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PARTITIONED METHODS FOR COUPLED FLUID FLOW AND
TURBULENCE FLOW PROBLEMS

Xin Xiong, PhD

University of Pittsburgh, 2014

Numerical simulation of different physical processes in different regions is one of the wide
variety of real world applications. Many important applications such as coupled surface water
groundwater flows require the accurate solution of multi-domain, multi-physics coupling
of unobstructed flows with filtration or porous media flows. There are large advantages
in efficiency, storage, accuracy and programmer effort in using partitioned methods build
from components optimized for the individual sub-processes. On the other hand, the multi-
domain or multi-physical process describes different natures of the physical processes of each
subproblem. They may require different meshes, time steps and methods. There is a natural
desire to uncouple and solve such systems by solving each sub physics problem, to reduce the
technical complexity and allow the use of optimized, legacy sub-problems’ codes in fluid flow.
Stabilization using filters is intended to model and extract the energy lost to resolved scales
due to nonlinearity breaking down resolved scales to unresolved scales. This process is highly
nonlinear. Including a particular form of the nonlinear filter allows for easy incorporation
of more knowledge into the filter process and its computational complexity is comparable to

many of the current models which use linear filters to select the eddies for damping.

The objective of the first part of this work is the development, analysis and validation
of new partitioned algorithms for some coupled flow models, addressing some of the above
problems. Particularly, this thesis studies: i) long time stability of four methods for splitting
the evolutionary Stokes-Darcy problem into Stokes and Darcy sub problems, ii) analysis of

a multi-rate splitting method for uncoupling evolutionary groundwater-surface water flows,
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and iii) a connection between filter stabilization and eddy viscosity models. For each problem,
we give comprehensive analysis of stability and derive optimal error estimates of our proposed

methods. Numerical experiments are performed to verify the theoretical results.
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1.0 INTRODUCTION

The flow of liquids occurs in many processes in nature and plays an important role in science
and industry. Obtaining accurate, efficient and reliable prediction of quantities in fluid flows
is crucial to understand and predict the related real-world phenomena. Many fluid flows
in engineering and technology are solved by complex codes or coupled to other physical
effects. The ability of fast refining these models when understanding is improved and using
the legacy and best codes for subprocesses poses an important modeling problem. This
thesis involves the development and testing of new numerical methods which help address
the above difficulty in the modeling and simulation of some complex flows. In particular, we

have studied

e partitioned methods for groundwater -surface water models.

e extension of the unified time step partitioned method to multi-rate time step method for

groundwater -surface water models.

e nonlinear filtered projection method for higher reynolds number flows.

The following sections will describe each of the topics in details.

1.1 PARTITIONED TIME STEPPING METHODS FOR THE
EVOLUTIONARY STOKES-DARCY PROBLEMS

Groundwater, forming two-thirds of the world’s fresh water, is vital to human activities.
One serious global problem nowadays is groundwater contamination, which occurs when

man-made pollutants are dissolved in lakes and rivers and get into the groundwater, making



it unsafe and unfit for human use. To predict and control the spread of such contamination
requires the accurate solution of coupling of groundwater flows with surface water flows
(the Stokes-Darcy problem). The essential problems of estimation of the propagation of
pollutants into groundwater are that (i) the different physical processes suggest that codes
optimized for each sub-process need to be used for solution of the coupled problem, (ii) the
large domains plus the need to compute for several turn-over times for reliable statistics
require calculations over long time intervals and (iii) values of some system parameters,
e.g., hydraulic conductivity and specific storage, are frequently very small. To address these
issues, we study the stability and errors over long time intervals of uncoupled methods for
the fully time dependent Stokes-Darcy problem. We are particularly interested in analyzing
and comparing the performance of the studied methods for small parameters.

In this work, we propose several implicit-explicit based and splitting based partitioned
methods for uncoupling the evolutionary Stokes-Darcy problem. The Stokes-Darcy equation
is as follows:

Let the two domains be {2y, €}, lie across an interface I from each other. The fluid velocity

and porous media piezometric head (related to the Darcy pressure) satisfy
puy — pAu = fp, and V-u =0, in Qy, (1.1)
SOth -V (ICV¢) = fp7 in Qpa
¢(x,0) = ¢o, in Q, and u(x,0) = vy, in Qy,
¢(z,t) =0, in 0Q\I and u(x,t) =0, in 0Q\I,

+ coupling conditions across 1.

Let ny/, denote the indicated, outward pointing, unit normal vector on I. The coupling

conditions are conservation of mass and balance of forces on [

u-ny—KVe¢-n,=0, onl,

p—png-Vu-ny=pgp on L

The last condition needed is the Beavers-Joseph-Saffman (-Jones) condition

—p Vu-ny = oy /%u T = xu - 7;, on [ for any 7; tangent vector on I,
Tyt A Ty



General experience with partitioned methods suggests that some price is inevitably paid.

Our proposed methods with explicit coupling terms inherit restrictions on time step size At

At < Cymin {k, S} (1.2)

where Sy is specific storage, £ is hydraulic conductivity and C; is a generic positive constant
independent of mesh size, time step and final time. The values of Sy and k are frequently
very small, see [7], [33], and in those cases, the dependence indicated in (1.2) becomes
too pessimistic. To overcome this problem, we propose and analyze four novel uncoupling
methods for Stokes-Darcy equations, which have stronger stability properties, using ideas
from splitting methods. These methods include ones stable uniformly in Sy for moderate k
and uniformly in k for moderate Sy. They are thus good options when one of the parameters
is small.

The literature on numerical analysis of methods for the Stokes-Darcy coupled problem
has grown extensively since [30], [67]. See [35] for a recent survey and [8], [18], [95], [97], [101],
[114] and [67] for theory of the continuum model. There is less work on the fully evolutionary
Stokes-Darcy problem. One approach is monolithic discretization by an implicit method
followed by iterative solution of the non-symmetric system where subregion uncoupling is
attained by using a domain decomposition preconditioner; see, e.g., [18], [19], [82], [87],
[15], [28], [79], [81], [80], [60], [85], [112]. Partitioned methods allow parallel, non-iterative
uncoupling into one (SPD) Stokes and one (SPD) Darcy system per time step. The first
such partitioned method was studied in 2010 by Mu and Zhu [88]. This has been followed
by an asynchronous (allow different time steps in the two subregions) partitioned method
in [105] and higher order partitioned methods in [20], [69]. In most of these works, stability
and convergence were studied over bounded time intervals 0 < ¢ < T < oo and the estimates
included e®” multipliers.

Understanding of the equilibrium Stokes-Darcy problem is now advanced, e.g., [57], [67],
29], [97], [95]. For the evolutionary problem, the monolithic approach (discretize the prob-
lem implicitly, assemble the fully coupled system at each time step, solve by an iterative
method where uncoupling is attained by using a domain decomposition preconditioner) is an

important complement to partitioned methods; it is developed in, e.g., [29], [20], [28], [32],



[31], [51], [14], [87], [60], [85], [87], and [112]. Partitioned methods require neither access to
a fully coupled system nor iteration at each time step, e.g., [69], [68], [104], [88] (the first
paper on partitioned methods for Stokes-Darcy), and [18], [19] (a interesting new approach
and the first papers studying the Beavers-Joseph interface coupling). There is a very strong
connection between application-specific partitioned methods and more general IMEX and
splitting methods; see, e.g., [113], [110], [3], [27], [37], [53], [113], [75], [76], [116]. The idea
used in CNsplit below to compute in parallel two approximations and then average occurs

in the Dyakunov splitting method, e.g., [75], [76], [116], [50].

1.2 EXTENSION OF THE UNIFIED TIME STEP PARTITIONED
METHOD TO MULTI-RATE TIME STEP METHOD FOR
GROUNDWATER -SURFACE WATER MODELS

There are a rich number of studies on the mathematical analysis, numerical methods and
applications for the Stokes-Darcy model, see, e.g., [2], [28], [30], [32], [44], [57], [58], [67], [85],
[100]. The mathematical model consists of the evolutionary Stokes equations in the fluid
region coupled with the evolutionary Darcy model in the porous medium, [18], [25], [88].
Important features of estimating transport of pollution between surface water and ground
water include the different physical processes and models in the two regions, the availability
of optimized codes for subdomain physics and the wide difference in the rates at which the
flows progress in the unobstructed, free flowing region and in the porous media. With these
issues in mind, we herein present, analyze and test an asynchronous or multi-rate(allowing
different time steps in the sub regions), partitioned method for the fully evolutionary Stokes-
Darcy problem. The essential features of the method we present in this work are that it allows
different time steps in the fluid region and the porous region, requires only one, uncoupled
Stokes solve per small time step and one Darcy solve per large time step without reference
to the globally coupled problem and is stable over long time intervals.

Partitioned methods have great advantages for multi-physics, multi-domain problems,

e.g., [68], [70], [88], [104]. Splitting methods, one approach for partitioning, have been widely



used in applications [55], [50]. For first steps in partitioned method for Stokes-Darcy, see
Mu and Zhu [88], extended to a multi-rate method in [105]. For the Stokes-Darcy problem,
typical velocities are greater in the fluid region than in the porous media region. Therefore,
there are significant advantages in accuracy and efficiency in using a small time step size
in the fluid region and a large time step size in the porous media region. However, both
partitioning and asynchronous time steps require interpolation of unknow values for the
solves and this manufacturing of required value can introduce instabilities.

Our work herein is motivated by the search for more partitioned methods, which can
accurately capture the features of the physical process while making it easy to calculate
numerically. The interface coupling conditions are conservation of mass across the inter-
face, balance of forces and the Beavers-Joseph-Saffman condition, [8], [57], [58], [97], [101].
More general application-oriented partitioned methods and more general IMEX and splitting
methods have been widely studied, see, e.g., [113], [110], [3], [27], [37], [53], [113], [75], [116].

In comparison with the multirate method in [105], the mehod herein starts from a Darcy
solve, from which an intermediate velocity in porous media is derived, and then has r Stokes
solves in sequence and ends with a Darcy solve at the following time level, while the multistep
method in [105] has a different sequence of Stokes and Darcy solves, resulting in different

conditions of stability and convergence.

1.2.1 Algorithm

To streamline notations, choose a uniform time step At in €y,

P={0=1¢" ¢ - N =T}, t/=jAt

The large time step in €, is given by a separate notations hereafter, As = rAt. Denote by

S={0=¢mo ™ " ... "M =T} C P,

a subset satisfying t"* = rt¥ such that the positive constant r is fixed and Mr = N.
To streamline our notation further, we shall suppress the subscript "h” and replace u}’,

moppt by w™, @™, p™, respectively. For t™, t™ € [0,T], (u™,¢™, p™) will denote the



discrete approximation to (u(t™), ¢(t™), p(t™)). In practice only the data at time t° would
be provided. One important feature of the algorithm given bellow is that (u™,p™) can be
calculated for m = myg, mg + 1, mp1 — 1 in parallel with ¢™++1.

e Given u™, ¢™ do one step with the large time step As to obtain ¢™k € H,y, such that
V€ Hy,

M — M 1 . 1
gSO (%72/)) + §afp (<Z5m’“71/1) = 59(

mj 1 m
FE0) 450 [oam ()
r
e Obtaining ¢™* from the first step, do r step in fluid region with small time step At = As/r
to find (u™, p™ 1) for m = myg, my +1,--- ,;miy1 — 1, such that V (v,q) € (Hs, Qn)

uerl —um *
(T,v) +ay (W™ 0) + b (v, p™) = (f ) - g/ PR - my,
r

b(u™q) = 0. (1.4)

e With ¢™, u™+1 obtained from Step 1 and Step 2, do one step in porous region with the
large step As to find ¢™*+1 € H,,, such that V¢ € H,,

MR 1 1 M1 1 m
950 <%7¢) + o (", ¢) = 59( 2 W’) + 59/F¢u F ey (1.5)

e Set k =k + 1 and repeat until k = M — 1.

The method treats the subphysics terms implicitly and the coupling terms on the fluid-
porous interface explicitly thereby uncoupling the system at each time step into subdomain
problems. It also allows smaller time steps in the unobstructed fluid region than in the
porous region. One fundamental question of both partitioned and multirate methods is
stability over long time intervals 0 < ¢ < oo. We resolve the stability issue here, give a

complete error analysis and computational tests.



1.3 NONLINEAR FILTERED PROJECTION METHOD FOR HIGHER
REYNOLDS NUMBER FLOWS

Recently, a new approach for the stabilization of the incompressible Navier-Stokes equations
for higher Reynolds numbers was introduced based on the filtering of solution on every
time step of a discrete scheme. In this work, the stabilization is shown to be equivalent to a
certain closure model in LES. This allows a refined analysis, further understanding of desired
filter properties and clearer interpretation of the results of numerical experiments. We also
consider the application of the post-filtering in a projection (pressure correction) method,
the standard splitting algorithm for time integration of the incompressible fluid equations.
A stabilization of a numerical time-integration algorithm for the incompressible Navier-

Stokes equations

u+ (u-Vu—vAu+Vp =
divuy = 0

in Qx(0,7] (1.6)

for large Reynolds numbers with the help of an additional filtering step was recently in-
troduced in [65]. Denote by w" or u™ approximations to the Navier-Stokes system velocity
solution at time t,, similarly p" approximates pressure p(t"). Let At = t"*1 — " The

algorithm reads: For n =0,1,... and u® = u(¢°) compute

1. intermediate velocity w"*! from

1
E(wnJrl _ un) + (wn+1 . V)wnJrl + vpn+1 _ VAwnJrl — fn+17

divw™™ =0,

subject to appropriate boundary conditions;
2. filter the intermediate velocity, wt! := Fw"*!;

3. relax u™* = (1 — x)w" ™ + yw"t!, with a relaxation parameter y € [0, 1].



Here F' is a generic nonlinear filter acting from L?*(2)? to H'(Q)3. The convergence of
the finite element solutions of 1.-3. to the smooth Navier-Stokes solutions has been analyzed
in [65], where the step 2. is called the post-filtering. One advantage of the approach is the
implementation convenience within an existing CFD code for laminar flows and flexibility in
the choice of a filter. Numerical results with the approach from [13,36,65,66] with composite
nonlinear deferential (post)-filters, as defined in Section 4.2, consistently show more precise
localization of model viscosity and its more precise correlation with the action of nonlinearity
on the smallest resolved scales than plain Smagorinski type LES or VMS methods. Thus we
deem the approach deserves further studies, should be put into perspective and related to

developing LES models.

In this work, we show that introducing the post-filtering is closely related (and even
equivalent in a sense which is made precise further in the paper) to adapting a certain
closure model for LES. The connection to a LES model allows us to quantify the model
dissipation introduced by the post-filtering, formulate a stability criteria, and have an in-
sight into the choice of the filter and the relaxation parameter. In particular, it provides
an explanation, why the stabilization by the post-filtering avoids adding excessive model
viscosity to a regions of larger velocity gradients unlike some other eddy viscosity models.
Since the entire approach is specifically designed for treating higher Reynolds number flows,
it is natural to extend it to the Chorin-Temam-Yanenko type splitting algorithms, which are
the prevailing method for the time-integration of the incompressible Navier-Stokes equations
for fast unsteady flows. Such (rather natural) extension is presented in the paper together
with the relevant error analysis. We note right away that the analysis demonstrates the con-
vergence of numerical solutions to the Navier-Stokes smooth solution, while it would be also
interesting to analyze the error of the numerical solutions to a (presumably smoother) solu-
tion of the corresponding LES model. However, the specific difficulty we faced in the latter
case is the lacking of the monotone property by most of eddy viscosity indicator functionals,

which were numerically proved to be useful if defining the filter F.

Though practically attractive, introducing such functionals makes the mathematical well-
poshness of the LES model and accordingly the error analysis hard to accomplish and we

are unaware of relevant results in this direction.



1.4 ANALYSIS TOOLS

In this section, we state some well-known results and assumptions which will be utilized in
the analysis throughout this thesis. Let  be an open, regular domain in R? (d = 2 or 3).
We denote the L*(2) norm and inner product by ||| and (-,-). Likewise, the LP(£2) norms
and the Sobolev W¥(€2) norms are denoted by || - [z» and || - [[wy, respectively. For the
semi-norm in W} () we use |- |- H* is used to represent the Sobolev space WF(), and

| - || denotes the norm in H*. The space H~* denotes the dual space of HY.

Theorem 1.4.1. (the trace theorem) Let 02 be a graph of a Lipschitz continuous function.
Ifu e L*(Q) and Vu € L*(Q), then u|sq € L*(0N2) and

1/4
ul 2oy < Cllull 2 (Jlull? + | Vul?)"*.
Theorem 1.4.2. (the Poincaré inequality) There is a constant C = C(§2) such that

[ull < Cl[Vull

for every u € Hy(Q).

Theorem 1.4.3. For any u,v,w € H}(Q), there is C = C(Q) such that

/Qu-Vv~wda: < CVull| Vull|| Vol Vw]|. (1.7)

For the proof, see [83].

Lemma 1.4.4. (discrete Grinwall inequality) Let D > 0 and k,,, An, By, Cn > 0 for any

integer n > 0 and satisfy

N N N
Av+AtY B, <AtY kA, +AtY Co+D for N >0.

n=0 n=0 n=0

Suppose that for all n, Atk, <1, and set g, = (1 — Atk,)~*. Then,

N N
An + At Z B, <exp (At Z gnﬂ;n>

n=0 n=0

N
AtZCn—i—D

n=0

for N > 0.

For the details, see, e.g., [78].



1.5 THESIS OUTLINE

This thesis begins in Chapter 2 with a study of four splitting based partitioned algorithm
for uncoupling groundwater - surface water coupling system. We show that they are more
stable in motivating applications involving small physical parameters. A complete long time
stability, the associated time step restrictions are given in Section 2.4. The convergence
analysis of BEsplit2 and SDsplit methods are presented in Section 2.5. In Section 2.6 we
give computational experiments to verify the accuracy and stability of our methods. .

In Chapter 3, we discuss the extension of the unified time step splitting methods to multi-
rate splitting method which uncouple the Stokes-Darcy coupling system into two separate
problems in the two subdomains. We show in Section 3.2 that these formulations have a
stable solution for long time periods and its time step restriction for it to be stable. The main
convergence results are presented in Theorem 3.3. The numerical experiments in Section 3.4
support these theoretical results.

Chapter 4 will be devoted for the analysis of a nonlinear filtered projection method for
NSE. Section 4.1 presents the background of nonlinear differential filters and its connections
to LES models. In Theorem 4.5.2, we present the numerical scheme and prove that the
method is long time and uniformly in time stable. Section 4.6 gives a comprehensive error

analysis and Section 4.7 follows with numerical tests which confirm the theory.
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2.0 SPLITTING BASED PARTITIONED METHODS FOR THE
EVOLUTIONARY STOKES-DARCY PROBLEMS

2.1 METHOD DESCRIPTIONS

Many important applications such as coupled surfacewater groundwater flows require the ac-
curate solution of multi-domain, multi-physics coupling of unobstructed flows with filtration
or porous media flows (the Stokes-Darcy problem). There are large advantages in efficiency,
storage, accuracy and programmer effort in using partitioned methods built from compo-
nents optimized for the individual sub-processes. Partitioned methods for the evolutionary

Stokes-Darcy problem confront several intrinsic difficulties which include:

e Values of the hydraulic conductivity k can be small, for example 1072 for sands to 1071
for clay, [7].

e Values for the storativity coefficient Sy range from 1072 in unconfined aquifers to 107°
in confined aquifers, [61].

e The scale of the problem varies from large L = diam(f2) for geophysics and small L for
biomedical applications.

e Turnover times in aquifers can be large due to small hydraulic conductivity values and
large domains. Thus accurate calculations are needed over long time intervals.

e Differences in flow rates in the Stokes and the Darcy regions can require different time

steps in the two domains for efficiency and accuracy.

These features mean that stability is a primary issue for partitioned methods for the Stokes-
Darcy problem. Uncoupling / partitioning necessarily induces a time step restriction for long

time stability. The severity of the restriction depends on the method chosen, the relaxation
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times of the individual subdomain problems and the strength of coupling of the underlying
problem. We study herein stability vs the severity of the induced time step restriction
for small ki, So and long time intervals for uncoupling by splitting methods. Since the
Stokes-Darcy problem and the methods we consider are linear, their error satisfies the same
equations as the approximate solution with the body force replaced by a consistency error.
Thus, for errors also, stability over long time intervals for small Sy, k is the key to a method

with good error behavior.

The four methods we analyze methods uncouple each time step into a separate Stokes flow
problem and Darcy flow problem. The strength of the coupling between the two subdomains
varies with different ranges of physical parameters and is reflected in restrictions on time
steps required for long time stability. Our estimates and tests suggest that these methods
are stable for larger time steps that the IMEX based partitioned methods in [88], [69], [68],
[104]. In particular, stability analysis and numerical tests herein indicate that splitting
based partitioned methods are a very good option when either k,;, or Sy is small. Finding
partitioned methods stable for large time step when both k;,, Sy are small is an open
problem. Further, while the first order methods gave acceptable error levels, more accuracy
is always desirable. Stable higher order partitioned methods for large time steps and small

parameters are also not yet known.

Let the two domains be €2¢, Q,, lie across an interface I from each other. The fluid velocity

and porous media piezometric head (related to the Darcy pressure) satisfy

puy — pAu = fr, and V-u =0, in Qy, (2.1)
Sobe — V- (KV) = f,, in O,
o(x,0) = ¢o, in Q, and u(x,0) = o, in Qy,
o(z,t) =0, in 0Q\I and u(x,t) =0, in 0Q\1,

+ coupling conditions across I.
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Let 7y/, denote the indicated, outward pointing, unit normal vector on I. The coupling

conditions are conservation of mass and balance of forces on [

uw-ny—KVe¢-n,=0, onl,

p—png-Vu-ny=pgp onl

The last condition needed is the Beavers-Joseph-Saffman (-Jones) condition

—p Vu-nyp = oy /%u -7, = xu-T7;, on I for any 7; tangent vector on I,
TN Ty

see [8], [101], [57]. This is a simplification of the original and more physically realistic
Beavers-Joseph conditions, in which u - 7; is replaced by (u — u,) - 7, e.g., [18], [19]. Here

p, g are the fluid density and gravitational acceleration constant and

¢ = Darcy pressure + elevation induced pressure = piezometric head,
u, = —KV¢ = velocity in porous media region, €2,
u =  velocity in Stokes region, {2y,
fr, fp = body forces in fluid region and source in porous media region,
K = hydraulic conductivity tensor with ming, Amin () =2 kmin > 0,
i = viscosity of fluid,
So = specific mass storativity coefficient.

We assume that all material and fluid parameters are positive and the boundary conditions
are simple Dirichlet conditions on the exterior boundaries (not including the interface I).
While this is only one of several important boundary conditions, [7], [98], the algorithms
herein and their numerical analysis can easily be extended to different combinations of exte-

rior boundary conditions.
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2.2 NOTATIONS AND PRELIMINARIES

We denote the L?(I) norm by || - ||; and the L*(/,) norms by || - ||;/,, respectively; the

corresponding inner products are denoted by (-,-)s/,. Let

X; o ={ve (H'(Q))" :v=00n 9Q\I},
X, : ={p e H(Q,) ¥ =0o0n IQ\I},
Qs = = Ly(Qy)-

To discretize the Stokes-Darcy problem in space by the finite element method, we select

conforming finite element spaces

Velocity: XJ}} CXr={ve (Hl(Qf))d cv=0o0n 0Qp\I},
Darcy pressure: X' X,={yeH(Q) ¢ =0o0n IQ\I},

Stokes pressure: Q% C Qp = L§ ().

based on a conforming FEM triangulations in €2¢, 2, with maximum triangle diameter ”A”.
No mesh compatibility at or continuity across the interface I between the FEM meshes in
the two subdomains is assumed. It is known that provided a minimum angle condition holds
functions in piecewise polynomial finite element spaces including X ]}}, XZ} and even Q? (for

the elementwise gradient) satisfy an inverse inequality!:
V]l < Cinvvh ™ |vn||, h = minimum meshwidth. (2.2)

The Stokes velocity-pressure FEM spaces (X }’, Q?) are assumed to satisfy the usual discrete
inf-sup / LBB" condition for stability of the discrete pressure, e.g., [45], [43], [64]. We denote

the discretely divergence free velocities by

V= X7 0 {on: (gn, V-vn)y =0, for all g, € Q)

!The constant C;nv depends upon the angles in the finite element mesh but not on the domain size. The
analysis must either use hpy, in stability restrictions and hy,ax in the interpolation inequalities or assume a
quasi-uniform mesh. For notational simplicity we do the latter.
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The Hpry(€2f) norm is given by

[l lpry := /Ilull? + 1V - ulf3.

Note that if d = dim (), ||V-u||; < V/d||Vul|; and that the Poincaré - Friedrichs inequality

holds in both domains:
ollg/p < Crr(Qpp)lIV]l 5, Vo € Xip. (2.3)
We use versions of the trace theorem on the interface I:
16l1r < G Il IV @lly and [[ullr < CflJul ||| Vull (2.4)
We shall assume that the domains €2/, are such that the second trace inequality holds:

/Qﬁu‘ﬁds
I

This inequality is standard if €, = Q; and I = 012, and holds with C' = 1 in that case,

< Cllullprv ||| a1 (q,), for all u € Xy, ¢ € X, (HDIV trace)

e.g., [43]. It also holds if €2, is contained in 2y and I = 0€, and visa versa. The most general
domains and shared boundaries I which satisfy this inequality do not seem to be known.
However, Moraiti [86] shows that it holds in many cases directly (without extra assumptions
like ¢ € H%Q(I )) such as when one domain is an image under a smooth map of the other.

For example, we have the following special case of Moraiti [86].

Lemma 2.2.1. Suppose $1y,, are open connected, reqular sets in R? sharing a boundary
portion I which is an open connected set with I C {x = (21, -+, 24) : x4 = 0}. Suppose €,
is the reflection of Qy across I, i.e., (x1, -, xq) € , if and only if (x1,---, —xq) € Q. Then
(HDIV trace) holds with C = 1.
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Proof. We have that ¢(z1,---,24) € X, means ¢* := ¢(x1,---, —z4) is a well defined function

on 2 with the same regularity, norms and boundary conditions. Since ¢* = ¢ on I we have
/gbu-ﬁds = /gb*u-ﬁds: V- (ug*)dx =
I I Q
= / (V-u)¢"de + / u-Vo'dz.
Qf Qy

Thus, by the Cauchy-Schwarz inequality

/gbu-ﬁds
I

< |[ullprv o™z ;) = llullprv]|dl m@,)-
]

To present a convenient? variational formulation we first multiply the porous media

equation through by pg. Define the associated bilinear forms

af(u,'U> = (/'I’vu7vv>f+(vU,VU)f—i—Z/X(ua)(Uﬁ)dS’
T JI
ay(0,0) = pg(KV¢,V1),, and
= .n ds.
cr(u, ¢) pg/{(bu nyds

A (monolithic) variational formulation of the coupled problem is to find (u,p, ¢) : [0, 00) —

X5 x Q5 x X, satisfying the given initial conditions and, for all v € Xy,q € Qf, ¢ € X,

p(ug, v) s+ ap(u,v) = (p,V-v)r +cr(v, ¢) = (ff,v)y,
(¢, V-u)r=0, (2.5)

pgSo(e, V)p + ap(9,¥) — cr(u,¥) = pg(fp, 1)y

The bilinear forms ay/,(-,-) are symmetric, continuous and coercive. We include grad-div
stabilization (the term (V -u,V -v)¢), an idea developed by [72], [91], [90], with coefficient
(normally O(1)) chosen to be 1.

The key to the problem is the coupling term. The effect of the above pre-multiplications

by pg is to make the coupling exactly skew symmetric.

20ther variational formulations are possible. In (2.3) the volumetric porosity is implicit rather than
explicit.
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Lemma 2.2.2. [f (HDIV trace) holds we have for u,¢ € X, X,

* * 3/2
[t PGkmin (C3C2)* (pg)
ler(u, )] < §HVUH?+ 5 Vo2 + f45/mf [l [£]18]]p,
* * 3
n o PGkmin s Py e (CFCH) (pg) )
< = L ~Jps WIS
ler(uw, @)l < SIIVullz + =51V, + Sllullz + Sk ||]]2,

and

9(1 + Cr($))

ST (5 + 11V - ulf7) -

el )| < PO g 4
In the discrete case, if the inverse estimate (2.2) holds we have for all u”, ¢" € Xh,XI’}
hoh x v (L a2 L e
a1 < poCiCiCumh™ (G111 + 310112
Proof. Using (2.2) and the arithmetic geometric mean inequality twice we obtain

e1(u, ) = pg / ou - Ads < pgllull1]|6|l;
I

% Yk 1/2 1/2
< pgCCl|l12 1V o[Vl [ Vel

(C5C)? (pg)*?

4 V ,U/kmin

<

RS

pgkmin
[Vl [} + IVoll, +

i [l ¢1[1]p-

The second follows from the first by another application of the arithmetic-geometric mean

inequality. For the third estimate we use (HDIV trace) and the Poincaré- Friedrichs inequal-

ity

ler(u, @)| < pgllullprv]|@l| e,y < pgllullprvy/1+ Chr()] VO],

PGk min pg(1+ Cpr())
ST!|V¢|I§+ T P2l [

The fourth follows similarly using the inverse estimate:

* 1/2 1/2 ~x
ler(u”, ") < pgllu|[1 16" < pgCillully2I|Vul | 2Cxl|o" |||V g |[1/2

* Yk — * Yk — 1 1
< pgCC Crnvh HluM ] elle" ], < pgCrC Crnvh ! (éHuhH? + §||¢h||;29) :
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Let W = X x X,,, W, = XJ’} X X;f C W and Q" C @ denote the conforming finite
element subspaces.

Define the equilibrium projection operator:

Py : (w(t),p(t)) € (W, Q) = (wn(t), pa(t)) € (Wn,Q"), ¥t € [0, ]

a(wn(t),va) + b(vi, pr(t)) = a(w(t), vi) + b(vn, p(t)) Vvi, € Wy,

b(wn(t),qn) =0, Vg, € Q"

where

G(W, V) = af(“a U) + ap(¢a w) + CI(“v (b)

2.3 DISCRETE FORMULATION

We consider four uncoupling methods. BEsplitl and 2 methods have superior stability
properties in different cases of small physical parameters. The fourth method is second order
accurate. The first method is a translation of the method from [113] to the Stokes-Darcy
problem.

Method 1: SDsplit = a Stokes-Darcy time-split method. SDsplit is a first order
accurate, three sub-step method adapted from [113]. The SDsplit approximations are: given
(u, p, 7)), find  (uf™, pptt, n+1/2) € Xt x Q) x X! and ¢p*! € X! satisfying, for all
vh € X}, qn € QF, by € X!

n+1/2 ¢n 1

PQSO(hTthﬂ/Jh)p + 5%( h+1/2,¢h) - 501(%;1%) = —Pg(f /2 ;U )p'
UZH — uy n+l n+1
P(Tavh)f +agp(uy ™ vn) = (P V- on) s
ter(on, ¢ ) = (7 o)y, and (g, V-t =0, (SDsplit)
¢n+1 . ¢n+1/2

1
PQS( >¢h) + ap( n+1>¢h)——01( +1,¢h) —Pg(fn+1,¢h)p-

At
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n+1/2 n+1 n+1
—up = o

Method 2: BEsplitl = a Backward Euler time-split method. The BEsplit

SDsplit is uncoupled but sequential: u; — ¢,

approximations are: given (ufl,pj, @) find (up™, ppt ¢pt!) € X x Q% x X} satisfying,
for all v, € X%, qp, € Q?, (S XI’},
n+1

Up _Uh

P o)y + ay(u W on) = (or Vo on) s+ er(on, 6) = (FF on) s

(gn, V- uj™™); =0, (BEsplit1)

O — O

pgSo(——r—2 Iy

)+ ap(On " n) — er(up ™ n) = pg(fy n)p-

The coupling term in the ¢ equation is evaluated at the newly computed value uZH SO we

n+1

compute ¢} — u] el

— op.

Method 3: BEsplit2. The order of cycling through the equations alters the computed
results. BEsplit2 is the previous method in the opposite order. It is given by: given
(ur, pp, o) find (up™, pptt optt) € X}L X Q’} X Xg satisfying, for all v, € XJ’}, qn € Q’},
Y€ X,

1
¢ — o

PgSo( =g Ynlp + ap(OF ) — er(ufl, ¥n) = pg (S ¥n)y
un-i—l — un+1 Un |
o)y + p(V - = Vo) + g (6 ) (BEsplit2)

—(pr ™ Vo) g+ er(on, o) = (FF on) g,

(C]h, V- UZH)f =0.

Our initial analysis revealed that control was needed for a term |[[u) "

— u}||prv. This led
to the idea of inserting the grad-div stabilization term (V - (u’,f“l uZ) JAt, YV - vy) s acting
on the time discretization of u;. This term is exactly zero for the continuous problem so it
does not increase the method’s consistency error.

Method 4: CNsplit= a Crank-Nicolson time-split method. CNsplit is second

order accurate. It computes in parallel’ two partitioned approximations (u)} ™, ppt, Z“)

3Two processors can be working simultaneously with waiting only due to the different speeds of solving
the subdomain problems.
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and (a)*t, pptt quZH) € X}‘ X Q’} X X;} whereupon the new approximation to each variable

1s the average of the two computed approrimations:
n n n 1 An n ~n n .
(u +1’ph+1,¢h+1) - 2[( +1,23«Z+1’¢h+1) + (U +1’ﬁz+1’ ¢h+1>]. (CNsplit)

The two individual approximations satisfy, for all v, € X ]}}, qn € Q?, Uy, € X;}

! —ap !+ i+ by
p( h At h ’ Uh)f + af(Th /Uh) (w, v . Uh)f
ter(vn, ¢F) = (an/Q vn)g, and (gn, V- Tpth), =0, (CNsplit-a)
n-i-l n (bn—&-l +¢
pgSo(—L——= ! ")+ ap(——2 5 “obn) = e (@t n) = pg(fi 2 )y
and
n+1 an Tn+1l + ¢n . b1z
PQSO( ,i/ih) (—ﬂ/fh) cr(uy, n) = Pg(fp s Uh)p-
an—&-l a an—&-l + un ~n+1 + ~n )
P(—h o~ h vp) 5+ ags( h 5 h vp) — (ph > Py, Vv g (CNsplit-b)

+er(on, O3 ) = (FF2,un)p, and (g, V- @) = 0.
The calculation can proceed as follows

Step 1: Pass previous values across the interface to the other domains

solve, in parallel for !, (/5”“
Step 2: Pass each of @)™ ¢Z+1 across the interface to the other domains
solve, in parallel, for u; " ¢n+1

Step 3: Average the two approximations on each domain

Averaging the equations of the two approximations shows that the averages u} and ¢}

satisfy
n+1 n n+1 n+1
Up — — Uy + uy + ph
== 2 - (" 2.
N Jon)s + ag(22 5+ Uh) (P 5 Vo)t (2.6)
Nn—i—l A'n,
+ n n
+cz(vh,¢hT¢h) (ff +1/2 ,un) g, and (g, V- ulth); =0,
¢n+1 . (bn ¢n+1 + (bn Aﬂ+1 + un .
pgS ( At a@bh) ( 7wh) ( D) h7wh) = Pg(fp +1/27wh)p
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To assess consistency errors, the residual is estimated when the true solution wu(t), ¢(t) is
inserted for all variables u, u, u, ¢, qg and $ in (2.6). As this eliminates the differences
between the "hat” and the "tilde” variables, it shows that CNsplit has the same consistency

error as the (monolithic / fully coupled) Crank-Nicolson time discretization.

2.4 ANALYSIS OF STABILITY OF THE FOUR SPLITTING BASED
PARTITIONED METHOD: SDSPLIT, BESPLIT1/2, CNSPLIT

Since the partitioned methods considered treat some variables in some steps explicitly, a time
step restriction for stability in unavoidable. This section gives a stability proof by energy
methods in the form that implies stability over long time intervals and elucidates the time
step restriction required for the four methods.

2.4.1 SDsplit Stability

We prove conditional stability (with a time step restriction linked to the spacial meshwidth)

of SDsplit in this subsection. The time step restriction is of the form

To be precise, define

AT 2 min{ Sop Pkmin }h
" pg(CrCa)2Crny Cpr() Cpr(Q,)

Theorem 2.4.1. Suppose that for some a, 0 < o < 1,

At < (1 — a)AT. (2.7)
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Then SDsplit is stable:

n+1/2 (bn ,
il

1 pgS
5 [ollui |17 + paSoller I17] +AtZAt 0 Ln

n+1/2 ¢n+ 2 n+1
s+

apgSOAtZAtH h pAtZAtHuH;

1 pgCHF n
=3 [llup 17 + pgSollénl 2] + —QZF Atz || £
Cpp(Qy) " pgC} "

+ gu ! AIfZIIff“IIf 4ZF AtZHf 2.

Proof. In the first 1/3 step of SDsplit, take ¢ = AwnH/ ?. This gives

VAN
n+1/2 n n+1/2 n n+1/2 n+1/2
—w%m¢+ﬂﬁ—wuﬁww+/—mm%%—%<ﬁ/,J/>
At n n+1/2 At n n+1/2
:7pg(fp+1/2’ h+/)p+701(uh7 +/)

Take v = Atu}*!, g = pi™ in the 2/3 step and add. This gives

1 n n n n
Ul M IF = TullF + [luh™ = upll7) + Atay(uy ™, uy™)

( n+1 Z+1)f_AtC]( n+1’ Z+1/2)

In the 3/3 step, take ¢ = Atp)t:

1 n nt1/2 n n+1/2 n n
5295010715 = 11615 + 1ot — oh ™I + Zrap(oh ™ o)

At At
— 7Iog(fn—i—l ¢n+1) + 76[( n+1 ¢n+1)
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Adding, we obtain:

1 n n n
—M%W%WE—WM)+pW%Wb [|up][2)
+prWM” %m+wwh-“”uﬂ-mw“—%m

At n n YAN
+_ap( h+1/27 h+1/2) + = (¢n+1 ¢n+1) ‘f’Ataf( upt! u}f”)

2 2
At n T n n n 7
= 5 pg(fy e NG Fan R Tan JRE 7pg(fp+1,¢h“)p
At n n n At n n
+701(Uz, h+1/2) — AtCI(Uh—Ha h+1/2) + 7 cr(uy - , O +1)

Consider the interface terms (the last line):

( n+1 ¢n+1)

At n " YAN
Interface Terms = TCI(UZ, hH/Z) Ater(upt, hH/Z) + 5o

Rewrite the interface term as a difference by splitting the middle term. This gives

l At
Interface Terms = 7@(“27 ZH/Q) — —¢( n+1 n+1/2)

9 Uy, h
VAN " n YAN 7 " "
el o) + el g
At n At "
= oep(uy =t o) = et op Y — gt

2

Lemma 2, the Poincaré-Friedrichs and inverse inequalities give the two bounds

VAN
_’CI( . un+17¢n+1/2)| S
pgAt n+1/2 pg(CfC*)QCINVCPF(Q NAY;
o A a2
YAN n "
7’01(U2+17 h+l/2 - ¢h+1)’ <
,UAt n P*g*(C;Cx)*CinyCpp(Qp)h ™ A n
— VU + e llop ™% — g2,

4p
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Next, we bound the right-hand side in a standard way:

At " n pgAt n pgChp ()N
7p9<fp+1/27 h+1/2> < HK1/2V¢ +1/2H2 + %”f +1/2H§’
AU ) < %wﬁu% v,
At N n pgAt " pgC% (0 "
—pg(f et < = |IKVAV e + L,p)!lfp“\lﬁ-
2 4kmm
For the left side. apply coercivity:
At n+1/2 n+1/2 pgAt n+1/2
S et = B et
Atag(up™ up™) = MNIIVUZHIIf,
At At
(¢t erthy > pg ’|K1/2V¢n+lH2

2

Combine, we arrive at:

n n n n+1/2 n
~ gSu(llo} +1|I2—I|¢ 12) + p(ll wIF = el + pgSo||¢ gl

2
1 (C*C*)?C,NVCPF(Qf)h Nt .
+(§P950— —— g™ = en
1 pg(C’*C*)2C'1NVC’pF(Q )hilAt n n
+op -l =l
pgCrr(2p) 0t ., Chp(Q)At pgCrr(2p) 0t .,
< S TR+ = A S
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Sum this over n =0,1,--- , N —1 . We have:

| 1 e
5 [Pl I17 + paSol ln I17] + pgSoZl|¢”+/ — ol

1 9> (C5C)*CinvCpr(Q)h 1At = n
+(§pgSo - ! ” Z [l — ot 2
1 pg(C;C;)*CrnvCpr(9 IAt T EE R
+(gp - T Z [l = willy
1 pgC )At n
Q[PHU;LHf*'PQS ||¢h|’ } +Z||f +1/2||2

Crr(Qp)At " pgC%p At "
+—PF<2uf Z||ff+1||f 4 ) an“u?

Stability follows under the two conditions below, which are equivalent to the time step

restriction At < (1 — a)ATy:

1 (CfC’*) C[chpF(Qf>h LAt PQSO
5/)950 - 1 > o ;
n 2
1 pg(C;C;)ZC[NchF(Qp)h_lﬁt p
2 4kin 2

2.4.2 BEsplitl Stability

Define
1
AT = 2min{,ukmin5'o#2, 1},
(C3C)* (pg)

2min{1, ¢Sy}

AT, = 2 900,
’ 9C:CCrny

ATy = 2pgSoph (PQC;C;)_Q (CINVC'PF(Qf)Y1
AT, = 2min{1, p} i

pg(1+C3p(2,) ™
Parameters := (1 + Cpp(2,))(Chp(Q2)) + d)

kmm,u
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Note that AT} and ATy are independent of h but depend on k,;, and Sy as ATy ~ Sokmi, and
ATy >~ kyin. AT, and ATy are independent of kp,y, but depend on h and Sy as AT5 /3 >~ Sph.
The combination of physical parameters Parameters is independent of h and Sy but depends
on all the other physical parameters. When 1 = O(1), the meshwidth A in the porous medium

is moderate and k.., Sp are small the above restrictions mean

either At S C’max{k:mm, Sgk?mim S()h} or O\/ ,uk:mm Z 1

Theorem 2.4.2 (Uniform in time stability of BEsplitl). Suppose either the problem param-
eters satisfy

Parameters <1,

or there is an 0 < a < 1 such that At satisfies the time step restriction
At S (1 - Oé) maX{ATl, ATQ, ATg, AT4}

Then, (BEsplit1) is stable uniformly in time. Specifically, if the time step restriction with
ATy is active then:

1
5 [Plledl7 + pgSollon1l;] +
Attt —
+AtZ[—P||hTth||f
n=0
n TI, n n 1
+oap(uptt up ) 4+ ap (ot hH)]SQ[Pl\ug\@ﬂgS@Hsﬁ%Hﬂ

—I—Atz n+1 Z-i—l f +Pg(f£+1,¢2+l>p] )

If any of the other time step restrictions are active then for any N > 0, there holds

a [plluy |17 + pgSol o' 12] +

At 2
5 D lap(up gt )+ ap (0 + 0, 0+ 0f)]
n=0
< a[pllup|l7 + pgSolldnllZ] +
N-—1
HAEY L un) g+ pg(f e 4 ), -
n=0
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Proof. In (BEsplitl) set v, = uh+ +up,qn = pzﬂ, average the incompressibility condition

at successive time levels and add. We use

ap(up ™ up ™+ up) = Sap(uptuptt) - §a’f(uh7uh)+
1
o™+ up, ™+ ). (2.9)
This gives:
1 n n 1 n n n
5 20l I + Atag(u™, wi™)] = o [20llup][7 + Dtag(up, uf)] + (2.10)
At
tmap(up b, up T ug) + Ater(o, up T+ up) = AL up T )y

2

Similarly, in the porous media equation, set ¢, = qbZH + ¢ . We use here

ap( H , O oy o) = Eap((thrlv (bhH) - éap( By On)+

a6+ 66+ 6.

This gives
1 1
5 [209S0ll6R M + Atap (63, 6] — 5 2099067117 + Atay(67, 67)] (2.11)
At
+7ap(¢ﬁ+1 + o ant + op) — Ater(GpT + g un™h) = Atpg(f; L 0+ 6R)

Add (2.10) and (2.11). Consider the sum of the two coupling terms that results

COUpl’L’I’Lg = |: (gbhn (e + U’h) CI(¢n+1 + ¢h7uz+1)} =

= At [er(¢fup) — el upt)]

Let us denote C" = ¢;(¢), u}) and

n 1 n n n n n n
E" = 5 [2ﬂHuhH? + QPQSOH%H?J + Atag(up, uy) + Amp(%:%)} )

1 1
D" = 5%‘(“2“ +oup,up b up) + sa(opT 4 o, o+ o).

2
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Adding the two energy estimates and using the above reduction of the coupling term reduces

the total energy estimate to
[E"“ — AtC”“} — [E™ = AtC™] +
—{—AtDn _ ( (fn+1 n+l +uh)f +pg(fn+1 ¢n+1 +¢h> )

Summing this up from n =0 to n = N — 1 results in

N-1
[EN — AtCN] + At Y D" = [E° - AtC] +

n=0

—i—AtZ n+1 n+1+uh)f+pg<fn+1 ¢n+1+¢n)]

Stability and the stated energy inequality thus follows provided

N _AtCN >0 for every N.

We have already shown that

n Iu n pgkmm n n
D" > §||V( P ) (17 + IV (e + o) |12,
n T pgkmm " (CC) (pg)®
cm < EHVWH? IV opllz + —Huth 32—km1nH¢ ml2.
Thus,
n n|2 n|2 At nl2 n|2
= DC" = plluill; + pgSollohll; + = (I VUil + pgkminl [VELT;) (2.12)
* * 3
H n PYkmin n (CfC )4 (ng) n
—At[§HVUhH?+ 5 Vol §Huth m|’¢h|’2]'

Thus stability follows provided

(C7C;)" (pg)’
At—L P2 70 < (1 —
32p
At < (1 — a)phminSo——L — = (1 - a)AT).
(C7C3) (pg)*

Alternate conditions are obtained using different estimates of the coupling / interface

term. Indeed, using Lemma 2
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n n n * * — 1 n ]_ n
671 = lerCut )] < paCiCy ™ (Gl + 511 ).

Thus stability follows provided

At .
790G Cvy < 2(1 — a)min{p, pgSo}, or
2min{1, ¢Sy}

At < (11—« h=(1-—a)ATs,
< ) 9CCyCrny ( JAT
which is the second condition.
For the condition Parameters < 1, that by Lemma 2
0 pgk‘mm pg(1+Crp())
"l < ||V¢h||2 o I?F 2 up Dy
pgkmm n 14+ Chp(Q )) n n
< v+ 22U Coel)) s g on2)
2kmin
pgkmm pg(1+ Cip(©,)) 0
< Ivepz+ 2L (2 () + )|V

Thus the method is also stable if the problem data satisfies

1+ C%.(Q
2kmin 2
Parameters = (14 Cpp(Q,))(Crp(2y) + d) PQM =1

The condition involving ATj requires a separate stability proof. In (BEsplitl) set v, =

ultt g, = pi and add. We use

n n 1 n n n
(™ =iy ™)y = 5 [l M1 = lqllf] + —Hu =l
and similarly for ¢. This gives:
p n n 71 n
5 Ul = lleillf] + —Hu = upllf 4+ Atag(uy T up )+

+Ater (g, up ) = At up )y

Similarly, in the porous media equation, set v, = ¢Z+1, we get
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1 n n n n n n
5 [PaSollén ™ 15 = paSolléilly + pgSollgn™ — GRlly] + Atay(h™, 3™

—Oter(Oy T up ™) = Atpg(f; L ),
Add these two equations and consider the sum of the two coupling terms that result:
|Coupling| = Atler(¢y,up ™) — er(@h ™, up ™) = Atler(™ — o, up ™).

The following bound holds by an analogous proof as that of in Lemma 2:

. Pg 0 n
|Coupling| < || o o ¢Z||;2>+

At
Ft [ 22 (p9Ci03)" Comt 1 19
PIS0, | n n
5 1on ! — SR+
At n+1 n+1
"—At 2pgSO (p CfC) C[th CpF(Qf)af( , Up, ) .

The remainder of the proof follows the above pattern and is complete, provided

At
—— Q) <1-—
2pgSOIu ( ngC ) C[th CPF( f) a, Oor
At < (1—a) 2P950m h=(1-a)ATs.

(pgC3Cy) ? CinvCpr(y)
For the ATy condition, we exploit the added grad-div stabilization. By the third inequal-
ity of Lemma 2

pgkmm pg(1 + Cpp(Q pg(1 + Cpp(Q
||V¢||2+At ( PF( p))||u||2—|—At ( PF( p))||vu||2

li < At———
| Coup g | 2kmin 2klmin

The last term can be subsumed into the grad-div stabilization term provided

9
Atpg(l ‘;kCPF(Qp)) <1

The other two terms are subsumed into the system energy. Stability thus follows provided

At
AllillF + pgSoll7ll; + = (I VURll} + pghainl [V S7T)

1+ CEr(f))
2kjmin

gkmin g
- AtpTHngﬁHf,JrAtp( Jul 2] > 0.
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This requires

1 2 (0
Atpg( _;kCPF( b)) <)

Thus, stability follows under these two conditions, i.e., if

2kmin

(RN RN R

At < min{l, p}
Py

The rest of the proof follows by summing. O]

2.4.3 BEsplit2 stability

Due to the similarity of the analysis for BEsplit2 to BEsplitl, we present the aspects of the
proof that differ only. Define

o 2kminh
g(C;C;>QCPF(Qp)CINV
B 2
g (1 + CIQDF(QP))

AVE

AVE

kmin .

We prove uniform in time stability under a time step restriction of the form that occurred
in BEsplitl with ATj5 replaced by ATy and AT} replaced by ATys. Thus, for small Sy the

active constraint is expected to be

At < ATg ~ Ckpin

which is independent of both h and Sy. Thus, BEsplit1/2 are promising for the quasi-static

approximation and for problems with very small Sy and moderate ky;,.

Theorem 2.4.3 (Uniform in time and Sy stability). Consider the method (BEsplit2). Sup-

pose that there is an o,0 < o < 1, such that either the problem parameters satisfy

Parameters <1 — a,

or At satisfies the time step restriction

At < (1 — a)max{ ATy, ATy, AT5, NTg}.
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Then, BEsplit? is stable uniformly in time and uniformly in Sy. Specifically, for any
N > 0 we have the energy inequality (which also proves stability)

1
5 [Pl |7+ IV - wil1[7 + pgSollon1ly] +

At ¢"+1 n . . . .
"‘Atz {—PQS || ——Tt ¢ H2 + ap(uf Tt + aay(ep T op )

N-1

[ollupl7 + plIV - upl [ + pgSollonlls] + A8 > (7 up™ )y + pa(f+ ént )] -
n=0

l\:)lr—\

Proof. The derivation of the stability conditions involving Parameters and ATy, AT, is
very similar to the case of BEsplitl. We therefore move to the condition involving ATy and
Ts.

In (BEsplit2) set ¢y, = ¢7™' vy, = ujt!, g, = pi™', and add. We use

1 1 1
—(up, up ™)y = —5(1172” up)f — Z(UZH upth)y + Q(UZH —up, uptt —up)y,

and similarly for the (V- u},V - uZH) ¢ terms and the analogous terms in the ¢ equation.

This gives:

1

n 3 1 n n n
5 [Pl 1G4 plIV a5 + pgSolloh 1] — 5 [ollubl[7 + A1V - will} + pgSol7115] +

1
+5 [plluy™ —up|[F +plIV - (up™ —up)|[F + pgSollon™ — opll5)]
—{—At [af( n+1 n+1)+ap(¢n+1 ¢n+1)]

—f—AtC](gbn—H n+1 ) At(fn—i—l Z-l—l)f + Atpg(f;“, ¢Z+1)p'
Consider the sum of the two coupling terms
Coupling = Nter(¢p up™ — u).

For the condition involving ATx,

|Coupling| < Atng}C; 2 () (Cry B2 |V |l g™ — w4
g(C*C*>QCPF( )C[th 1At2 n n
f'p P ap<¢h+1,¢h+1>

n+l ’ ’
h f ka'm

IN

pHu
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Subsuming the above two terms in the obvious places, the method is stable if

~ 9(C3C)2Cpr(,)Crnv

For the stability condition involving ATy, we have, using Lemma 2 and ap(ﬁ“, (bZH) >

pgkmin||v¢z+1||p=

= AT5.

IN

At (pg) o7 o |up ™ — wil | prv

At (pg) \/1+ Chp( QYR || [up™ — uillprv

|Coupling|

IN

IN

1 n n n n
5 Lol ™ = w3+ oI - (™ = ) 3]

1 g n n
§At2k . (1 +CJ2DF(QP)) ap(¢h+1= h+1)'

_|_

Thus

1 n n 7 1 n n n
5 [Pl G+ plIV - a1 + pgSolloh 1] — 5 [ollubll7 + A1V - will} + pgSol7115] +

1
+5095l165 " =GRl + Atlag (™ up ™)+
1 _ n n
+(1 - §At9 (14 CEp() ki) ap(ept, op )]

min

< AT+ Dtpg ([ 65

Stability then follows under the time step restriction

1
(1— 5Ot (14 CPp() ki) > >0

min
which is equivalent to

2 .
(1+CEp(2)) ™

At < (1-a) J = (1 — a)ATs.
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2.4.4 Stability of CNsplit

CNsplit computes two partitioned approximations (u}, py, ¢}) and (uy, py, ¢p) € X j? X Q? X

X)) for n > 1 whereupon
n T (3 1 “~Nn 3 ~n 7 :
( +l>ph+l7 ¢h+l) = 9 [( +17ﬁ}3+17 ¢h+l) + ( +17§Z+17 ¢h+1>]7 (CNSpht)

that is, the new approrimation to each variable is the average of the two computed approz-

imations. Since the unit ball in a Hilbert space is convex, stability of (u}™!, pit!, ¢pth)

~n+1 AnJrl n+1> and( ~n+1 "ﬂ+1 n+1)

follows from stability of (u, ™", pj , D We thus prove stability of

the two individual sub-problems. Define

250

Ny = —————h
$ T Va0 CiCy

We prove long time stability under a time step condition of the form

At < C/Soh.

Theorem 2.4.4 (Stability of one step of CNsplit). Consider (CNsplit-a) one step of the
CNsplit method. Suppose there is an 0 < a < 1/2 such that At satisfies the time step
restriction

Then, CNsplit-a is stable uniformly in time over possibly long time intervals. Specifically,
for every N > 1
o [l 13 + pgSoll o} |12
N-1 R
OS5 e @+ T+ ) + ap (G + G b + 97|
n=0
< pll@|I7 + pgSollénll; — Ater(h, @)

N-1

AU [T T+ g G+ Gh )
n=0
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Proof. In (CNsplit-a) set v, = u) ' +up, g, = ppt!, average the incompressibility condition

at successive time levels and add. This gives:

. At
PN = pl[TRIF + e @ + @5, 0 + U5+

FAter (G, T+ ap) = At(fR T )

Similarly, in the porous media equation, set 1), = QZZH + &\Z . This gives

pgSollop 2 — pgSollonl | + 5 D01 4 G P+ o)

—Atcl( “n+1 + Z,azwrl) Atpg(f£+1/2 “n41 +¢n)
Add and consider the sum of the two coupling terms

Coupling = At [er(@h @7 +87) — er (G5 + 0, T3+

— At [cfwz,u”z) e, N"“ﬂ

Let us denote C" = cI(AZ,uA“h) and

E" = pllap|l7 + pgSollonllZ,

n 1 ~n -~n 1 ATL An An ATL
pro= §af(“h+1 +ay, uptt 4 ) + §ap(¢h+1 + O, o+ Bn)-

Adding the two energy estimates and using the above reduction of the coupling term reduces

the total energy estimate to

(B — AtC™HY] — [E" — AtCT) +

LALD" = ( (fn+1/2 ~n+1 +uh)f +pg<fn+l/2 ¢n+1 +¢n) )
Sum this inequality from n =0 to N — 1. The energy inequality thus follows provided

N _AtCN > aEN for every N.
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Consider AtC¥. Dropping super and subscripts and applying Lemma 2 gives

N C| < AtpgCrCiCrnvh ™ ull¢]l|o]],
pgS ?
2ol +

IN

t « v 172
gSO [ngpCfC[th l} H’LLH?
We thus have stability provided

At?
2pgSo

[pgCiCiCravh ™) < por At < AT

Under the time step restriction At < /1 — aATg which is implied by At < (1 — a) AT we

have

pllap 1% + pgSollop |2 — Ateg (o, aptt) > a [p||uh+1||f + pgSollop |12

This proves stability of the first half step. O

Now we consider the second half step.

Theorem 2.4.5 (Stability of one step of CNsplit). Consider (CNsplit-b). Suppose there is

an o,0 < a < 1, such that At satisfies the time step restriction
Then, it is stable over long time intervals. Specifically, for every N > 1

o ol 113 + pgSol 952
N-1
1 n+1 ~n+1 ~n Tn+1 n+1
+Atz B [af(uh + i, ) + ap(6h T + o ‘H%)}
n=0

< [olI@13 + poSoll A2 + Ater (3, 7))

N—1
+ALY [ (FFP2 0 ) + pg(frY2, 6t + o), } :
n=0

The proof is essentially the same as for the first half-step and is thus omitted.
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2.5 ERROR ANALYSIS OF BESPLIT2 AND SDSPLIT

2.5.1 ERROR ANALYSIS OF BEsplit2

TL+1 n
BESplit 2pgSp(——" N, —h obn)p + ap( ) — Cr(uf, bn) = pg(fatt vn),  (2.13)
UZH — uy n+1 n+1 n+1 n+1
p(T o) s Fap(up ™ vn) — (0, Vo) + Cr(vn, 637 ) = (17 on)p - (2.14)

(qn, V- uf™) =0 for Vg, € Qp
Define w,, = Pou(t™), ¢n, = Prd(t™), pm = Pup(t™) The true solution satisfy:

pgSo(Ge(t" ), Un)p + ap(d(E" 1)) — Crlu(t™™),vn) = pg(f5+, Un)p

plue(t™ ), on) + ap(u(t™ ), vn)p — (™), V- vn) + Crlvn, 6(t™)) = (fI o)

Rewrite the equations of the true solution and using the property of the projection:

Prn+1 = Pn
pOSH (=5 ) + aplDnsr, n) = Crltwni, ¥)
o ¢n+1 gbn . n+1 n+1
= pgSo(—— = &u(t"), dn)p + pg (7 Un)p (2.15)
Unp, — Up
(HT vn) g+ ar(Uns1,vn) = (Pota, V- 0n) + Cr(vp, Gnir)
Unt1 — Up n n
= p(HTt —u ("), vn) + (1 o) (2.16)
Define the error €} = Pop(t"™) — ¢p*' = ¢rpn — o' e = Pyu(t™) —uff = up —ujy, we have
the error equations (2.15)-(2.13) and (2.16)—(2.14) :
et ey
pgSo(~— ) + (e vn) = Cirlunis — uf, )
= pgSp(PHO g ), (217)
eZ—H B 63 n+1 n+1 n+1
p(Tt’ Uh)f + af(eu U ) (pn—i—l - ph , V- Uh) + CI(Uha € )
Upt1 — U, "
= KJ(HT]f — ("), vn) s (2.18)
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In (2.17), take ¢, = 2Ate"+1 and in (2.18), take v, = 2Ate"™! and add up

pgSo(lleg™ |15 — llegIp) + p(llen™ 1* = llenll?) + pgSolleg™ — eglly + pllen™ — enll?

+2Atap( n+1 n—H)—f—QAta ( n—i—l,ez—l-l)

= 2pgSo(Gni1 — Gn — At (1", nH) + 20(Upt1 — p — Dtug (") 0p) ¢

F2ALC (Ungy — uy, ef ) — 208Cy (e ef ) (2.19)

Rewrite the interface term on the RHS of (2.19)

2AEC (Ungy — up, e3™) = 20tC (e ™ el ™)

= 2Atpg/<un+1eg +1 uzeg—&-l 6g+16n+1) ny

= 2Atpg/(uneg+1 uZeZ“ + (tpyr — un)egﬂ eg+1€n+1) ny
r

= 24tpg / (eneg™ + (uni1 — up)ef™ —egtley™) - ny

= 2/Atpg /((eﬁ = e”Jrl)«ngrl + (Upy1 — )eg“) ny
I

Bounding the interface term using typical inequalities

[12AtC (U1 — uh,egﬂ) — 2AtCr (e, "+1)\|2
< 20tpgCrCyller — e [PV (el — e[l 112 el |12

1 2 n n
+20tpgCrCyl sy — nl| 211V (st — wa)|[ ]|l |1/2] [V en |12
212 —1
< 4AtPngCgCPF(Qp)Cim;h

ey — ep )3 + ZpgAtHK”zVeZ“Hi

kmin

1
||un+1 - un||?¢ + ZpgAtHKl/QVeZ—HHZ (220)

kmin

In the RHS of (2.19)

Fns1 = G — DG (t") = Pny1 — dn — (") = (")) + (S(t") — B(t")) — Atpe(t™H)

n+1 n+1
=Wy, +w,

tn+l tn+l

gt = ([ - nawintar < ot [l - Dagwlia

n
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And

tn+1 tn+1

n+1)12 __ _4n 2 3 2
lop' = [ ([ = outtripds < a8 [ outo)| e

Similarly in (2.19)

((t™™) = u(t™)) + (u(t™*) — u(t™)) — Atug (")

n+1y __
Upt1 — Up — DNt (t") = Upyg — Up —

— wn-‘,—l + w;z—gl

And we can show

tn+l

Wl < A / 1Py — D) Pt
t

n
tn+1

Wl < AP / ()12

tn

Thus in (2.19), we can bound the term

Aty (tn+1) n+1) +2p(Uny1 — Up — Atut(tm_l)v Un) s

20950 (Pny1 — On —
- ngSO( n+1 + wg—gla GZH) + 2p(w?—~1_1 + w?gla vh)f
4p95 n P st

058 g+ w1 + S0 SHR AV + 2 gt g+ L e

(2.21)

Combining (2.19), (3.9), (2.21), we have

pgSo(lleg ™ Il; — leglly) + p(llen ™17 — lleull7) + pgSolleg™ — egll, + pllen™ — elll7

+2Atap( n+1 n—H)—{—QAta ( n—i—l’ez-i-l)
9 nt pAL o
lwf 1"+ wisH 7+ == IVer I3

4 S?
920 gt g 12 4+ 3pg IRV 2 4 X

4NtpgC2C2Cp(Q,)Cinph ™}
= ngF( 2 e —e”“llf+ pgAtIIKWVe"“II2

kmin

1
s — a2+ OBV (2.22)
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Adding up the inequality from 1 to N — 1

N-1 N-1
pgSo(lled (5 = 1egl13) + p(lle 117 — lleal?) + pgSo Y ([les™ = eillp) + oY (llei™ = ell})
=0 =0

YN Z ap e:bﬂ z+1 + N Z 2+1 z+1

u

N-1 N-1
< 4,0958 Z ||wi+1 1+1H2 + 3 ZAt||K1/2V z+1||2
> p,1 Pg €

=0 =0

0 N-1

(A 1 #At 1
Z|wa+11+ pally + ZHV Aty

+ o : Z(H%—%“H?Jr [ltir = wil|}) (2.23)

1=0

kmin

From the coercivity of af(-,-) and a,(-,-)

QAtZap z-‘rl z+1 > QpQAtZHKI/QVeZ—HHQ

N-1

2Atz (it ity = 2unt > ||Vel 3
=0
Simplifying (2.23),
N-1
pgSollel |17 + pllel 17 + pgSo Y ([les — €bll2)
=0

4AtngJ%C§CpF(Qp>Cmvh_l

+(p—

kmin

N-1
) D (len — eI
=0

)

4pgSzN 1 o N-1
: ZH wpht Hwyh |l + ZAWHw}ﬁ“rw}Ble

4AtngfOQCPF mvh R,

ZH%H Uz“f

4 SQ tN N
< /Xt (At/O ||(Ph—1)¢t(t)||§dt+At3/ 6w ()| [2dt)

+0

kmzn

tN tN

4p

Atuu/ 1P = Dot + 26 [ )|
0 tO

+4Atpgq%0§ch(Qp)Omh—1

[ haiiar < coae + ) (2.24)

kmin t0
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provided that

B 4Atng?C§OPF(Qp)C”wh71 2 0

kmin
kmmh
o 4gCQCQCPF(Q )Cmv

At <

2.5.2 ERROR ANALYSIS OF SDsplit

n+1/2 n
SDSplitpg o (——7- % ), +% ap(r % ) — —Cz( notn) = %pg( P2 ), (2.25)
un-i—l —u®
p( : At i vn) s+ ay(u n+17vh) (Ph AR VA vp) + Cr(vp, "‘H) (1n+1avh)f<2-26)
(40, V- ul) = 0 for Vg, € Qn
1 nt+l _ n+1/2 1
EpgSO( h y ,wh>p + 5%(%“’%) _ _CI( 7wh) _ —,09( n+1’ ¢h)p (2'27)

Define u, = Pyu(t"), ¢ = Pro(t"), pni1/o = Pup(t"/?), p, = Pyp(t") Rewrite the equations

of the true solution and using the property of the projection:

PQSO(LJﬂh)p + §ap(¢n+1/2, wh) - —CI(Un+1/2>¢h) =

At
pgSo(W = Gu(t"2), ), + pg( S ), (2.28)
(s g, 00) = (e, V - 00) + Cr0n, B)
= P (i) ) + (7 o) (2:29)
oSl I )k (B ) — 5Crlumns ) =
e G RUNNEE Y S RTAN (2.30)
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Define the error €} = Pop(t"™) — ¢p "' = ¢ — o)t €l = Pyu(t™) — uff = u, —ujt, we have
the error equations (2.28)-(2.25), (2.29)-(2.26) and (2.30)-(2.27) :

n+1/2

e — € 1 n n
PQSO(QZ)thsa Un)p + 5 (e 2 ) — —Cf(un+1/z wpy, )
= pgSo(PE O 1), ), (231)
Z—H B en n+1 n+1 n+1/2
p( N vn)g +agp(ey,vn) = Pnyr — 0y, Voon) + Cr(vn, Gnr — @)

Up, — Up n
= p(=H g () )y (2:32)

n+1/2
n+1 e /

e
pgSo(———2— Yy, +

1 1
At —ap(eg“, djh) - EC[(BZ—’_I, ¢h>

2

= pgo( P g ) ), (289

In (2.31), take ¢, = 2Ate] /% and in (2.32), take v, = 2Atert!, ¢y, = 24t in (2.33)

and add up

pgSo(lles ™ 2115 = 11ell2) + p(llen 117 = 11enl7) + pgSolle ™ 113 = lleg™[17)

+pgSollel ™ — enl|2 + pllentt — ent2|2 4 pgSpllentt — ef |2
n+1/2 n+1/2 n n n n
+20ta, (el 2 ) 20 bap (€l el ) + +20ta, (et entY)

= 20950(bns1/2 — Bn — DtG(EH2), €5 2), 4 2p(ungr — un — Atug(7), €l

+2pgs0(¢n+l - ¢n+1/2 — At¢t(t"+1) Zqul)p

+Interface Term (2.34)
Where

Interface Term = AtC(uny1/2 — uj, €Z+1/2) OAICH (€™, Bt — Z+1/2)

+AtCr (e, ZH) AtCr(Unyar/2 = Un, € n+1/2) + AtC (%ﬁZH/Q)

—QAtC[(eZ'H g+1/2) — 2AtC (€ n+1 N ¢n+1/2) + AtC(el n+1 6Z+1)
= AtC](Un+1/2 Up,, €Z+1/2) - QAtC ( ntl ¢n+1 ¢n+1/2> + AtC[(GZ, 6;+1/2)

—2AtC(ent e+ ALCH(ep el

= DO (Ung1/2 = Un, eZH/Z) — 2AC(ef™, dpyr — bni1/2) + AtCr(ey, — entt GZH/Z)

+AMC (e et — et
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We can bound the interface term by using the standard inequalities

QpQAtCJ%CgQC]th_lch(Qp) 9 pgAt

sz — w2 + o || K2V el 22

Interface Term <

kmin
2p2g2AtO2CQC]th_ICpF(Qf) ,u n
+ — |6ns1 = Gurolly + —||V€u+1||fc
7 2
209 A\tC2C2Crnyyvh 1 Cpp(Q A\t
n PY Ly kIN‘V pr( p)HeZ_ n—l—l“?c ,09 ||K1/2V n+1/2||2
+ZpQQQAtC‘?CgQCINVh_ICPF(Qf>H nt+l n+1/2||2 /,LAtHV n+1H
f
1

In (2.34),

¢n+1/2 - (bn - At¢t<tn+1/2) = ¢n+1/2 - ¢n - (QS(thrl/Q) - (b(tn))
HOEH2) = o(t")) — Aty (t"?)

n+1/2
p,1

n+1/2

+ Wp,2

where

tn+1/2

||wn+1/2||2 /(/ (P, — 1)y (t)dt)*dx

tn+1/2

/ /t (Pr — Du(t))2dt At

tn+1/2

< At / (P — D) (1) 2t

n

tn+1

<ot Dodol

And

tn+1/2

s 1= ([ = onteyinpas
tn+1/2
e
<oe [ et

n

tn+l/2

)2dt / (¢ (t)dt)*dtdx

n

Sililarly

Ung1 — Up — ANtu (") = upyy — up — (Wt = w(t™) + (@™ — w(t™)) Atu, (")

_ .n+l n+1
= Wy, + Wy
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Where

tn+1

w12 < At / (P, — Tyuy(t)]|2dt

n

tn+1

lwf < A6 [ funte) Bt

tn

And

Grr1 — Gng1jz — DtG(t") = Gpsr — Gnprje — (S("F) — 9(t"1/?))
(") = G("F12)) = Atgy(t")

. n+1 n+1
= Wy + 'LU

Where

tn+1

g2 < e [ 11 = Douo)
tn
tn+1

g < o8 [ ligu(ol e

tn

In (2.34), the consistent errors can be bounded by

2p9S0(Bnt12 — dn — Dty (t"?), nH/Q) + 20(tng1 — un — Aty ("), e

+2P950(¢n+1 - ¢n+1/2 - Atgbt(t”'H) Z-{-l)p

16/)952 e e
< 2Bt [P = Do+ 28 [ a2
min tn tn
+8P9At||K1/2V n+1/2||2 8P9At||K1/2V n+1||2

tn+l tn+l

LA At
bt [P = Dol o8 [ (ol + 29
//1/ tTL t’IL

44



(2.34) becomes

pgSo(lleg Il — Nlegllz) + plllen ™ 117 — [lenll?)

n+1/2 n n o n n+1/2
+pgSollel ™% — €2 + pllent — en V3 + pgSollent! — el 2
n+1/2 n+1/2 n n n n
+20ta,(ef 2, el ) 4 20 tag (et et + 20ta, (et et

2pgNtC2C2Crnyvh ™ Cprp(Q A
< rg flgYINY PF( p) PY tHKl/ZV n+1/2||2

Hun+1/2 - Un“f

- Kmin
T RO — gl + L e
+2PgAtCJ2‘C§i“\’.Vh_10PF(Q”>Hez — 2 4 'OgAtHKl/zv ”+1/2||2
+2p292AtC§C’§ZEth_ICPF(Qf) len il n+1/2||2 + H—||Ven+1||3£
#1258 / 1Py = Den(t) 2t + A / I6u ()13t
+8pgAt||K1/2V n+1/2||2 SPgAtHKUQV n—|—1||2 gt(At /tn+1 (B — Dot
"
+AE /t:"“ [Juae (t)[1702) + HAtHV a1y (2.35)

With the coercivity of a,(-,-) and ay(-,-), we have

At(lp( n+1/2 g+1/2) > pgAtHKl/QVenH/QHQ
Atap( n+1 n+1) > pgAtHKl/Zven+1H2

Atag(et, ei) > pt]| Ve

? u
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Combining the same terms and adding up the inequality from 0 to N — 1

N-1 -
2pgA\tC2C*Crnyh 1 Cpr(Q
PQSO||€<];H||I2,+,0||6{LV+1||?+Z(p_ f~g r(82)

i—0 kmzn
N-1 2 2 2,2 -1
2p g AtC C C[th CPF(Qf)
—|—Z pgSo — =9
=0
< pgSolleglly + plleal” + Z

1
QpQAtCQCQC]th CPF(Qp)
i—0 kmm
292AtC?C§C[th_ICpF(Qf)

1

ew™ = el 27

et = e
p

||Ui+1/2 - Ui||?f

+
i g I
b

|[pit1 — ¢i+1/2”129

(N+1 $N+1

1Py — Du(t)|2dt + AP / e (8)]2d)

t0

16pg5; /
At
+ kmin At ( 0

tN+1

n 8pgAt n 2
||K1/2V +1/2||2 ||K1/2V +1||2 At(At/o ||(Ph — ])ut(t)H?cdt
t

8pgAt

(N+1

AP /t e ()] 2) (2.36)

pgSolleg I + plley ™ |IF < C(AE + 1Y)

provided that

_ 2pgAtC]%C§CINVh_1CpF(Qp)

P > 0 and

szgzﬂtofcch[Nvhilch(Qf) >0
L =

pgSo —

that is

At < min 15N Fominht
o ng]%CgC]NVoPF(Qf), QQCJ%C]?C[N{/CPF(QP)
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2.6 NUMERICAL EXPERIMENTS

We present numerical experiments to test the algorithms proposed in this chapter. First,
using the exact solution introduced in [88], we test accuracy. One new aspect is that we also
test mass conservation errors across the interface I, the last columns of Tables 2.1 through
2.4. While mixed methods are expected to have better conservation properties than the
non-mixed formulation we use, we find the mass conservation errors are quite acceptable in
this limited test. Second, we test stability over longer time intervals and small values of
kmin and Sy. In these tests the splitting based partitioned methods appear to be stable for
larger time step sizes than the IMEX based partitioned methods and that good partitioned
methods are available when one parameter is small. When both are small, a very small time
step is required for stability for the four methods. The code was implemented using the

software package Free FEM++.

2.6.1 Test 1: Convergence rates.

For the first test we select the velocity and pressure field given in [88]. Let the domain 2 be
composed of Q; = (0,1) x (1,2) and €, = (0,1) x (0,1) with the interface I' = (0, 1) x {1}.
The exact velocity field is given by

ul(xv y7t) = ($2(y - 1)2 + y) cost,
2
us(x,y, t) = (—gx(y 1P +2- ﬂsin(wa:)) cost,

p(z,y,t) = (2 — wsin(7x)) sin (gy> cost,

o(z,y,t) = (2 — wsin(mz))(1 — y — cos(my)) cost.

To check the rates of convergence, take the time interval 0 < ¢t < 1 and in this first test
the physical parameters p, g, u, K, Sy and « are simply set to 1. We utilize Taylor-Hood
P2 — P1 finite elements for the Stokes subdomain and continuous piecewise quadratic finite
element for the Darcy subdomain. The boundary conditions on the exterior boundaries

(not including the interface I) are inhomogeneous Dirichlet: u, = Uepact, On = Pewact ON the
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exterior boundaries. The initial data and source terms are chosen to correspond the exact

solution.
For convenience, we denote | - ||; = | - |le20m20) || - lloo = || - HLoo(QT;Lz(Qflp)) and
|- lle = Il - llz20.22(2y,,))-  We show below in Table 2.1-2.4 the errors of approximated

velocity and Darcy pressure in several different norms. In the last columns of the tables are
the errors in mass conservation on I.

From the tables, we see that SDsplit, BEsplitl and BEsplit2 are first order methods
while CNsplit is second order accuracy, as predicted. Further, the error levels of the first

order methods seem quite acceptable as are the mass conservation errors across I.

h | lu—unllse | IVu=Vuglla | lo—dnlloe | lo—onllr | |(uf — u}) - n;
1/5 2.921e-3 7.194e-2 4.030e-3 4.626e-3 2.280e-1
1/10 8.954e-4 2.181e-2 1.183e-2 1.661e-3 4.070e-2
1/20 4.198e-4 5.751e-3 6.367¢-4 9.080e-4 9.566e€-3
1/40 2.105e-4 1.959¢-3 3.399¢-4 4.977e-4 2.376e-3
1/80 1.057e-4 8.328e-4 1.771e-4 2.668¢-4 5.047e-4

Table 2.1: The convergence performance for SDsplit method. The time step At is set to be

equal to mesh size h.

h | lu=unlloo | [Vu=Vuplz | l0=nllso | lo—onlls | I(uf, — ub) - nl;
1/5 3.448e-3 7.371e-2 4.289e-3 | 4.766e-3 2.278e-1
1/10 | 1.657e-3 2.343e-2 1.163e-3 1.665¢e-3 4.694e-2
1/20 | 8.405e-4 7.200e-3 5.409e-4 | 8.126e-3 9.531e-3
1/40 | 4.239¢-4 2.923e-3 2.705e-4 4.081e-4 2.369e-3
1/80 | 2.128e-4 1.367e-3 1.356e-4 | 2.046e-4 5.035e-4

Table 2.2: The convergence performance for BEsplitl method. The time step At is set to

be equal to mesh size h.
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he | lu=unlloe | [Vu=Vunlls | 19=0nlloo | l6—=nlls | [I(uf, = up) -l
1/5 | 2.768¢-3 | 7.130e-2 | 9.738¢-3 | 1.649¢-2 2.547e-1
1/10 | 9.282e-4 | 2.164e-2 | 4.833¢-3 | 8.441e-3 7.087e-2
1/20 | 4.390e-4 | 5.610e-3 | 2.447e-3 | 4.231e-3 2.722¢-2
1/40 | 2.196e-4 | 1.860e-3 | 1.233¢-3 | 2.119¢-3 1.212¢-2
1/80 | 1.100e-4 | 7.739e-4 | 6.188¢-4 | 1.060e-3 6.258¢-3

Table 2.3: The convergence performance for BEsplit2 method. The time step At is set to

be equal to mesh size h.

he | lu—unllse | IVu=Vurlla | l6—dnlloe | lo—onllr | |(uf — u3) - n;
1/5 3.044e-3 7.789¢-2 7.647¢-3 1.112e-2 2.284e-1
1/10 4.323e-4 2.259e-2 1.520e-3 2.085e-3 4.795e-2
1/20 5.466e-5 5.193e-3 3.654e-4 4.961e-4 9.849¢-3
1/40 7.829¢-6 1.270e-3 9.081e-5 1.227e-4 2.487e-3
1/80 1.573e-6 3.187e-4 2.265e-5 3.056e-5 5.273e-4

Table 2.4:  The convergence performance for CNsplit method. The time step At is set to

be equal to mesh size h.

2.6.2 Test 2: Stability in case of small parameters.

In this test, we compare the performance of our proposed methods for uncoupling Stokes-
Darcy flows for three cases: small ky,;, and O(1) Sy, O(1) kyi, and small Sy, and small ki
and small Sy. The last case is separated into several sub-cases to distinguish ’extremely
small” and 'moderately small’ Sy and kp,;,. Our test here is to check the largest time step
for which the four methods are stable over long time intervals. Since the problem is linear

we can take the body force terms to be zero. The true solution decays as t — oo, so any
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growth in the approximate solution is an instability. We take the initial condition

ur(@,y,0) = (2*(y = 1)* +y),
ug(z,y,0) = (—g:z;(y —1)P%+2- Wsin(wx)) ,
p(z,y,0) = (2 — 7sin(nzx)) sin (gy) :

o(z,y,0) = (2 — msin(mx)) (1 — y — cos(my)).

Define the kinetic energy E™ = [[up|| 4 ||¢;[2. The final time T in our experiment is 10.0
and the system parameters are simply set to be 1.0, except hydraulic conductivity kp,;, and
storativity coefficient Sy. We take the mesh size h = 1/10 and run the experiment with
different time-step sizes. With each value of At, we compute the kinetic energy at final time,
i.e., BN where N = T;/At. However, we use 10*° as a ’cut-off’ value for E™. If E™ exceeds
10%° at some n, we stop and output E”, the kinetic energy at that point. By looking at
these figures, we can estimate the largest At for which numerical methods is stable.

Since Stokes flows and porous media flows are not typically high velocity flows, and since
the domains are large with associated significant costs for subdomain solves, the ability to
take large time steps is desirable. In the stability tests for small parameter £y, or Sy the
three first order methods are superior. They are stable for larger time steps, as predicted
by the theory. The CNsplit method generally requires a much smaller time step to attain
stability. Thus, in some of the figures, the largest time steps needed for the stability of
CNsplit are not shown in some cases. To present the CNsplit case, Figure 2.7 gives a graph

showing stability of CNsplit alone with numerous small values of Sy and k;,.

2.7 CONCLUSIONS

In both our analysis and tests on problems k,,;, and Sy are small it seems that stability over
long time intervals (and the associated time step restriction) is a key issue in uncoupling
the Stokes-Darcy problem. With one small parameter, the first order splitting methods had

significant advantages in stability and are a good option when k;, or Sy is small.
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Many other open problems remain. Finding partitioned methods stable for large time
steps when both ki, So are small is an open problem. Further, while the first order methods
gave acceptable error levels, more accuracy is always desirable. The stability of higher order
partitioned methods for large time steps and small parameters also is also largely an open
problem. We have not tried to optimize the dependence of the time step barriers upon the
domain size. This is an important and open problem, especially for domains with large aspect
ratios. At this point we do not know if a partitioned method exists with time step restriction
independent of Sy, ki, ¢ and h. If Ky, o — 0 the problem reduces to u; + C'¢ = 0 and
¢ — Cu = 0 and any such algorithm would be an explicit method for an abstract wave-
like equation written as a first order system. The behavior of numerical methods (both
partitioned time stepping methods and iterative decoupling methods for use with monolithic
time discretizations) in the quasi-static limit (as Sop — 0) is an open question critical in
applications to aquifers since quasi static models are common, e.g., [23] for an example
and [86] for a first step to its resolution. In many problems k,,;, and Sy are both small
and the double asymptotics of both parameters is important and open. Since fluid flow acts
on different time scales in free flow and in porous media, developing algorithms with good
properties that allow different time step sizes in the two domains (multi-rate or asynchronous

methods) is an important and largely open challenge.
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3.0 ANALYSIS OF A MULTI-RATE SPLITTING METHOD FOR
UNCOUPLING EVOLUTIONARY GROUNDWATER-SURFACE WATER
FLOWS

3.1 NOTATIONS AND NUMERIC ALGORITHM

Partitioned methods have great advantages for multi-physics, multi-domain problems; e.g.,
[68], [70], [88], [104]. Splitting methods, one approach for partitioning, have been widely
used in applications [55], [50]. For first steps in partitioned method for Stokes-Darcy, see
Mu and Zhu [88], extended to a multi-rate method in [105]. For the Stokes-Darcy problem,
typical velocities are greater in the fluid region than in the porous media region. Therefore,
there are significant advantages in accuracy and efficiency in using a small time step size
in the fluid region and a large time step size in the porous media region. However, both
partitioning and asynchronous time steps require interpolation of unknown values for the
solves and this manufacturing of required value can introduce instabilities. Our work herein
is motivated by the search for more partitioned methods, which can accurately capture the
features of the physical process while making it easy to calculate numerically. The interface
coupling conditions are conservation of mass across the interface, balance of forces and
the Beavers-Joseph-Saffman condition, [8], [57], [58], [97], [101]. More general application-
oriented partitioned methods and more general IMEX and splitting methods have been
widely studied, see, e.g., [113], [110], [3], [27], [37], [53], [113], [75], [116].

In comparison with the multi-rate method in [105], the method herein starts from a
Darcy solve, from which an intermediate velocity in porous media is derived, and then has
r(a constant) Stokes solves in sequence and ends with a Darcy solve at the following time

level, while the multistep method in [105] has a different sequence of Stokes and Darcy solves,
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resulting in different conditions of stability and convergence.

Let W = Xy x X,,, we consider a triangulation 7}, of the domain §) FU Qp, depending on
a positive parameter h > 0, made up of triangles if d = 2, or tetrahedra if d = 3. Here we
make the same assumptions for the triangulation as in [88] that:
(1) each triangle or tetrahedra, say T, is such that int(T') # 0;
(2) int(Ty) Nint(Ty) = O for each pair of different 77,75 € Ty, and if Ty N Ty = F # (), then
F is a common face or edge or vetex to T} and T5;
(3) diam(T') < h for all T' € Ty;
(4) Ty, is regular; that is, there exists a constant C, > 1 such that

jrpez% OZZ’%T’(T) <C,Vh>0

with pr = sup diam(B): B is a ball contained in T;
(5) the triangulations Ty, and 7, induced on the subdomains €2, and 2, are compatible on
the interface I'; that is, they share the same edges (if d = 2) or faces (if d = 3) therein;
(6) the triangulation 7y induced on I' is quasi-uniform; that is, it is regular and there exists

a constant Cr > 0 such that

min hy > Crh for all h > 0

TeTrn

And the equilibrium projection operator is defined as in section 2.2

By = (w(t),p(t)) € (W, Q) = (Wn(t),pa(t)) € (Wi, Qn), V1 €[0,T]

such that

a(wp(t),vp) + b(vh, pr(t)) = a(w(t), vy) + b(vy, p(t)), Vv, € Wy

b(wh(t)7q}z) =0,V qn € Qh
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P, is a linear operator. Furthermore, from [88] and [77], if

welln {(H2(Qf))d X H2(Qp)}, the following approximation properties hold:
|Bow(t) — win)ly < Cn°
1Paw(t) — w(b)lly < Ch
[|1Pup(t) — p(8)| < Ch

3.1.1 Algorithm

To streamline notations, choose a uniform timestep At in €2y,

P={0=t"t" ¢ - N =T}, t/=jAt

The large time step in €2, is given by a separate notations hereafter, As = rAt. Denote by

S={0=¢mo ™ " ... "M =T} C P,

a subset satisfying ™ = rt* such that the positive constant r is fixed and Mr = N.
To streamline our notation further, we shall suppress the subscript "h” and replace uj’,
mopit by u™, @™, p™, respectively. For t™, t"™k € [0,T], (u™,¢™,p™) will denote the
discrete approximation to (u(t™), ¢(t™), p(t™)). In practice only the data at time t° would
be provided. One important feature of the algorithm given bellow is that (u™,p™) can be
calculated for m = my, mg + 1, mp1 — 1 in parallel with ¢™++1,
e Given u™,¢™, do one step with the large time step As to obtain ¢™ € H,,, such that
ViyeH

¢mk B ¢mk m 1 my, 1 m
90 (0 ) + gy (675,0) = So (A5 0) + 5o [y @)
As 2 27 Jr
e Obtaining ¢ from the first step, do r step in fluid region with small time step At = As/r
to find (u™, p™*t1) for m = my, my +1,--- ,;miy1 — 1, such that V (v,q) € (Hsn, Qn)

um—i—l —um *
(T,v) +ay (W™ o) + b (v, p"™) = (f ) - g/ PR -y,
r
b(u™tq) = 0. (3.2)
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e With ¢™, u™+1 obtained from Step 1 and Step 2, do one step in porous region with the
large step As to find ¢™+' € H,, such that V¢ € Hy,

Qsmkﬂ - Qbmz 1 Mgy 1 1 ME41 M1
950 <T7¢>+§%<¢ +a¢):§g( AN + g/z/zu eng. (3.3)

e Set k =k + 1 and repeat until £k = M — 1.

3.2 STABILITY OF THE MULTI-RATE SPLITTING METHOD ON
STOKES-DARCY EQUATION

In this section, we prove conditional stability when the smaller time step in fluid region At

is within some restriction C, the restriction of larger time step can be also derived with the

ratio of r = As/At fixed.

Theorem 3.2.1. Under the time step restriction

2 .
h Sol/ kmm } ’ (34)

At < At < min ,
- T gr(CpA(C)*Crny {GCF(Qf) 3CPr(Qy)
where the constant Cpp(Qy),) and C5, Cp, Cryy are from 2.5, 2.4 and 2.2, the asynchronous

algorithm is stable over 0 <t < oo. We have the stability inequality:

l
1 1 1 c
5||uml+1||§+§gso||¢ml+l||,%+§gso§j||¢mk — g

k=0
I mgp1—1
gC*? YrAt m
gpgk—ZHkaH? GBS S i
man k=0 i=my

gC% 5 (Q,)r ANt m
+ Pi’k ZHf k+1|’2‘
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Proof. In (3.1), take 1 = As¢™r, this gives

1 x . 1 . .
5950([|¢™ p = o™ 115 + 1™ — ™ |[7) + 5 Dsap(97, )

1 m* * 1 *
= 5 Osg(f3"*,¢™) + §A89/¢mkum’“ -y
r

(3.5)

Taking v = Atu™+! in the second step (3.2), using divergence-free property, and summing

over m =my, mi + 1,--- ,mp 1 — 1 give
1 mp4+1—1 my1—1
5 (™ 15 + Dol = = ) + A Y ap (et
i=my, i=my,
Mmp41—1 mi41—1
= At Z ( f—H,UH_l) _ gAt Z /gf)m;u’“ .
1=my 1=my, r

In the third step (3.3), taking 1) = As¢™*+1, we obtain:

b [lomt — o

1 m my 1 m m
59%(ll¢ = ™ §)+§A8ap(¢ B @)

1

m 1
—_ §A59( X k+1,¢mk+1) +§Asg/¢mk+1UMk+1 'nf-
r

Combining (3.5), (3.6), (3.7), we obtain:

1 m m 1 m m
S9So([le™ |5 = o™ [15) + 5 (lu™={[F — [[u™[7)
2 2

mk+1—1

+5050(lle™ = @™ |+ llg™ = g"R ) + 5 Y [t = wllf
1=my

1 1 mp41—1

oy Lsap(Mh, ¢7E) S Dsap(¢EL M) + ALY ag(uu
i=mp
1 Mpy1—1 1
my o m i i m m
= S Qsg(f;™ 0" + A Y (AT ) + S Asg (T, 9m)
=My

mk+1—1

1 * * : 1
+§A59/F¢m’“umk g — gAt Z /ngﬁmku”l ‘ng+ §Asg/r¢mk“um’““ Ny

i:mk
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Now, for the interface terms in the above energy equations (3.8):

Mipy1— 1
Interface terms = —Asg/d)mkum’c ny — gAt Z /gbmku”l ny

i=my

+—Asg/¢mk+1um’“+l Ny
r
mpyr1—1 mk+1 1
= —Atg /qﬁmkum’“ ny — Atg /(bmku”l ny
i=my, =my
Mp41— 1

= Atg > / G Ly

i=my

Rewriting the interface terms as differences by splitting the middle term, this gives:

m 1 m 1
1 k+1— k+1—
Interface terms = —Atg Z /¢mkum’c SNy — —Atg Z /¢mkuz+1

T=my, i=my
mpy1—1 mgy1—1
oty 3o [t ot 3 [emeaeag). @)
i=my 1=my
The Poincaré and inverse inequalities (2.3) and (2.4) now give the bounds:
mk+1 1 )
30tg 30 | [ amim =ty g
=my
1 mk+1—1
* * * m m 3 1/2 m i 1/2
< SAtG(CH(C) D O™ LAV /™ — w9 (s — w1
ika
1 mk+171
o\ v1/2 12 - m i
< S Atg(CHCHCER(QW)C AT D (IVE™ ||| (™ = )|
1=my
< AL (CH(C)C () Cray ™2 mli_l!\ffmvcbm’tll 1™ =]
= p)VINY P
2 kmzn i=my,
Mmp41—1 *\2 (1%\2 -1
gAt m (C) (C ) C[chpF(Q )h At m i
< Y (IR =Lt T : 1™ = [7)
i:mk min
C)2(C)?Crny Cpp(Q)h At ™S |
< TgAt| ( f) ( p) INV PF< P) Z ||(um;€ —UH—I)H?
i=my
Mmper1—1
rgAt m 9(CH*(C)?CrnvCrr(2p)h ™At T i i
< TR iy g 4 Lot e IV P S ll@ ) (3.10)
i:mk
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For the last two terms in the equation (3.9), we use the identity:

Meg41— 1
__Atg Z / mkuerl mk+1umk+1> “ng
M1 —1 mpy1—1
= ——Atg Z /Qﬁmk i+1 umk+1) Ny — _Atg Z / mk+1 ¢mk ¢mk+1).
1=myg 1=my
(3.11)
The Trace, Poincaré, Young and Holder inequalities give the bound :
mk+1 1
—Atg | / oMk (u T — ) |
i=my
m —1
rgAt m* g(C’*)Q(C ) C[chpF(Q )hilTAt A ; ;
<= VA gmi||2 4 L e L St — W3 (3.12)
min Z:mk
and
1 mk+1 1
30tg 30 | [ume @i = gme) g
1=m
1 oy ~v1/2 1/2 5 — —— m —_—
§Atrg<0f><o )Cr () Crieyh™ 2 [Fument | [ — g™,
VAL o Pri(CHACH) Crvv Cpr(Qp)h AL
< Va4 L [ — gm™1]2 (3.13)

4y

Next, using the Young and Holder’s inequality, we bound the other three terms on the right-
hand side of the equation (3.8) in a standard way:

1 * * C Q T’At m*
S Dsg(fy, 07 = Srotg(f, 7)< P92 %sz, (3.14)
mpy1—1 mpy1—1
iy Chr( Q)AL iy | VAL
At YTt < Y0 (CEE AT + 19, (3.15)
t=my, i=my
1 m m rg/\t m C%2.(Q)rNE
syl ) < IR g2 4 SREIEL s g 4
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For the left side of the energy equation (3.8), we apply coercivity:

1 * * At *
SDsay(¢7, ¢ 2 | KV, (3.17)
mk+171 A mk+171

At Yt at) = var Y |[Vat ], (3.18)
T=my, 1=my

rgAt

1
§A8ap(¢mk+1’ P > L ||k 1/2V¢mk+1||2 (3.19)

Combining all the inequalities from (3.10)—(3.19), we arrive at:

1 m m m m 1 my m
595 (lle™ [l — [le™I5) + (Hu “F = ™ 13 + 59Solle™ = 6™,

1 g°r*(C})? (C*>ZCINVCPF(Q [ AN A
+(§950 - ! P 1 f )H¢ F— ¢ k+1‘|127
v
1 3g(CH2(C)2CrnvCpr(Qp)hrAt, ™! Z, i
- ) 3 et =)l

1=my

m -1
GO (Q)r At my O3 (Qp) At ; GO (Q)r AN
< IR == Y AT+ R

i=my

Summing this over k =0,1,--- ,l with 0 <[ < M — 1, we have:

l
1 m 2 1 m 2 1 my mg | |2
Sl 17+ SgSoll¢ l+l||p+§gsok§%||¢ E— ™|

1 g27’2(C})Q(C*)QC[N\/CPF(Qf>h_1At ! m* —_—
+(595 — e >Z||¢ a7

1 39(0;)2(C;)QCINVCPF(Q h T*At I Mpy1— 1

- U — )12
+G o Z ol
=0 i=my
I mEp1—1
gC? JIAN; 7)At ;
< P;’k—ZHf;’W Z A1
min -0 = Mg

gC% () r At m
+ Pik ZHf k+1H2
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Stability follows under the two conditions below:

2.2 *\2 *\2 Q h_lAt
lgSo _gr(CRNG) CELNVCPF( /) -
1%

and

1 39(0}5)2(C;)ZC[NchF(Qp)h_lrﬂt -0

These two are equivalent to the time step restriction:

At < 2h min { Sov Fmin }
~ gr(CHAHC)*Crnv rCpr(Qy) 3Cpr(y) |

Remark 3.2.2. Recall that As = r/At with a fixed r. The time step restriction in Theorem

1 can be rephrased as:

AS < 2h min { SOV kmm }
i , .
= g(CHC)*Crny rCpr(Qy) 3Cpr(SY)
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3.3 ERROR ANALYSIS

In this section, we estimate the error for the algorithm. Here we are using the following nota-
tions. Define ul* = u(t™), ¢7" = ¢(t™), p* = p(t™), and define u,, = Pyu(t™), ¢m = Prp(t™),
Pm = Pup(t™) to be the projection of the true solutions on to the finite element spaces, then
we set €' = ul' — Uy, €' = P — O, N =PI — P, and €7 = uy, — U™, €7 = ¢ — O,
n™ = pm —p™. Obviously, we observe that u(t™) —u™ = el +e™ and ¢(t™) — ¢™ = €' €™,
from approximation properties, we have||e™||; + [|€7]|, < Ch?, ||[Ve™||; + [|Ve®||, < Ch.
Moreover, we assume that u® = ug = Pu(t?), ¢° = ¢y = P,¢(tY), which imply €° = € = 0.

Rewriting the true solutions of the Stokes-Darcy equations, for(v,q) € (Wp,, @), we have

m; — Pmy 1
950 (% ¢> +5 2% (mz, ) — —g/¢umk ny

= S9So(wiE.0) + () (320)

Upt1 — U,
(HTa U) + af(uerla U) + g / U¢m+1 : nf + b(U,perl)
I

= (Wi, 0) + (ff"0) (3.21)
¢mk+1 - ¢mk 1 1
950 <T,w) + 30O ) = 39 [ Dt
1 1 mk“
where
my Cbmz_gbmk m
Wps = T—Qbs(t )
O Ome ) — o] o) —p(tm)
N As B As } + [ As = ¢(t"™)
= wt ks, (3.23)
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and

m+l . Umtl T Um m+1
o (G
Um+1 — Um u(tm+1) - u(tm) u(tm+1) - u(tm) m—+41
_ — w (2
{ At At * At w (")
= Wiy Wi, (3.24)
Mgt ¢mk 1 ¢m* Mii1
wp,;H— = +AS L — ¢5(t o )
¢mk+1 - ¢mz ¢(tmk+1) B gb(th) Qs(tmkH) B Qﬁ(th)
- — g tmk+1
[ As As * As 9l )
= wyet +wyept (3.25)
It is easy to verify the following properties of wy;, wy, s, from the definition
w(t™ ) — u(tm I
wpit = (- M [ - Duar (3.26)
tm
then from Cauthy-Schwarz inequality, we have
1 tm+l
m+1 _ 2
gl = §/</ (B~ Dyus(1)dtd
tm+l t'm+l
< (P — 2dt 1%dtd
tm+l
< P, — dt. 3.27
< At/tm 1P = Do) (3.27)
and i~
mer (™) — (™) = At (™) i (=t ug(t)dt (3.28)
Yre2 = At - At ’ '
which means
1 tm+1
gl = e L = muatviras
tm+1 tm+1
S At2 / / U’tt \/tm (t — tm)dtdx
tm+l
< ot o) (3.29)
tm
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my ME41 ME41

The similar property hold for wp 1 Wy Eo,wy, 7, wy, S5 while considering the large time step
size As,
| £
2 = Py — 1)¢s(s)ds)*d
lofll = 5 [ (= Dou(eds s
1 Mk k41
< —2// ((Ph—])gbs(s))st/ 1%dsdzx
AS 9] tMk tmz
P ,
< — P, — Dos(s)||2d
< & [ = Dol
1 tMk+1
< — Py — Doy(s)||*ds, 3.30
< [ = Des)Es (3.30)
1 ko
loyill = g ([ =)o odsfa
tMk+1
m\2
< ASQ//mk (0ss(s /m* (t —t")*dsdx
< As / 16.0(5)]12ds
t"k
tME41
< o [ o) s (3.31)
t"Mk
Similarly,
1 tMk+1
lopsitl < o [ - Do) s (332
S Jymp
tMk+1
sl < as [ llow(s)as. (333
tMEk
Also we can show
mp41—1 my41—1 ‘
D i = omelP = D PG — o))
=My 1=my
mpy1—1 '
< ) Cllg ) — bt
i:mk
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Then bound this term using the Cauthy-Schwartz inequality

mi1—1 mp41—1

> Clle —oilE < Y € [ (o) (e
i:mk i:mk P
mp41—1 i1
< Z C’/(  ¢s(s)ds)’da
1=my Qp "k
mpy1—1 (i1 i+l
< Z C’/ / (¢5(s))2ds/* 1%dsdx
i—m Qp Jt™k t"k
mpq1—1 +Mk+1
< > ons[ el
i=m ¢
’ t"k+1
= C’TAS/ ||¢5(S)||Zd8. (3.34)
tMk
Similarly, we have
+Mk+1
[t — tie |2 < C A /M s (1) 2. (3.35)

Subtracting (3.1) from (3.20) gives

€M — Mk 1 m* 1 my 1 m
9% <A—w) 5o v) = 595 (wnd, ¥) + 59 /Wm; — ™) ny. (3.36)

Considering the smaller time step size At and subtracting (3.2) from (3.21), we get

em—i—l —em *
() a0 b ™) = () =g [ G = "0y (33)
I

Subtracting (3.3) from (3.22), we have

€M1 — €Mk r .,
950 A—SAD +§Gp(€ L))

1

1
= §QSO(ZU]T§+1,¢) + §g£¢(umk+1 — umk+l) “ny. (3.38)
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Next we will show that under a certain time step restriction for the small time step At, the
multi-step splittling method has first order convergence with respect to the time step size
At and is of second order accurate with respect to the spacing size h to the true solution at

each time level for large time step As.

Theorem 3.3.1. Suppose the true solution is smooth, the initial approximation are suffi-

ciently accurate and that the time step and mesh width /At, h satisfy

At < h . { Ermin 250v }
min ,
~ rg(CHAHCy)*Crny 2Cpr(82) rCpp(82y)

then the following error estimate at the large time steps holds

1 m 1 m
SoSollem |2+ e 3 < (A + )
where C = C(u, ¢,y /p, material parameters)

Proof. In equation (3.36), we take ¢ = Ase™k

1 m* m m* m 1 m* m*
LS| — ™2+ 1€ — em|2) + & Asay (e, e
1 m* * 1 *
= §Asgso(wp,s’“, €M) + éﬁsg/remk (Umz — u™) -y (3.39)

Taking v = Ate™ ! in equation (3.37), using the divergence-free property, summing it over

m = my, Mg + 17 ey ME41 — 17 y1€ld
1 1 mey1—1 mpy1—1
Slemsa = e[+ 5 3l = e+ 88 Y aglet, e
i=my, i=my
mk+171 A mk+171
= At Y (wii e = Atg Y /(¢i+1 — @)t ny (3.40)
T=my, i=my r

Take 1) = Ase™+1 in equation (3.38)

Ly flemen

1 . 1
59Sa(lle™ 2 = |e” ) s )

1 1
= EAsgSg(wgfs’““, €M) EAsg/Fem’“rl(um,chl — ") g (3.41)
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Adding up the above inequalities (3.39), (3.40) and (3.41), we obtain

1 M1 2 mi 2 1 mk+l_1 i+1 712
SoSollle™ 5 = le™ |5+ 5 > lle™ = 'l
1=my

*

my (|2

p

1 : 1 1
+5950ll€"™ — ™[5 4 5gSollem Tt — €[5+ S ([l [7 — [le™[[7)

1 R M1l o 1
+§Asap(emk, €™k) 4+ At Z ap(e™ e + §Asap(em’“+1, €M)
i=my
1 . M 1
— §Asg50(w;?§, €M) + At Z (wih!, e ) + §A3g50(w;f§“, €M)

i:mk

1 . M o
+§A89/Emk(um2 —u™) - ng— Atg Z /(¢i+1 —¢MR)e T ny
r r

1=my,

1
+§A5g/rem’“+1(umk+l — ") g (3.42)

First, look at the last three interface terms on the righthand side of the equation (3.42)

—Asg/emk(um* —u™) nyp = —Asg/emk(um* — U, ) - Np + —Asg/emkemk ny
2 r k 2 r k 2 r

1 1 et
= ZA M (U — Uy, ) - At MMk L,
QSQ/FG (ukuk)nf+2 gizmk/ree ny
(3.43)
and
mk+171
—Atg Z /(¢i+1 —¢mR)e T ny
- r
i=my
mpy1—1 mpy1—1
= —Atg Z /<¢i+1 - ¢m;)el+1 -ny— Oty Z /szeH1 R (3.44)
i:mk r i:mk r
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For the last term in (3.42), we have

1 1
EASQ/FEmkH (umk+1 _ umk+1) 'nf — §Asg/remk+1emk+1 'nf
1 mk+171
= §Atg Z /Fem’““em’““ Ny (3.45)
i=my

Summing up the above three equations (3.43)-(3.45), then the interface terms on the RHS

of (4.23) can be rewritten as

mk+171

1 mj m mi\ .t
3050 [ @l =) np =g Y [ (Gua =0 g
1=my
1 ME4+1 mg41
+§Asg € (U, — U ) - ng
r
1 mk+171
= §Asg/remk (um,’; - umk) "Ny — Atg Z /I‘(QSH—l - ¢m,’;)el+1 "y
1=my,
1 my41—1 myy1—1
—|—§Atg Z /emzem’“ -ny — Atg Z /emzezﬂ-nf
1=mp r i=my r
1 mk+1—1
+-Atg /emk+1emk+1 Ny (3.46)
DDA

i=my

We bound the terms in the equation (3.46) using trace and Young and Holder’s inequalities

(77)

1 m*
|§Asg/e k(umz — Up,, ) * Nyl
r

Dsg(CHCE™H IV 3t = e |11V (i, = 20m) 1}
1 * * — m*
< 5 859(C)(C) OB () Criyh™ Ve [ty — e I
g(C;)Q(C;)2CPF<QP)C[th_1AS

<

N | —

S g§8||v[(1/2€mz

2+ Uy — thm, ||F- (3.47)
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and

mk+1—1

=2ty > [ (G = G
1=my r
mk+171
* * 1/2 1/2 — 7
< Atg(CH(CHCHRQNCTAAT DT IVe [l dir — bl

1=mp

mp+1—1 Mpr1=1 20 a2 vk 2 1

v/t i g (C) (C ) CPF(Qf)C]th VAN
< ) Vet + > R V dis1 — |2 (348)

1=my i=my

For the last three terms on the righthand side of the equation (3.46), split the middle one

into halves and associate the first two and the last two:

1 mey1—1 mpy1—1 1 mpy1—1

At eMke™ . my — At €Mke ™ ng 4+ At /Em’”lemfﬁ1 ‘n

o | oy 3 N f
i=my i=my, P—

Mmp41—1 mp41—1

1 . A 1 .
= §At‘g Z /Femk(emk _ 6’L+1) . nf _ §Atg Z /F(Emkel—‘rl _ Emk+1€mk+1) . nf

=Mk i=my

1 et .

=50t > [ = ey
i=my r
1 mk+1—1
—50tg S0 [ - eme (@i - ey, (3.49)
i=my r

Bounding the terms in the equation (3.49) using the Trace, Young and Holder’s inequalities

again, we obtain

mk+1—1

1 . ,
I§At9 > /Em’“(em’“—e”l)-nf!
i=my r
1 mk+1—1
* * 1/2 1/2 — m¥ m 3
< SAt(CH(CCHAQICIN AT 37 ([T ylle™ — e
i=my
At . C5)2(C)20pp(Q,)Crpvh At ™! .
< qr ||V/{1/2€mk 12)_’_9( f) ( p) PF( P) INV Z ||6mk—6Z+1||?c
8 kam i=my,
mgy1—1
gr/\t m* 9(CH*(Cy)*Crr($2y)Crnvh ™ Atr i i
<=3 ||V kb 2emi|2 4 =L o - > et —elf. (3.50)

i:mk
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Similarly

Mpg41— 1
| _ —Atg Z / mk i+1 mk+1> + (em* _ em’““))emk“ ‘nf|

ka

- gTAtHVK g(C’;)2(C;)2C;£(Qp)CIth—1At mfiljl o 6i+1||?
0 ey LI CrrlE N al e
grAt Q(C;)Q(C;)QCPF(Qp)CINVhilAtr e it+1 Q2
[tz o > e -
1=mg
+VTN||WWH;  HCHCT OO T8 i vy, (350

Next, look at the first three terms on the RHS of the equation (3.42)

mk+1—1

1 mp o mx ] % w™ m
EAsgSO(wp;,e B+ At Z (Wi et + 2AsgS( BHL ML)
i=my

9S20123F<Q )A

mk+171
VAt

1/2 2 i+1)2
92|29 e L A D N2
1=my
m 1
C2p(Q) At S g\s . gS2CEL()As
+% Z ||w ft1||f ; HH1/2V€ k+1“227+ 0 fg’mmz) | k+1H2
=my

For the terms on the lefthand side of the equation (3.42), we have:

1 * * At
S Dsay(€h e > 7’9 D920 |k12ve (3.52)
mpy1—1 mgy1—1
At Y ap(et et vt Y ||V f3, (3.53)
i=my i=my
At
5 Dsay(€mn, i) > %H/{UZVE’"’C“H;. (3.54)
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Combining all the above inequalities (3.42)-(3.54), we arrive at

1 m m 1 m m
59 (lle™ [l = 1™ 115) + 5 (e {[7 = [le™*I7)
1 QQ(C*)Q(C*)2CPF<Qf)C[th_17’2At m m*
+(bgs, - LG CorE et — i

1 g(CH(C2)*Crr(Q)Crnvh ' r At S

i+1 i2
+G — ) Xl =l
=my
g(c;)Z(C;)2CPF(QP)C[th_1AS 9
2( N2 (152 -1 mp1—1
g (C ) (C ) CPF(Qf)O[th At
AR LAt 4 ” Z i1 — Gmrll2
i=my
m 1 1
+gS§C]23F(QP>A H kHQ OI%F(Qf>At Ii || 1|| gS CPF( ) || mk+1H2
kazn s 14 . ft f 4kmm .
=My
Recall that the initial conditions for the algorithm are chosen so that e® = 0, € = 0.

Summing the inequality over k£ =0, 1,--- ,[, combinning with the inequalities (3.23)-(3.35)
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we arrive at

1 m I 9(0})2(0*)20PF( )CinvAs
SISollem 2+ Sllem 1|2 < e Zuumk |

G (CHCE)2Cpp(Q) Crvv At SR "EN !

+— s ST (b — o2

k=0 i=my

l Mmpg41— 1

9S2C% (9, As (Qp) At
+ ;,f ZHp’“H2 Cer(@y) At SN iR

k=0 i=my

s:C o) A\s
HH 0 5 g

g(C;)Z(C*)QCPF(Q C]Nvﬂs C "k

< - / ug||pdt
. i Z L

92(0;)2(0 ) CPF(Qf CINVTAt l mk+1—1 it

: 7 > [l

k=0 i=my

S202,(2,) As e o
ISR 5 L / 1Py Den(s)lds + A5 [ ligul s
M

kazn k=0 My
k

Qf Lot g
Chr 2:: sz:k (Kt/ﬂ-

! Mht1 M1

98202 ,(Q,) As 1 [

T (A 1(Pa = D)gs(s)|2ds + As 6ssl2ds).  (3.55)
min k=0 t"MEk t"MEk

titl fit1

Py = Due)lft + 8¢ [ fluelFide)

tl

provided that we have

1 g2(Cf) (C ) CPF(Qf)C[N\/h 17‘ At
4 -

and

1 g(CPHC)*Crr(Q)Crnvh™'r At -

km'm
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This is equivalent to the restriction of At in Theorem 2.

From (3.34) and (3.35), we can estimate the terms on the RHS of (3.55)

g(C;)2<C;)2CPF(Q C[Nvﬂs C "L

wg||Fdt
T Z / e

G (CH)H(CECrr(Qy) Crnyr At SN b

e ” >3 [l

k=0 i=my
9(0;)2(C;)2CPF(Qp)CINvﬁSQC/
B 2kiminh ;
2 *\2 *\2 2 T
g (C ) (C ) CPF(Qf)C[NVrAt
- | odizas

e [5lt

+ vh

< CAP. (3.56)

and

! k+1 k41
9S2C%L(Q,)As t
LI S B =Dous)lipds + 8s | [16usllpds)
min k=0 tm m

I mgp1—1 i1

PFQfAtZ Z At/

k=0 1=myg

ti+l

P = Due)lat + 8¢ [ flualFide)
tl

k41

gs202 AS l £ k1
O e S s [, NP = Do)+ 85 [ ol
k=0

t"k

S2C2 T T
- RIS [P = Den(olids + 25 [ o)

C2(Q)At, 1 (T '
%(At/ H(Ph—l)ut(t)H?cdt—i-At/o [[ear] [ dt)

1 T ) T , ; )
(& / 1B = Doy (s)l s + L / 6ss] 2ds) < C(AE2 + hY). (3.57)

+95(2)C%>F(QP)A5

From (3.56) and (3.57), we have

1 1
9Solle™ P + Snllem™ ] < C(AL + ).
]

Remark 3.3.2. For fized ratio of As//At, we impose a time step restriction for the small
time step At of the form At < Ch to estimate the error. Since convergence implies stability,

Theorem 2 also gives a stability condition depending on the physical parameters.
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3.4 NUMERICAL TESTS OF STABILITY AND CONVERGENCE RATE

This section consists of two testing parts. The first one is a test of stability. It reveals that
the methods are stable for beyond the range of At given by (3.4) in our analysis. The second
one confirms the predicted convergence rate and the efficiency of using different time steps

and spacing size.

3.4.1 Stability

In this test, we take Qy = (0,1) x (1,2) and €, = [0, 1] x [0, 1] with interface I' = (0,1) x 1.

The exact solution is given by

(ul,u2) = ([2*(y — 1)* + y]cos(wt), [—;:E(y — 1)*)cos(wt) + [2 — wsin(rx)]cos(t)),
p = [2 — wsin(mx)]sin(0.57y)cos(t),

¢ = [2 — wsin(mz)|[1 — y — cos(my)|cos(t).

Here we take r = As/At = 5, and the initial conditions, boundary conditions, and the
forcing terms follows the solution.

We constructed the finite element spaces are by using the well-known MINI elements
for the Stokes problem and the linear Lagrangian elements for the Darcy flow. The code
was implemented using the software package FreeFEM-++. For the uncoupled scheme, a

multi-frontal Gauss LU factorization implemented to solve the SPD sub-systems.

First, we want to look at the numerical test for stability for k,,;, = 1,1.0e—4, and1.0e—8.
Define the kinetic energy E™ = |[uj||7 + ||¢}||2. The final time T} in our experiment is 1.0
and all the system parameters are simply set to be 1.0 except k,.;,. We fix the mesh size
at h = 1/8. With At = 0.005 we take the corresponding As = 5At. We simply choose the
initial condition and the exterior boundary condition to be the exact solution. The external
force terms are solved when plug the true solution in the equations. We generally compute

the kinetic energy on large time step size and figure 3.4.1 shows the quantity. The horizontal
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axe represents time step while the vertical axe is the corresponding kinetic energy.

4.0

4 % * kmin=1.0
4 kmin=1.0e-4
% kmin=1.0e-8

3.0
I

Energy
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0.5
|
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Figure 3.1: Energy versus time on large time step points with At = 0.005 and » = 5 for
different £,

3.4.2 Error Estimate

Firstly we will compare the performance of the original SDsplit in section 2 with uniform
time step in two subregions with the performance of the multi-rate splitting method. Define
the error kinetic energy Error Energy = |[u(t,) —uj||7+|¢(t,) — ¢7][> . We simply set all the
system parameters to be 1.0, fix the mesh size at h = 1/8 and final time at 7' = 1.0. Again
with At = 0.005, the corresponding As = 5At. The initial condition and the boundary
condition are set to be the exact solution. We generally compute the kinetic error energy
on large time step size and figure 3.4.2 reveals that the multi-rate splitting scheme is more
accurate than the uniform time step splitting scheme.

Next, we will focus on examining the order of convergence with respect to the spacing h
or the time step At with the fixed ratio of As/At = 5. We here use the method developed in

Mu and Zhu [88] to examine the order of convergence with respect to the time step At and
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Figure 3.2: Error of SDsplit method versus multi-rate splitting method on large time step

with At =0.005 and r =5

the mesh size h due to the approximation errors O(At7) + O(h*). For example, assuming

vt (z, ™) = oz, 1) + Oy (z, t™) AL + Cy (, ™) hH (3.58)
Thus,

|’UhAt(:E,tm) . Uﬁt(m,tm)Hi 4//, _on
Pou.hi = T om ~ .

oy " =0y 2=

4
m Bt (g gm

o " 02 ")y 4 -2
’Ov’At’i - At xT.tm At x.tm ~ _ '

||vh2(7t )_Uh4(7t )||Z 27 1

Here, v can be u, p, ¢ and i can be 0, 1. While p,, 1, ;, py,a¢; approach 4.0 or 2.0, the convergence
order will be 2.0 and 1.0, respectively.
In Table 1, we study the convergence order with a fixed time step At = 0.01 and As = bAt
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h [lup’ = ui'llo puno | 7 — %o pono | |0k = PEllo | Ppno

% 0.209968 3.79667 | 0.136084 3.28272 | 0.695738 1.25399
% 0.0553032 3.86264 | 0.0414546 4.06725 | 0.695738 1.25399
% 0.0143175 4.05795 | 0.0101923 4.19066 | 0.0860786 2.79538
% 0.00352825 0.00243215 0.0860786

h IV (i =uillo | puny | (V@R =00 | pona

% 1.60657 1.91156 | 1.30526 1.68152

% 0.840451 1.91004 | 0.77624 1.90587

1_16 0.440018 2.13987 | 0.40729 1.98435

3% 0.205628 0.205251

Table 3.1: Examining the second order convergence for spacing h with fixed time step At =

0.01 and at time ¢,, = 1.0

At | g —uZello | puseo | 108 = Taillo | Poaco | IIPZ: P20
p”é”o
0.1 0.0195322 1.77476 | 0.0547219 1.75764 | 0.0230683 1.51918
0.05 | 0.0111668 1.82594 | 0.0360206 1.89842 | 0.0132468 1.71832
0.0025 | 0.00593724 1.98954 | 0.0209627 1.9492 | 0.00727495 | 1.88277
0.00125 | 0.00309429 0.011134 0.00397785
At [V(ug, pusty | |IV(OR, — | Po.at
)l 2o
0.1 0.00225926 1.74142 | 0.0547219 1.75764
0.05 | 0.00127299 1.82088 | 0.0360206 1.89842
0.025 | 0.000697171 1.82886 | 0.0209627 1.9492
0.00125 | 0.000350418 0.011134

Table 3.2: Examining the first order convergence for time step At with fixed spacing h =

and at time ¢,, = 1.0
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and varying spacing h = 1/2,1/4,1/8,1/16,1/32. Observe that p, o and pspo are over
4.0 when mesh size is smaller and py .1, pen1 and pppo approach 2.0, which suggest that
the order of convergence in space for u and ¢ are 2 and for p is 1. However, in table 2,
we study the convergence order with a fixed spacing h = 1/8 and varying time step size
At = 0.1,0.05,0.025,0.0125 and As = 5At. The numerical results strongly show that
all pu.Atos Po.AL0s Pp.ato are less than 2 but increasing, which suggested that the order of

convergence is approaching O(At) from below.

3.5 CONCLUSION

A multi-rate decoupled method with different time steps in each sub-domain for the coupled
Stokes-Darcy problem is proposed and analyzed in this work. The method required only
subdomain/sub physics solves and exchanged interface data without reference to the glob-
ally coupled problem. Under a time step restriction we prove stability over bounded time
intervals of the method. An error estimate is presented with respect to both time step sizes
At and spacing h. Numerical experiments confirmed the analytical results of the decoupled
approach.

Interesting open problems include modifying the boundary condition on 0 /,, seeing how
the extreme case of the parameters, large T', small k,,;,, small Sy, affect the stability, effi-
ciency and accuracy of the partitioned method. Other multi-rate decoupled methods with

higher order of convergence or less restrictive time step conditions are also to be found.
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4.0 A CONNECTION BETWEEN FILTER STABILIZATION AND EDDY
VISCOSITY MODELS

4.1 FILTER STABILIZATION AND LES MODEL

It is well known, see, e.g., [12] or [73], that explicit filtering is related to adding eddy or
artificial viscosity. The connection of the filter stabilization as defined above to LES modeling
is easily recovered by noting that shifting the index n + 1 — n on steps 2 and 3 and using

step 1 gives the implicit discretization of the NS, with explicitly treated nonlinear dissipation

term:
1
— (W™t —w™) + (W V)" 4 Vpt — AW+ X qur = frrt
At At
(4.1)
divw™™t =0,
with

G:=1-F, I is the identity operator.

Assume y = xoAt, where yq is a time- and mesh-independent constant, then (4.1) can be

treated as the time-stepping scheme for

wy + (w-V)w+ Vp —vAw + xoGw = f, (4.2)

divw = 0.

We note that numerical experiments in [36,38] suggested that x = O(At) is indeed the right
scaling of the relaxation parameter with respect to the time step. These arguments show

that the numerical integrator (A1) with filter stabilization is the splitting scheme for solving
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(4.2). Furthermore, (4.2) can be observed as a LES model, with xoG w corresponding to the

the Reynolds stress tensor closure:

Vi(w@w—wew) =~ xoGw.

This simple observation leads to a refined analysis and better interpretation of the numerical
results and the method properties.

We start by showing several numerical properties of the approach. Throughout the paper
we use (+,-) and || - || to denote the L? scalar product and the norm, respectively. For the
sake of analysis, assume the homogeneous Dirichlet boundary conditions for velocity. Taking

the L? scalar product of (4.1) with 2Atw™™ and integrating by parts gives
1
[l P = ™ P4 S o™ =" P+ v A Ve P x (G, w) = A w). (4.3)

For a self-adjoint filtering operator, i.e. (Gu,v) = (Gv,u) for any u,v € H}(Q)3, the equality

(4.3) can be alternatively written as

||wn+1“2 - HwnHQ + VAtvan—HHQ 4 g ((Gwn+1,wn+1) 4 (Gw”,w"))

1
= At(f,w"™) + =

5 (X(G(wn-H _ wn)’wn—i-l _ wn) . Hwn-i—l _ wnHZ) ) (4‘4)

Considering the last two terms on the right-hand side, we immediately get the sufficient

condition of the energy stability of (4.1) for the case of self-adjoint filters:
X(Gu,u) < |Jul®* Vue Hy(Q)>. (4.5)
If G is not necessarily self-adjoint, one may rewrite (4.3) as

1
™ = [l + Sl = w"* + v ALY VWP 4 (Gu”, w)

= At(f,w"™) + x(Gu™, w™ — w" ).
Thanks to the Cauchy inequality one gets for any 6 € R:

™ 2 = ™ [[* + v AL VW™ + (1 = O)x(Gw", w")

n+l no.on X n n
< At(f,w +)—X<9(Gw ") = 3 (G, Gu )). (4.6)
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In this more general case, one may consider the following sufficient condition for the energy
stability. Fixing, for example, 0 = %, assures the sum of the last two terms in (4.6) is positive
if

x(Gu, Gu) < (Gu,u) YV u € Hy(Q)>. (4.7)

Assume G is self-adjoint and w™ approximates a smooth in time Navier-Stokes solution,

then (4.4) leads to the following energy balance relation of the numerical method:

N N N
]2+ 1) ALV |+ x0 Y AHGW", w") = w2+ ) At(f",w") + O(At).

n=1 n=1 n=1

In particular, we may conclude that the filter stabilization introduces the model dissipation

of
N

X0 Z At(Guw™, w"). (4.8)

n=1

Finally, we notice that the filtering and relaxation steps in (A1) can be rearranged as

un—l—l _ wn+1

= —voG n+1
which is the explicit Euler method for integrating
u = —xoGu on [t,,ty1], with u(t,) = w(t,i1). (4.9)

The coupling of a DNS method with the evolution equation (4.9) is known as another way of
introducing explicit filtering in modelling of dynamical systems, e.g. [12]. This suggests that
an improvement leading to higher order methods for integrating (4.9) might be possible.

In the next section, we shall study properties of the operator G for a class of nonlinear

differential filters.
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4.2 NONLINEAR DIFFERENTIAL FILTERS

Linear differential filters have a long history in LES, see [39]. We also point to [49] and
references therein for applications of linear differential filters in the Lagrange-averaging tur-
bulence models. In this section, we consider a family of nonlinear differential filters for
the filtering procedure. Some conclusions will be drawn concerning the stability conditions
(4.5), (4.7) and equivalence to other approachers in the LES modelling. We use the following

notation:
V= {’U € Hy(Q)? divv:()}, H = {U e LXQ) :dive = 0,v - nlswo :O}.

By P we denote the L? orthogonal projector from L?(Q)% onto H.

For a given sufficiently smooth vector function u we define F'w as the solution to
(6*a(u)V(Fw), Vo) + (Fw,v) = (w,v) Vv € X, (4.10)

with an indicator functional 0 < a(u) < 1 and filtering radius 6%, which generally may
depend on z and ¢, Oy = max, |6]. Here X = HJ(Q)3 or X = V, if the filter is div-free
preserving. We note that it is not immediately clear if the problem (4.10) is well-posed. In
practice, this is not an issue, since in a finite dimension setting, e.g. for a finite element
method, the bilinear form from the left-hand side of (4.10) is elliptic and thus (4.10) is well-
posed. Otherwise, we may assume 0 < ¢ < a(u) < 1 for some sufficiently small positive e.
If we assume this, none of our results further in the paper depend on the parameter . It
is standard to base the indicator functional on the input function w itself, that is u = w
and we will denote w := F w in this case. However, in the course of analysis we need to
consider (auxiliary) filtering with u # w. If we need to show explicitly the function used for
the indicator, we shall write F'(u)w instead of F'w or F(w)w instead of w.

The action of G = I — F, w, := Gw, is defined formally as the solution to
(6%a(u)Vw,, Vv) + (wy,v) = (6*a(u)Vw, Vv) Vv € X. (4.11)
The operator G is self-adjoint on X and in the operator notation it can be written as

G=—[1-A]"A,, (4.12)
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with
A div(6%a(u)V) if X = Hj(Q)?,
C | Pdiv(@a(w)v) i X =V.

Since operator A, is self-adjoint and positive definite, one see from (4.12) that G < I
and thus the sufficient stability condition (4.5) holds for any y € [0,1]. This can be easily
verified in a formal way by substituting v = Fw in (4.10) to get (w, Fw) > 0 and thus
(w, Gw) = (w,w—Fw) < ||w|]? for any w € H}(Q)3. Moreover, varying 6 in (4.6) and using
(4.7), one shows the energy stability estimate for any x € [0,2]. However, such refinement

is not important for our further analysis.

With the help of (4.8) and (4.12), we now quantify the model dissipation introduced by
the differential filters. To make notation shorter and without loss of generality, let x = yoAt.
First, representation (4.12) immediately implies G < —A,. Thus the additional dissi-
pation introduced by the differential filtering does not exceed those introduced by the LES

closure model:

diviw @ w — W @ W) & —xeAw. (4.13)

It is easy to show that for a discrete case and if the condition

0 < spacial mesh width

holds and 0 < a(u) < 1, then the dissipation introduced by the differential filtering (4.10) is
equivalent to the dissipation of the closure model (4.13).
We make the above statement more precise for a finite element discretization. To this

end, assume a consistent triangulation 7 of €2, satisfying the minimal angle condition

nf p(K)/r(K) =:a0>0

where p(K) and r(K) are the diameters of inscribed and superscribed circles (spheres in 3D)

for a triangle (tetrahedron) K. We have the following result.
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Theorem 4.2.1. Assume X is the finite element space of continuous functions which are
polynomials of degree p > 1 on every element K and max,ex |0(z)| < Csr(K) for any

K €T, with a constant Cs independent of K. Then for any w € X the equivalence
¢ (0%a(u)Vw, Vw) < (Gw,w) < (6%a(u)Vw, Vw) (4.14)

holds with a constant ¢ > 0 independent of w, the indicator a(-), and the filtering radius 0.

The constant ¢ > 0 may depend on p, Cs, and .
Proof. Consider the finite element inverse inequality
[Vewlizae < cop(B) iz, Vu € X, (4.15)

where the constant ¢y depends only on the polynomial degree p and «y. The inequality

(4.15), the assumption on 0 and the minimal angle condition imply
16V w| r2exy < Cllwl| z2(x), (4.16)

where the constant C depends only on p, Cs, and «p. Squaring (4.16), summing over all

K € T, and recalling that a(-) < 1, implies
(0%a(u)Vw, V) < C?||lwl. (4.17)

Denote w, = G w for some w € X. We set v = w, and v = —w in (4.11) and sum up the
equalities to get
0 = (6%a(u)Vw,, Vw,) + (w,, w,) — 2(6%a(u)Vw, Vw,) — (wy, w) + (*a(u)Vw, V)
= [lwgI* = (wg, w) + (®a(u)V(w — wy), V(w — wy)).
Thus, it holds ||w,||* < (w,, w), i.e. the condition (4.7). Now we set v = w in (4.11) and use
(4.7) and (4.17) to estimate
(6%a(u)Vw, Vw) = (6%a(u)Vw,, Vw) + (w,, w)
1 1
< 5(52a(u)ng, Vw,) + 5(52a(u)Vw, Vw) + (w,, w)
1~ 1
< 502Hw9H2 + 5((52a(u)Vw, Vw) + (wg, w)
1~ 1
< (502 + 1) (wg, w) + 5(52a(u)Vw, Vuw).
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We proved the lower bound in (4.14).
To show the upper bound we set v = w, and v = w in (4.11) and sum up the equalities
to get
0 = (6%a(u)Vw,, Vw,) + (wy, wy) + (wy, w) — (8*a(u)Vw, Vw).

This yields the upper bound in (4.14): (w,, w) < (§?a(u)Vw, Vw).
[

Few conclusions can be drawn from the equivalence result (4.14) concerning the relation
of the filter stabilization to some other eddy-viscosity models.

The use of the linear differential filter (a = 1), as considered in [36], is equivalent to
the method of artificial viscosity. This means that the model dissipation is equivalent to
the isotropic diffusion scaled with y62. Given what is known about the method of artificial
viscosity, it is not surprising that the method is not very accurate in this case. Thus, more
elaborated indicators functionals should be used. Generally, we may think of a(u) as a real

valued functional, depending on u, Vu, and selected with the intent that

a(u(z)) =~ 0 for laminar regions or persistent flow structures,

a(u(x)) =1 for flow structures which decay rapidly.

The choice of the Smagorinsky type indicator function, a(u) = |Vu|, does not necessarily
satisfy the condition a(u) < 1. In this case, we do not have the equivalence result of the filter
stabilization to the Smagorinsky LES model. Only the upper bound in (4.14) is guaranteed
to hold. Thus the dissipation introduced by the filtering with a(u) = |Vu| is likely less than
that of the Smagorinsky model. This can be a desirable property, since the Smagorinsky
LES model is known to be severely over-diffusive for certain flows, e.g. [102], and several ad
hoc corrections were introduced such as van Driest damping, dynamic models, and others,
see [34,40,93].

Several reasonable indicator functions a(u) are known to satisfy the boundedness con-
dition: 0 < a(u) < 1. These are the re-normalized Smagorinsky type indicator [11], the
indicator based on the Q-criteria [115] and the Vreman indicators [111]; also an indicator

based on the normalized helical density distribution was considered in [13]. Given several
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indicators a;(+), i = 1,..., N, the combined indicator can be defined as the geometric mean:
N ¥
a(+) == (1_[1 ai(-)) .
1=
We remark, that the convergence results proved further in this paper do not rely on any
smoothness properties or particular form of a(-).
The last remark in this section is that Theorem 4.2.1 does not give much insight if
enforcing the divergence constraint in the filter is important or not. However, if we assume
X =V in (4.10), i.e., the filtered velocity satisfies the divergence free condition, then this

slightly simplifies the error analysis in Section 4.6.

4.3 THREE EXAMPLES OF INDICATOR FUNCTIONS AND
NONLINEAR FILTERS

The most mathematically convenient indicator function, recovering variants of the Smagorin-
sky model, is a(u) = |Vu| (suitably normalized) due to its strong monotonicity property.
However, it is well known that the Smagorinsky model is not sufficiently selective. Indeed,
this choice incorrectly selects laminar shear flow (where|Vulis constant but large) as sites
of large turbulent fluctuations. Insights into construction of indicator functions of increased
accuracy can be obtained from theories of intermittence and eduction. In some respects, the-
ories of intermittence are complementary to theories of eduction of coherent and persistent
flow structures. Both therefore have insights that can be used to sharpen the indicator func-
tion used in nonlinear filtering. In this section we show how several can be adapted to give
indicator functions. Since the geometric average of indicator functions is a more selective

indicate function, examples are not isolated but give a path for successive improvements.

4.3.1 The Q criterion

Let the deformation and spin tensors be denoted, respectively

1 1
Viu == é(VU + Vu'") V¥ = §(Vu — Vu')
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The most popular method for eduction of coherent votices is the Q criterion of Hunt, Wray

and Moin [54] which marks as persistent and coherent vortex those regions where
1
Q(u,u) :== i(VSSu : Vu — Viu : Viu) >0

Thus @ > 0 occurs in those regions where spin (local rigid body rotation) dominates. It
is known to be a necessary condition (in 3d) and both necessary and sufficient (in 2d) for
slower than exponential local separation of trajectories.

An indicator function is obtained by rescaling Q(u, ) so the the condition Q(u,u) > 0
implies a(u) =~ 0 so that u ~ @. There are many plausible ways to do this. We shall test the

following.

Definition 4.3.1. The Q-criterion based indicator function is given by

1 1 4 Qu,u)

ag(u) == 5 —arctan(§

. TR (4.18)

4.3.2 Vreman’s eddy viscosity

Perhaps the most advanced and elegant eddy viscosity model has recently been proposed by
Vreman [111]. In a very deep construction, using only the gradient tensor he constructs an
eddy viscosity coefficient formula that vanishes identically for 320 types of flow structures
that are known to be coherent (non turbulent). Define

ou; Oou; Ou;
2 _ J i OUj
Ve = Z (3@ O = Z 0Ty 0T,

i,j=1,2,3 m=1,2,3

B(u) = B11B2 — Bis + B11Bss — — B35 — BasBss — Pas

In 2d, B(u) simplifies to

8U1 2 6u1 2 8U2 2 8%2 2 8u1 8U2 8U1 8u2 9

0x, + 019 0x, * 8_952 B Oxq1 0r1 O0xo 01y

B(u) = [(

With C a positive tuning constant, it is given as follows

B
W) Va0
Vreman’s eddy viscosity coefficient = C'6? [Vl

Since 0 < B(u)/|Vu|} < 1 we take as indicator function the following.
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Definition 4.3.2. The Vreman based indicator function is

ay(u) = 1/ B(u)/|Vul

4.4 PROJECTION SCHEME WITH FILTER STABILIZATION

One idea behind introducing the filter stabilization or explicit filtering was to provide CFD
software users and developers with a simple way to enhance existing codes for laminar
incompressible flows to compute high Reynolds number flows. This goal is accomplished by
making the filtering procedure algorithmically independent of a time integration method.
Driven by this intention, we consider the Chorin [26] splitting (projection) scheme with the
additional separate filtering step. Projection methods are the common numerical approach
to the incompressible Navier-Stokes equations and form a family of splitting algorithms,
cf. [42,94]. We perform the numerical analysis for the simplest first order method given below.
From the algorithmic standpoint, the generalization to higher order projection methods is
straightforward, although analysis may become considerably more involved.

Projection methods split the time evolution of the velocity vector field according to
the momentum equation and the projection of the velocity to satisfy the divergence-free
condition. The filtering step can be introduced before or after the projection step. If the
filter is div-free preserving, then it is reasonable to put it after the projection. We shall
study the following algorithm:

—_~—

Step 1: Solve the convection-diffusion type problem: Given u", w*, find wn+!:

1 _ —_ —_
— (Wt —u") + (w* - V)wrtt — pAwntl = frr

At (4.19)

—_~—

wn+1|aQ =0.

The velocity w* is typically an interpolation from previous times, e.g. w* := w™ or higher

order interpolation. For the sake of analysis we consider w* = w".
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Step 2: Project w1 on the div-free subspace: Find p"*! and w"™*! solving the Neumann

pressure Poisson problem:

1 —_
E(wnJrl _ wn+1) + Vpn+1 — O,
divw™™ =0, (4.20)
n-w"tsq = 0.
Step 3: Filter: wnt! := Fu"!;
Step 4: Relax:
u" = (1 — ) w4 ywn (4.21)

with some y € [0, 1].

Similar to what was shown in section 4.1, shifting the index n + 1 — n on steps 2-4 and

substituting into (4.19) gives for x = xoAt

1 — __ —_— —_— —~
E(wn—H . wn) + (U}* . v>wn+1 + vpn—i-l — v Awnt! + XoGw" _ AtXOvan—i-l — fn-‘rl’

—_~—

divawntl — AtAp"t =0,
(4.92)

From (4.22) we see that the splitting scheme (4.19)—(4.21) is formally the first order

accurate time-discretization of the LES model (4.2).

Further, we show that the splitting scheme (4.19)—(4.21) is stable. There are two well-
known approaches to accomplish the error analysis of projection methods. The one of Ran-
nacher and Prohl [94], [99] uses the relation between projection and quasi-compressibility
methods as it is seen from (4.22). However, this analysis needs considerable effort to get
extended to equations different from the plain Navier-Stokes equations. Another framework
is mainly due to Shen (see [59,103]), where convergence results were shown based on energy
type estimates. In our error analysis we follow (to a certain extend) arguments from these

two papers.
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4.5 STABILITY

To show the stability of the splitting scheme, we need the following simple auxiliary result:

Lemma 4.5.1. For w™ and u™™ from the algorithm (4.19)—(4.21) and the filter F defined
in (4.10), it holds

[l = Jlum .

Proof. From the definition (4.10) we obtain:

(Pa(w™ ) Vi, Var ) 4 [ = (™, )

1 S S
= 5™ P+ flomHH? = o™t = wr ).

This yields

lw™ I = 2(8%a(w™ ) Ve +1, V) + [l [ 4 wnt? — w12,
Hence, [|w™™|| > ||w*1]|. From (4.21), we get

< (1= ) ™+ x| < | for x € (0,1,

Now we are ready to prove the following stability result.

Theorem 4.5.2. The algorithm (4.19)—(4.21) is stable in the sense of the following a priori

estimate:

I-1 -1 -1
|4 ) ™ = wr P Y ot =t P 4 v A Vet
n=0 n=0 n=0

-1
< ®lP + Y v A f ()12 (4:28)

n=0

foranyl=1,2,....
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Proof. Take the L? scalar product of (4.19) with 2 Atwn 1

2(wn 1 — ™, W)+ 2 AL Va2 = 2AL(FY, wn ) < LA 4 v A Ve |2

Rewriting and simplifying this leads to:

o T2 = [ 4 m = | v A VP < T AP (4.24)

The L? scalar of (4.20) with 2A¢w™™ and div w™* = 0 gives

2™ —w T w ) =0 = P = T 4 ot — 0P = 0.

Substituting ”1%”2 with [Jw™ ]2 4 ||w" Tt — Q%HZ in (4.24) yields

o™ P = [ flwm = w4 o — a4 v Ve < v A

The application of Lemma 4.5.1 gives

(> = ™ [?) + o™ = w2 4+ o =t | + v At Vw2 < v At

Summing up the inequality from n =0,...,1 — 1, we arrive at (4.23). ]
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4.6 ERROR ESTIMATES

We shall use (-, -) to denote the duality product between H~° and H(Q2) for all s > 0. In
the following, we assume that the given data and solution to the equations (1.6) subject to

the homogeneous Dirichlet velocity boundary conditions satisfy

;

ug € (H3(Q))4NV,

fe L>(0,T; (L3(2))9) N L0, T (H'(2))%), (4.25)

fi € L*(0,T; HY),

(Supreoin V()] < C.

We will use ¢ and C' as a generic positive constant which may depend on €2, v, T, constants

from various Sobolev inequalities, ug, f, and the solution u through the constant C' in (4.25).

Under the assumption (4.25) one can prove the following inequalities, cf. [52]:

sup {[lu(t)ll2 + [Ju: ()] + IVR@)[[} < C, (4.26)

te[0,7

T
/ 1V (1) || + t]jug|)?dt < C, (4.27)
0

which will be used in the sequel. Further we often use the following well-known [107] esti-

mates for the bilinear form b(u, v, w) = [,(u- V)v - wda:

1 1
cl[Vull[[Vollz]lo][2 [Vl
bu, v,w) < - cllulla ||| V],

c[Vull[[ollzllw]-

and b(u, v, w) = —b(u,w,v) for u € H.
Define the Stokes operator Au = —PAu, Yu € D(A) = V. N H*(Q)?. We will use

the following properties: A is an unbounded positive self-adjoint closed operator in H with
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domain D(A), and its inverse A~! is compact in H and satisfies the following relations [59,

103]:

|A™ ulls < cflull and [[A™u|l < cflullv,
Je,C >0, such that Yu € H :
cllullr < (A7, u) < Cllullf.

Before we proceed with the error analysis, we prove several auxiliary results given below
in Lemma 4.6.1. The lemma gives estimates on the difference between a velocity w and the

filtered velocity F'(u)w.

Lemma 4.6.1. Consider the differential filter F' defined in (4.10) with some admissible u.
For any w € V and Fw € V it holds

[w — Fuwl| < dmax][ V]|, (4.28)

|w — Fwlly <62, ||Vwl. (4.29)

ax|

Proof. Denote e = w — Fw. The equation (4.10) gives
(6%a(u)Ve, Vv) + (e,v) = —(div(6*a(u)Vw),v), Vv € V
Letting v = e yields

[5/al@ Vel + el = ~(div(5Pa(u) V), ) < |5v/a(u) Var] 5+/alu) Vel
< 6v/a@ Vel + 710v/alm Vel < [5y/a Vel + 15|Vl

This proves (4.28). To show (4.29), we note that setting v = Fw — w in (4.10) gives with
Fw—w gives

(6*a(u)VF w,V(Fw —w)) = —||Fw — w||* <0

Hence, we obtain:

164/ a(u)VFw|?* < |6/ a(uw) Vw|)?. (4.30)
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Allowing v = A™'(w — Fw) in (4.10) leads to the following relations:

|lw— Fwl|} = (w— Fw, A7 (w — Fw)) = (8*a(u)VF w, A (w — Fw))
1
< |6 a(u)VFwlly [VA™ (w = Fw)l| < 5([6%a(u) VFw|* + [[w = Fuwlf)

1 1
< §5ilax||5\/ a(u)VFw|® + Sllw = Ful[3.
The last estimate and (4.30) implies (4.29). O

Further in this section, we first show that w1, w" " and v are all strongly O((At)2 +
) approximations to wu(t,y1) in L*(Q)% provided xy = xoAt. Then we use this result to
improve the error estimates to weakly O(At + %) approximations. This analysis largely
follows the framework from [59] and [103] for the pure (non-filtered) Navier-Stokes equations,
so we shall refer to these papers and [92] for some arguments which do not depend on the

filtering procedure.

Lemma 4.6.2. Let u be the solution to the Navier-Stokes system, satisfying (4.25). Denote

—_— —~—

et =ty ) —wtl T =wu(t,) —w™tt and "t = u(t,y) —u"T

The following estimate holds

-1 -1
e >+ (et = ent1|? 4 [lentt — e[| + > WAL Vert || < C(AL+82,,). (4.31)
n=0 n=0

Proof. Let R™ denote the truncation error defined by

1

7 (ltngn) = ultn)) = vAultnsn) + (ltnrn) - V)ultorr) + Vp(tasn) = [ + R, (4.32)

where R" is the integral residual of the Taylor series, i.e,

1 [t

tn

By subtracting (4.19) from (4.32), we obtain

1 — — —
Kt(e’”rl —e") —vAertt = (w" - V)wt — (u(tyng1) - V)u(tner) — Vp(tnyr) + R (4.33)
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Taking the L? scalar product of (4.33) with 2Ate"/j:1, we get

e = e[ + [l = €[> 4+ At VerH [P = 204(R", e41) — 28H(Vp(tasa), €+)

S 2AL (W™, W e L) — A (w(tsn ), w(tngy ), €FL).  (4.34)

The terms on the right-hand side are bounded exactly the same way as in [59] p.64 and [103]
p-512, leading to the estimates:

AL (W™, wr L, e t1) — b (u(tnsr ), u(tnsr), €71))|

VAL o 2 o [T 2
< ST e+ oo? [ fuldr, (139
tn

n ntil vAL 1112 2 fs1 2
20", ) < PRV - O [ (4:36)
tn

N __ 1 —
20H(Vp(tnia), 1) = 208(Vp(tnsa), e =€) < Slentt — || + 2L Vp(tar)*
(4.37)
Combining the inequalities (4.34) ,(4.35), (4.36), (4.37), and rearranging terms, we obtain

— 1 — —
et = e ” + S llen*t — et|I* + vAd | vert?

tnt1
< 2L Vpltain) | + CALE 2 + C(AL( /

tn

tn+1
ﬂ|uttH2_1dt + / HUtszt> (4.38)
tn
The step 4 of the algorithm (4.19)—(4.21) yields
e" = (1 — X)€" + xF(w"™)e” + x(u(t,) — Fw"™u(t,)). (4.39)

The definition of the filter and recalling that €” is the L? projection of € give ||F(w")e"|| <

l€”]| < |l€®||. We use this to deduce from (4.39) the following estimate:

le™ll = (1 =)l | + xIF @™ e | + xllu(ta) — Fw™u(ts)]|

< el + xllu(ta) — Fw™ Hultn)l
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Now we apply (4.28) and square the resulting inequality to get (for the sake of convenience

we assume At < C' and recall y = xoAt):
le™|I> < (1 + At)|[en||* + CALS,.. (4.40)
We substitute (4.40) to the left-hand side of (4.38) for ||e™||, use ||€*|| < ||€"|| and arrive at

— _ — 1 — —
ler 1% = erll® + ™™ — e P + Sllentt — et|]” + wAt Vet |*

2
< 2(A)? [ Vp(tas)|I? + C AL €|
bnta tnt1
+C(At)? (/ tHuttHz’_ldtJr/ HutHth) + OAL?. (4.41)
tn tn

0

Summing up (4.41) from n = 0 to n = [ — 1, assuming that wd =l = ugp (this implies

1€°]| = ||€°]] = 0), we obtain

~ =1 . (& -1 -
€l 4+ D flemtt = e b2 5 3 flemst — €24 3 vt vert?
n=0 n=0 n=0

-1

-l _ t
<3 CAI + 2P 3 [Tt P+ CP [ i+ |
n=0

n=0 to to

t

1
e ||2dt) 4 C§2

max

max

-1
<> CAt|er|? + CAat+ o

n=0
Applying the discrete Gronwall inequality yields (4.31). O

Now, we will use the result of the lemma and improve the predicted order of convergence
for the velocity. The main result in this section is the following theorem, stating that all

—_—~—

wntl w™ T and w™*! are first-order approximations to the Navier-Stokes solution.

Theorem 4.6.3. Assume the solution to the Navier-Stokes system satisfies (4.25) and x =
YoAt. Suppose 09 € CHY or Q is convex. It holds

I
AEY ()P + € + [lel1?) < CUAL? + i) (4.42)
n=1

Additionally assume fOT IVpe||? < C and the filtering radius is bounded as 6t < C At,

then p™ is an approzimation to p(t,) in L*(2)/R in the following sense:

I
ALY Pt = plta)|” < C(AL+ 62, (4.43)
n=1
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Proof. Literally repeating the arguments from [59], pp. 66-69, one shows the estimate

™M = lle™ I + e = em[[5 + vAt]eH|* < C(AtHE”HHQV/
tn+1 —_— —_ -
+ (At)Q/ (tlluaeel |2y + lluel*)dt + (D) [ Ve[| + Atffent? — e || + Atle™ — E”HHZ)
t

n

(4.44)

The estimate (4.29) gives ||[Fe™ ||y < ||€*|lvr + 02, ||Ve™||. Here and in the rest of the proof
the filtering is based on the w™*! velocity, that is F- := F(w™*)-. Due to the assumption
o0 € CM' or Q is convex, the L? projection on H is H' stable, i.e. ||Ve"|| < C||Ve?|| and

therefore we conclude

IFe" lvr < [le"]lv: + Coy

max |

|Ven|.

Using this and (4.29), we get from (4.39) for y = yoAt

le™lve = (L =20l [lvr + XN Felve + xlu(tn) = Fultn)llv
< |l€"llv + CAt (SaxIVE ] + u(tn) — Fu(ta)llv)

< Jle"llv + CAta2,, (V]| +1).
Squaring the inequality we get after elementary calculations
le™ [l < (1 + A" [§ + C Oty (IVE]* + 1)
We substitute the above estimate to the left-hand side of (4.44) and arrive at

€112, = e[ + 1™+ = |2, + vtfe
tn+1 o
< (At e+ 1)+ (A0 [ el Ll + (4029
tn

A = €+ [l — ) + Atk (1 + V).
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Assume for the sake of convenience 6, < C. Summing up the inequalities forn =0,...,[—

1, we get

-1

-1
S + > e —erllf + > vAtle |
n=0 n=0

-1 t
<C (ZNHG"HH%/WL(N)?/ (el + [loae | dt+5r4naxzﬁt\|V€”||2

n=0 to

-1 -1
+ Al — P+ > Attt — et 4 Atéf;ax) . (4.45)

n=0

Now we use the result of the Lemma 4.6.2 to bound

_ _ -1
A€ 3 + Opa Z AH|Ve L+ " Attt — e[+ Attt — et
= n=0
< C((A)? 4 Atd2, 462
Thus, applying the Gronwall inequality to (4.45) yields
-1 1-1
IS + > et = el + > vALle™ P < C((AL + ) (4.46)

n=0

Here we also used Até?, < (At)>+ 62, . Finally, the Lemma 4.6.2 helps us to estimate

-1 -1 -1
ALY et P < ALY et — et 112+ ALY (€ < CU(A? + 65
n=0 n=0 n=0

! -1 -1
Aty e P < Aty et —et P+ Aty e < CUAD? + Gpa).
= n= n=0
These estimates together with (4.46) proves the velocity error estimate of the theorem.
Further we show that the pressure is weakly 3 1 order convergent to the true solution.

Denote the pressure error as ¢" = p" — p(t,). We may assume (¢", 1) = 0. It holds

1 o —
vt = _E(En—i-l —e") +vAet 4+ (w" - V)wrt — (u(tngr) - Vu(tngr). + R (4.47)
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Repeating the arguments from [59] and using the Necas inequality, see [89], one deduces

from (4.47)

n+1
It <e sp YY)
veHE ()3 [Vl

1 n n n 1 n
< e = el + CUR [+ Vet ]+ [V + [lultns) — ulta)])-

Therefore, by using (4.31), we get
-1 =
At ; Il < & nz% IV (et — M2y + C(At + 070) (4.48)
To bound the first term on the right-hand side of (4.48) one estimates:
et ey < el =€ < el =€+l =€) < efllentt =+ [l — ). (4.49)
The estimate for the second term on the right-hand side of (4.49) follows from (4.39):
€ =™l < xoAt([le” = Fe™[| + lu(tn) = Futa)l]) < xoSt([le® |+ [[Fe[| + [[utn) = Fu(tn)]])-
Thanks to (4.28), (4.31), and ||F'e"|| < ||€"|| we continue the above estimate as
l€" — €| < CU(AL)? 4+ Atbmax). (4.50)

Below we shall prove the bound

-1

S et — @2 < C((A)? + At

max) :
n=0

From (4.19) and (4.21) we get

1 — . —
E(G”Jr1 —e") —vA T + Vp(tnir) + (w" - V)t — (u(tp1) - V)u(t,11) = R (4.51)
The projection step (4.20) gives €* = e" + AtVp", so (4.39) yields

e" = (1 —x)(€" + AtVp") + xFe" + x(u(t,) — Fu(t,)).
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Substituting this in (4.51) implies

S = ) VA 4 (1= )V (pltne) = ) + XVptne) — A (P — &)
X ut,) — Fu(ty)) + (" - V) — (u(tnsr) - V)ultyrr) = R (4.52)

At

The inner product of (4.52) with At(e”fj:l — € gives

et — P+ YT — P 4 Ve - )
= AHR™, el — @) + (1 — ) At(p(tnrr) — p, div(ent! — &)
+ At((w" - V) = (ultnir) - V)ultyg), et — )
— XA VP(tpsr), el — @)+ y(Fe* — e, entl — ) + y(u(t,) — Ful(t,), et — év)
— AR, e — @) 4 (1 — )At (g% div(e™ L — @) + (p(tnsr) — plty), div(entt — gn))]
Y [At(Vp(th), el @) (Fen — én entl _ ) — (u(ty) — Fulty), et — En)}
+ At((w" - V) = (ultngr) - V)ultyg), e — )

:II+[2+I3+[4+[5+[6+[7' (453)

The last term I7 is estimated in [92]:

A" - V) w1 = (1) - Vu(tns), e — )|
< o[ = 2 4+ CUA [ + (A2 + At [ Ver |2 Ve

At — <
+ V(e — a2+ (207

for some o > 0, which can be taken sufficiently small. Applying (4.31) and ||[Ve"|| < C||Ven||

leads to

~ At — -
I < o[t = @ + O + (D1282) + AL |[VE | VE 2 4+ = [V (e — )]
(4.54)
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For 14, I5, and Ig one has

L = —XAHVP(tasr), €1 — @) < O (A2 Vp(tusr) | + oflel — |2, (4.55)
Is = Y(Fe" — e, el — @) < O (||Fe"|? + [[e]|?) + afjentt — |2
< C((A)? + (AD22,) + ofjent! — én||?, (4.56)

max

Is = x(u(tn) — Fult,), el — é) < O(AH)26E  + ofentt — )% (4.57)

max

The terms I, Iy and I3 are estimated in [59]. Using those estimates and (4.54)—(4.57) in
(4.53) yields for sufficiently small o > 0:

— v/t — ~ n n
Jen+l — en||” + T(HVG”“H2 — IV |®) + (1 = x)(A*(IVE P = IV I?)

tn+1 tn+l
<c {(Aw? / lualPdt + (At)? / IVpuldt + (A Vptns)I
tn tn

max

H(AL? + (AL)252 +At%||VE7LH2||VE“+1||2}. (4.58)

We sum up the estimate for n = 0,...,l—1 and apply our assumptions for the Navier-Stokes

solution. This leads to the bound

-1 -1
—  ~ VAN ~
S 167 - &2+ PR < AR + DSk + BEE S [VERITEHR)

The application of the discrete Gronwall inequality, (4.31) and the assumption §% < CAt

max

yields

-1 -1
— At~ 1 —~—
Sl = 4+ |V < C (A2 + At exp {(At)z > ||Ven+1||2}
n=0 n=0
< OO0 + t02,,) exp { C((ADE + (D) 7384, |

< C((A)? + Ato?

max) ‘

Therefore, (4.48)—(4.50) yield the desired bound:

-1
ALY g™ P < C(AE+ 62,)-
n=0
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4.7 NUMERICAL TESTINGS

In this section, we present numerical experiments to test the algorithms presented in Chap-
ter 4. We used FREEFEM + + using Taylor-Hood elements(X; =continuous piecewise

quadratics and @), =continuous piecewise linears).

4.7.1 TEST OF STABILITY

We begin by testing the stability of Theorem 4.5.2 in linear and nonlinear filter in some 2d

flows with known exact solution. In 2d helicity is exactly zero. We consider

Linear Filtering < a(-) =1
Nonlinear Filtering by Q-criterion < a = ag(-)

Nonlinear Filtering by Vreman’s formula < a = ay(+)

For the test we select the velocity field given by the Green-Taylor vortex, frozen at time
t=1. The Green-Taylor vortex is used as a numerical test in many papers, e.g., Chorin [22],
Tafti [106], John and Layton [56], Berselli and Grisanti [4] and Berselli [5]. The exact velocity
field is given by

w (z,y,t) = —cos(wrz)sin(wry)e 2 T
—2w27r2t/7"

us(x,y,t) = sin(wrz)cos(wry)e

_ — 1 2.2
p(x,y,1) Z(COS(QU)?T:E) + coS(2w7ry))e_2w Tt/
We take

w=1, T = 1(fixed), 7= Re =100, Q= (0,1)*, § =h =1/m

Where m is the number of subdivisions of the interval (0,1). When the relaxation time
T = Re, the predicted solution is a solution of the NSE with f = 0. Convergence rates are

calculated from the error at two successive values of h and At at final time T = 1. The

105



boundary conditions could be taken to be periodic (the easiest case), but instead we take

the boundary condition on the filtering problem to be inhomogeneous Dirichlet
U = Uppger, on O

The plot 4.7.1 shows that with linear or nonlinear filter, as we decrease the size of the time

step, the velocity energy term does not blow up and this support our proof in theorem 4.5.2.

o al
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0.00020
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0.00010
]

T T T T T T
50 100 150 200 250 300

0.00000
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4.7.2 TEST OF THE RATE OF CONVERGENCE

We begin testing the errors and the rates of convergence with linear and nonlinear filters
which are presented for the 3 methods in Table 4.1. All discrete filters achieved their pre-
dicted rates of convergence. Lemma 4.6.2 indicates the strongly first order convergence for
spacing h and half order convergence for time step At, when verifying the result, we started
with At = 0.05 and h = 1/4, in the following step we decrease the time step size to one
fourth, and the spacing size to half of the value in the previous step, the ratio of L2 norm
of the error term on the LHS of 4.31 at two consecutive step should be approaching to 2.
Numerical results shows the theoretical results in Lemma 4.6.2 is not optimal and can be
further improved. Theorem 4.6.3 indicates that the squared error energy term on the LHS

is of second order with respect to time step size and is of fourth order with respect to the
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spacing size. We start the numerical test with At = 0.05 and h = 1/2, in the following step,
we decrease the time step to one fourth of the previous step and the spacing size by half, the
ratio of the squared error energy term at two consecutive step is assumed to be approaching

to 16. This result is confirmed in table 4.7.2.

a(u) 1 1 Q-based Q-based | Vreman- Vreman-

based based

At | h l|lunse — unlle | rate | ||lunse — un|2 rate lluyse  — | rate
up| |2

0.05 }1 0.020236 0.024074 0.0193774

% % 0.00571722 | 3.54 0.0081305 2.96 0.00523308 | 3.70

Oi—%5 % 0.00194931 | 2.93 0.0026404 3.08 0.00163201 | 3.21

% 3—12 0.000620057 | 3.14 | 0.000743168 3.55 0.000488043 | 3.34

Table 4.1: Examining the strongly first order convergence for spacing h and half order

convergence for time step At
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a(u) 1 1 Q-based | Q-based | Vreman- Vreman-

based based
At | h Error rate Error rate Error rate
0.05 0.00337251 0.00340044 0.00340229

0.000100713 | 17.32 | 0.000124105 | 14.51 | 0.000104528 | 19.68
5.81492¢ — 06 | 13.15 | 8.55445e-06 11.60 | 5.31219e—06 | 14.61
4.42276e — 07 | 12.60 | 7.3727e-07 14.12 | 3.63708e—07 | 14.94
3.50889¢ — 08 | 14.00 | 5.22619¢-08 15.25 | 2.43474e—08 | 15.31

o

o

ot
w — W= [ | N
- |3l [ [

Table 4.2: Examining the weakly second order convergence for spacing h and first order

convergence for time step At, Error=At 320 _ ([|€2]]2 + [|€"]|* + [|le”]|?)
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5.0 CONCLUDING REMARKS AND FUTURE RESEARCH

The major contribution of this work is the development and analysis of partitioned methods
for coupled fluid flow problems and filter stabilization for high Reynolds number turbulence

flows.

1. partitioned time stepping methods for Stokes-Darcy problems,

2. extension of the unified time step partitioned method to multi-rate partitioned methods

for Stokes-Darcy problems,

3. pressure corrected and nonlinear filtered method for Navier-Stokes equation.

Our methods have substantial algorithmic advantage, since they effectively break the
complex coupled system into the subproblems and allow the use of optimized and legacy
codes. By this way, they help to reduce the technical costs and programming effort. It has
been shown that the proposed algorithms are stable and convergent at the optimal rates.
In particular, long time and uniform in time stability are obtained for Stokes-Darcy flows,
which surpasses previous results. The goal of any uncoupled method is to give results not
appreciably worse than the associated fully coupled approach (which is expected to be more
accurate). In the numerical experiments presented herein, our methods well meet this goal.

For uncoupling a coupled problem, our methods face some limitations as a trade-off for
algorithmic advantage. The time stepping methods normally require time step restrictions
for stability. These conditions are particularly troublesome in applications involving small
or large physical parameters. We partially address the issue in this thesis; however, schemes
with stronger stability properties are still in need in many cases. Also, deriving the exact
dependence of the stability and/or error behavior on model parameters remains largely an

open question. Certainly, studying higher order accurate uncoupling strategies, or strategies
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which allow the use of different time step and mesh size for subproblem solvers is another
important and promising direction for future works.

In this work, we also show that introducing the filter stabilization is closely related to
adapting a certain eddy-viscosity model for LES. It would be natural to extend the nonlinear
filtered method to other splitting method for the time-integration of the incompressible
Navier-Stokes equations for fast unsteady flows. The following research projects would help

develop further computational capabilities for complex flow systems:

1. Developing algorithms with higher order time accuracy for Stokes-Darcy flows, allowing
large time steps when both k.,;, and Sy are small.

2. Studying the mass conservation errors across the interface I for the Stokes-Darcy flow.
One interesting direction is developing and analyzing the combination of uncoupling
schemes and mixed formulations, which are expected to have better conservation prop-
erties.

3. Extending the nonlinear filtered approach to other splitting algorithms for the time
integration of the NSE.

4. Developing pressure corrected and nonlinear filtered algorithms with higher order time

accuracy for NSE.
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