
given that the GBM introduced by Beliakov et al. [37]
still has a few drawbacks. However, GBWM and GBWGM
can only consider the interrelationship between any three
aggregated arguments. We introduce a new generalization of
the traditional BM because the correlations are ubiquitous



among all arguments. The new generalization of the tradi-
tional BM is called the dual GBM (DGBM) to distinguish
the new aggregation operator from the GBM introduced
by Beliakov et al. [37] and Xia et al. [38]. Furthermore,
we develop the dual generalized weighted BM (DGWBM)
and dual generalized weighted Bonferroni geometric mean
(DGWBGM) to consider the weights of the arguments.

Definition 15. Let a; (i = 1,2,...,n) be a collection of
nonnegative crisp numbers with the weight vector being
w = (w,w,,...,w,)", thereby satisfying w; € [0,1] (i =
1,2,...,n)and Y w; = 1.1f

DGWBM" (a;,a,, ..., a,)

n n 1/2?:1 g (36)
= Z w; a ,
ipiyeiy=1 \ j=1 (K

where R = (r,,75,...,7,)" is the parameter vector with r; >
0 (i=1,2,...,n), then DGWBM" is called DGWBM.

Several special cases can be obtained given the change of
the parameter vector.

(1)IfR = (A,0,0,...,0), then we obtain

" 1/
DGWBMM*9 (g, a0, a) = <Zwiai’\> , (37)
i=1
which is the generalized weighted averaging operator.
(2)IfR = (5,1,0,0,...,0), then we obtain
DGWBM®0 (g .  .a)

" 1/(s+t) (38)
= w,w]al a] >
i,j=1

which is the weighted BM.

(3)IfR = (s,t,7,0,0,...,0), then we obtain

DGWBM®"0-0 (g a0, .., a))

( Zw wkaaak

i,5,k=1

>1/(S+t+k) (39)

which is the GWBM.

Definition 16. Let a; (i = 1,2,...,n) be a collection of
nonnegative crisp numbers with the weight vector being
w = (w,w,,...,w,)", thereby satisfying w; € [0,1] (i =
1,2,...,n)and Y w; = 1.1f

DGWBGM" (a,a,,...,a,)
1 o[ [ (40)
B Z’.’ T H Z(rjpif> ’
=177 \ipigeniy=1 \ j=1

where R = (r,,75,...,7,)" is the parameter vector with r; >
0(i=1,2...,n), then DGWBGM?X is called DGWBGM.

Complexity

Similar to the DGWBM, we can consider some special
cases given the change of the parameter vector.
(1) IfR = (A,0,0,...,0), then we obtain

DGWBGMH0:0--0) (a,ay,...,a,)

1/ v (41)
= 1 <H (Aai) >’

i=1

which is the generalized weighted geometric averaging oper-
ator.
(2)IfR =

(s,1,0,0,...,0), then we obtain

DGWBGM® -0 (g q . a)
12 (42)

= — (sa- + ta~)wiwj
s+t ’
,j=1
which is the weighted Bonferroni geometric mean.
(3) IfR = (s,t,7,0,0,...,0), then

DGWBGM®" -0 (g q . a)

1 n (43)

W;W Wy
= H (sai +ta; + rak) >

S+t+r, k=1

which is the GWBGM.

We extend DGWBM and DGWBGM to PFESs, as well as
introduce several new aggregation operators for fusing the
Pythagorean fuzzy information.

Definition 17. Let p; = (p;,v;) (i = 1,2,...,n) be a collection
of PFNs with their weight vector beingw = (w,, w,, ..., w,)’,
thereby satisfying w; € [0,1] and )", w; = 1. Thereafter,
the dual generalized Pythagorean fuzzy weighted Bonferroni
mean (DGPFWBM) is defined as

DGPFWBM® (p,, pyy-..» p,)

pYaNy (44)
(& ()™

where R = (r,,75,...,7,)" is the parameter vector with r; >

0@G=12,...,n).

We can derive the following theorem based on Defini-
tion 4.

Theorem18. Let p; = (u;,v;) (i = 1,2,...,n) bea collection of
PFNs. Hence, the aggregated value by DGPFWBM is also PEN
and

DGPFWBM"® (py, s P,)

I/Z;':l T
i)5igpeeniy =1 j=1 (45)

\ll - <1 - ﬁ (1 - (1_<1 _V?j)rj)wxj)>1/z;l,j

115050l =1
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Proof. Through Definition 4, we obtain Therefore,

plr]} = (MCJ)\/I - (1 —V,'zj)rj>a < ‘é: <®wi}p:;>)l/):?n’i
wi, P, (46)
(V- (=) (- (-)) ). <

Therefore, Jl— 1_4 .11[_ (1—(1_(1_ij)r’)w’f)y/zyl”).

Thus, (45) is maintained.

n (47) Thereafter,
r w;
1- (1— 1-(1-+%)’ ’)
P-T10-6-0-4)) |
Thus - - VS
n n s<\j1_‘ H 1<1_ﬂ<1_(1_ ir]>w1>>>

j 1150y 50y = =

’1”'@:1 ( j=1 wijpijj) <1 (50)

In addition,

ipsigsnin=1 ipsigsin=1 (51)
n oW Vi by n LN DXL n
— “(1=u7) " — — —(1=(1=- ! —
[l (1-(1-u") ))) +1 (1 il’i}j’[i”:l (1 (1-(1-+)") ) < (1 il’i}j’[in:l <1
. Y n N Yt
J U —
~(1-(1-2)") ) +1_<l_i1,i2Hn—1<l_(l_(I_Vij) ) ) -1
thereby completing the proof. O collections of PFNs. If p, < p, and v, > v, holds for all i,
Moreover, DGPFWBM has the following properties. then .
Theorem 19 (monotonicity). Let p; = ([/lpi, Vpi) i = DGPEWBM (p1» pz>--» Pr) (52)

L,2,..., n) and q; = (Hg,vy) (i = 1,2,..., n) be two < DGPFWBM® (q,, 4y, - - .» )
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Proof. Let DGPFWBM®(p,, pys..., p,) (4, v,) and
DGPFWBM®(qy, 55 - - -»4,) = (> V,)-

Given that y1, <y, we obtain

AW AW
(1=u)) " 2 (=)

thus, y; < [/t;. Similarly, we can obtain v; > vf].

If y; < ;42 because v; > v;, then

DGPFWBM"® (p,, Py > P)

< DGPFWBM® (q,, s> - -

(55)
)3

If o, = p and v, > v2, then DGPFWBM"(py, p,,
.+» Pw) < DGPFWBM®(q,, 45, - - -, 4,);

If ‘u; = ‘u; and v; = v;, then DGPFWBM®(p,, p,»
.., p,) = DGPFWBM*(q,,4,,...,q,)-

Complexity

(53)
Therefore,
Y,
2\ Wi
(V- T (-T10-C-a0™))
gy =1 j=1
(54)
Therefore, ~ DGPFWBM®(py, pss ..., P,,) <
DGPFWBM?®(q,,4,,...,q,) and the proof of Theorem 19 is
completed. O

Theorem 20 (boundedness). Let p; = (p,vy) (i = 1,2,
.., n) be a collection of PFNs. If p* = (max;(y;), min,(v;)) and
p~ = (min;(y;), max;(v;)), then

DGPFWBM® (p™, p™5...,p")
< DGPFWBM® (py, Pys---> D)) (56)
< DGPFWBM® (p*, p*,...,p").

Proof. According to Theorem 18, we can obtain

¥
DGPFWBMR(Pi,Piv-wPi): <\j1_ ﬁ1<1_ nl(1—(1—(minﬂij)2rj>wif>>> >

i1y srenin=

-

1/ 23‘;1 rj
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DGPFWBM® (p*, p*,...,p") = <\j1 [

] (1‘<1‘(1-(maxv,.}_)Z)”)wu))l/Z?lrj

1
1/ Z] 1 ]
1/2;’;1 r;
n n 2r;\ Wi
(-0 )))))
11509500l =1 j=1
(57)

According to Theorem 19, we can obtain

DGPFWBM® (p™,p",...,p")
< DGPFWBM® (py, Pys---» ) (58)
< DGPFWBM® (p*, p*,...,p").

Evidently, the DGPFWBM operator lacks the property of
idempotency. O

We extend DGBWGM to PFSs and introduce the dual
generalized Pythagorean fuzzy weighted Bonferroni geomet-
ric mean (DGPFWBGM) operator.

Definition 21. Let p; (upv)) G = 1,2,...,n) be
a collection of PFNs with their weight vector being

DGPFWBGM® (p1, Py - P)

w = (w,w,,...,w,)",
Yo, w;=LIf

thereby satisfying w; € [0,1] and

DGPFWBGM" (py, pys---> Pn)

1 n n H}l:lw"j (59)
g @ (D) )
j=1"j =1

i

where R = (r,,75,...,7,)" is the parameter vector with
r; 2 0@G = 1,2,...,n); then DGPFWBGMR is called the

DGPFWBGM
We obtain the following theorem based on Definition 4.
Theorem 22. Let p; = (y;,v;) (i = 1,2,...,n) be a collection

of PENs. The aggregated value by the DGPFWBGM operator is
also PEN and

n n r H;;lw"j Y Z;Ll i n n Hg;lwii
_ _ _ _ 2\ _ _ 21;
- o H (1 ; (1 ”’}') ) L\ H (1 Hvij )
P15l ey =1 j=1 P15l 5memiy =1 j=1

The proof of Theorem 22 is similar to that of Theorem 18;
thus, such proof is omitted to save space.

Similar to DGPFWBM, we can obtain the following
properties of DGPFWBGM. The proofs of these properties
are likewise omitted to save space.

Theorem 23. Let p; =

(.blp,.> Vp,-) (i=1,2,...,n) beacollection

of PFNE.
(1) Monotonicity. Let g; (uq,v )G = ,...,n) be a
collection of PFNs. If p, < p, and Vo 2 Vg olds for all

i, then

DGPFWBGM® (py, pas-- > )

< DGPFWBGM® (g, 45 ..

(61)
S dy) -

(2) Boundedness. If p* =
(mini (Mi): maxi(vi))’ then

(max;(y;), min;(v;)) and p~ =

DGPFWBGM® (p™,p™>...,p")

< DGPFWBGM® (py, ps-- > D) (62)

< DGPFWBGM® (p*, p*,...,p").
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5. Novel Approach to MAGDM with
Pythagorean Fuzzy Information

This section introduces a novel approach to MAGDM under
the Pythagorean fuzzy environment. A typical MAGDM
problem with the Pythagorean fuzzy information can be
described as follows. Let X = {x}, x5,..., x,,} be aset of alter-
nativesand G = {G;,G,, ..., G,} be a set of attributes with the
weight vector being w = (wy, w,, ..., w,)", thereby satisfying
w; € [0,1]and Y, w; = 1. Several decision makers are orga-
nized to decide over alternatives. For the attribute G; (j =
1,2,...,n) of alternative x; (i = 1,2,...,m), the decision
makers are required to use PFNs to express their preference
information, which can be denoted as p;; = (;;,v;;) (i = 1,
2,...,m; j = 1,2,...,n). Therefore, a Pythagorean fuzzy
decision matrix can be obtained by P = (p;j),x,- A novel
approach based on the dual generalized Pythagorean fuzzy
BM aggregation operators is introduced to solve this problem.

Complexity

Step 1. The two types of attributes are benefit and cost
attributes. Xu and Hu [40] introduced the normalization
regulation for intuitionistic fuzzy decision matrix, which
can be extended to the Pythagorean fuzzy decision matrix.
Therefore, the decision matrix should be normalized by

oy - (#jpvi), Gjely (63)
(vip#g)> Gjeby

where I, and I, represent the benefit and cost attributes,
respectively. Thereafter, a normalized decision matrix can be
obtained.

Step 2. For the alternative x; (i = 1,2,...,m), we utilize the

DGPFWBM operator

I/Z;‘ZITJ'
n n
R 2r:\ Wiy,
p=vormin (= (1 (-110-0-207))
lseelin= J=
(64)
l/zf’:lr-
n oW j=1"j
1—(1— I1 <1—(1—(1—vf)]> ’J>)
ij15i12eenigy =1 !
or the DGPFWBGM operator
R
p;i = DGPFWBGM" (p;1, Pigs - - -» Pin)
. "o, - 1 X5
n n . Hlewilj Y Zjar, n no, Hj:lwilj m (65)
— 2\ j
= \r-(1- TI (1—‘ (1—;%)) A - T1 <1_Hviul>
iy =1 j=1 ipstseeniln =1 j=1

to aggregate all the attribute values. Therefore, we can obtain
a series of overall values p; (i = 1,2,...,m) of alternatives.

Step 3. p; (i = 1,2,...,m) is ranked based on the score
function by Definition 3.

Step 4. The alternative x; (i = 1,2,...,m) is ranked based on
the rank of the corresponding overall values.

6. Numerical Example

We provide a numerical example adopted from [24] and
a few comparative analyses to illustrate the validity of the
new approach. The Civil Aviation Administration of Taiwan
(CAAT) aims to determine the best airline in Taiwan. Hence,

CAAT organizes several experts to form a committee that
will evaluate four major domestic airlines, namely, UNI Air
(x;), Transasia (x,), Mandarin (x;), and Daily Air (x,). The
experts are required to evaluate the four airlines using the
following four aspects: (1) booking and ticketing service (G,),
(2) check-in and boarding process (G,), (3) cabin service
(G3), and (4) responsiveness (G4). The weight vector of the
attributes is w = (0.15,0.25,0.35,0.25)". For the attribute
G; (j = 1,2,3,4) of airline x; (i = 1,2,3,4), the experts are
required to utilize the PFN p;; = (y;;,v;;) to express their
assessments. Moreover, a Pythagorean fuzzy decision matrix
P = (pijlaxa (i,j = 1,2,3,4) can be obtained (see Table 1).
We utilize the newly introduced decision-making approach
to solve this problem.
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TABLE 1: Pythagorean fuzzy decision matrix.

Cl CZ C3 C4
x, (0.9,0.3) (0.7,0.6) (0.5, 0.8) (0.6, 0.3)
x, (0.4, 0.7) (0.9,0.2) (0.8,0.1) (0.5,0.3)
x, (0.8, 0.4) (0.7,0.5) (0.6,0.2) (0.7,0.4)
x, (0.7,0.2) (0.8,0.2) (0.8, 0.4) (0.6, 0.6)

6.1. Decision-Making Process

Step 1. 'The decision matrix does not require being normal-
ized because all the attributes are benefit attributes.

Step 2. For the alternative x; (i = 1,2,3,4) is utilized to
aggregate the attribute values. Therefore, we can obtain a set
of overall values. In this step, let R = (1,1,1, 1).

Py = (0.7543,0.2324),

p, = (0.8424,0.0004) ,
(66)
ps = (0.7664,0.0211),

ps =(0.8387,0.0131).

Step 3. The scores of p; (i = 1,2,3,4) are calculated based
on Definition 3 to obtain s(p,;) = 0.5150, s(p,) = 0.7103,
s(p;) = 0.5869, and s(p,) = 0.7032. Therefore, the rank of
the overall values is p, > p, > p; > p;.

Step 4. The alternative x; (i = 1,2,3,4) is ranked based on
the rank of p; (i = 1,2,3,4) to obtain x, > x, > x; > x,.
Therefore, x, is the best alternative. That is, Daily Air is the
best airline in Taiwan.

6.2. Influence of the Parameter Vector R on the Final Result.
The prominent characteristic of the DGPFWBM and the
DGPFWBGM operators is that they can consider the interre-
lationship among all PFNs. We conduct several comparative
analyses to demonstrate the advantages of the new operators.
Table 2 presents further details.

Table 2 shows that the aggregation operators introduced
in [23-26] cannot consider the interrelationship among
PENs. Although PFCIA and PFCIG can capture the inter-
relationship among all PENGs, they only focus on changing
the weight vector of the aggregation operators. In addition,
the correlations of the aggregated arguments are measured
subjectively by the decision makers. GPFWBM, GPFWBGM,
DGPFWBM, and DGPFWBGM focus on the aggregated
PENs. The DGPFWBM and DGPFWBGM operators can
consider the interrelationship among all PENs compared with
the GPFWBM and GPFWBGM operators. In addition, the
DGPFWBM and DGPFWBGM operators have a parameter
vector, thereby enabling the aggregation process to be sub-
stantially flexible.
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The parameter vector R plays a crucial role in the final
result. We may obtain a different ranking result by assigning
different values to R. We set a different weight vector R and
discuss the ranking results. Tables 3 and 4 provide further
details.

Tables 3 and 4 show that the different ranking results can
be obtained by assigning different values in the parameter
vector R. Therefore, the DGPFWBM and the DGPFWBM
operators are considerably flexible by using a parameter
vector. Table 3 shows that the best alternatives are consistently
the same, although the ranking results are different by using
different parameter vectors. That is, the final results become
increasingly objective by considering the interrelationship
among all the attribute values. The best alternative is consis-
tently x, regardless of the parameter vector. Table 4 shows
that the ranking results increase and become steady with
the increase of values in parameter vector R. These features
of the DGPFWBM and DGPFWBM operators are crucial
in real decision-making problems. Accordingly, we can
assign a weight vector with large values to the DGPFWBM
and the DGPFWBM operators for steady and reliable final
results.

7. Conclusions

PES is a powerful tool for expressing the fuzziness,
uncertainty, and hesitancy of decision makers. This research
extends the GWBM and GWBGM operators to the
Pythagorean fuzzy environment, as well as introduces the
GPFWBM and the GPFWBGM operators. First, we extend
the GWBM and GWBGM operators, as well as develop
the DGWBM and DGWBGM operators, because the two
operators can only consider the interrelationship between
any two IFNs. The prominent advantage of the DGWBM
and DGWBGM operators is that they can consider the
interrelationship among all the arguments being fused.
Moreover, we extend the GWBGM and DGWBM operators
to the Pythagorean fuzzy environment, as well as develop the
DGPFWBM and DGPFWBGM operators. Thereafter, the
new operators are used as bases to propose a novel approach
to MAGDM with Pythagorean fuzzy information. We apply
the new approach to illustrate its validity to the problem
of selecting the best airline. Moreover, we investigate the
influence of the parameter vector R on the ranking results
to show the advantages of the new approach. The limitation
of the DGPFWFBM and DGPFWFBGM operators is that
the calculation process maybe more complicated than the
existing Pythagorean fuzzy aggregation operators as they can
consider the interrelationship between all PENs. Therefore,
the calculation process of the proposed method to MAGDM
is little more complicated than existing methods. The focus
of future research is to reduce complexity of the calculation
of the proposed method.
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TaBLE 2: Comparison of the different operators.

hether th Whether th Whether th
Whether the operator can ether the operator can ether the operator can Whether a parameter

Aggregation capture the capture the capture the . .
operators interrelationship between  interrelationship between interrelationship among all Ved?;eef;:liitr? mamlp ulate
any two PFNs any three PFNs PFNs g results

PFWA [23] No No No No

PFWG [23] No No No No
SPFWA [24] No No No No
SPFWG [24] No No No No
PFOWAWAD [25] No No No No
PFEWA [26] No No No No
PFEOWA [26] No No No No
GPFEWA [26] No No No No
GPFEOWA [26] No No No No

PFCIA [28] Yes Yes Yes No
PFCIG [28] Yes Yes Yes No
GPFWBM Yes Yes No Yes
GPFWBGM Yes Yes No Yes
DGPFWBM Yes Yes Yes Yes
DGPFWBGM Yes Yes Yes Yes

TaBLE 3: Ranking results by assigning different values to parameter vector R in the DGPFWBM operator.

Parameter R Scores of overall values Ranking results
R=(1,1,1,1) s(p,) =0.5150 s(p,) = 0.7103 s (p;) = 0.5869 s(p,) = 0.7032 X, > Xy > Xy > X
R=(2,2,2,2) s(py) =0.3742 s(p,) = 0.6487 s(p;) = 0.4906 s (p,) = 0.5944 X, > Xy > Xy > X
R=(3,3,3,3) s(py) =0.3657 s(p,) = 0.6517 s(p;) = 0.4572 s (p,) = 0.5584 X, > Xy > Xy > X
R=(4,4,4,4) s(p;) =0.3872 s(p,) = 0.6613 s(p;) = 0.4417 s (p,) = 0.5411 X, > Xy > Xy > X
R=(5,5,5,5) s(p;) =0.4148 s(p,) = 0.6743 s(p;) = 0.4361 s(p,) = 0.5330 X, > Xy > Xy > X
R=(8,8,8,8) s(p,) = 0.4870 s (p,) = 0.6904 s (p,) = 0.4435 s (p,) = 0.5303 Xy > Xy > X > Xy
R = (10, 10, 10, 10) s(p;) = 0.5215 s(p,) = 0.7004 s (p;) = 0.4550 s (p,) = 0.5339 X, > Xy > X > Xy
TABLE 4: Ranking results by assigning different values to parameter vector R in the DGPFWBGM operator.

Parameter R Scores of overall values Ranking results
R=(LLL1 s(p,) = —0.9636 s(p,) = —0.6197 N

( ) s(ps) = —0.5997 s (p,) = ~0.5908 TN TH
R=(2222) s(py) = —0.7322 s(p,) = —0.4985 XX e A

s(psy) = -0.2989 s (p,) = —0.3209

R=(3.3.3.3 s(py) = —0.5973 s(p,) = —0.4662 s s

( ) s(p) = ~0.1154 s (p,) = ~0.1561 AR
R=(4,4,4,4) s(py) = =0.5155 s(p,) = ~0.4324 Xy > Xy > Xy > X

s(ps) = —0.0206 s (p,) = —0.0836

R=(5555 s(py) = —0.4705 s(p,) = —0.4068 NN

( ) s(ps) = 0.0285 s (p,) = —0.0491 RO
R=(8,8,8,8) s(py) = ~0-4178 5(p,) = ~0.3663 Xy > Xy > Xy > X,

s(p;) =0.3364 s(p,) = -0.0136

s(p,) = —0.4056 s(p,) = —0.3538

R =(10,10,10,10
( ) s(ps) = 03477 5 (py) = 0.3533

X3 > Xy > Xy > Xy
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