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The spatial behavior of a coupled system of wave-plate type is studied. We get the alternative results of Phragmén-Lindelöf type in
terms of an area measure of the amplitude in question based on a first-order differential inequality. We also get the spatial decay
estimates based on a second-order differential inequality.

1. Introduction and Preliminaries

Principle of Saint-Venant type used to be one of the most
popular subjects of applied mathematics and mechanics in
the 1960–1980s. A great number of investigation results have
expanded enormously the classical Saint-Venant principle.
For a review of recent work on Saint-Venant’s principle, one
may refer to the review papers by Horgan [1, 2] and Horgan
and Knowles [3]. A common feature of Saint-Venant-type
theorems is to establish the exponential decay estimates of
energywith axial distance from the near end of a semi-infinite
strip or cylinder. Furthermore, all papers need to impose
a priori decay assumption at infinity. In recent years, the
investigations of Saint-Venant principle are mainly on the
studies of the Phragmén-Lindelöf alternative principle. The
classical Phragmén-Lindelöf theorem has also extensively
extended by numerous investigation results. It shows that
Phragmén-Lindelöf alternative principle is of theoretical and
applied significance in physics mechanics and other applied
sciences. The spatial behaviour for several types of partial
differential equations and systems has been the subject of
extensive investigating in the literature for close to a century
and a half. These studies were motivated by a desire to for-
mulate Saint-Venant andPhragmén-Lindelöf-type principles.
Roughly speaking, these results assert that the solution of
the problem decays exponentially with distance from the
boundary. For a more complete view for the spatial behavior,
one could refer to [4–8].

A spatial behavior study for the transient heat conduction
was first given by Edelstein [9]. Since then, many works
have been devoted to study the spatial behaviour of parabolic
equations (see [10, 11]). Little attention has been paid to the
study of the hyperbolic equations. Horgan [1, 2] and Horgan
and Knowles [3] point out the paucity of Saint-Venant-
type results for hyperbolic system of the kind describing
elastic wave propagation.The first contribution in hyperbolic
equations concerning the Saint-Venant’s principle may be
due to Knops and Payne [12]. In recent years, the study
of end decay effects for hyperbolic and quasihyperbolic
equations has grown in a relevant form. It is worth recalling
some recent contributions concerning the spatial behavior of
viscoelasticity equations; one could refer to [13–16].

The biharmonic equation has important applications
in the study of the applied mathematics and mechanics.
Many studies and various methods have been proposed for
researching the spatial behaviour for the solutions of the
biharmonic equations in a semi-infinite strip in 𝑅

2. We
mention the studies by Knowles [17, 18], Flavin [19], Flavin
and Knops [20], Horgan [21], Payne and Schaefer [22], and
Varlamov [23]. Additional references may be found in the
review papers [1–3]. We note that some time-dependent
problems concerning the biharmonic operator are considered
in the literature; wemention the papers by Lin [10] andKnops
and Lupoli [24] in connection with the spatial behaviour of
solutions for a fourth-order transformed problem associated
with the slow flow of an incompressible viscous fluid along
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a semi-infinite strip. In recent years, Song in his paper [25, 26]
improved the result obtained by Lin in [10] for the time-
dependent Stokes flow.

In this paper, the spatial behavior of solutions of the
fourth-order hyperbolic equations is studied. Growth and
decay estimates are established associating some appropriate
cross-sectional line and area integral measures. The method
of the proof is based on a first-order differential inequality
leading to an alternative of Phragmén-Lindelöf type in terms
of an area measure of the amplitude in question. We also
get the spatial decay estimates based on a second-order
differential inequality, and we also indicate how to bound the
total energy.

In the present paper, the comma is used to indicate partial
differentiation and the differentiation with respect to the
direction 𝑥

𝑘
is denoted as, 𝑘; thus 𝑢

,𝛼
denotes 𝜕𝑢/𝜕𝑥

𝛼
, and 𝑢

,𝑡

denotes 𝜕𝑢/𝜕𝑡. The usual summation convection is employed
with repeated Greek subscripts 𝛼 summed from 1 to 2. Hence,
𝑢
𝛼,𝛼
= ∑
2

𝛼=1
(𝜕𝑢
𝛼
/𝜕𝑥
𝛼
).

2. Formulation

Weconsider the problemon anunbounded regionΩ
0
defined

by

Ω
0
:= {(𝑥

1
, 𝑥
2
) | 𝑥
1
> 0, 0 < 𝑥

2
< ℎ} , (1)

where ℎ is a fixed constant, and we introduce the notation

𝐿
𝑧
= {(𝑥
1
, 𝑥
2
) | 𝑥
1
= 𝑧 ≥ 0, 0 ≤ 𝑥

2
≤ ℎ} . (2)

We consider the problem in the time interval [0, 𝑇], where
𝑇 is a fixed positive constant.

In [27], the authors studied the analytic property and the
exponential stability of the𝐶

0
-semigroup associated with the

following coupled system of wave-plate type with thermal
effect:

𝜌
1
𝑢
,𝑡𝑡
− Δ𝑢 − 𝜇Δ𝑢

,𝑡
+ 𝑎ΔV = 0,

𝜌
2
V
,𝑡𝑡
+ 𝛾Δ
2V + 𝑎Δ𝑢 + 𝑚Δ𝜃 = 0,

𝜏𝜃
,𝑡
− 𝑘Δ𝜃 − 𝑚ΔV

,𝑡
= 0.

(3)

The above model can be used to describe the evolution
of a system consisting of an elastic membrane and an elastic
plate, subject to an elastic force that attracts the membrane
to the plate with coefficient 𝑎, subject to a thermal effect
(see [28]). Here 𝑢 and V represent the vertical deflections of
the membrane and of the plate, respectively. 𝜃 denotes the
difference of temperature.The coefficients 𝜌

1
, 𝜌
2
, 𝜇, 𝑎, 𝛾,𝑚, 𝜏,

and 𝑘 are nonnegative constants.
Their main result obtained in [27] was that the semigroup

associated with the system is analytic. This is to say that
the exponential stability of the associated energy and also
the so-called spectrum determined growth property (SDG
property) of the corresponding semigroup.

In the present paper, we consider the system (4)–(6) with
the case 𝜏 = 0. The equations are

𝜌
1
𝑢
,𝑡𝑡
− Δ𝑢 − 𝜇Δ𝑢

,𝑡
+ 𝑎ΔV = 0, (4)

𝜌
2
V
,𝑡𝑡
+ 𝛾Δ
2V + 𝑎Δ𝑢 −

𝑚
2

𝑘
ΔV
,𝑡
= 0, (5)

and the initial boundary conditions are

𝑢 (𝑥
1
, 0, 𝑡) = V (𝑥

1
, 0, 𝑡) = V

,2
(𝑥
1
, 0, 𝑡) = 0 𝑥

1
> 0, 𝑡 > 0,

𝑢 (𝑥
1
, ℎ, 𝑡) = V (𝑥

1
, ℎ, 𝑡) = V

,2
(𝑥
1
, ℎ, 𝑡) = 0 𝑥

1
> 0, 𝑡 > 0,

𝑢 (0, 𝑥
2
, 𝑡) = 𝑔

1
(𝑥
2
, 𝑡) 0 ≤ 𝑥

2
≤ ℎ, 𝑡 > 0,

V (0, 𝑥
2
, 𝑡) = 𝑔

2
(𝑥
2
, 𝑡) 0 ≤ 𝑥

2
≤ ℎ, 𝑡 > 0,

V
,1
(0, 𝑥
2
, 𝑡) = 𝑔

3
(𝑥
2
, 𝑡) 0 ≤ 𝑥

2
≤ ℎ, 𝑡 > 0,

𝑢 (𝑥
1
, 𝑥
2
, 0) = V (𝑥

1
, 𝑥
2
, 0) = 𝑢

,𝑡
(𝑥
1
, 𝑥
2
, 0)

= V
,𝑡
(𝑥
1
, 𝑥
2
, 0) = 0

0 ≤ 𝑥
2
≤ ℎ, 𝑥

1
> 0.

(6)

HereΔ is the harmonic operator, andΔ2 is the biharmonic
operator.

In this paper, we consider the classical solutions to the
problem (4)–(6). 𝑔

𝑖
(𝑥
2
, 𝑡) 𝑖 = 1, 2, 3 are prescribed functions

satisfying the compatibility:

𝑔
1
(0, 𝑡) = 𝑔

1
(ℎ, 𝑡) = 𝑔

1,2
(0, 𝑡) = 𝑔

1,2
(ℎ, 𝑡) = 0,

𝑔
2
(0, 𝑡) = 𝑔

2
(ℎ, 𝑡) = 𝑔

2,2
(0, 𝑡) = 𝑔

2,2
(ℎ, 𝑡) = 0,

𝑔
3
(0, 𝑡) = 𝑔

3
(ℎ, 𝑡) = 𝑔

3,2
(0, 𝑡) = 𝑔

3,2
(ℎ, 𝑡) = 0,

𝑔
1
(𝑥
2
, 0) = 𝑔

2
(𝑥
2
, 0) = 𝑔

3
(𝑥
2
, 0) = 0.

(7)

We will use the Poincare inequality; we recall that the
estimate

∫

ℎ

0

𝑢
2
𝑑𝜉 ≤

ℎ
2

𝜋2
∫

ℎ

0

(
𝑑𝑢

𝑑𝜉
)

2

𝑑𝜉 (8)

is satisfied for smooth functions 𝑢(𝜉) such that 𝑢(0) = 0 (see
[2]).
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On using the divergence theorem and the initial-bound-
ary conditions (4)–(6), it leads to

0 = ∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝜂
(𝜌
1
𝑢
,𝜂𝜂
− 𝑢
,𝛼𝛼
− 𝜇𝑢
,𝛼𝛼𝜂

+ 𝑎V
,𝛼𝛼
) 𝑑𝐴𝑑𝜂

=
𝜌
1

2
∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
2

,𝜂
𝑑𝐴

𝜂=𝑡

+
1

2
∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴

𝜂=𝑡

− ∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂 + ∫

𝑡

0

∫
𝐿𝑧0

𝑢
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂

+ 𝜇∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝐴𝑑𝜂 − 𝜇∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
𝑢
,1𝜂
𝑑𝑥
2
𝑑𝜂

+ 𝜇∫

𝑡

0

∫
𝐿𝑧0

𝑢
,𝜂
𝑢
,1𝜂
𝑑𝑥
2
𝑑𝜂

+ 𝑎∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝜂
V
,𝛼𝛼
𝑑𝐴𝑑𝜂.

(9)

We can also get

0 = ∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝜂
(𝜌
2
V
,𝜂𝜂
+ 𝛾V
,𝛼𝛼𝛽𝛽

+ 𝑎𝑢
,𝛼𝛼
−
𝑚
2

𝑘
V
,𝛼𝛼𝜂

)𝑑𝐴𝑑𝜂

=
𝜌
2

2
∫

𝑧

𝑧0

∫
𝐿𝜉

V2
,𝜂
𝑑𝐴

𝜂=𝑡

+
𝛾

2
∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

𝜂=𝑡

− 𝛾∫

𝑡

0

∫
𝐿𝑧

V
,𝛼𝜂
V
,1𝛼
𝑑𝑥
2
𝑑𝜂 + 𝛾∫

𝑡

0

∫
𝐿𝑧0

V
,𝛼𝜂
V
,1𝛼
𝑑𝑥
2
𝑑𝜂

+ 𝛾∫

𝑡

0

∫
𝐿𝑧

V
,𝜂
V
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂 − 𝛾∫

𝑡

0

∫
𝐿𝑧0

V
,𝜂
V
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂

+ 𝑎∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝜂
𝑢
,𝛼𝛼
𝑑𝐴𝑑𝜂

+
𝑚
2

𝑘
∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝐴𝑑𝜂 −

𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧

V
,𝜂
V
,1𝜂
𝑑𝑥
2
𝑑𝜂

+
𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧0

V
,𝜂
V
,1𝜂
𝑑𝑥
2
𝑑𝜂.

(10)

Integrating by parts, we can get

∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝜂
V
,𝛼𝛼
𝑑𝐴𝑑𝜂

= −∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼𝜂
V
,𝛼
𝑑𝐴𝑑𝜂

+ ∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
V
,1
𝑑𝑥
2
𝑑𝜂 − ∫

𝑡

0

∫
𝐿𝑧0

𝑢
,𝜂
V
,1
𝑑𝑥
2
𝑑𝜂

= ∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼
V
,𝛼𝜂
𝑑𝐴𝑑𝜂 − ∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼
V
,𝛼
𝑑𝐴

𝜂=𝑡

+ ∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
V
,1
𝑑𝑥
2
𝑑𝜂 − ∫

𝑡

0

∫
𝐿𝑧0

𝑢
,𝜂
V
,1
𝑑𝑥
2
𝑑𝜂,

∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝜂
𝑢
,𝛼𝛼
𝑑𝐴𝑑𝜂

= −∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝛼𝜂
𝑢
,𝛼
𝑑𝐴𝑑𝜂

+ ∫

𝑡

0

∫
𝐿𝑧

V
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂 − ∫

𝑡

0

∫
𝐿𝑧0

V
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂.

(11)

Combining the above computations, we define a function

𝜙
1
(𝑧, 𝑡) = ∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂 + 𝜇∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
𝑢
,1𝜂
𝑑𝑥
2
𝑑𝜂

− 𝑎∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
V
,1
𝑑𝑥
2
𝑑𝜂 + 𝛾∫

𝑡

0

∫
𝐿𝑧

V
,𝛼𝜂
V
,1𝛼
𝑑𝑥
2
𝑑𝜂

− 𝛾∫

𝑡

0

∫
𝐿𝑧

V
,𝜂
V
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂 +

𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧

V
,𝜂
V
,1𝜂
𝑑𝑥
2
𝑑𝜂

− 𝑎∫

𝑡

0

∫
𝐿𝑧

V
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂

=
𝜌
1

2
∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
2

,𝜂
𝑑𝐴

𝜂=𝑡

+
1

2
∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴

𝜂=𝑡

+ 𝜇∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝐴𝑑𝜂 +

𝜌
2

2
∫

𝑧

𝑧0

∫
𝐿𝜉

V2
,𝜂
𝑑𝐴

𝜂=𝑡

+
𝛾

2
∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

𝜂=𝑡

+
𝑚
2

𝑘
∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝐴𝑑𝜂

− 𝑎∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼
V
,𝛼
𝑑𝐴

𝜂=𝑡

+ 𝜙
1
(𝑧
0
, 𝑡) .

(12)

We can also get

∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,11
(𝜌
2
V
,𝜂𝜂
+ 𝛾V
,𝛼𝛼𝛽𝛽

+𝑎𝑢
,𝛼𝛼
−
𝑚
2

𝑘
V
,𝛼𝛼𝜂

)𝑑𝐴𝑑𝜂 = 0.

(13)
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We have

∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝜌
2
V
,11
V
,𝜂𝜂
𝑑𝐴𝑑𝜂

= ∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝜌
2
V
,1𝜂
V
,1𝜂
𝑑𝐴𝑑𝜂

− ∫

𝑡

0

∫
𝐿𝑧

𝜌
2
V
,1𝜂
V
,𝜂
𝑑𝑥
2
𝑑𝜂

+ ∫

𝑡

0

∫
𝐿𝑧0

𝜌
2
V
,1𝜂
V
,𝜂
𝑑𝑥
2
𝑑𝜂 + ∫

𝑧

𝑧0

∫
𝐿𝜉

𝜌
2
V
,11
V
,𝜂
𝑑𝐴

𝜂=𝑡

,

∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,11
(𝛾V
,𝛼𝛼𝛽𝛽

−
𝑚
2

𝑘
V
,𝛼𝛼𝜂

)𝑑𝐴𝑑𝜂

= −𝛾∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,1𝛼𝛽

V
,1𝛼𝛽

𝑑𝐴𝑑𝜂

−
𝑚
2

2𝑘
∫

𝑧

𝑧0

∫
𝐿𝜉

V
,1𝛼
V
,1𝛼
𝑑𝐴

𝜂=𝑡

+ ∫

𝑡

0

∫
𝐿𝑧

𝛾V
,𝛼2
V
,1𝛼2
𝑑𝑥
2
𝑑𝜂 +

𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧

V
,12
V
,2𝜂
𝑑𝑥
2
𝑑𝜂

+ 𝛾∫

𝑡

0

∫
𝐿𝑧

V
,11
V
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂 − ∫

𝑡

0

∫
𝐿𝑧0

𝛾V
,𝛼2
V
,1𝛼2
𝑑𝑥
2
𝑑𝜂

−
𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧0

V
,12
V
,2𝜂
𝑑𝑥
2
𝑑𝜂 − 𝛾∫

𝑡

0

∫
𝐿𝑧0

V
,11
V
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂,

∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑎V
,11
𝑢
,𝛼𝛼
𝑑𝐴𝑑𝜂

= −∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑎V
,11𝛼
𝑢
,𝛼
𝑑𝐴𝑑𝜂 + ∫

𝑡

0

∫
𝐿𝑧

𝑎V
,11
𝑢
,1
𝑑𝑥
2
𝑑𝜂

− ∫

𝑡

0

∫
𝐿𝑧0

𝑎V
,11
𝑢
,1
𝑑𝑥
2
𝑑𝜂.

(14)

We now define another function:

𝜙
2
(𝑧, 𝑡) = −∫

𝑡

0

∫
𝐿𝑧

𝜌
2
V
,1𝜂
V
,𝜂
𝑑𝑥
2
𝑑𝜂 + ∫

𝑡

0

∫
𝐿𝑧

𝛾V
,𝛼2
V
,1𝛼2
𝑑𝑥
2
𝑑𝜂

+
𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧

V
,12
V
,2𝜂
𝑑𝑥
2
𝑑𝜂

+ 𝛾∫

𝑡

0

∫
𝐿𝑧

V
,11
V
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂 + 𝑎∫

𝑡

0

∫
𝐿𝑧

V
,11
𝑢
,1
𝑑𝑥
2
𝑑𝜂

= −∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝜌
2
V
,1𝜂
V
,1𝜂
𝑑𝐴𝑑𝜂

− ∫

𝑧

𝑧0

∫
𝐿𝜉

𝜌
2
V
,11
V
,𝜂
𝑑𝐴

𝜂=𝑡

+ 𝛾∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,1𝛼𝛽

V
,1𝛼𝛽

𝑑𝐴𝑑𝜂

+
𝑚
2

2𝑘
∫

𝑧

𝑧0

∫
𝐿𝜉

V
,1𝛼
V
,1𝛼
𝑑𝐴

𝜂=𝑡

+ ∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑎V
,11𝛼
𝑢
,𝛼
𝑑𝐴𝑑𝜂 + 𝜙

2
(𝑧
0
, 𝑡) .

(15)

We define a new function:

Φ (𝑧, 𝑡) = 𝜙
1
(𝑧, 𝑡) + 𝜆𝜙

2
(𝑧, 𝑡)

= ∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂

+ 𝜇∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
𝑢
,1𝜂
𝑑𝑥
2
𝑑𝜂

− 𝑎∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
V
,1
𝑑𝑥
2
𝑑𝜂

+ 𝛾∫

𝑡

0

∫
𝐿𝑧

V
,𝛼𝜂
V
,1𝛼
𝑑𝑥
2
𝑑𝜂

+ 𝛾∫

𝑡

0

∫
𝐿𝑧

V
,𝜂
V
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂

+
𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧

V
,𝜂
V
,1𝜂
𝑑𝑥
2
𝑑𝜂

− 𝑎∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂

− 𝜆∫

𝑡

0

∫
𝐿𝑧

𝜌
2
V
,1𝜂
V
,𝜂
𝑑𝑥
2
𝑑𝜂

+ 𝜆∫

𝑡

0

∫
𝐿𝑧

𝛾V
,𝛼2
V
,1𝛼2
𝑑𝑥
2
𝑑𝜂

+ 𝜆
𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧

V
,12
V
,2𝜂
𝑑𝑥
2
𝑑𝜂

+ 𝜆𝛾∫

𝑡

0

∫
𝐿𝑧

V
,11
V
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂

+ 𝑎𝜆∫

𝑡

0

∫
𝐿𝑧

V
,11
𝑢
,1
𝑑𝑥
2
𝑑𝜂

=
𝜌
1

2
∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
2

,𝜂
𝑑𝐴

𝜂=𝑡

+
1

2
∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴

𝜂=𝑡

+ 𝜇∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝐴𝑑𝜂
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+
𝜌
2

2
∫

𝑧

𝑧0

∫
𝐿𝜉

V2
,𝜂
𝑑𝐴

𝜂=𝑡

+
𝛾

2
∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

𝜂=𝑡

+
𝑚
2

𝑘
∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝐴𝑑𝜂

− 𝑎∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼
V
,𝛼
𝑑𝐴

𝜂=𝑡

− 𝜆∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝜌
2
V
,1𝜂
V
,1𝜂
𝑑𝐴𝑑𝜂

− 𝜆∫

𝑧

𝑧0

∫
𝐿𝜉

𝜌
2
V
,11
V
,𝜂
𝑑𝐴

𝜂=𝑡

+ 𝜆𝛾∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,1𝛼𝛽

V
,1𝛼𝛽

𝑑𝐴𝑑𝜂

+ 𝜆
𝑚
2

2𝑘
∫

𝑧

𝑧0

∫
𝐿𝜉

V
,1𝛼
V
,1𝛼
𝑑𝐴

𝜂=𝑡

+ 𝜆∫

𝑡

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑎V
,11𝛼
𝑢
,𝛼
𝑑𝐴𝑑𝜂 + Φ (𝑧

0
, 𝑡) ,

(16)

where 𝜆 is a positive constant to be determined later.
From (16), we can easily get

𝜕Φ (𝑧, 𝑡)

𝜕𝑧
=
𝜌
1

2
∫
𝐿𝑧

𝑢
2

,𝜂
𝑑𝑥
2

𝜂=𝑡

+
1

2
∫
𝐿𝑧

𝑢
,𝛼
𝑢
,𝛼
𝑑𝑥
2

𝜂=𝑡

+ 𝜇∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝑥
2
𝑑𝜂

+
𝜌
2

2
∫
𝐿𝑧

V2
,𝜂
𝑑𝑥
2

𝜂=𝑡

+
𝛾

2
∫
𝐿𝑧

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2

𝜂=𝑡

+
𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧

V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝑥
2
𝑑𝜂

− 𝑎∫
𝐿𝑧

𝑢
,𝛼
V
,𝛼
𝑑𝑥
2

𝜂=𝑡

− 𝜆∫

𝑡

0

∫
𝐿𝑧

𝜌
2
V
,1𝜂
V
,1𝜂
𝑑𝑥
2
𝑑𝜂

− 𝜆∫
𝐿𝑧

𝜌
2
V
,11
V
,𝜂
𝑑𝑥
2

𝜂=𝑡

+ 𝜆𝛾∫

𝑡

0

∫
𝐿𝑧

V
,1𝛼𝛽

V
,1𝛼𝛽

𝑑𝑥
2
𝑑𝜂

+ 𝜆
𝑚
2

2𝑘
∫
𝐿𝑧

V
,1𝛼
V
,1𝛼
𝑑𝑥
2

𝜂=𝑡

+ 𝜆∫

𝑡

0

∫
𝐿𝑧

𝑎V
,11𝛼
𝑢
,𝛼
𝑑𝑥
2
𝑑𝜂.

(17)

Using the Cauchy’s inequality and the inequality (8), we
have



𝜆 ∫

𝑡

0

∫
𝐿𝑧

𝑎V
,11𝛼
𝑢
,𝛼
𝑑𝑥
2
𝑑𝜂



≤
𝜆𝛾

4
∫

𝑡

0

∫
𝐿𝑧

V
,11𝛼

V
,11𝛼
𝑑𝑥
2
𝑑𝜂

+
𝜆𝑎
2
𝑡
2

𝜋2𝛾
∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝑥
2
𝑑𝜂,



𝑎 ∫
𝐿𝑧

𝑢
,𝛼
V
,𝛼
𝑑𝑥
2

𝜂=𝑡



≤
1

4
∫
𝐿𝑧

𝑢
,𝛼
𝑢
,𝛼
𝑑𝑥
2

𝜂=𝑡

+
𝑎
2
ℎ
2

𝜋2
∫
𝐿𝑧

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2

𝜂=𝑡

,



𝜌
2
𝜆∫
𝐿𝑧

V
,11
V
,𝜂
𝑑𝑥
2

𝜂=𝑡



≤
𝛾

8
∫
𝐿𝑧

V2
,11
𝑑𝑥
2

𝜂=𝑡

+
2𝜌
2

2
𝜆
2

𝑐
∫
𝐿𝑧

V2
,𝜂
𝑑𝑥
2

𝜂=𝑡

.

(18)

For 0 ≤ 𝑡 ≤ 𝑇, we can choose 𝑎 and 𝜆 satisfying

𝜌
2
𝜆 ≤

𝑚
2

2𝑘
,

𝜆𝑎
2
𝑡
2

𝜋2𝛾
≤
𝜇

2
,

𝑎
2
ℎ
2

𝜋2
≤
𝛾

8
,

𝜌
2
𝜆
2

𝑐
≤
1

8
.

(19)

Combining the above discussions, we obtain

𝜕Φ (𝑧, 𝑡)

𝜕𝑧
≥
𝜌
1

4
∫
𝐿𝑧

𝑢
2

,𝜂
𝑑𝑥
2

𝜂=𝑡

+
1

4
∫
𝐿𝑧

𝑢
,𝛼
𝑢
,𝛼
𝑑𝑥
2

𝜂=𝑡

+
𝜇

2
∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝑥
2
𝑑𝜂

+
𝜌
2

4
∫
𝐿𝑧

V2
,𝜂
𝑑𝑥
2

𝜂=𝑡

+
𝛾

4
∫
𝐿𝑧

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2

𝜂=𝑡
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+
𝑚
2

2𝑘
∫

𝑡

0

∫
𝐿𝑧

V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝑥
2
𝑑𝜂

+
𝜆𝛾

2
∫

𝑡

0

∫
𝐿𝑧

V
,1𝛼𝛽

V
,1𝛼𝛽

𝑑𝑥
2
𝑑𝜂

+ 𝜆
𝑚
2

4𝑘
∫
𝐿𝑧

V
,1𝛼
V
,1𝛼
𝑑𝑥
2

𝜂=𝑡

.

(20)

3. Phragmén-Lindelöf Alternative Results

In this part, we will derive the Phragmén-Lindelöf alternative
results based on a first-order differential inequality.

From the definition of Φ(𝑧, 𝑡) in (16), we want to give
bounds for items in Φ(𝑧, 𝑡). Using the Schwarz’s inequality
and the inequality (8), we can easily obtain



∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂



≤
ℎ
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

𝑢
2

,2𝜂
𝑑𝑥
2
𝑑𝜂

+
𝑡
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

𝑢
2

,1𝜂
𝑑𝑥
2
𝑑𝜂,



𝜇 ∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
𝑢
,1𝜂
𝑑𝑥
2
𝑑𝜂



≤
𝜇ℎ
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

𝑢
2

,2𝜂
𝑑𝑥
2
𝑑𝜂

+
𝜇

2
∫

𝑡

0

∫
𝐿𝑧

𝑢
2

,1𝜂
𝑑𝑥
2
𝑑𝜂,



𝑎 ∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
V
,1
𝑑𝑥
2
𝑑𝜂



≤
𝑎ℎ
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

𝑢
2

,2𝜂
𝑑𝑥
2
𝑑𝜂

+
𝑎𝑡
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

V2
,1𝜂
𝑑𝑥
2
𝑑𝜂,



𝛾 ∫

𝑡

0

∫
𝐿𝑧

V
,𝜂
V
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂



≤
𝛾ℎ
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

V2
,2𝜂
𝑑𝑥
2
𝑑𝜂

+
𝛾

2
∫

𝑡

0

∫
𝐿𝑧

V2
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂,



𝛾 ∫

𝑡

0

∫
𝐿𝑧

V
,𝛼𝜂
V
,1𝛼
𝑑𝑥
2
𝑑𝜂



≤
𝛾

2
∫

𝑡

0

∫
𝐿𝑧

V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝑥
2
𝑑𝜂

+
𝛾ℎ
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

V
,1𝛽2

V
,1𝛽2
𝑑𝑥
2
𝑑𝜂,



𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧

V
,𝜂
V
,1𝜂
𝑑𝑥
2
𝑑𝜂



≤
𝑚
2
ℎ
2

2𝑘𝜋2
∫

𝑡

0

∫
𝐿𝑧

V2
,2𝜂
𝑑𝑥
2
𝑑𝜂

+
𝑚
2

2𝑘
∫

𝑡

0

∫
𝐿𝑧

V2
,1𝜂
𝑑𝑥
2
𝑑𝜂,



𝑎 ∫

𝑡

0

∫
𝐿𝑧

𝑢
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂



≤
𝑎ℎ
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

𝑢
2

,2𝜂
𝑑𝑥
2
𝑑𝜂

+
𝑎𝑡
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

𝑢
2

,1𝜂
𝑑𝑥
2
𝑑𝜂,



𝜆𝜌
2
∫

𝑡

0

∫
𝐿𝑧

V
,1𝜂
V
,𝜂
𝑑𝑥
2
𝑑𝜂



≤
𝜆𝜌
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

V2
,1𝜂
𝑑𝑥
2
𝑑𝜂

+
𝜆𝜌
2
ℎ
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

V2
,2𝜂
𝑑𝑥
2
𝑑𝜂,



𝜆𝛾∫

𝑡

0

∫
𝐿𝑧

V
,𝛼2
V
,1𝛼2
𝑑𝑥
2
𝑑𝜂



≤
𝜆𝛾

2
∫

𝑡

0

∫
𝐿𝑧

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2
𝑑𝜂

+
𝜆𝛾

2
∫

𝑡

0

∫
𝐿𝑧

V
,1𝛼𝛽

V
,1𝛼𝛽

𝑑𝑥
2
𝑑𝜂,



𝜆𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧

V
,12
V
,2𝜂
𝑑𝑥
2
𝑑𝜂



≤
𝜆ℎ
2
𝑚
2

2𝜋2𝑘
∫

𝑡

0

∫
𝐿𝑧

V2
,122
𝑑𝑥
2
𝑑𝜂

+
𝜆𝑚
2

2𝑘
∫

𝑡

0

∫
𝐿𝑧

V2
,2𝜂
𝑑𝑥
2
𝑑𝜂,



𝜆𝛾∫

𝑡

0

∫
𝐿𝑧

V
,11
V
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂



≤
𝜆𝛾ℎ
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

V2
,112
𝑑𝑥
2
𝑑𝜂

+
𝜆𝛾

2
∫

𝑡

0

∫
𝐿𝑧

V2
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂,



𝑎𝜆∫

𝑡

0

∫
𝐿𝑧

V
,11
𝑢
,1
𝑑𝑥
2
𝑑𝜂



≤
𝑎𝜆ℎ
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

V2
,112
𝑑𝑥
2
𝑑𝜂

+
𝑎𝜆𝑡
2

2𝜋2
∫

𝑡

0

∫
𝐿𝑧

𝑢
2

,1𝜂
𝑑𝑥
2
𝑑𝜂.

(21)

On combining the above computations with (16), we
obtain

|Φ (𝑧, 𝑡)| ≤ 𝑘 (𝑡)
𝜕Φ (𝑧, 𝑡)

𝜕𝑧
+
𝜆𝛾

2
∫

𝑡

0

∫
𝐿𝑧

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2
𝑑𝜂, (22)

where

𝑘 (𝑡) = max{�̂�1 (𝑡)
𝜇

,
�̂�
2
(𝑡)

𝜆𝛾
} (23)

with

�̂�
1
(𝑡)

= 𝛾 +max{
𝜆
2
+ 𝜇ℎ
2
+ 2𝑎ℎ

2
+ 𝛾ℎ
2
+ 𝑚
2
ℎ
2
+ 𝜆𝜌
2
ℎ
2

𝜋2

+
𝜆𝑚
2

𝑘
,
𝑡
2
+ 2𝑎𝑡
2
+ 𝜆𝜌
2
+ 𝑎𝜆𝑡
2

𝜋2
+𝜇 +

𝑚
2

𝑘
} ,

�̂�
2
(𝑡) = 𝛾 +

𝛾ℎ
2

𝜋2
+ 2𝜆𝛾 +

𝜆ℎ
2
𝑚
2

𝜋2𝑘
+
𝜆𝛾ℎ
2
+ 𝑎𝜆ℎ

2

𝜋2
.

(24)
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Using the method proposed in the paper [11], we define a
new function:

𝑀(𝑧, 𝑡) =
𝜌
1

4
∫
𝐿𝑧

𝑢
2

,𝜂
𝑑𝑥
2

𝜂=𝑡

+
1

4
∫
𝐿𝑧

𝑢
,𝛼
𝑢
,𝛼
𝑑𝑥
2

𝜂=𝑡

+
𝜌
2

4
∫
𝐿𝑧

V2
,𝜂
𝑑𝑥
2

𝜂=𝑡

+
𝛾

4
∫
𝐿𝑧

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2

𝜂=𝑡

+ 𝜆
𝑚
2

4𝑘
∫
𝐿𝑧

V
,1𝛼
V
,1𝛼
𝑑𝑥
2

𝜂=𝑡

.

(25)

For 𝑡 > 0, let �̃� be a value of time between 0 and 𝑡, at which
function𝑀(𝑧, 𝑡) gains its maximum value; that is,

𝑀(𝑧, �̃�) =
𝜌
1

4
∫
𝐿𝑧

𝑢
2

,𝜂
𝑑𝑥
2

𝜂=�̃�

+
1

4
∫
𝐿𝑧

𝑢
,𝛼
𝑢
,𝛼
𝑑𝑥
2

𝜂=�̃�

+
𝜌
2

4
∫
𝐿𝑧

V2
,𝜂
𝑑𝑥
2

𝜂=�̃�

+
𝛾

4
∫
𝐿𝑧

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2

𝜂=�̃�

+ 𝜆
𝑚
2

4𝑘
∫
𝐿𝑧

V
,1𝛼
V
,1𝛼
𝑑𝑥
2

𝜂=�̃�

= max
0≤𝜏≤𝑡

{
𝜌
1

4
∫
𝐿𝑧

𝑢
2

,𝜂
𝑑𝑥
2

𝜂=𝜏

+
1

4
∫
𝐿𝑧

𝑢
,𝛼
𝑢
,𝛼
𝑑𝑥
2

𝜂=𝜏

+
𝜌
2

4
∫
𝐿𝑧

V2
,𝜂
𝑑𝑥
2

𝜂=𝜏

+
𝛾

4
∫
𝐿𝑧

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2

𝜂=𝜏

+ 𝜆
𝑚
2

4𝑘
∫
𝐿𝑧

V
,1𝛼
V
,1𝛼
𝑑𝑥
2

𝜂=𝜏

} .

(26)

We now define

𝑡
∗
= lim
𝑍→∞

{ sup
0≤𝑧≤𝑍

�̃� (𝑧)} . (27)

From (22), we have

Φ (𝑧, 𝑡
∗
)
 ≤ 𝑘 (𝑡

∗
)
𝜕Φ (𝑧, 𝑡

∗
)

𝜕𝑧
+
𝜆𝛾

2
∫

𝑡
∗

0

∫
𝐿𝑧

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2
𝑑𝜂.

(28)

From the definition of 𝑡∗, we have

𝜆𝛾

2
∫

𝑡
∗

0

∫
𝐿𝑧

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2
𝑑𝜂

≤ 2𝜆∫

𝑡
∗

0

𝑀(𝑧, 𝑡) 𝑑𝑡 ≤ 2𝜆𝑡
∗
𝑀(𝑧, 𝑡

∗
) .

(29)

On combining (20), (26), (28), and (29), we get

Φ (𝑧, 𝑡
∗
)
 ≤ 𝑘 (𝑡

∗
)
𝜕Φ (𝑧, 𝑡

∗
)

𝜕𝑧
+
𝜆𝛾

2
∫

𝑡
∗

0

∫
𝐿𝑧

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2
𝑑𝜂

≤ 𝑘 (𝑡
∗
)
𝜕Φ (𝑧, 𝑡

∗
)

𝜕𝑧
+ 2𝜆𝑡
∗
𝑀(𝑧, 𝑡

∗
)

≤ (𝑘 (𝑡
∗
) + 2𝜆𝑡

∗
)
𝜕Φ (𝑧, 𝑡

∗
)

𝜕𝑧

≤ (𝑘 (𝑡) + 2𝜆𝑡)
𝜕Φ (𝑧, 𝑡

∗
)

𝜕𝑧
.

(30)

The following discussion will be divided into two cases.

Case 1. If there exists a point (𝑧
1
, 𝑡
∗
) such that Φ(𝑧

1
, 𝑡
∗
) > 0,

then for all 𝑧 > 𝑧
1
, Φ(𝑧, 𝑡∗) > 0. An integration of (30) leads

to

Φ(𝑧, 𝑡
∗
) ≥ Φ (𝑧

1
, 𝑡
∗
) exp( 𝑧 − 𝑧

1

𝑘 (𝑡) + 2𝜆𝑡
) . (31)

Case 2. If there does not exist a point (𝑧
1
, 𝑡
∗
) such that

Φ(𝑧
1
, 𝑡
∗
) > 0, then for all 𝑧 > 0, Φ(𝑧, 𝑡∗) ≤ 0. We have, from

(30),

−Φ (𝑧, 𝑡
∗
) ≤ −Φ (0, 𝑡

∗
) exp [− (𝑘 (𝑡) + 2𝜆𝑡) 𝑧] . (32)

From (31), we can get lim
𝑧→∞

Φ(𝑧, 𝑡
∗
) = ∞; that is to say,

for 𝑧 large enough, we can get

Φ(𝑧, 𝑡
∗
) ≥ 2Φ (𝑧

0
, 𝑡
∗
) . (33)

From (16), we get

Φ(𝑧, 𝑡
∗
) ≤ 2{

𝜌
1

2
∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
2

,𝜂
𝑑𝐴

𝜂=𝑡∗

+
1

2
∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴

𝜂=𝑡∗

+ 𝜇∫

𝑡
∗

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝐴𝑑𝜂

+
𝜌
2

2
∫

𝑧

𝑧0

∫
𝐿𝜉

V2
,𝜂
𝑑𝐴

𝜂=𝑡∗

+
𝛾

2
∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

𝜂=𝑡∗
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+
𝑚
2

𝑘
∫

𝑡
∗

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝐴𝑑𝜂

− 𝑎∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼
V
,𝛼
𝑑𝐴

𝜂=𝑡∗

− 𝜆∫

𝑡
∗

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝜌
2
V
,1𝜂
V
,1𝜂
𝑑𝐴𝑑𝜂

− 𝜆∫

𝑧

𝑧0

∫
𝐿𝜉

𝜌
2
V
,11
V
,𝜂
𝑑𝐴

𝜂=𝑡∗

+ 𝜆𝛾∫

𝑡
∗

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,1𝛼𝛽

V
,1𝛼𝛽

𝑑𝐴𝑑𝜂

+ 𝜆
𝑚
2

2𝑘
∫

𝑧

𝑧0

∫
𝐿𝜉

V
,1𝛼
V
,1𝛼
𝑑𝐴

𝜂=𝑡∗

+ 𝜆∫

𝑡
∗

0

∫

z

𝑧0

∫
𝐿𝜉

𝑎V
,11𝛼
𝑢
,𝛼
𝑑𝐴𝑑𝜂} .

(34)

Following the same procedure as in deriving (20), we
easily get

Φ(𝑧, 𝑡
∗
) ≤ 3{

𝜌
1

2
∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
2

,𝜂
𝑑𝐴

𝜂=𝑡∗

+
1

2
∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴

𝜂=𝑡∗

+ 𝜇∫

𝑡
∗

0

∫

𝑧

𝑧0

∫
𝐿𝜉

𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝐴𝑑𝜂

+
𝜌
2

2
∫

𝑧

𝑧0

∫
𝐿𝜉

V2
,𝜂
𝑑𝐴

𝜂=𝑡∗

+
𝛾

2
∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

𝜂=𝑡∗

+
𝑚
2

𝑘
∫

𝑡
∗

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝐴𝑑𝜂

+ 𝜆𝛾∫

𝑡
∗

0

∫

𝑧

𝑧0

∫
𝐿𝜉

V
,1𝛼𝛽

V
,1𝛼𝛽

𝑑𝐴𝑑𝜂

+𝜆
𝑚
2

2𝑘
∫

𝑧

𝑧0

∫
𝐿𝜉

V
,1𝛼
V
,1𝛼
𝑑𝐴

𝜂=𝑡∗

}

= 𝐹
1
(𝑧, 𝑡
∗
) .

(35)

On combining (31) and (35), we get

exp( 𝑧
1
− 𝑧

𝑘 (𝑡) + 2𝜆𝑡
)𝐹
1
(𝑧, 𝑡
∗
) ≥ Φ (𝑧

1
, 𝑡
∗
) . (36)

Clearly, if lim
𝑧→∞

Φ(𝑧, 𝑡
∗
) = 0, we can easily get from

(16) that

−Φ (𝑧, 𝑡
∗
) ≥

1

2
{
𝜌
1

2
∫

∞

𝑧

∫
𝐿𝜉

𝑢
2

,𝜂
𝑑𝐴

𝜂=𝑡∗

+
1

2
∫

∞

𝑧

∫
𝐿𝜉

𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴

𝜂=𝑡∗

+ 𝜇∫

𝑡
∗

0

∫

∞

𝑧

∫
𝐿𝜉

𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝐴𝑑𝜂

+
𝜌
2

2
∫

∞

𝑧

∫
𝐿𝜉

V2
,𝜂
𝑑𝐴

𝜂=𝑡∗

+
𝛾

2
∫

∞

𝑧

∫
𝐿𝜉

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

𝜂=𝑡∗

+
𝑚
2

𝑘
∫

𝑡
∗

0

∫

∞

𝑧

∫
𝐿𝜉

V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝐴𝑑𝜂

+ 𝜆𝛾∫

𝑡
∗

0

∫

∞

𝑧

∫
𝐿𝜉

V
,1𝛼𝛽

V
,1𝛼𝛽

𝑑𝐴𝑑𝜂

+𝜆
𝑚
2

2𝑘
∫

∞

𝑧

∫
𝐿𝜉

V
,1𝛼
V
,1𝛼
𝑑𝐴

𝜂=𝑡∗

}

≥
1

2
{
𝜌
1

2
∫

∞

𝑧

∫
𝐿𝜉

𝑢
2

,𝜂
𝑑𝐴

𝜂=𝑡∗

+
1

2
∫

∞

𝑧

∫
𝐿𝜉

𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴

𝜂=𝑡∗

+
𝜌
2

2
∫

∞

𝑧

∫
𝐿𝜉

V2
,𝜂
𝑑𝐴

𝜂=𝑡∗

+
𝛾

2
∫

∞

𝑧

∫
𝐿𝜉

V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

𝜂=𝑡∗

+𝜆
𝑚
2

2𝑘
∫

∞

𝑧

∫
𝐿𝜉

V
,1𝛼
V
,1𝛼
𝑑𝐴

𝜂=𝑡∗

}

= 𝐹
2
(𝑧, 𝑡
∗
) .

(37)

Summarizing all the results above, we conclude the following
theorem.

Theorem 1. Let (𝑢, V) be classical solution of the initial bound-
ary value problems (4)–(6); then, either

lim
𝑧→∞

exp( 𝑧
1
− 𝑧

𝑘 (𝑡) + 2𝜆𝑡
)𝐹
1
(𝑧, 𝑡
∗
) ≥ Φ (𝑧

1
, 𝑡
∗
) (38)
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is satisfied or the “energy” function 𝐹
2
(𝑧, 𝑡) satisfies the esti-

mates

𝐹
2
(𝑧, 𝑡) ≤ 𝐹

2
(𝑧, 𝑡
∗
) ≤ −Φ (0, 𝑡

∗
) exp [− (𝑘 (𝑡) + 2𝜆𝑡) 𝑧]

≤ −Φ (0, 𝑡) exp [− (𝑘 (𝑡) + 2𝜆𝑡) 𝑧] ,
(39)

where 𝑡∗ is a value (see (27)) belonging to (0,t].

4. Spatial Decay Estimates

In this part, we can give the spatial decay estimates based on
a second-order differential inequality.

We add some conditions on the solutions

𝑢, 𝑢
,𝜂
, 𝑢
,𝛼
→ 0 as 𝑧 → ∞,

V, V
,𝜂
, V
,𝛼𝜂
, V
,𝛼𝛽
→ 0 as 𝑧 → ∞.

(40)

From (4), we have

0 = ∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝜂

× (𝜌
1
𝑢
,𝜂𝜂
− 𝑢
,𝛼𝛼
− 𝜇𝑢
,𝛼𝛼𝜂

+ 𝑎V
,𝛼𝛼
) 𝑑𝐴𝑑𝜂

=
𝜌
1
𝑤

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢2
,𝜂
𝑑𝐴𝑑𝜂

+
𝜌
1

2
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) 𝑢
,𝑡
𝑢
,𝑡
𝑑𝐴

+ ∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) 𝑢
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂

+
𝑤

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴𝑑𝜂

+
1

2
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴

+ 𝜇∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝐴𝑑𝜂

+ 𝜇∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) 𝑢
,𝜂
𝑢
,1𝜂
𝑑𝑥
2
𝑑𝜂

+ 𝑎∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝜂
V
,𝛼𝛼
𝑑𝐴𝑑𝜂.

(41)

From (5), we also have

0 = ∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝜂
(𝜌
2
V
,𝜂𝜂
+ 𝛾V
,𝛼𝛼𝛽𝛽

+ 𝑎𝑢
,𝛼𝛼
−
𝑚
2

𝑘
V
,𝛼𝛼𝜂

)𝑑𝐴𝑑𝜂

=
𝜌
2
𝑤

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V2
,𝜂
𝑑𝐴𝑑𝜂

+
𝜌
2

2
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) V
,𝑡
V
,𝑡
𝑑𝐴

+
𝑤𝛾

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴𝑑𝜂

+
𝛾

2
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

+ 𝛾∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝛼𝜂
V
,𝛼1
𝑑𝑥
2
𝑑𝜂

− 𝛾∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝜂
V
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂

+ 𝑎∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝜂
𝑢
,𝛼𝛼
𝑑𝐴𝑑𝜂

+
𝑚
2

𝑘
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝐴𝑑𝜂

+
𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝜂
V
,1𝜂
𝑑𝐴𝑑𝜂.

(42)

We now tackle the item

𝑎∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝜂
𝑢
,𝛼𝛼
𝑑𝐴𝑑𝜂

= −𝑎∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝜂
𝑢
,𝛼
𝑑𝐴𝑑𝜂

− 𝑎∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂

= 𝑎∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝛼𝜂

𝑢𝑑𝐴𝑑𝜂

− 𝑎∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂

+ 𝑎∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,1𝜂
𝑢𝑑𝑥
2
𝑑𝜂

= −𝑎∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝛼
𝑢
,𝜂
𝑑𝐴𝑑𝜂

+ 𝑎𝑤∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝛼
𝑢𝑑𝐴𝑑𝜂

+ 𝑎∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) V
,𝛼𝛼
𝑢𝑑𝐴
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− 𝑎∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂

+ 𝑎∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,1𝜂
𝑢𝑑𝑥
2
𝑑𝜂.

(43)

If we define a new function

𝐸 (𝑧, 𝑡) =
𝜌
1
𝑤

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢2
,𝜂
𝑑𝐴𝑑𝜂

+
𝜌
1

2
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) 𝑢
,𝑡
𝑢
,𝑡
𝑑𝐴

+
𝑤

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴𝑑𝜂

+
1

2
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴

+ 𝜇∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝐴𝑑𝜂

+
𝜌
2
𝑤

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V2
,𝜂
𝑑𝐴𝑑𝜂

+
𝜌
2

2
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) V
,𝑡
V
,𝑡
𝑑𝐴

+
𝑤𝛾

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴𝑑𝜂

+
𝛾

2
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

+
𝑚
2

𝑘
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝐴𝑑𝜂

+ 𝑎𝑤∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝛼
𝑢𝑑𝐴𝑑𝜂

+ 𝑎∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) V
,𝛼𝛼
𝑢𝑑𝐴,

(44)

on combining (44), (42), and (43), we can easily get

𝐸 (𝑧, 𝑡) = −∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) 𝑢
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂

− 𝜇∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) 𝑢
,𝜂
𝑢
,1𝜂
𝑑𝑥
2
𝑑𝜂

− 𝛾∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝛼𝜂
V
,1𝛼
𝑑𝑥
2
𝑑𝜂

+ 𝛾∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝜂
V
,1𝛽𝛽

𝑑𝑥
2
𝑑𝜂

−
𝑚
2

𝑘
∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝜂
V
,1𝜂
𝑑𝑥
2
𝑑𝜂

+ 𝑎∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝜂
𝑢
,1
𝑑𝑥
2
𝑑𝜂

− 𝑎∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,1𝜂
𝑢𝑑𝑥
2
𝑑𝜂.

(45)

Using the Cauchy inequality, we obtain



𝑎𝑤∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝛼
𝑢𝑑𝐴𝑑𝜂



≤
𝑤𝛾

8
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴𝑑𝜂

+
2𝑎
2
𝑤ℎ
2

𝛾𝜋2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴𝑑𝜂,



𝑎 ∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) V
,𝛼𝛼
𝑢𝑑𝐴



≤
𝛾

8
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

+
2𝑎
2
ℎ
2

𝛾𝜋2
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴.

(46)

If we choose suitable 𝑎 such that

𝑎
2
ℎ
2

𝜋2𝛾
≤
1

8
, (47)

on combining (44)–(46), we have

𝐸 (𝑧, 𝑡) ≥
𝜌
1
𝑤

4
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢2
,𝜂
𝑑𝐴𝑑𝜂

+
𝜌
1

4
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) 𝑢
,𝑡
𝑢
,𝑡
𝑑𝐴

+
𝑤

4
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴𝑑𝜂

+
1

4
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴

+
𝜇

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝐴𝑑𝜂

+
𝜌
2
𝑤

4
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V2
,𝜂
𝑑𝐴𝑑𝜂

+
𝜌
2

4
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) V
,𝑡
V
,𝑡
𝑑𝐴

+
𝑤𝛾

4
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴𝑑𝜂
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+
𝛾

4
∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝑡) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

+
𝑚
2

2𝑘
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝐴𝑑𝜂.

(48)

We define

𝐹 (𝑧, 𝑡) = ∫

∞

𝑧

𝐸 (𝜉, 𝑡) 𝑑𝜉

= −∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝜂
𝑢
,1
𝑑𝐴𝑑𝜂

− 𝜇∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝜂
𝑢
,1𝜂
𝑑𝐴𝑑𝜂

− 𝛾∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝜂
V
,1𝛼
𝑑𝐴𝑑𝜂

+ 𝛾∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝜂
V
,1𝛽𝛽

𝑑𝐴𝑑𝜂

−
𝑚
2

𝑘
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝜂
V
,1𝜂
𝑑𝐴𝑑𝜂

+ 𝑎∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝜂
𝑢
,1
𝑑𝐴𝑑𝜂

− 𝑎∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,1𝜂
𝑢𝑑𝐴𝑑𝜂.

(49)

On combining (44) and (49), we also have

𝐹 (𝑧, 𝑡) =
𝜌
1
𝑤

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) 𝑢2
,𝜂
𝑑𝐴𝑑𝜂

+
𝜌
1

2
∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝑡) 𝑢
,𝑡
𝑢
,𝑡
𝑑𝐴

+
𝑤

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴𝑑𝜂

+
1

2
∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝑡) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴

+ 𝜇∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) 𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝐴𝑑𝜂

+
𝜌
2
𝑤

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) V2
,𝜂
𝑑𝐴𝑑𝜂

+
𝜌
2

2
∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝑡) V
,𝑡
V
,𝑡
𝑑𝐴

+
𝑤𝛾

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴𝑑𝜂

+
𝛾

2
∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝑡) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

+
𝑚
2

𝑘
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝐴𝑑𝜂

+ 𝑎𝑤∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) V
,𝛼𝛼
𝑢𝑑𝐴𝑑𝜂

+ 𝑎∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝑡) V
,𝛼𝛼
𝑢𝑑𝐴.

(50)

Following the Schwarz inequality, we can easily get

𝐹 (𝑧, 𝑡) ≥
𝜌
1
𝑤

4
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) 𝑢2
,𝜂
𝑑𝐴𝑑𝜂

+
𝜌
1

4
∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝑡) 𝑢
,𝑡
𝑢
,𝑡
𝑑𝐴

+
𝑤

4
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴𝑑𝜂

+
1

4
∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝑡) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝐴

+
𝜇

2
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) 𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝐴𝑑𝜂

+
𝜌
2
𝑤

4
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) V2
,𝜂
𝑑𝐴𝑑𝜂

+
𝜌
2

4
∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝑡) V
,𝑡
V
,𝑡
𝑑𝐴

+
𝑤𝛾

4
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴𝑑𝜂

+
𝛾

4
∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝑡) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝐴

+
𝑚
2

2𝑘
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

(𝜉 − 𝑧) exp (−𝑤𝜂) V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝐴𝑑𝜂

(51)
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and we also get

𝜕𝐹 (𝑧, 𝑡)

𝜕𝑧
= −𝐸 (𝑧, 𝑡) , (52)

𝜕
2
𝐹 (𝑧, 𝑡)

𝜕𝑧2
≥
𝜌
1
𝑤

4
∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) 𝑢2
,𝜂
𝑑𝐴𝑑𝜂

+
𝜌
1

4
∫
𝐿𝑧

exp (−𝑤𝑡) 𝑢
,𝑡
𝑢
,𝑡
𝑑𝑥
2

+
𝑤

4
∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝑥
2
𝑑𝜂

+
1

4
∫
𝐿𝑧

exp (−𝑤𝑡) 𝑢
,𝛼
𝑢
,𝛼
𝑑𝑥
2

+
𝜇

2
∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) 𝑢
,𝛼𝜂
𝑢
,𝛼𝜂
𝑑𝑥
2
𝑑𝜂

+
𝜌
2
𝑤

4
∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V2
,𝜂
𝑑𝑥
2
𝑑𝜂

+
𝜌
2

4
∫
𝐿𝑧

exp (−𝑤𝑡) V
,𝑡
V
,𝑡
𝑑𝑥
2

+
𝑤𝛾

4
∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2
𝑑𝜂

+
𝛾

4
∫
𝐿𝑧

exp (−𝑤𝑡) V
,𝛼𝛽

V
,𝛼𝛽
𝑑𝑥
2

+
𝑚
2

2𝑘
∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝛼𝜂
V
,𝛼𝜂
𝑑𝑥
2
𝑑𝜂.

(53)

Our goal in this part is to derive a differential inequality
for the energy 𝐹(𝑧, 𝑡) of the form

𝜕
2
𝐹

𝜕𝑧2
− 𝛾
1

𝜕𝐹

𝜕𝑧
− 𝛾
2
𝐹 ≥ 0, 𝛾

1
, 𝛾
2
> 0. (54)

From the definition of 𝐹(𝑧, 𝑡) in (49), using the Schwarz
inequality and (52), we can get

− ∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝜂
𝑢
,1
𝑑𝐴𝑑𝜂

− 𝜇∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) 𝑢
,𝜂
𝑢
,1𝜂
𝑑𝐴𝑑𝜂

− 𝛾∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛼𝜂
V
,1𝛼
𝑑𝐴𝑑𝜂

−
𝑚
2

𝑘
∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝜂
V
,1𝜂
𝑑𝐴𝑑𝜂

+ 𝑎∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝜂
𝑢
,1
𝑑𝐴𝑑𝜂

− 𝑎∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,1𝜂
𝑢𝑑𝐴𝑑𝜂

≤ (−𝑘
1
)
𝜕𝐹

𝜕𝑧
,

(55)

where 𝑘
1
is a positive constant.

In order to give a bound for 𝐹, we only need to give a
bound for 𝛾 ∫𝑡

0
∫
∞

𝑧
∫
𝐿𝜉

exp(−𝑤𝜂)V
,𝜂
V
,1𝛽𝛽

𝑑𝐴𝑑𝜂. We know that

𝛾∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝜂
V
,1𝛽𝛽

𝑑𝐴𝑑𝜂

= −𝛾∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝛽𝜂
V
,1𝛽
𝑑𝐴𝑑𝜂

− 𝛾∫

𝑡

0

∫
𝐿𝑧

exp (−𝑤𝜂) V
,𝜂
V
,11
𝑑𝑥
2
𝑑𝜂.

(56)

Using the Schwarz inequality (52) and (53), we obtain


𝛾 ∫

𝑡

0

∫

∞

𝑧

∫
𝐿𝜉

exp (−𝑤𝜂) V
,𝜂
V
,1𝛽𝛽

𝑑𝐴𝑑𝜂



≤ (−𝑘
2
)
𝜕𝐹

𝜕𝑧
+ 𝑘
3

𝜕
2
𝐹

𝜕𝑧2
,

(57)

with 𝑘
2
and 𝑘
3
being all positive constants.

A combination of (55) and (57) leads to the result

𝐹 ≤ (−𝑘
1
− 𝑘
2
)
𝜕𝐹

𝜕𝑧
+ 𝑘
3

𝜕
2
𝐹

𝜕𝑧2
. (58)

If we set 𝛾
1
= (𝑘
1
+ 𝑘
2
)/𝑘
3
and 𝛾
2
= 1/𝑘

3
, we can get the

result (54).
Inequality (54) may be rewritten as

(
𝜕

𝜕𝑧
− 𝑎)(

𝜕𝐹 (𝑧, 𝑡)

𝜕𝑧
+ 𝑏𝐹 (𝑧, 𝑡)) ≥ 0, (59)

where 𝑎 = (√𝛾2
1
+ 4𝛾
2
+ 𝛾
1
)/2, 𝑏 = (√𝛾2

1
+ 4𝛾
2
− 𝛾
1
)/2.

From (59), we have

𝜕

𝜕𝑧
[𝑒
−𝑎𝑧

(
𝜕𝐹 (𝑧, 𝑡)

𝜕𝑧
+ 𝑏𝐹 (𝑧, 𝑡))] ≥ 0. (60)

Integrating (60) with respect to 𝑧 from 𝑧 to∞,we obtain

𝜕𝐹 (𝑧, 𝑡)

𝜕𝑧
+ 𝑏𝐹 (𝑧, 𝑡) ≤ 0. (61)

We can easily get

𝐹 (𝑧, 𝑡) ≤ 𝐹 (0, 𝑡) 𝑒
−𝑏𝑧
. (62)

Theorem 2. Let (𝑢, V) be classical solution of the initial bound-
ary value problems (4)–(6); the solutions satisfy conditions
(40). One can get the decay estimates

𝐹 (𝑧, 𝑡) ≤ 𝐹 (0, 𝑡) 𝑒
−𝑏𝑧
. (63)
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[6] S. Chiriţă and C. D’Apice, “On spatial growth or decay of
solutions to a non-simple heat conduction problem in a semi-
infinite strip,”Analele Stiintifice aleUniversitatii “Alexandru Ioan
Cuza” din Iasi, Matematica, vol. 48, no. 1, pp. 75–100, 2002.
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