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Introduction

Equilibrium Problems (in short, EP) are a unified approach to express Optimization
Problems, Variational Inequalities, Nash Equilibrium, Fixed Point and Saddle Point
problems within the very same general mathematical framework. In the last decade they
received an increasing interest mainly because many theoretical and algorithmic results
developed for one of these models can be extended to the others through the unifying
language provided by the common format of EPs. Moreover, they benefit from the vast
number of concrete applications that all the above models embrace. As a result, their
applicative domain ranges from Engineering (e.g., desing of cognitive radio systems)
to Economies (e.g., competition over production and/or distribution) and Computer
Science (e.g., cloud computing), and in general EPs arise in the modelling of competitive

agents systems.

The format of the Equilibrium Problem reads
find x € C s.t. f(z,y) >0 VyeC,

where C' C R" is a nonempty closed set and f : R” xR"™ — R is an equilibrium bifunction,
ie. f(x,z)=0forallz e C.

Several kinds of methods have been proposed to solve (EP): fixed point methods, prox-
imal point methods, regularization methods, Tikhonov-Browder methods and extragra-

dient methods. This thesis focuses on the class of the so-called descent methods.

Descent methods come from Optimization Problems aiming at minimizing a function
f : R® — R (the reader can refer to Appendix B for further details on Optimization
Problems). Their distinctive feature is that the sequence of points z; € R™ they generate
satisfies f(z) > f(xp41). As we will see, (EP) can be reformulated as an Optimization

Problem and then solved using descent methods.

The main complexity of all the techniques mentioned above lies in the solution of inner
Optimization Problems, at least one of which has to be solved at every step. In this
thesis, we propose two algorithms that ammortize the cost of this sub-problem relying
on an error tolerant approach, which, roughly speaking, consists in computing only a

sub-optimal solution of the inner problem instead of a truly optimal one. In this way the
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inner problem solver can end his computation earlier, hopefully enhancing the overall
computational cost. As a consequence, our work deals also with practical methods for

computing such sub-optimal solutions and control their quality.

It is worth to notice that the two algorithms are tightly coupled to two non monotone
descent methods: the Enhanced Basic Algorithm and the Nonlinear Constraint Approx-
imation Algorithm. In fact, the two algorithms could be considered an error tolerant

extension of theirs.
The thesis is organized in four chapters.

In Chapter 1, we formally introduce (EP) and its reformulation as an Optimization
Problem. Moreover, we describe two descent methods: the Basic Algorithm and the
Enhanced Basic Algorithm, which differ mainly for the assumptions upon which are

built. Finally, we show our first error tolerant algorithm and its proof of correctness.

Chapter 2 deals with the case in which (EP) involves nonlinear inequality constraints.
Firstly we present the Nonlinear Constraints Approximation Algorithm, which exploits
the particular structure of the constraints, and then we propose our second error tolerant

algorithm and its proof of correctness.

This second error tolerant algorithm is more complex than the previous one in Chapter
1. In fact, due to the approximation of the constraints, the Nonlinear Constraints
Approximation Algorithm requires to know optimal dual solutions of the inner problem,
which in turn cannot be computed exactly in the error tolerant version. In order to
overcome this issue we introduce a notion of dual approximated solution which is suitable
for our aims. In addition, we develop some methods that can be used to compute jointly
the primal and dual approximated solutions. These methods are the subject of Chapter
3.

In Chapter 3, firstly we give a theoretical insight on the nature of sub-optimal solutions,
then we exploit these results to prove the correctness of two methods. The first is
derived from the Frank-Wolfe algorithm and it reduces to a sequence of linear programs.
The second is derived from the Fiacco and McCormick’s Barrier Method and it reduces
to a single unconstrained nonlinear minimization problem. The main difficulty here
originates from the fact that we need to control the quality of the sub-optimal solution.
Indeed, the error tolerant algorithms non only require an ongoing refinement of the

sub-optimal solutions, but also require to know a priori their quality.

Chapter 4 presents an original application that is used as a test case for comparing
our algorithms. The choosen applicative domain is Cloud Computing. We consider the
point of view of an IaaS provider that sells virtual machines with a certain computational
capacity and communication bandwidth to the users. Clearly, a flow allocation in the
physical provider’s network has to match the communication bandwidth bought by the
users. On the other hand, we suppose that the quantity of bandwidth bought depends
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also on prices the provider sets. In our scenario the provider has already allocated the
virtual machines of his tenant and has a stochastic knowledge of the communication
bandwidth intensity that the users will buy as a function of the transmission price. The
objective of the provider is to choose proper network routing and transmission prices in
order to achieve efficient allocations and high revenues. On the other hand, the users
are interested in accessing the best communication bandwidth at the most convenient
price. The system is modeled as a non cooperative game and the algorithms developed
in the previous chapters are applied to find an equilibrium. Numerical results are shown
at the end of the chapter and they show some improvement of performance with respect

to the corresponding exact algorithm.

The thesis includes also two appendices. In the first we recall some important theo-
rems about point-to-set maps in mathematical programming, while in the second we

summarize the most relevant results about nonlinear optimization.






Chapter 1

Descent Methods for Equilibrium

Problems

1.1 Introduction to the Problem

In what follows we assume C C R"™ to be a nonempty compact convex set and f :
R™ x R™ — R, to be a bifunction such that

— f is continuously differentiable,
— f(z,z) =0 for any z € C
— f(z,-) is convex for any z € C.

DEFINITION 1.1 (Equilibrium Problem)
We define the equilibrium problem (EP) as follows:

find x € C s.t. f(z,y) >0 VyeC. (EP)

(EP) is a very general model with an expressivity equivalent to the one of Optimization

Problems and of Variational Inequalities Problems (see [BCPP13] for more details).

Another class of problems, which is relevant for the application we will describe in the
Chapter 4 , is given by the Nash Equilibrium problems. In the next paragraph we
introduce the notion of Game and of Nash Equilibrium, and show how the problem of

finding a Nash Equilibrium can be expressed through (EP).

Applications to Game Theory

DEFINITION 1.2 (Game)
A game G is a triple G = (P, {Sp}pep, {up}pep) where

9



10 Chapter 1 Descent Methods for Equilibrium Problems

— P=1{1,2,...,N} is the set of players,
— 5, € R™ is the set of strategies of player p,

— Up: vazl S; — R is the payoff function of player p.

Usually given a point x € H;V: 1 Sp we will denote as x;, the vector of the components of
x related to the player p and as x_, the vector of the remaining components of x. With
a little abuse of notation we will use w,(x;, z_;) or u,(x) equivalently and in general, we
will act as if for any two vectors y, z € Hévzl S; the concatenation of y; and x_; preserve

the original order of the components in the vectors y and x.

The interpretation of the above definition is straightforward: there are NV players who
can choose a strategy (x, € S) is the strategy choosen by player p) which we can imagine
as a trajectory of moves in the game. Once each player has choosen his strategy, the
player p can evaluate how good this scenario = = (s1, S2,...,sn) is for him through his
utility function u,. We assume that each player is interested in choosing his strategy in

a way that his cost function is minimized.

A game can be given defining for each player the optimization program that determines
the best response, i.e., the optimal strategy with respect to its payoff function when the
strategies of the other player are fixed. Formally, given s_, € H#p S; the best response
of the player p is

min{uy(sp, s—p) | 5p € Sp}-

A common problem in Game Theory is the determination of the Nash Equilibria (Nash
Equilibrium Problem (NEP)) for a certain Game.

DEFINITION 1.3 (Nash Equilibrium)
Let G be a game. A point z* € Hévzl Sy, is called Nash Equilibrium for the game G iff
for any player p,

Yy € Sp, up(y, v2,) > up(x”).

We can interpret a Nash Equilibrium as a scenario in which every player isn’t interested
in changing his strategy unilateraly because it would result in an increasing of his payoff

function.

DEFINITION 1.4 (Nikaido-Isoda Bifunction ([NI55]))
Let G be a game. Then, we define the Nikaido-Isoda bifunction NI : Hévzl R™ x
H:f)vzl R™ — R as follows

N
NI(z,y) = Zup(ypax—p) — up().
p=1
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The Nikaido-Isoda bifunction allows us to express the problem of finding a Nash Equi-
librium as an Equilibrium Problem. Indeed, it is easy to see that the solutions of the

following Equilibrium Problem:

N N
find € [[ S, : NI(z,y) >0y €[]S,
p=1 p=1

are Nash Equilibria and viceversa any Nash Equilibrium solves the above problem.

1.1.1 Restating (EP) as an Optimization Problem

In order to design a descent method to solve (EP) we clearly need a function to descend.
In this section we show how (EP) can be transformed in an optimization problem to-

gether with a family of functions suitable to the implementation of descent methods.

DEFINITION 1.5 (Gap Function for (EP))
A function f : R™ — R is called gap function for (EP) iff satisfies:

a) f(x) >0 for any z € C,

b) f(z*) =0 iff 2* solves (EP).

It is straightforward that a function satisfying the above property can be used to refor-
mulate (EP) as an optimization problem. One well known gap function is the function

¢ defined below.

DEFINITION 1.6 (¢)
We define the function ¢ : R™ — R as

p(x) = — Iyrgg f(z,y).

THEOREM 1.1
¢ is a gap function for (EP).

Proof. Since 0 = f(xz,x) > min {f(z,y) : y € C}, then p(z) > 0 for any x € C, hence
a) holds. Furthermore, if —p(z*) = min {f(z,y) : € C} = 0, then f(z,y) > 0 for any
y € C and therefore z* solves (EP). On the other hand is straightforward that if x*
solves (EP) then 0 = f(x,x) is the minimum value. Thus, b) holds as well.

O

As a result of the THEOREM 1.1, we could solve (EP) through the optimization problem

iréig o(x). (1.1)
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Unfortunately, the assumptions we made on f are not strong enough to ensure two
properties which are fundamental in order to develop efficient descent methods. Firstly,
we can’t guarantee the differentiability of ¢. In fact, exploiting THEOREM A.2 with
Q(x) = C and f = —f we get that the directional derivative at point * € C and
direction d € R" is
¢'(T;d) = max (V, — f(T,y),d)
yeM ()

where M(z) ={y € C| ¢(F) < —f(z,y)},
In general, this expression is not linear as a function of d.

Secondly, also in the good case when ¢ is differentiable, many optimization methods
ensure only to find a stationary point. Thus, a way to ensure that the stationarity of a
point implies that it is a minimizer would be valuable. Notice that usually this would
be guaranteed by the convexity of the gap function ¢, but unfortunately in general, ¢

isn’t convex.

1.1.2 Auxiliary Problem Principle

A possible solution to achieve continuous differentiability is to add a regularizing term
h to the bifunction f in such a way that the solutions of the equilibrium problem do
not change. This approach appears in [Mas03], inspired by the work on Variational
Inequalities of Zhu and Marcotte ([ZM94]) and Fukushima ([Fuk92]).

AssuMPTION 1.1 (Regularizing bifunction h)
We assume h : R" XxR™ — R to be a continuously differentiable bifunction over R™ x R™

such that for any x € C

— h(z,y) >0 VyeC
— h(z,z)=0,
— h(x,-) is strictly convez,

— Vyh(z,z) =0.
An example is the bifunction

h(e.y) = glle I (1.2

In general, the whole family of Bregman distances provides bifunctions which are suitable

to play the role of h.
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DEFINITION 1.7 (f,)
Given « > 0, we define the bifunction f, : R” x R® — R as

fa(l'ay) = f(l'v y) + Oéh(l‘,y).

Notice that f, inherits all the proprieties of f, in addition f,(x,-) is strictly convex for

any « € C which is a desirable propriety if we whish to solve the problem minycc fo(z, y).

We can introduce definitions as we did for f, defining the Equilibrium Problem and gap

function corresponding to f,.

DEFINITION 1.8 (a- Regularized Equilibrium Problem)

Given « > 0, we define the « regularized equilibrium problem as follows:
find x € C s.t. fo(z,y) >0 Yy e C. (a-EP)

DEFINITION 1.9
Given a > 0, x € C we define the optimization problem (PS) as

xT

I;éiél falz,y). (Py)

Notice that since f, is strictly convex the solution of (P%) is unique.

DEFINITION 1.10
Given « > 0, we define the functions ¢, : R™ — R and y, : R® — R"” to be respectively
the changed sign optimum value and the minimizer of (PY), i.e.

Yalx) = — gréig Ja(z,y),

Yalx) = arg Iyréig falz,y).

It is straightforward to check that by DEFINITION 1.5 ¢, is a gap function for (a-EP),

moreover we have that ¢, () = — fo(x, ya(x)).

The following Theorem ensures that we can work with f, and ¢, in order to solve (EP)
without loss of generality. In other words, it shows that ¢, is also a gap function for
(EP).

THEOREM 1.2 ((EP) and (a-EP) Equivalency [Mas00])
Given any a > 0, and x € C, then x solves (EP) iff x solves (a-(EP)).

Proof. Suppose that a > 0 and that z* solves (a-EP), then DEFINITION 1.5 guarantees
va(x) = 0, which implies min{ f,(x,y) : y € C} = 0. Since f,(z,-) is strictly convex by

construction (sum of a convex and strictly convex function), the unique y that minimizes
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fa(z,-) has to be z* (in fact we have f,(z*,2*) = 0). Indeed, because z* is optimal, it

is necessarily a stationary point for f,(z*,-):
(Vyfalz™,2"),z—2") >0 VzeC.

This equation jointly with the fact that Vyh(z*, 2*) = 0 implies that
(Vyf(z®,2%),z—2x") >0 VzeC,

and so z* minimizes also f(z,-). Thus, ¢(x) = —f(z*,2*) = 0 and z* solves (EP).

Now, suppose that z* solves (EP), then by THEOREM 1.1 ¢(x*) = 0, but we know that
for any x € C —f(z,y) > —f(x,y) — ah(z,y) because ASSUMPTION 1.1 guarantees
h(z,y) > 0. Therefore, p(z) > @q(xz) > 0, where the last inequality follows from
DEFINITION 1.5, thus ¢(x*) = 0 implies o (2*) = 0, and this concludes the proof. [

The following theorems justify the exploitation of the regularizing bifunction h. The
next theorem ensures the continuity of y, and ¢, in the more general case when « is

considered to be a variable.

THEOREM 1.3
The functions ¢ : R™ x int Ry — R and y : R™ x int Ry — R"defined as
¢(z, ) = min f(z,y) + ah(z, y)
yeC

y(z,a) = argmin f(z,y) + ah(z,y)
yeC

are continuous over R™ x int R.

Proof. We can invoke THEOREM A.1 with Q(z) = C and f(x, a,y) = —f(x,y) —ah(x,y)
to obtain that ¢ is continuous over R™ x int Ry . The assumptions on f are met because
of the proprieties (z, o, y) — —f(x,y) — ah(z,y) inherits from f and h (viz. continuity)
and it is easy to see that the constant point-to-set map €2 is continuous and uniformly

compact.

Suppose that y(z, «) is not continuos over R™ x int R4, then there must exists sequences
{z1} and {ay} such that

z, — 2" e C,
ar — o €int Ry, (1.4)

y(n, ar) = ¥ # y(a*, ) or {y(wg, o)} diverges.
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Suppose that the y(xg,ar) — 3. Since C is compact ¥ € C. Furthermore by the
continuity of ¢ and (z,,y) — —f(x,y) — ah(x,y) we have that

P(z*, ) = lim —f (@, y(@n, o)) — aph(zg, y(zg, ag)) = — (2", 7) — a*h(z", 7).

This implies that 3§ is a minimizer of — fu-(x*,+) over C but since — fu+(x*,-) is strictly
convex the minimizer has to be unique and thus ¥ = y(z*, "), in contradiction with
(1.4).

Now suppose that {y(zy,ax)} diverges. At least one between lim sup y(xy,ay) and
lim infy, y(zk, ag) must be different from y(z*, a*), otherwise we would have that y(xy, o) —
y(z*, o). Suppose without loss of generality that lim supy y(xg, ar) = Ty # y(z*, a*)
then we have found a sequence converging to a value different from y(z*, a*) and we can

repeat the same reasoning done for the previous case. O

As a corollary of THEOREM 1.3, keeping « fixed we obtain the following result:

COROLLARY 1.1

Yo 18 continuous over R™.
THEOREM 1.4

Given o > 0, x € C solves (EP) iff x = yo(x)

Proof. Suppose that * € C solves (EP) then by THEOREM 1.2 and DEFINITION 1.5 we
have that fo(z*, ya(z*)) = f(x*, 2*) = 0. Since f, is strictly convex the minimizer must
be unique and therefore y,(z*) = z*. Now suppose that z* = y,(z*), thus pa(z*) =0
and by DEFINITION 1.5 z* solves (a-EP) and thus (EP). O

THEOREM 1.5

Yo 1S continuously differentiable over C with the following gradient at point x:

v‘roa(x) = —foa(x,ya(:c)). (1'5)

Proof. We can invoke THEOREM A.2 with Q(x) = C and f = —f, to obtain that for

any T,d € X, the directional derivative ¢/ (T;d) exists and

9o (T;d) = max (V, — fu(T,y),d)
yEM(T)
where M(Z) = {y € C| ¢u(T) < —fo(T,y)}.

But because f, (T, -) is strictly convex M (Z) = {y(T)} is a singleton. Thus,

Qploc(j; d) = _<V:vfa(fa ya(f))7 d>
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The continuity follows from the continuity of V. f, V h, which we supposed and from
the continuity of y,, which we proved in COROLLARY 1.1. Therefore, ¢, is differentiable
and (1.5) holds. O

To Summarize, in this sub-section we have shown how we can conveniently switch to
our main problem (EP) to a family of Equilibrium Problems (a-EP) gaining the con-
tinuous differentiability of the gap function. It is still not clear how we can overcome
the second issue (stationarity): at the best of our knowledge, two solutions are possible.
Both of them consists in strenghten the assumptions on f. The difference between the
two solutions lies in the choosen assumption: the first is called strictly V-monotonicity,
the second is called c-monotonicity. We will introduce the assumptions and the corre-

sponding algorithms in the following sections.

1.2 Descent Method Under strictly V-monotonicity As-

sumption

DEFINITION 1.11
A differentiable bifunction g : R™ x R™ — R is called

— V-monotone over C' if

(Veg(@,y) + Vyg(z,y),y —x) 20, Va,y € C;
— strictly V-monotone over C' if

(Vag(@,y) + Vyg(z,9),y —2) >0, Va,y €C;
— strongly V-monotone over C' if there exists 7 > 0 such that

(Veg(z,y) + Vyg(z,y),y — ) > 7lly — 2||?, Va,y€C.

The next theorem suggests a possible descent direction under the assumption that f,
is strictly V-monotone. Notice that choosing a regularizing bifunction as defined in Eq.
(1.2) the strict V-monotonicity of f is a sufficient and necessary condition to f, to be

strictly V-monotone. Indeed, in this case

(Voh(z,y) + Vyh(z,y),y —x) = —y,y —2) + (y — 2,y — ) =

The next theorem motivates the above assumption and will be heavily exploited in the

algorithm.
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THEOREM 1.6 ([Mas03] [BCP09))
Suppose that x € C is not a solution of (EP). If f, is strictly V-monotone on C, then

(Voo (z), yalz) —z) <O0.
Proof. We have that for any x € C:

(Voa(®), yalzr) — )
(THEOREM 1.5) = — (Vy fo(2, Ya(2)), ya(z) — )
(strict V-monotonicity) <(Vyfa(z,ya(2)), ya(z) — x)
<0

9

where the last inequality follows from the fact that y,(x) is the minimizer over C' of
fa- O

THEOREM 1.7 ([BCP09)])
Suppose that fo is strictly V-monotone. If T € C is a stationary point of p, over C,
1.e.

(Vea(T),y —7) 20 Vy € C,

then T solves (EP).

Proof. By contraddiction, suppose that Z doesn’t solve (EP), then by THEOREM 1.6 we
have that

(Voa(T),ya(T) =) <0

but this would contradict the assumption of stationarity of =. O

Basic Algorithm

The algorithm below (we name Basic Algorithm) is due to Mastroeni ([Mas03]) and have

been designed for strictly V-monotone f.

At every iteration k the algorithm maintains an approximated solution for (EP) xj, and
compute the next one as xp11 = x + tgdg. di is setted to yo(zr) — k. Thanks to
THEOREM 1.6, we notice that it is a descent direction for ¢,, in the sense that there
must exists a steplength ¢ > 0 such that

Yalzk +tdy) < o(xg).

ti is the stepsize choosen by the algorithm, aiming to obtain the maximum decrement

of the function ¢, in the direction dj without exiting from C. In other words, t; =

arg minyeo 1) Pa (Tx + td).
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Algorithm 1.1: Basic Algorithm

Set k=0 and choose zye C
Compute gy = argminyec fo (24, y)

Set di =y — xg

Compute tj, = argminyep 1) Pa(Tr + td)
Tt1 = Tg + tdy

S O W N

If |\mk+1—xk|\:0
then STOP
else Set k=k+1 and GOIO Step 2.

Formally, the correctness is stated by the following theorem:

THEOREM 1.8 (Theorem 3.2 in [Mas03])

Let fo be a strictly V-monotone bifunction, then for any xo € C, the sequence {xy}
generated by ALGORITHM 1.1 belongs to the set C' and any accumulation point of {xy}
is a solution of (EP).

1.3 Descent Method Under c-monotonicity Assumption

Considerations about V-monotonicity

Previous assumptions are not completely satisfactory since many bifunction of interests
are not strictly V-monotone nor they lead to a gap function ¢, such that all its stationary
points over C' are minimizers. As an example! consider the bifunction f : R x R — R
defined as f(x,y) = x —y together with the set C' = [—1,1]. It is a V-monotone function
which is not strictly V-monotone. The solution of (EP) is the point 2* = 1. Choosing

h(z,y) = M as regularizing bifunction, we find out that

—lifx € (o0, —1—a™ 1),
Ya(z) = r4+atlifze[-1-a 1 1-al]

lifze (1 —a!, 4+00),

and

—w if z € (—o0,—1—a™1),
Pa(T) = (20) tifre[-1—a 1 —-a™l],

—(1_x)(a2$+2_a) ifz e (1-at +o0).

The graph of ¢, is given in Figure 1.1. Notice that that every point in [-1—a =1, 1—a™!]
is a local minimum. Hence if we try to solve (EP) minimizing ¢, and employing an

algorithm that stops when a stationary point is found, choosing a starting point zg €

!This example is taken from [BCP09).
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FIiGURE 1.1
Plot of ¢, over C for a = 2.

[-1—a~!,1—a™!], the algorithm would stop at the first iteration, failing in finding the
solution of (EP).

c-monotonicity

A possible patch to this problem consists in changing our assumptions and consequently

also the algorithm: instead of strict V-monotonicity we suppose c-monotonicity.

DEeFINITION 1.12 ([BCP09], [BP14])
A differentiable bifunction g : R™” xR™ — R is called c-monotone if satisfies the following
inequality:

9(@,y) +(Vag(z,y),y —2) 20 Vz,y € C. (1.6)

Notice that c-monotonicity is nor a stronger nor a weaker assumption than strictly V-
monotonicity. In fact, it can be checked (see Example 3.4 in [BP14]) that c-monotonicity
doesn’t imply strict V monotonicity and viceversa strict V monotonicity doesn’t imply

c-monotonicity.

Hence, although we have presented c-monotonicity as a patch to solve some particular

issues it is way more: it virtually enlarges the set of problems we can handle.

Conversely, it can be proven that c-monotonicity is stronger than simple V-monotonicity.

THEOREM 1.9 (Theorem 3.1 in [BCP09))
Let g : R*" x R — R be a differentiable bifunction, if g is c-monotone, it is also

V-monotone.

In the remaining part of this section supposing f to be c-monotone allows us to achieve

properties which are fundamental to design a suitable descent method.

THEOREM 1.10 (Theorem 3.3 in [BCP09])
Suppose that f is c-monotone. If x € C is not a solution of (EP) then there exists
a > 0 such that x is not a stationary point for ¢, and yo(z) — x is a descent direction

for any o € (0,@].
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THEOREM 1.10 allows to finding a descent direction changing the gap function simply

descreasing parameter a.

The next theorem provides an upper bound on the directional derivative of ¢, in direc-

tion y, — .

THEOREM 1.11 (Theorem 3.4 in [BCP09])

If f is c-monotone and h is V-monotone, it holds that

(Vea(2), ya() — ) < [(2,50(2)) = a((Vah(2, ya (7)), ya(2) — 2)) <0

for any a >0 and x € C.

Enhanced Basic Algorithm

The algorithm below is due to Bigi, Castellani and Pappalardo ([BCP09]). It exploits
the considerations we developed so far in order to obtain a solution of (EP) under c-

monotonicity assumption.

Algorithm 1.2: Enhanced Basic Algorithm

Fix n,v€(0,1), € (0,n) and a positive sequence § —0.
Choose g€ C, set ag=6dy, k=0 and i=0.

If ¢q,(x) =0 STOP.

Compute y; = argmingec fo, (25, y) and set dy =y, —x).

If

Pa, (k) — ar(h(Tr, yi) + (Vah(Tk, Ye), b — k) < —NPay (Tk) 5

= w N = O

then set agi1 =ar, and tp=~"

where m is the smallest nonnegative integer such that

Pay (ﬂ?k + ’Ymdk — Pay, (xk) < _B7m9004k (mk)

else set i=i+1, a1 =20 and tx =0.
5. Set xp41 = xk + trdg -
6. Increase k£ and GOTO 2.

Formally, the correctness is stated by the following theorem:

THEOREM 1.12 (Theorem 3.6 in [BCP09])

If f is c-monotone and h is V-monotone, then ALGORITHM 1.2 stops at a solution of
(EP) after a finite number of steps or it produces a sequence {x} such that any of its
cluster points solves (EP).
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1.4 Error Tolerant Descent Method Under c-monotonicity

Assumption

In a recent article ([LPS13]) Di Lorenzo, Passacantando and Sciandrone proposed a
descent method for (EP) that converges to a solution of (EP) without computing exact
solutions of the problem (??). In fact their approach relies only on the computation of

the so called e-approximated solution of (P2) defined as follows:

DEFINITION 1.13 (¢ approximated solution of (Pg'))
Given g, > 0 and = € C a point § € R" it is called € approximated solution of (PS)
if satisfies

i)ygeC

ii) fa(xvy) — £ S fa(xaya(x)) = *‘pa(x)'

Notice that condition i) implies that fo(z,7) > fo(z,ya(2)).

The authors suppose that the sequence {ex} of approximation parameters goes to 0
and develop a convergent method under the assumption of strict V-monotonicity of f.
Inspired by their work, we have designed an error tolerant algorithm that converges

under the assumption of c-monotonicity of f.

Our tractation is structured as follows: firstly a couple of Lemmas concerning properties
of the gap function for some particular sequence of parameters « and ¢ are stated. It

follows the algorithm pseudocode and its proof of correctness.

1.4.1 Auxiliary Lemmas

In what follows we will use the symbol y,., to represent an e-approximation of (PY).

Notice that given « and x there could be more then one £ approximated solution of

(PY), instead, since f,(z) is strictly convex the minimizer y,(z) is unique.

In addition in this section we will strengthen our assumption on the bifunction h as

follows:

ASSuUMPTION 1.2
We assume h : R" X R™ — R to be a continuously differentiable bifunction over R™ x R™
such that for any x € C
- h(.’E,y) >0 VZ/ €,

— h(z,x) =0,
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— h(z,-) is strongly convez,

— Vyh(z,z) = 0.

Now we are ready to state the first couple of Lemmas on the limit proprieties of f,.
LEMMA 1.1
Given the sequences
— {ax} such that ag, > 0 for any k,
— {eg}such that e > 0 for any k, e, — 0,
— {x} such that x, € C for any k, ), — 2" € C.

— {y*_.} sequence of ey approzimations of (P ), i.e., Y s = Yayepz, for any k,

1t holds

a) limp—soo || far (@ Yea) = Pau (@) = 0,

b) 1y o0 [Yfier — Yoo, (z£)]] = 0
Proof. Consider the difference fo, (vx,y%..) — Yo, (1), by DEFINITION 1.13 it holds

0< fak (xk7y§ax) — Pay, (xk) < €.

Since g, — 0, we have

Jm fo, (zk, Yaer) — Par(@k) = 0. (1.7)
—00

Thus part a) of the statement is proved. Furthermore, because of the strongly convexity

of fo (see ASSUMPTION 1.2), the following chain of inequalities holds:

oo (ks Yher) — o ()

= fou @k Yhew) = o (T Yo, (1))

> (Vo for @hs Yoo (T8))s Yo = Yoo, (21)) + M|yhes — Yo, (1)
> M||ykes — Yoy, (xx)|* = 0.

I

Where we have exploited the optimality of y,, (z)). Since by (1.7) the LHS tends to 0,
we have that M||y%., — ya, (72)]|*> — 0. O

LEMMA 1.2
Consider sequences {ay}, {en}, {zx} , and {yk_.} defined in LEmMMA 1.1. If ap — 0
and

f(xbyloisx) - ak<v$h(mk7 ygsx)a ygax - xk> > n(f(xkay’oisx) - Ek) Vk >0, (18)
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for any fized n € (0,1), then z* solves (EP).

Proof. The condition (1.8) could be restated as:

- ak<v$h(xk7 y(’;sz)a ygsz - .’L'k> + ek

7]_1 <f(xk7y§5m)§5k Vk >0

where the last inequality follows from DEFINITION 1.13 taking into account that ¢, (z) >
0 for any x € C. Since y*_, € C and C is bounded we can take a subsequence k € L for
some infinite L C N such that y*_, — y7_,. Hence exploiting LEMMA 1.1 we can assert
that

lim = f(zp,Yhee) = Um0, (z5).
k — oo k — oo
ke L CN ke LCN

Thus taking the subsequential limit we obtain

- ak<v$h(xk’> ygax)? ylgcax - xk) + neg

lim < lim f(Tk, Yner) < lm gp
ke LCN ke L CN ke LCN
=

k k

. - ak<v$h(xk7yaax)7yaax - xk) + ek . .

lim < lim — e (zr) < lim e
ke LCN ke L CN ke L CN

Besides, LEMMA 1.1 b) guarantees lim gk, = 3%, € C. Thus, thanks to the
k — oo
ke LCN

continuity of V,h(z,y) it holds that
(Vah(@h, Yhe) Yoo — Tr) = (Vah(2", Yoce), Yoew — ) €R

— ap(Vah(Tp, Yher)s Yhew — Ti) + MeR
and therefore  lim (Vah( %I)l et R — 0. Putting this to-
k — oo n—

ke LCN

gether with the latter inequality above we get:

0< lim —gq,(xr) <0.
k — oo
ke LCN

To complete the proof, we will show that ¢q, (zr) — 0 as k — oo with k € L implies that

x* solves (EP). Let’s start exploiting the propriety of —p,, () of being a minimum:
f(@r,y) + axh(@r, y) = —pa, (zk) Yy € C.VE € L,
taking the limit as k — oo with k& € L, we obtain

fl@*,y) >0 VyeC,
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i.e., z* solves (EP).

COROLLARY 1.2
Consider x* € C that doesn’t solve (EP), and two positive sequences, {ay}, {er}, such
that g, — 0, € — 0, then 3k* such that Vk > k*
f(mlm y(];sx) - ak<vxh(gjka ylgzsa:)’ ylgzsx - mk> < U(f(xk, ylgzax) - 616)7
holds for all k > k* with any fized n € (0,1).

Proof. Ab absurdo, suppose

f(ka ygsx) - ak‘<vl‘h(ajk7 ygz—:x)’ y(]:gvsx - xk‘> > 77(f($k, y’oisz) - Ek) Vk.

Applying LEMMA 1.2 with xj := a* for all k, we get that x solves (EP). O

1.4.2 The Algorithm and its Correctness

The pseudo code of ALGORITHM 1.3 is given below.

Algorithm 1.3: Error Tolerant Algorithm

0. Choose zp€ C and positive (decreasing) sequences {op}:0r —0,
{5k}:5k—>0, ZZ‘;O(S,C < oo and {€k}:€k<5k.

1. Set ap:=00 , set k:=0,i:=0 choose constants ~,n,5€(0,1),n> 3.
2. Compute y¥_., e, approximated solution of (Pgk).
3. Set dy:=yk., —xp.
4. If
f(xkaygex) - ak<vxh(xk’y§aw)?y§zax - xk) < n(f(l‘k, y(lisx) - ek) >
5. Compute the smallest non negative integer s such that
_fak (:Ek + vsdkayakak(a:k-‘r'ysdk)) < _fak (xk?ygax) + ,B’st(f(l‘k, ylégx) - gk) + 0 >
set tp:=7% and a1 =y,
else
6. set tp:=0, i:=14+1, agy1:=0.
7. Set xp41 :=xp+trdy and k:=k+1.

8. If fo,(wk,yk.,) <er STOP else GOTO 2.

LEMmaA 1.3
The line search procedure at Step 5 of ALGORITHM 1.3 is well defined, i.e., it terminates

in a finite number of steps.
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Proof. Assume by contradiction that for all s

_fock (CEk + ’stky yaksk(:rk+'y$dk)) + fock (xka yloisx) > /6728(‘]('(:1:]67 yloiz-:z) - Ek) + 5]4:

holds. Since by DEFINITION 1.13 the LHS is less or equal to @, (2x+7°di) — 0oy (Tk) +Eks
it also holds

Poy (T + 7V di) — @ay (Tk) + ek > BY* (f Tk, Yhew) — k) + Ok

Taking € to the RHS, and dividing by «* we obtain

Pay (T + 7 d) — Pay (k) s Ok — €k
t s . > 57 (f(xka ygax) - Ek) + s :

For sufficiently large s, we have

Ok — €k
pyS

> (Vepa, (Tk), di) + 1,
Thus for those s we have that

oy (T + 7 di) — Pay, (Tk)

s > ﬂ’ys(f(xka y]oiaa:) - 576) + <v$$0ak ($/€)’ d/f> + L

Taking the lims ., we get to the contradiction

<v33(7004k (xk)a dk> > <vx‘10ak (Cﬂk), dk> + 1.

LEMMA 1.4
Let f be c-monotone. Consider a subsequence indexed by k. (and his induced natural

numbers subset R), such that xy, — =* and oy, — o # 0 and suppose that

f(xlﬂ ylgzsx) - (Xk(Vxh(l'k, ygax)? yzax - xk> < n(f(xkv ygsm) - Ek)

holds. Then
(Vapo(z%), Yo (") — 27) < nf(z”, yo(z7))
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Proof. For all k € R the following chain of inequalities holds:

(Vo (Tk)s Yoy, (T1) — Tk)
< f(@ks You (1)) — (Ve h(Th, Yoy (Tk)), Yo (Tk) — k)
< f(@h, Yher) + ar(h(@r, Yoer) — M@k, Yoy, (7)) — Ak (Vah(Tk, Yoo, (1)), Yo, (2k) — T1)
<0 f (@ Ysew) — €k) + ar(h(@p, Yher) — M@k, Yoy, (21)))
+ o ((Vah(@h, Yher)s Ynew — k) — (Voh(Th, Yoo, (21)), Yoy (1) — 1))
(1.9)

Where the first inequality is THEOREM 1.11, the second is implied by DEFINITION 1.13
and the third is provided by the assumption. We conclude the proof taking the limit as
k — oo with k € R of (1.9). In fact, for THEOREM 1.3 we have

Yo (Tk) = Yo (7). (1.10)

In addition, LEMMA 1.1 guarantees  lim  ||y*., —va, (z1)| = 0. Hence, y%_, — vy, (z*)
k — oo
ke RCN

and we obtain

ak(h(x/ﬁyloisx) - h(xka Yoy, (xk)))
+ ak(<v$h(xk7yloisx)7ylo€zsx - xk) - <v$h(xk7yak(xk))7yak (xk) - $k>) —0
n(f(wka ygax) - Ek) — nf(x*7y0($*))'

LEMMA 1.5
Consider the sequence of {ay} generated by the algorithm. If oy — o # 0, then

lim ‘t%(f(xkv ylgzax) - gk)‘ =0

k—o0

Proof. The condition at Step 4 can be not met at most a finite number of times (oth-
erwise aj — 0). Therefore, there must exist k such that for all £ > k ap = 0. The
definition of t; (Step 5) guarantees

oo @1+ todie, Yoy (ot tndi)) < —Fon @y Yoow) + B (f @y Yhey) — €1) + 06 Yk > k.
Thus, the definition of e-approximation leads to the following equation:

o (Th1) = P () — e < = fo (@k + Ly, yakak(xk"rtkdk)) + for (ks y(];ax)
<Bf (Ths Yoeo) — &) + 0 k>,
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Summing up these inequalities from & to k we get

-

<
Il
Eall

Po(Tit1) = @o(wi) —€i < Zﬁt F(@is Yoea) — €) + i

Since

o (Tit1) — Yo (i) = @o(T) — ‘Po(xﬁ)7 (1.11)

-

Il
Bl

(2

taking §; to the LHS and multiplying by —1 we obtain

. .
—@o (1) + Po(wp) + Y (e +0) 2 > —=BE(f (i, Yher) — €0)-
i=k

i=k

Since g;+9; < 28;, 9o (z1) < 0 and (by definition of the approximation) f(z;,y%.,) —€ <
0, the above inequality implies that

(Po(wk

'M?

Il
el

k
>3 BIE(f (@i Yhes) — )]
i=k

7

By assumption, the series Z;’iE d; is convergent, hence also the series

> BIt2(f(wi, yley) — €) is convergent, which implies limg o0 Blt2(f (Tk, Yrer) — k)| =
0. O

LEMMA 1.6

Let f be c-monotone. If ap — o # 0 and =* is a cluster point of {xy}, then z* solves
(EP).

Proof. Without loss of generality, suppose that the subsequence xy, satisfy xy, — x*.
LEMMA 1.5 guarantees

: 2 kr —
rli{go ﬁ|tkr(f(xkr7yasx) - 8kr)| =0.
Two cases may occour, f(xx,,y*,) —ex, — 0 or tg, — 0.
1. If f(wg,,y%,) — ek, — O then from DEFINITION 1.13 we have
. Ky
Tgm fOék (‘rkr?yasx) > lggo Pay,. (xk ) > rliglo fak,« (xkrvyasx) — €k,

Therefore e, — 0 and f(xy,,y¥,) — 0 guarantee

lim —Pay, (mk ) = rlggo fakr (xk/"r7 y(]yax) > rlggo f(xkr?yloczgx) =0,

r—00
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and thus, lim, ,oc —¢s (2, ) = 0. Thanks to the non negativity of ¢,. Since we
)) that minimizes the gap function, THEOREM 1.1

have found a pair (x*,yq(z*
(EP).

guarantees that x=* solves

2. Now suppose that t;, — 0. Let R be the infinite subset of N induced by {k,}. The

line search at Step 5,ensures that

b k ko k
_fock(fl'k: + ;dka Yy (xk-i-%kdk)) > _fozk («Tkayasx) + /8(;) (f(l'k:ayasz) - €k:) + 5k7

QK€L

is valid for all k& € R. Furthermore, (DEFINITION 1.13) guarantees

133
Pay (wk + %dk) > _fak (xk + ;dka yakak(xk-‘r%kdk))
*fozk (l‘ka ylgzsx) = Pay, (Sl?k) — &k
for all £ € R. Hence, for all k£ € R, it holds
23 bk \2 k bk \2 k
Po, ($k+;dk)—%k($k) > ﬂ(;) (f (ks Yaea)—€k)+0k—Ek = +ﬂ(;) (f(@k, Yaea)—€)-
By the mean value theorem there exists 0 € (0, 1) such that
123 123 k
Taking the limit as k¥ — oo we obtain
(Vg (x*),d*) > 0.
Where d* := y,(z*) — z*. Besides, LEMMA 1.4 guarantees
(Voo (27),d) < nf(z”, yo(z")).
Putting the two inequalities together, we get
nf(z*, ys(z%)) = 0,
that implies that —p,(x*) > 0. Therefore, as in the previous case, z* solves (EP).

O]

THEOREM 1.13 (Correctness of ALGORITHM 1.3)
Let f be c-monotone. Let x* be a cluster point of the sequence {x} generated by

ALGORITHM 1.3, then x* solves (EP).
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Proof. Firstly notice that, the existence of a cluster point is guaranteed by the compact-
ness of C. Let {k,} be a subsequence such that z;, — x*. We distinguish two cases:

ar — 0, and ap — o # 0 (indeed, there are no other possibility for {ay}).

1. Suppose oy — 0. Then, we can choose an appropriate subsequence S of {k;,} such
that

f(l‘k’aygax) - ak’<vxh(mk7y§sz)7y§zaz - 1jk’> > n(f(xkay!;sa:) - ek) vk, € S>

This could be for example the subsequence of «ay, obtained restricting to different
values of ay,. Now we are in condition to apply LEMMA 1.2 and prove that z*
solves (EP).

2. Suppose that ap — o # 0, then the thesis follows from LEMMA 1.6.






Chapter 2
Handling Nonlinear Constraints

This Chapter is devoted to the particular case when the set C is described not only
by linear constraints but also by nonlinear inequalities. Since solving the auxiliary
problem (P¢) could become a cumbersome task in presence of non linear inequalities,
approximation techniques have been adopted in literature to contain the algorithmic

cost.

Firstly, we show a descent method that approximates the nonlinear constraints with
their first order Taylor approximation in order to solve more efficiently the auxiliary
problem. Then, we develop an error tolerant version of the method and, in the next

chapter, discuss possible ways to compute solution of the auxiliary problem.

2.1 Nonlinear Constraints Approximation Algorithm

Throughout this Chapter we will make further assumptions on C.

AssumMmPTION 2.1
We suppose C' to be the intersection of a bounded polyhedron D and a convex set given

through convez inequalities, namely C = D N C with

D={yeR": (aj,v) <bj, j=1,...,r, (ajv) =bj, j=r+1....r}
for some a; € R" and b; € R
C={yeR":ci(y) <0i=1,...,m}

where ¢; : R™ — R are twice continuously differentiable (nonlinear) convex functions.

Furthermore we assume that the vectors a; with j = 1,...,r1 are linearly independent
and that there exists § € D such that (a;,y) <b; forj=1,...,r1 andc;(y) <0 fori=

1,....,m.

31
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The method we describe has been proposed by Bigi and Passacantando ([BP12]) and
is built upon a new gap function ¢ : R” — R. While computing the gap function
@ at a point z implicitly involves an Optimization Problem over the set C' defined
in ASSUMPTION 2.1, computation of ¥(x) involves an Optimization Problem over the

polyhedron P(x), defined as follows:

DEFINITION 2.1 (Polyhedron P(x))
Given (EP) and a point x € R" we define the polyhedron P(x) as:

P(z)={y € D:c¢(x)+ (Vyci(z),y —x) <0, i=1,2,...,m},

where ¢; and D are the ones defined in ASSUMPTION 2.1.

As a consequence of the simpler structure of the feasible set, the computation of ¥ (z)

should be less expensive than computing ¢(z).

Before step deeply into the method, we want to point out some properties of P(x) that

will be used extensively throughout this Chapter.

ProposiTION 2.1 ([BP12])
Given z € R", it holds

a) C C P(z) C Dy

b) r€C < ae Px).

Proof. a) By DEFINITION 2.1 we have that P(z) C D. On the other hand the convexity
of ¢; guarantees
ci(x) = ci(zo) + (Vei(wo), mo — ), (2.1)

for any o, x € R™. thus, if x € C, we have that 0 > ¢;(z) and hence x € P(x).

b) Consider a point x € D by DEFINITION 2.1 we have that = € P(z) iff ¢;(z) < 0 for

any 1.

O

We still not have given a clear definition of the function . Formally, given x € D we

define the problem P, as

i ) b PJ)
nin f(z,y) (Pe)

and define the function ¥ : D — R as the changed sign optimal value of P, for given z.
In order to handle a differentiable function we can exploit the auxiliary problem principle

defining the problem (PY) and the function ,. Notice that in this way we gain also

the strictly convexity of the objective function.
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DEFINITION 2.2

Given a > 0, x € C' we define the optimization problem (P%) as

find vo(z) = arg min _fo(z,y) (Pz)
yEP ()

Notice that since f, is strictly convex the solution of (PS) is unique.

DEFINITION 2.3
Given « > 0, we define the functions ¢, : R®™ — R and v, : R™ — R" to be respectively

the changed sign optimum value and the minimizer of (P%), i.e.

Ya(r) = — min_fo(z,y),

yeP(z)
Vo(x) = arg min f,(z,y).
(@) = arg min foe.)

Functions 1, and v, are clearly the counterparts of ¢, and y,.

We will see in few pages that we can deal with v, or v, as we did previously with
the gap function ¢, or y,, i.e. they allow us to reformulate (EP) as an Optimization
Problem.

Under ASSUMPTION 2.1, the map z — vo(z) is single valued (remember that fq(x,-) is
strictly convex and thus the solution of min{ f,(x,y) : y € P(x)} is unique), furthermore

it allows a fixed point reformulation of (EP) as stated by the following theorem:

LEmMA 2.1 ([BP12))
Given any a > 0, x* solves (EP) iff vo(z*) = z*.

Proof. Suppose that z* solves (EP), then for THEOREM 1.2 it also solves (a-EP).
and therefore thanks to THEOREM 1.1 it minimizes f,(z*,-) over C.

Hence, there exist Lagrange multiplier vectors A\* € R, and p* € R" such that
M5 My -+ oy fyy > 0 and

Vyfa(a®, 2%) + 33 N Ve (") + 375 g pja; =0
)\:Cz(aj*)zo i:l?z’___’m
wi{aj, z*) =bj) =0 j=1,2,...,r

ci(z*) <0 i=1,2,....m

<(Ij,l’*>—bj SO j:1,2,...,’l“1

(aj, ")y —b;=0 j=r1+1,2,...,r
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Defining ¢;(y) = ci(z*) + (Vei(x*),y — ), then we have g;(z*) = ¢;(z*) and we can

rewrite the above conditions in the following way:

Agi(z*) =0 i=1,2,...,m
,u;f(<aj,x*> —b))=0 j=12,...,r
gi(z*) <0 i=1,2,....m

(aj,az*>—bj§0 j:1,2,...77'1

(aj, ") —b;=0 j=ri1+1,2,...,r,

which are the Karush-Kuhn-Tucker conditions for the problem of minimizing f,(z*,-)
over P(z*). Since this is a strictly convex problem and both z* and v,(z*) solve it we

have that v, (z*) = z*.

Now suppose that v, (2*) = x*, therefore 2* € C because 2* = v,(z*) € P(z*). Since

Vo(2*) minimizes f,(z*,-) over C, the necessary and sufficient conditions read
(Vyf(z®,2%),z—2") >0 Vze Px"),
taking into account that Vyh(z,z) = 0 for any « € C. Since C' C P(z*), we also have
(Vyf(a®,2%),z—2%) >0 VzeCl.

Hence, z* is a minimizer of f(z*,-) over C' and f(z*,2*) = 0. Thus, x* solves (EP). O
LEMMA 2.2 ([BP12])

Given o > 0, the function 1, is a gap function for (o EP), i.e.,

(a) Yo(z) >0 for any z € C,

(b) x* solves (EP) iff Yo(x*) =0 and x* € C.

Proof. (a) If x € C, then optimality of v,(x) guarantees

_¢a(x) = fa(CL‘,Va(SC)) < fa(l’,l’) = 0.

(b) If z* solves (EP), then z* € C' and by LEMMA 2.1 v, (2*) = 2*. Thus ¢4(z*) = 0.
On the other hand, suppose that ¥, (2z*) = fo(z*,2*) = 0 and z* € C. Since f,(z,-)
is strictly convex v, (z*) = z* is the only minimizer of that function. Therefore we can

apply again LEMMA 2.1 to conclude the proof. O

LEMMA 2.3 ([BP12])

For any o > 0, the map vy ts continuous on R™.
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LEMMA 2.4 ([BP12])

For any o > 0, ¥y s locally Lipschitz continuous on R™.

DEFINITION 2.4 (Clarke Generalized Directional Derivative [Cla87])
Let f : R™ — R be a locally Lipschitz continuous function, then we define the Clarke

generalized directional derivative in direction d € R™ at point x € R"as:

f°(x;d) = limsup flettd) —f(2)
’ (2,t)—(2,0) 3

In a similar way we can define the generalized gradient.

DEFINITION 2.5 (Generalized Gradient [Cla87])
Let f : R™ — R be a locally Lipschitz continuous function, then given x € R", we define

the generalized gradient set 0°f(x) of f at = as

f(x) ={£ € R" | f°(x;0) = ({,v) veR"}

an element of 0°f(x) is called generalized gradient of f at x.

In our case the generalized directional derivative plays the role of the directional deriva-
tive in order to validate a descent direction: if it is negative, we have found a descent
direction. The main reason to exploit the generalized directional derivative is the ex-

ploitation of the mean value theorem:

fle+d) = f(z) = (& d)

where £ is a generalized gradient of f at a point in the line between x and d. Notice
that this property is not guaranteed by the directional derivative in the case of non

differentiable functions.

The following theorem (which is the counterpart of THEOREM 1.11) is fundamental: it
provides an upper bound on the generalized directional derivative ¢¢ (x; vy (z) — x), thus

allowing to avoiding its direct computation.

THEOREM 2.1 ([BP12))
Given a > 0, the inequality

¢§($, Va($) - l‘) < _<vxfa($a Va($))’7/a(x) - l’>,

holds for any x € D.

When we substitute C' with P(x), implicitely we loose the guarantee to remain inside

C' while moving along the direction v, (z) —z. In fact, v, (z) could belong to D\ C' while
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exploiting the direction y,(z) — x with proper stepsize, we were sure to never get out of

C (assuming x € C).

This issue have been tackled in [BP12] exploiting penalization techniques: instead of

minimizing the gap function v, they minimize the function defined as follows:

DEFINITION 2.6
Given a, o > 0, we define the function ¥3 : R — R

Vi(x) = ta(z) + z\|C+($)H> (2.2)
and ¢t (z) = (¢ (z),c5 (z),..., ¢ (z)) with
o (z) = 0 if ¢;(z) <0 (2.3)

ci(z) otherwise.

It’s immediate that for all the points outside C, the additive term %HcJr ()| act as a
penalization increasing the value of the objective function, instead for all points belong-
ing to C, WY, is equal to .. o is employed as the penalization’s tuner: reducing o the

penalization increases and viceversa increasing it the penalization decreses.

Exploiting penalization, we obtain a gap function over the whole set D as stated by the

following theorem:
THEOREM 2.2 ([BP12))

Given @ > 0, there exist 0 > 0 such that
a) Vi(x) >0 for any x € D,

b) z* solves (EP) iff W& (z*) =0,
where o € [0,@] and p € (0,0).

The next theorem involves some inequality that will be very useful in the designing of a

descent method.

LeEMMA 2.5 (Lemma 4 and Theorem 4 in [BP12])
Suppose that f : R™ x R™ — R is c-monotone, and let A, (x) be the set of Lagrangian

multipliers associated to v, (x), then it holds that:

(1) U5 (x;va(r) — ) < =5 (x) — afh(z, va(z)) + (Vah(z, va(2)), va(z) — o)),
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(i) If z € D\ C and (A, p) € Aa(z), then V5° (x50 (z) — ) < 0 for any o such that
1 +
5 > [(AD)[], where
A= i Zf Ci($)>0
' 0 else.

(111) If x € C does not solve (EP) and n € (0,1), then
V() = ar(h(z, va(2)) + (Voh(2, va), va(2) — ) < —nWa(z)

holds for any € > 0, and any sufficiently small o« > 0.

The first statement is the counterpart of THEOREM 2.1 and provides a way to check
whether or not the direction v, (z) —x is a descent one. The second and third statement
suggests a condition on the penalization parameter ¢ and the Lagrangian multipliers

that will be used to ensure the correctness of the algorithm.

Now we are ready to give the algorithm pseudocode (see the listing ALGORITHM 2.1)
and state its correcteness.

Algorithm 2.1: Nonlinear Constraints Approximation Algorithm

0. Fix n,7,6€(0,1), € (0,n) and positive sequence ag,0r 0,
choose zg€ D, and set k=1.

1. Set 2Y=2,_; and j=0.
Compute Vj:argminyep(zj)fak(zj,y) and A; € R™ any Lagrange
multiplier vector corresponding to the linearized
constraints.

3. Set dj:I/j—Zj, if dJZO STOP.

4. If the following relations hold:
a) U&(z) >0
b) o = NI +6
c) W& (2) — ar(h(zj,v)) + (Vah(zj,v5),vj — 2)) < —nP& (2))
then compute the smallest non negative integer s
such that

W (2 +v°dj) — W (2) < —Bv**||d;]l

set t;=7°, zjp1 =2 +t;jd;j, j=j+1 and GOIO Step 2,
else set xp=2;, k=k+1 and GOIO Step 1.

THEOREM 2.3 (Correctness of ALGORITHM 2.1 [BP12])
If f is c-monotone, then either the algorithm stops at a solution of (EP) after a fi-
nite number of iterations or it produces either an infinite sequence {xy} or an infinite

sequence {zj} such that any of its cluster points solves (EP).
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2.2 FError Tolerant Extension

As we did before with ALGORITHM 1.2, now we are going to develop an Error Tolerant
Version of ALGORITHM 2.1. Our work is based on the following definitions:

DEFINITION 2.7 (e approximated solution of (Pg))
Given g,a¢ > 0 and x € D a point y* € R" it is called ¢ approximated solution of (P%)

if satisfies

i) y* € P(z) and

i) fa(r,y") — e < fal®, va(r)) = ta(z).

DEFINITION 2.8 (AS(x))
Given o > 0, we define the point to set map A, : int Ry x R™ — R'" as a point to set

map satisfying the following properties:

a) given € > 0 and = € P(x), A% (z) is bounded,

b) for any positive sequence {e;} and xp € D satisfying ¢ — 0 and z; — x* and for
any sequence {\;} such that A\, € AZ (x;) there exists a subsequence induced by
S C N such that
lim A\p € Ay (2%),
res o(7)

where Ay (z) C RT is the set of Lagrange multipliers vectors corresponding to the
nonlinear constraints for the problem (PY).
Notice that differentely from ALCORITHM 1.3, now we need both approximated primal
(DEFINITION 2.7) and dual solutions (2.8).
In addition, consider the following definition.

DEFINITION 2.9 (T'%)
Given a, o > 0, we define the function I'} : R® x R"® — R as

T2 (2,0) = — fulz,v) + ;nc(x)*n

Notice that from this definition it follows that W8 (z) = T'a(z, v, (x)) for any .

In the remaining part of this chapter we give the algorithm pseudocode and we prove
its correctness, afterwards in the next Chapter we propose some methods to compute

suitable approximated primal and dual solutions of (P%) for a given error parameter e.
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Algorithm 2.2: Error Tolerant Algorithm Nonlinear Constraints

0. Choose xp€ D, and positive sequences {a;},{€},{p;},{0;}
converging to zero such that Z;’;léj<+oo and €; <4;.
Set all indexes I,,I4,Ic to 0 and £=0.

1. Increase I..
Compute v, ¢ approximated solution of (P;’;a) and A\, a
vector in Ay (zy).

3. If Tof(zp,v) <0 (<C1) or

(T2 (x5, v) +er.) < —Tarl (x5, v) — ag, bz, v) + (Voh(ag, v), v — )] (=C2)

increase I, and I, and GOIO Step 1.

1< I (SO3)
4. If o < [AT] (=C3) increase I, ~and GOTO Step 1.
5. Set dp,=v—xp.
6. Set k=k+1 and ax=ar,, ok =p1,, ck =€l -
7. If dp_1=0 set xp=xp_1, tp_1 =0 and GOIO Step 1.
8. Find smallest s€ N such that
D8 (zr—1 + Yodg—1,vs) — T8 (wh—1,v) < —Bv*8||dg—1] + Ok—1
where vs is an ¢ approximated solution of (73;':_1+75dk_1).

9. Set tpr_1=7°, xp =21 +tg_1dr—1 and GOTO Step 1.

2.2.1 Algorithm and Proof of Correctness

The pseudocode of ALGORITHM 2.2 is given in the listing below.
The first Lemma is devoted to prove that the line search at Step 8 eventually terminates.

LEMMA 2.6

Given x,d € D, and a,p0,e,0 > 0, v € (0,1), let vs € P(x) be an € approximated
solution of (P,
then there must exist s € N such that

«q)» and vy an e approzimated solution of (Pg). Suppose that 6 > e,

T (x +~°d, vs) — T2, v0) < —Bv*|d| + 6 (2.4)

Proof. DEFINITION 2.7 guarantees

I (z,va(z)) <T2(x,19) +¢
I (z+v°d, vo(x +v°d)) > T2 (x, vs).

Therefore, supposing that (2.4) hold, for any s > 0, we get

I (z+~v°d,vo(x +v°d)) — Te(x,va(x)) + € > —ﬁ’ystdH + 6 (2.5)
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Since the generalized Clarke derivative in the direction d: TS (z,va(z);d) = W& (x;d)
is finite and § — € > 0, there must exist s such that ‘Sv;f > T8 (z,v4(z);d) + 1 holds for
any s > 5. Thus (2.5) produces the following contradiction:

Ié(z +7°d, va(z +°d)) — Té(x, va(2))

lim sup > limsup —7°||d||+T8 (z, vo(x); d)+1,
5—+00 'Ys 5—00
ie. 02> 1. O

Looking at the proof, we understand why we need to control the entity of the approx-
imation €. Without any guarantee on the approximation, we cannot set a proper § to
ensure that this kind of line search terminates. A good reason to use a line search like
this, is that without assuming that the direction is a descent one, it allows us to prove

the next Lemma, which is very important for the correctness of the method.

LEMMA 2.7

Let {z1} be a sequences in D, let {dx},{ck},{tx} be positive numbers sequences, such
that Y2, 0 < 00 and 8y > eg, and let o, 0 > 0, and let 1/2',1/,; € P(x) be respectively
an gy approvimated and an €11 approvimated solution of (Py ). In addition suppose

that the following inequalities:

P8 (k, 3) = T (h-1,v4_1) < —BtEldi]| + 6
e(zg,v, ) >0
hold for all k. Then limy_, Ht%dkH =0.

Proof. Exploiting the definition of 5 approximation, the line search procedure implies
that :

T2 (2k, va(w) — ek — TE(@p—1, va(2r-1)) < —BtE]1dk|l + Ok,
holds for any k. The above inequality leads to

N

N N
> 8k, valzr)) — T(@h-1, Va (k1) Z Btelldell + ) (6k + ex),
k=2 =2 k=2

where N > 2. Thus, multiplying by —1, we obtain

N N
—T2(xn, va(n)) + T2(z1, va(21)) + D (0k + k) = > Btylldil.-
k=2 k=2

Since g (zn,vy) > 0, then also I'g(zn, vo(zn)) > 0. Thus, we obtain that
N

N
T (21, va(m1)) + Y _(6x+er) = > Btilldall.
=2 P
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holds for any N > 2. Thus, since Y 5o, (6 + k) is convergent, then also > oo | Bt||dx|

is. As a consequence the generic series term have to go to O:

lim ||t3d| = 0.
k—o0

LEMMA 2.8
Consider positive sequences {ay}, {er}, {or}, and sequences {xy},{vi} in D. Suppose
that the set S C N induces a subsequence such that

lim  (zk, ok, ok, €x) = (27,0,0,0) and
k — oo
ke LCN

L% (g, v3) < 0 (—C1)

k

or

— (T8 (zp, ) + ex) < —T8 (wg, vp) — arlh(@r, vi) + (Veh(ar, vi), vk — ox)] (2C2)

k

holds for any k € S, for some given sequence {vi} of e approzimated solutions of (Pg* ).
Then x* solves (EP).

Proof. Either condition —=C'l or condition —C?2 has to be true an infinite number of

times. Suppose there exists an infinite set L C .S such that
Fg’; (xk, I/k) <0

holds for any k € L. where {1} is a sequence of ¢, approximated solutions of (Pg*).

Then, by DEFINITION 2.7 we also have that

% (zk, Vo, (zx)) <0 Vk € L. (2.7)

k

Since vq, () belongs to a compact set, we can assume without loss of generality that
lim vy, (zx) = v*. In addition, we notice that taking the limit as k — oo with k € L

k — oo
ke L CN

in the following inequalities

f(@k, Vo (zr)) + aph(xg, Vo, (2r)) < f(zg, V) + agh(zg,v) Vv e P(xy),

leads to
flz*,v*) < f(z*,v) Vv e P(z"). (2.8)

Notice that we exploited the fact that the point to set map P : R®™ — R"™ is continuous
and therefore open, that is for any v € P(z*) we can devise a sequence of vy, € P(xy)

converging to v.
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As a consequence of (2.8), we have v* € argmin{f(z*,v): v € P(z*)} . Notice that z*
must belong to C, otherwise taking the limit as k — oo with k € L of (2.7), we obtain

le* ()|

Ok

Fgci(xkv Vay, (xk)) = _fak(xk'7yak (mk» + — +00 <0

lle* (

since TZ’“)” — 400 and fo, (zk, Vo, (k) — f(a*, y%).

Finally, taking the limit as k — oo with k € L of (2.7), we obtain
_f (x*7 v *) <0
and therefore z* solves (EP). This concludes the case in which =(C'1) is true an infinite

number of times. Now we move to the other case.

Suppose there exists L C S such that

—n(C& (v, i) +ex) < =T (wg, vg) — ag[h(@r, vi) + (Vaeh(zr, i), vk — T))

k

holds for any k € L. Rewriting the above inequality we obtain

—aglh(xk, vg) + (Voh(xk, vg), v — )| + 1e
P2k () < klh(zg, vg) + 1_(?1; k) Vk — Tk)| + NER vk € Ly,

Because the RHS goes to 0 as k — 400, we obtain that z* solves (EP) just arguing as

in the former case.

O]

Another important consequence of the above Lemma is that if z; doesn’t solve (EP)
eventually, the variable k defined in ALGORITHM 2.2 will increase. In other words is not
possibile to have an infinite loop of Steps: 1 - 2 - 3 -1 — 2 — 3... cycling on some
xy, that doesn’t solve (EP). In fact, consider the variables ay,, pr ,> €1, and y: each time
the GOTO 1 is taken at Step 3 C1 or C2 is false, in addition, the variables ay,, py,, €1,
decrease thus an infinite loop would generate a going to zero sequence and match the

premises of the above Lemma.

THEOREM 2.4 (Correctness)
Suppose that f is c-monotone and let x* be a cluster point of the sequence {xy} generated
by ALGORITHM 2.2, then z* solves (EP).

Proof. Let S C N be the set of all indexes k such that the GOTO at Step 3 has been
taken at that k. If |[S| = |N|, then exist a subset of N satisfying the assumptions of
LEMMA 2.8, and thus, z* solves (EP). Instead, if S is finite, we have that gy = ¢ and
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ar = a, and C1, C2, C3 hold from some k onwards. Indeed if £ > max{n € S} Cl
and C2 hold and the only possibility to update g is that the condition =C3 at Step 4
is true, but this could happen only for a finite number of times. Otherwise, we would

have a subsequence of \;, € A%k (zy) for some xp, — =* € D, with e, — 0 such that:

Ao = A* € Ag(z*) C R™

1
— < A
— — o0,

where the first statement follows directly from DEFINITION 2.8, the second is the viola-
tion of (C3) and the third is due to the going to zero of g.

Hence we now deal with the case when g = ¢ and ap = «, and C1, C2, C3 hold
from some k onwards. Then thanks to the line search at Step 8, the assumptions of
LEMMA 2.7 are met and so we have that ||[t7dg| — 0. Let L be an infinite subset of N
such that the limit of x;, as k — oo with k € L is x*.

We distinguish two cases. If ||dg|| — 0 for k¥ € L, then we can choose a convergent
subsequence of ¢, approximated solutions v, — 7 for k£ € L such that d, = v, — x4,
(remember that D is compact). Hence, since e — 0, then ||vq(xr) — vkl — 0 and
therefore 7 = v, (2*) and d* = v,(z*) — 2* equal to zero actually means that z* is a
solution of (EP).

Now, suppose that ¢, — 0. If for some infinite set B C L we have that ¢, = 0 we
can reduce again to the case ||dg|| — 0 for £ € R , hence we can limit ourselves to the
case t;, > 0 from k > k onwards for some k& € N. By the way the line search at Step 8
is performed, there exist two sequences V;'_, v, € P(x) being respectively an ¢ and an

€x+1 approximated solutions of (Pg, ) for which

trnd _ t
T (zp1 + %7 ) TS (ep1, vy ) > —5(;’“)21\@\\ + 0k,

at every step k > k € N.

Thus, by DEFINITION 2.7 we can affirm

trd trd t
T (21 + % Vo (Tp_1 + %)) — T (0p—1, Va(Tp-1)) + €k > —ﬂ(fﬁndkn + 6k

holds for any k& > k. The mean value theorem guarantees the existence of 6 € (0,1)
such that

trd trd trd
Lo (zp—1+ %v”a(xkfl + %)) =I5 k-1, val(Tr-1)) = (ks %),



44 Chapter 2 Handling Nonlinear Constraints

tedi

where § is a generalized gradient of I'y(+, va(+)) at z,_1 + QkT' Because of the gen-

eralized gradient proprieties, we have

. td ted _
T2 (g1 + ek%, Vo 1 + Gk%);dk) > (&, dp) Yk > E.

Hence,

] thd td t
Io°(zk—1 + Qk%, Va(Tg—1 + 91@%); di) > —5$Hdkﬂ + 0k — €k (2.9)

holds for any k > k.

Exploiting the upper semicontinuity of the generalized derivative (see e.g. [Cla87]) taking
the limsup as k — +oo with k£ € L of (2.9) we get

(%, va(z*);d*) > 0. (2.10)

Now, there can be two cases based wheter or not z* belongs to C.

Suppose that 2* € C' and but it doesn’t solve (EP).

Notice that —I'0°(x*, vo(27);d*) < —nl'g (2", va(z¥)). Indeed C2 guarantees

=I5 (xp, valor)) — alh(wg, va(zr)) + (Veh(zr, va(zr)), va(Tr) — 21)]
< =Tk, 1) — alh(@r, valor)) + (Vol(zk, va(@r)), va(or) — 2x)]
< =0T 2k, 1) + er) — afh(n, va(@r)) + (Voh(zr, val(zr)), valzr) — ox)]
+ alh(zg, v)) + (Vah(zg, v, v — )],
from which, taking the limit as k — oo, k € L, we obtain the following chain of inequal-
ities
— g (2%, va(27))
> T2 (", va(2")) — alh(e*, va (@) + (Voh(a*, va(a")), d*)
= 00 () — alh(a", va(")) + (Voh(a", va(a*)),d*)
> Uoo(x"d*) = To% (2", va(2"); d¥).

(2.11)

Where the last inequality follows from LEMMA 2.5 (i). Therefore, if * doesn’t solve
(EP) and z* € C,

(2.11) contradicts (2.10), since —nI'g (2", va(z*)) = —pa(z*) < 0.
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Suppose that z* ¢ C and it does not solve (EP). Condition C3 guarantees é >
[N + 6, with Ay € A%k (). Hence, exploiting DEFINITION 2.8 we can take a subse-
quence converging to \* € A, (z*), such that % > ||((A*)T)||+d. Thus, by LEMMA 2.5(ii),
['5°(z*, va(z*);d*) <0, contradicting (2.10).






Chapter 3

On the Computation of the Inner

Problem’s Solutions

ALGORITHM 2.2 generates a sequence of x3, € D, and it needs both some €, approximated

solution yj, and some )\, € AZk (7) at each step.

In this chapter, we firstly study how the characteristics of y and A are linked to a
perturbation of the well known K KT optimality conditions for (P%). Afterwards we
propose two methods. The first, is derived from the Frank and Wolfe algorithm and it
reduces to a sequence of linear programs, interestingly, theoretical results show that it
could be arranged to converge rapidly in our framework. The second is derived from
the Fiacco and McCormick’s Barrier Method and it reduces to a single unconstrained

nonlinear minimization problem.

All the considerations of this chapter are applicable with not much effort to the simpler
case of ALGORITHM 1.3. Please notice that for the aims of this chapter, we can consider
zp=x € D,g, =¢ >0 and o = a > 0 fixed.

3.1 A Subset of Approximated Dual Solutions

In this section we study the point to set map U., which associates to a point x € R”
a subset of € approximated dual solutions. U, and the function L* defined below, are
common tool which are exploited in literature (e.g. [Hog73a]) to study the asymptotic
behaviour of properties of approximated dual/primal solutions as the approximation
goes to zero. In our case they constitute the main tool to prove that a dual feasible
vector A € R™ belongs to the set AS ().

In order to express compactly the feasible region of (P$) and abstract from its real

structure we introduce the functions g;.

47
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DEFINITION 3.1 (g;)
We define the functions g; : R x R” — R for i = 1,2,...,m as follows:

gi(x,y) = ci(z) + (Ve (x),y — ).

Where the functions ¢; are the ones defined in ASSUMPTION 2.1.

We can now express the polyhedron P(z) as follows:

P(x)={yeD : gi(z,y) <0}.

Notice that in this way, with a mere substitution g;(x,y) = ¢;(x) we can cover also the
case of the algorithm ALGORITHM 1.3.

DEFINITION 3.2 (L*)
We define the function L* : R**™ — R as:

L*(z,u) = max — fo(z w;g; (x
( ) veD foz y Z zgz y

The function (y, \) — fo(z,y)+> it wigi(z,y) is a partial Lagrangian of (P2). Indeed,

it considers only the inequality-constraints that depends upon the considered x.

REMARK 3.1. Let (A*, u*) € R™*" be the Lagrangian multipliers for the problem

a. — Ja y .
Jmax fa(z,y)

Then L*(x, \*) = ¥qo(x).

Proof. Under ASSUMPTION 2.1, strong duality holds for the problem

max — fo(, ) Zuzgz z,y)-

Hence, we have that

L* (2, A)

= max — f(z, A gi(x,

max — fa(,y) Z gi(x,y) 6.1)
—rélﬂlggl{yrré%g falz,y) - ZAgzxy Zuj ) =0, j=r1,....,7}

Where in the last equation we have exploited the h; from the definition of D (see
ASSUMPTION 2.1).
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On the other hand, strong duality holds also for the problem

max — fo(x,y),
max fa(z,y)

and we get

Yo(x) =  min  {max —f,(z,y) — Z)\Zgzmy Zu] (y) =0, j=r,...

(uA)ER T yER™
= — fa(z,y) ZA gi(z,y) Zu}h](y)
j=1

Since the minimum is attained at (A*, u*), p* has to minimize the RHS of (3.1). O

This remark will be exploited in the proof of LEMMA 3.4.

LEMMA 3.1

(1) L* is a continuous function over R™™,

(i) L*(x,-) is convex for any x € R™.
Proof.

(i) The point to set map x — D is constant, and therefore continuous (see [Hog73c]).
In addition « — D is uniformly compact thanks to ASSUMPTION 2.1. The func-
tion — fo(z,-) — D", wigi(x,-) is continuous, thus THEOREM A.l guarantee the

continuity of L*.

(i) Let A € [0,1] and uy,up € RY" then
L*(z, Aug + (1 — Nug)

= max — fo(x,y) Z (Aup + (1 = MNuz)gi(z, y)
=1

yeD i
= max — Aa(2,y) thgz (2,9) = (1= N falz,y) = > (1 = MNuagi(z, y)
i=1
< max —Afa(z,y) ZAmgz z,y) +max—(1 = A) fa(2,y) = (1= Nuagi(x,y)

i=1 i=1
= AL (z,u1) + (1 — N)L*(x, u2)
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DEFINITION 3.3
For any € > 0, we define the point to set map U, : R — R as follows:

Ue(z) = {u € RE[L™(z,u) < ¢a(z) + €}

Notice that the above definition allows € to be zero. By definition the set Uy(x) is the
set of Lagrangian multipliers of the problem (P<). The following lemma, will be heavily

exploited in the proof of THEOREM 3.1.

LEMMA 3.2 ([Hog73b))
If Yo (T) is finite, then the point set map Uy : R™ — R™ is non empty and uniformly

compact near T, and Uy is closed at T.

Now we will prove that uniformly compactness is achieved also in the case € > 0.

LEMMA 3.3

Given any € > 0, U is a closed point to set map.

Proof. Just apply THEOREM A.3 with P(z) = U.(z), Y = R and g(z,u) = L*(z,u).
O

LEMMA 3.4

Given any € > 0, U is an open point to set map.

Proof. We invoke THEOREM A.4 with P(z) = {y € Y | g(z,y) < 0} for any = € R",
Y = R} and g(x,u) = L*(x,u) — ¥a(x) — €, which actually means P(z) = U.(x). In
order to apply THEOREM A.4, we have to prove that g is continuous on x x P(z), that
g(x,-) is convex (both ensured by LEMMA 3.1) and that for each fixed z € R", there
exists u € Y such that g(x,u) < 0. This could be seen, observing that fixed z € R",
there exists u € R : L*(x,u) — Yo (x) —e < 0. Indeed REMARK 3.1 shows that for any

x we can choose the optimal Lagrangian multiplier v* and obtain L*(z,u*) = ¢ (z). O

LEMMA 3.3 and LEMMA 3.4 guarantee the continuity of the point to set map Uk.

COROLLARY 3.1

For any € > 0 the point to set map U is continuous.

LEMMA 3.5
Let € > 0 and suppose that U(T) is non empty. Then, the point to set map U, : R™ —

R™ s non empty and uniformly compact near T.

Proof. Let f : R?® — R be a constant function, let Q(z) = U.(x), v(z) = SUPyca(z) f (7, V)
and M(z) = {y € Qz)|v(z) < f(z,y)}. Since f is constant, M (z) = Q(x).
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Moreover f is continuous and quasiconcave and, LEMMA 3.4 and LEMMA 3.3, guarantee

that Q is closed on a neighborhood of T and open at T.

Furthermore, M (7) = U.(7) is bounded: otherwise, there would exist uj € U-(T) such
that |lug|| — 400, so, there could exist an index ¢* € {1,2,...,m} such that u,, — +oo.
Let y € D satisfy ¢;(Z,y) < 0 for any 7 (the existence of such a vector 7 is ensured by
ASSUMPTION 2.1), then we would have

L*(T,u;) = max — fo(T u T,y) > T U x
( k) eD foa y Z kgz y foa y Z kgz y

Therefore, since —uy,9:(7,y) — 2z € Ry U {400} for any ¢, we would have that
L*(Z,up) — 4o0o. Obviously L*(Z,ug) < 1¥o(T) + € since ux € U (T), and thus the

finiteness of 1, (7) would led to a contradiction.
Hence, all the assumptions of THEOREM A.5 are met and the thesis follows. O
Our aim is to prove that Uz(x) C AS (x). We already showed that U.(z) is bounded. The

following lemma shows that we can extract a converging subsequence, then exploiting

LEMMA 3.1, we will prove the desired inclusion.

THEOREM 3.1
Let {x} and {er} be two sequences such that ey, > 0, e, — 0 and x, — x* for some x*
at which Yo (z*) finite, then UgsoUs, (zk) is bounded.

Proof. By contradiction, we prove that the existence of a sequence {uy} such that uy €
Uks0Ue, (zx) and [Jug|| — +o0 is not possible.

By LEMMA 3.5, Uy, (z) is bounded for any k. Thus, in order to prove that ||ug| — +oo

is impossible, we can just consider the case uy € U, (k).

Suppose there exists a sequence {uy} such that uy € Ug, (zx) and ||ug|| — +oo. Thanks
to LEMMA 3.2, we can construct a sequence z; € Up(xy), such that z; — z* € Up(x™).

Moreover, given an abitrarily large M > 0, we can construct also a sequence {wy}
satisfying the following conditions:

(a) wi = Az + (1 — Ag)ug,

(b) Ak €[0,1],

(¢) wy converges to some w* such that M < ||w*|| < 4o0.
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If M < ||z*]|, it is enought to set A\ = 1 to satisfy (a), (b) and (c). Hence, suppose

M > ||z*||, and choose A\, =1 with § > 0. We have

Tkl

lwrll? = Nllzil® + (1= )l + 220 (1 = Ae) 2

é ) U,
—(1- 2|2+ 0% 4 20(1 — — )2 (—
(= T 1l O Tl el (3.2)
o) 9 9 )
<= P+ 2 4250 — 2l
el el

where we have exploited the well known Cauchy—Schwarz inequality. As a consequence,
taking the limit in (3.2) as k — 400, we obtain that ||w*|| < 4+o00. Furthermore, it holds

lwg I > (1~ ﬂ) l2xl® + 62,
In fact, since U.(z) C R for any € > 0 and any = € R”™ we have 2\, (1 — A\g)zf uy > 0.

Now, taking the limit as £ — 400 in the above inequality, we obtain
lw* || > 12> + 62,

Since ||ug|| — oo, we can set § = VM and subsequencing to fulfil the requirement

0 < A\x < 1. Hence, we can assume to have sequence a {wy} that satisfies (a), (b) and

(©).

By LEMMA 3.1, we have that L*(x,-) is convex. Therefore, it holds

L*(zg, w") < MeL* (g, 2) + (1= M) L (g, ) < Metba(zr) + (1 — M) (Ya(2r) + €8),

where the last inequality follows from z; € Up(xg) and up € Ug, (xr). Moreover,
we proved that L* and 1), are continuous functions. Thus, taking the limit we get
L*(z*,w*) < 1o(z*), and hence w* € Up(z*). Anyway, by construction we can make
||w*|| arbitrarily big contradicting the boundedness of Up(z*), which is guaranteed by
LEMMA 3.2. O

We are finally ready to state the following corollary:

COROLLARY 3.2
Us(x) - Ag(x)

Proof. LEMMA 3.5 guarantees that DEFINITION 2.7 a) holds. Consider a sequence A\ €
Ue, (k) with z;, — 2* € D and ¢, — 0. THEOREM 3.1 guarantees that we can construct
a converging subsequence Ag; — A*. Furthermore since L* is continuous, we obtain that
A* € Up(z*), i.e., \* is a Lagrangian multiplier of (P%). Hence, also DEFINITION 2.7 b)
holds. O
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3.2 Relaxating the Complementary Slackness Conditions

In this section we study a weaker case of KKT conditions (named eKKT(n) conditions),
obtained relaxating the complementary slackness conditions. Afterwards, we prove that

vectors which satisfy them provide suitable e approximated solution y and X € A (z).

DEFINITION 3.4 (¢KKT(n))
Given 7 € int R, and € > 0 we say that a vector (y,\,u) € R" T satisfies the
eKKT,(n) conditions if

Vool y) + > AiVygi(z,y) + > 1 Vhi(y) =0 (eKKT,(n)1)
i=1 =1

> Nigi(a,y) > —¢ (eKKT4(n)2)
=1

pihi(y) =0 j=1,2,...,m (eKKT,(n)3)
gilz,y) <—m i=1,2,....m (eKKT(n)4)
yeD (eKKT,(n)5)
AERT, peR} xR (eKKT,(1)6)

The following Lemma shows that the eKKT,(n) conditions are sufficient for y to be an

¢ approximated solution of (PZ).

LEMMA 3.6
If (y, \, ) € RVT™HT satisfies the e KK Ty (n) conditions, then y is an € approzimated
solution of (PS).

Proof. Let y* be a solution of (PY). By (eKKT,(n)4) and (eKKT4(n)5), y € P(x) and
therefore fo(z,y*) < fo(z,y). Thus, it is enough to prove that f,(x,y*) +¢ > fo(z,y).
Exploiting the convexity of g;(x,-), h; and (eKKT,(n)1), we obtain

0= (Vyfal@.v) + Y NiVygi(z,y) + > 1 Vhi(y),y" —y)
=1 =1

< fala,y™) = fala,y) + > Nilgilw,y*) — gi(e,9)) + > pi(hy(y*) — hy(y)-
i=1 j=1
Since y* € P(x) and A € R, Ajg;(x,y*) < 0 for any i. Moreover, it holds

> pi(h(y*) = hi(y) = > pi(hy(y*) = hy(y))
=1 =1

< Zﬂj(—hj(y)) = 0.



54 Chapter 3 On the Computation of the Inner Problem’s Solutions

Where the first equality holds since y,y* € D, the inequality holds since p; > 0 and
y* € D and the last equality follows from (¢eKKT,(7n)3). Therefore, we obtain

0< fal@y) = fale,y) + Y Nilgilz,y") = gilw,9) + Y wi(hi(y™) = hj(y))
j=1

i=1

< folz,y*) = falz,y) Z)\zgz (,).

Where we implicitly exploit that A € R, y* € P(x) implies A\;g;(x,y*) < 0. Finally
applying (eKKT,(7)2) to the last inequality, we conclude that

0 < falz,y*) = falz,y) - Zkzgzxy)<fa(wy) folz,y) +e.
=1

O]

The remaining part of this section is devoted to prove that if (y, A, u) € R"*™*" satisfies
the eKKT,(n) conditions, then A € U.(z) (and thus A € AS (x)).

ProPOSITION 3.1
Let x € R" and ¢ > 0 be given. If (y,\,u) € R"T™*" satisfies e KKT.(n), then
A€ U ().

Proof. Given = € R", by definition it is required that L*(x,\) < 9o (x) + € for A to
belong to U.(z).

Consider the problem
mmfa(x y) + ZAzgz (z,y). (P(N)
=1

The convexity of fo(z,-)+ > i1 Nigi(x, ), guarantees that the KKT are sufficient to be
a minimizer. KKT conditions for (P(\)) are indeed satisfied by (7, A, i), since they are
exactly (eKKT4;(n)1), (eKKT4(n)3), (eKKTz(n)5) and (¢KKT,(n)6). Therefore, 7 is a

solution of (P(\)) and we have

—L*(z,\) = mlnfa(x y —I-Z)\Zgl x,y)
i=1

= fa(@, ) + ) Nigi(z,7)

=1

> —tha(@) + Y Nigi(2.7)
=1

v

— () — €.
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Where the first inequality follows from LEMMA 3.6 and the second from (eKKT,(n)2).
O

3.3 Existence of Solutions

In this section we show that at least one vector satisfying conditions eKKT,(n) for a

given ¢ always exists.

DEFINITION 3.5
Let n € R’!'. We define the point-to-set map P : R" x R™ — R" as

P(x777):{yeD‘ gl(x7y)+777« §07 7::]‘727"‘77/)1}'

DEFINITION 3.6
Let n € R'. We define the problem (P}') as

(P find y € argmin f,(x,y)
yeP(z,n)

Under ASSUMPTION 2.1, the continuity of the functions involved in our problem guar-
antees the existence of 77 € int R’ such that whenever 1 € R’ satisfies < 7 compo-
nentwise there exists ¥ € R" such that g;(x,7) + 7 < 0 and h;(y) < 0 hold for any
reR"andi=1,2,...m, j=1,2,...,r1. Therefore, the set

V={neR!IyeR Ve cR": gj(x,y)+n; <0, hj(y) <0, i=1,....,m, j=1,...,r,},

includes an open ball centered at 0. If we restrict to those n € V only, we can assume
that the Slater’s constraint-qualification holds and that the solutions of (P;) satisfy the

KKT conditions. Namely, these conditions read:

m r
Vyfa(®,y) + > NiVygi(z,y) + > miVhi(y) =0 (KKTZ 1)
i=1 i=1
Nigi(z,y) ==\ i=1,2,....m (KKT3 2)
wihi(y) =0 i=1,2,...,m (KKT3 3)
gi(z,y) <—m; i=1,2,....m (KKT3 4)
yeD (KKT? 5)
AERTY, peRY} xR (KKTZ 6)

Notice that for any n € V, (Py) admits a solution since the feasible region is non empty
and compact and f,(x,-) is continuous. Furthermore, the solution is unique since f,(z, )

is strictly convex.
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Thanks to the convexity assumptions, also strong duality holds.

Now, we are going to show some proprieties of the optimal multipliers for (P;). It is

straightforward to see that
U(z,n) = {u € RY| L(z,7,u) = max L(z,7,u)},
u

where
m

Liwn.u) = inf fa(z,y) + 3 uilgi(w,y) +m),
=1

is the set of Lagrange multipliers for (P)) corresponding to the constraints g;.

LEMMA 3.7
For any (x,n) € R™ x V, the point-to-set map U : R"™™ — R is non empty, uniformly
bounded near (x,n) and closed at (z,n).

Proof. Notice that

i) Ig(in : fa(x,y) exists and it is finite thanks to the Weierstrass’s theorem (since
yeP(z,n
fa(z,-) is continuous and P(x,y) is compact).

ii) fo(z,-) is convex and continuous and so are also the functions (y,n) — g;(z,y) +n,
iii) Slater’s constraint qualification holds for any z € R™ and n € V,

iv) the solution set M (z,n) = argmin f,(x,y) is a subset of D and therefore is bounded
yeP(z,n)
thanks to ASSUMPTION 2.1.

Then, the thesis follow directly from THEOREM A.6 considering f = —f, and = P,
X=R"xV, Y =R" O

Existence of an eEKKT,(n) vector

Obviously, the existence of a vector (y, A, u) € R" ™+ gatisfing KKT} conditions, im-
plies the existence of an eKKT,(n) vector with e = Y™ A;n;. Intuitively, this leads us
to think that for any € > 0, there exists n € int R’ such that the system of DEFINI-

TION 3.4 admits at least one solution.

THEOREM 3.2
Let ¢ > 0, then exist 7 € int R such that for any n € [[;",[0,7;] exists a vector
(y, A\, ) € R satisfying the e KK Ty (n) conditions.
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Proof. Given e > 0 we construct a sequence such that n, € V, np — 0 with A\, € U(z, nx).
Thanks to LEMMA 3.7, we can take a subsequence of A\; converging to A*. Therefore,
oty Akink; — 0. Thus, there exists an index k such that > % A\g;ng; < € since € > 0.
This guarantees that eKKTY admits a solution. O

3.4 Practical Methods to Compute Approximated Primal/-

Dual Solutions

A possible way to compute an € approximated solution is to solve directly the equations
coming out from eKKT,(n) conditions. Unluckily, as for the KKT conditions, this could
be difficult or inefficient in some cases. Therefore, we develop a very general method
based on the Frank-Wolfe algorithm.

3.4.1 Frank & Wolfe Method Review

The Frank-Wolfe method [FW56] is a well known method to solve constrained optimiza-
tion problems. When applied to the problem (PS), it generates two sequence of points

of P(x): z and yy:
2z, € arg min fo (2, yp—1) + (Vyfa (@, Yp-1), 2 — Yk-1)
z€P(x) (35)
Yo = (1 — ap—1)yr—1 + ap—12k-1,
where {aj} is a sequence in [0, 1] such that ax — 0 and yo € P(z).

PROPOSITION 3.2

Define er, = fa(®,yr) — fa(z,yk-1) = (Vyfa(®,Yr-1), 2k — Yr—1) then yy is an ek ap-
proximated solution of (PS)for any k > 0.

Proof. The sequence of points y;, j € N produced by the Frank and Wolfe algorithm
belongs to the set P(xz). Thus, the only property to be checked is that

fOt('rv Va(x)) 2 fa(xvyk) — k-

Exploiting the convexity of f,(z,-) we have that

fa(z,va(7) > fo(®, yp—1)H(Vy falr, yp-1); Va(2)—yr-1) = fa(z,yk—1)H(Vyfa(T, Ys-1), 26=Yk-1),

where the last inequality is due to the optimality of z;. The definition of € allows writing

the above inequality as

fa(xayk) — &k = fa(xvykfl) + <vy.fo¢(w7yk71)7zk - yk71> < fa(x,y(a:)). (3'6)
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O]

Frank and Wolfe [FW56] proved that if f,(x,-) is convex and D is compact yr — v, (z) as
k — oo. This implies that the error €, — 0. Thanks to the above proposition, breaking

the Frank-Wolfe procedure when ¢, < ¢, y;. provides the desired € approximated solution.

3.4.1.1 How to Obtain Bounded Approximated Dual Solutions

A possible way to obtain elements of A (z) is to gather them from the solution of the

problem

Zglgl(ri) fo(@,yp—1) + (Vyfa(®,Yk—1), 2 — Yr—1)

that is solved at every iteration of the Frank-Wolfe procedure. In particular we can use

as approximated dual solution the solution of the problem

Ay € arg max min(Vy, fo (2,95 _1) + fo(®,95_1) 2 — Y4_q) + Z Xigi(x, 2) (3.7)

XER™ zED —
where y; satisfies
e > ¢ = falm,y;) — fa(x,y4_1) — (Vyfal®y5_1), 24 — Yiy)- (3.8)

For clarity, suppose that our algorithm calls the routine below (see ALGORITHM 3.1) at
each iteration with parameters x; and ¢ in input to obtain the approximated primal

and dual solution of Pg, .

Algorithm 3.1: Truncated Frank & Wolfe

TruncatedFrankAndWolfe (x, ¢)
Choose yp € P(z), set i = 0.
do
Compute (z;,A;), primal and dual solution of the problem

minzeP(az) fa($7yi) + <vyfa(l‘a yi)7 = yz> :
=
Yir1 = (1 —a)yi + iz
error = fo(2,yit1) — fal(x,4i) — (Vyfa(®, i), 20 — i)
i = i+1
while (error > ¢)
return (v, Ai—1)

o =

Multipliers obtained in this way enjoy the fundamental propriety of belonging to the set
U:(z) given in DEFINITION 3.3 as stated by the following Lemma.

THEOREM 3.3
Suppose that A € R satisfies (3.7), then A € Uz(x).
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Proof. Consider the function L* given in DEFINITION 3.2. Exploiting the convexity of

fa(z,-), we obtain

L* )\: —Jal\d, - )\i’i7
(w,A) = max —fo(z, 2) ; gi(x, 2)

< lgleaDX_fa($ay];_1) - <Vyfa($7yf€_1)7z - y;};_1> - Zkigi(xa z)
=1

= —fol(z,y;_1) — (Vyfa(@ y5_1)s 25 — Y1)

Thanks to (3.8) we get

foa(xvykfl)"’_(vyfoz(xayfgfl)aZ_yfg,1> = f(xﬁyfg)_g]; > yg};?z) fo&(x7y)_€’% = —¢a($)—€;;-

Multiplying the above inequality by -1, we get
L*(z,\) < va(x) +ej, < () + 6,

which is the characteristic property of the vector A belonging to U.(x). O

This result, coupled with THEOREM 3.1, ensures that the procedure described in AL-
GORITHM 3.1 is suitable to be embedded in algorithm ALGORITHM 2.2.

3.4.1.2 On the Computational Cost

The Truncated Frank-Wolfe algorithm explained in the above section has the advantage
of involving only the solution of linear optimization programs. In fact, thanks to the
linearization technique introduced in the previous chapter, all the constraints functions
in (PS) are linear. Moreover, the Frank and Wolfe algorithm solves an optimization

program with a linear objective function at each step.

On the other hand, the well known drawback of the Frank-Wolfe algorithm is its “slow”
convergence rate. Indeed we have fo(z, yr) — fa(2, ya(2)) < O(3) ([FW56] and [DHT78]).

Anyway in a recent paper ([JLJ14]) Simon Lacoste-Julien and Martin Jaggi showed that
the Frank-Wolfe variant with Away Steps converges with a geometric rate (O(o~*)) for

any strongly convex objective function if furthermore the feasible region is a polytope.

This is indeed our case: the strong convexity requirement is always met due to the

properties of h, as well as the geometric properties of the feasible region.

The Away Steps variant was proposed in [Wol70]. While in the standard Frank-Wolfe
algorithm the direction at each iteration k is given by the vertex zp, the Away Steps
variant allows us to exploit also a subset of the vertices which have already been consid-

ered in the previous iterations. To do so, a data structure containing a subset of those
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vertices {z;|i < k} is mantained. At each iteration k a new vertex could be added or
there could be a “drop step”, which causes the deletion of one or more vertices. After
computing the standard Frank-Wolfe direction z; — i, the algorithm chooses the best

descent direction available in the data structure, i.e. z1 — yg, is better than zo — yy, if

<vyf04($7 yk)a Z1> < <vyfa(x7 yk)a Z2>-

It is easy to check that the Away Steps variant enjoys the same good properties of
the standard Frank-Wolfe algorithm and therefore we can use a Truncated Away Steps

Algorithm correctly.

Summarizing, exploiting a Frank and Wolfe method (in its Away Steps variant) and
truncating it when the error gets under our treshold &, we get an € approximated solution
of (Pg) and one vector A € AS(z). In addition, the algorithm has a good theoretical
behaviour due to its geometric rate of convergence and to the fact that the iteration cost

could be ammortized exploiting linear programming solvers.

3.4.2 Unconstrained Minimization Method

We introduced ALGORITHM 3.1 mainly because of its linearization property. Although

its theoretical “good behaviour” practical performances could be very different.

Beyond the Frank-Wolfe approach, another possibility that could lead to good perfor-

mances is the Uncostrained Minimization Method.

Given t > 0, consider the problem
: 1 ¢ .
min{ fo(z,y) — : Zlog(—gi(m,y)) cy€eD, gi(r,y) <0i=1,2,...,m}. (CP(t))
=1

Since G = {y € R"| gi(x,y) < 0i=1,2,...,m} is an open convex set, if y € GN D
solves (CP(t)), either

Vylfale.5) — 3 - los(~gi(z, )] =0,
=1

or y is a boundary point of G N D. Optimization algorithms can benefit from this fact.
As an example, in the case when D = R"™, (CP(t)) can be solved as an unconstrained

optimization problem searching for y € R" satisfying

Vool )~ 33 log(—gi(e,7))] = 0.
i=1



Chapter 3 On the Computation of the Inner Problem’s Solutions 61

Enhanced techniques are possible also in the case when D is given by linear equalities

and in general when it is a polyhedron strengthening the hypothesis accordingly.
The solution of (CP(t)) is linked to the eKKT(n) conditions by the following theorem.

LEMMA 3.8
If y* solves (CP(t)), then there exist X € R, € R} x R™™"™ and n € int R such
that (y*, A\, u) satisfies the eKKT(n) conditions with ¢ = 7.

Proof. Since —log(—(-)) is a convex increasing function, its composition with g;(z,-)
preserves the convexity. Since the Slater’s constraint qualification holds, the KKT con-
ditions for (CP(t)) have to be satisfied by some p € R’ x R™":

gi(x
Vyfalz,y*) + Z —ig + Z/@Vh (3.9a)
,U,jhj(y*):() j:1,2,...,7“1 (39b)
y* e GND. (3.9¢)
Defining \; = W fori =1,2,...,m, we are done. In fact (cKKT,(n)1), (cKKT4(n)3),

(eKKT,(n)5) are satisfied respectlvely because of (3.9a), (3.9b) and (3.9¢). In addition
we have that \;ig;(z,y) = = and therefore also (KKT,(n)2) is satisfied since

> Nigiey) = (3.10)

Finally, y* € G guarantees (¢KKT,(7)6) and the existence of € int R’ such that
(eKKT,(n)4) holds.

O

It is straightforward that due to this lemma, we can provide suitable ¢ approximated
solutions solving a single problem in the form of (CP(t)) with ¢ = m/e, taking advantage

of the lack of constraints.

3.4.2.1 Historical Notes

The name comes from the fact that it reduces a constrained problem in the form of (PY)
to unconstrained optimization problems, except for the linear constraints which define
D (see AssuMPTION 2.1). Moreover, in turn they could be partially absorbed into the

objective function obtaining

min fo(z,y) — Zlog —gi(z,y) —fZlog

Hy=0
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where H € R™*""1,

Usually, the Unconstrained Minimization Method, is not used as it is to solve exactly
an optimization problem through a unique unconstrained problem. Indeed it is used to
solve a sequence of problems in the form (CP(t)) for increasing values of ¢, exploiting
every time the previous solution point as the starting point. Since the solutions of
(CP(tk)) are 7 approximated solutions of (Pg), for ¢y — oo the method converges to

an optimal solution. The 2

ty
region: for this reason the sequence of points solution of (CP(ty)) is called central-

approximated solutions are internal points of the feasible

path. This kind of methods, was originally proposed by Fiacco and McCormick in the
1960s. These methods are also called Barrier Methods or Sequential Unconstrained
Minimization Technique (SUMT) and belong to the family of Interior Point Methods.



Chapter 4

Equilibrium Prices Forecasting in

Cloud Computing

In this chapter we describe a concrete equilibrium problem which can be formulated in
the (EP) format, and we apply the methods proposed in the previous chapters aiming at
solving it. The first section describes the domain of the application (Cloud Computing).
In the second section we give a description of the problem from a Game Theoretic point
of view. In the third section we briefly discuss the assumptions and the application of

the descent methods. In the last section we show some numerical results.

4.1 Domain Presentation

A Cloud Computing Application

According to Armbrust at al. [AFG*10] “cloud computing refers to both the applications
delivered as services over the Internet and the hardware and systems software in the data
centers that provide those services”. Therefore, cloud computing involves computational
resources being sold on demand (utility computing) as a service. These computational
resources can belong to different levels of abstraction from software (software as a service

or SaaS) to hardware (platform or infrastructure as a service or PaaS/IaaS).

The impact of cloud computing in modern economy is huge. Selling computational
resources on demand allows converting capital expenses to operating expenses (CapEx
to OpEx) and cut down the over /under provisioning problem. For these reasons currently

the cloud computing offer is becoming day by day wider.

As cloud-based services increase and become more dynamic, new challenges and prob-

lems for the management of the provider systems arise. As a result Game Theory have

63
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been used extensively to model the competitive behaviour of the service providers and
users, see for example Shue et al. [SFS13] and Ardagna et al. [APP11].

In this chapter we consider the point of view of an IaaS provider which sells virtual
machines and communication bandwidth to the users. The users act as if their virtual
machines were real computing platforms with memory and computational capacity. On
the other side, the provider assigns each virtual machine to a physical server which
runs a virtualization software emulating the behaviour of the virtual machines. The
virtual machines belonging to the same user can send and receive messages, which in
turn are transmitted between the physical machines over the provider’s network. In
our scenario the provider has already allocated the virtual machines of his tenants and
has a stochastic knowledge of the communication bandwidth intensity that the users
will buy as a function of the transmission price. The objective of the provider is to
choose proper network routing and transmission prices in order to achieve an efficient
allocation and high revenues. On the other hand, the users are interested in accessing
the best communication bandwidth at the most convenient price. The system is modeled
as a game and the algorithms developed in the previous chapters are applied to find an

equilibrium.

System Model

We can model the server network as a graph G = (N, A), whose nodes are the physical
machines. We assume to have |N| = m physical machines denoted as PM; for i =
1,...,m. T is the number of tenants, VM (7) is the set of virtual machines bought by

tenant 7. The generic virtual machine is denoted as V M;.

Each virtual machine has been allocated on one physical machine and has associated
a parameter p; that represents its computational capacity. We can think of u; as the

mean number of data that the virtual machine can can process in the unit of time.

For each pair of communicating virtual machines VM, VM, € VM (i), As denotes the
transmission bandwidth bought for communication from VM, to V. M,. We can think
of A\g as the maximum number of data that V M, can send to V M, in the unit of time.
K is the number of communicating machine pairs and A(7) is the set of communication

pairs associated to tenant <.

k
ijo
transmission of data of the pair k. The total capacity of the arc (4, j) is denoted by w;;.

The arc (i,j) € A has associated a capacity, denoted as z;, that is reserved for the

The unitary price paid for the transmission k is denoted by c¢i. In addition, we denote

the cost for routing a unit of flow through the arc (4, j) by b;;.

We have the following quantities:

® D (ij)ea K bijxfj, the total routing cost in the server network.
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® > . Akck, the income of the provider.
° > xfj, the total reserved capacity of the arc (i, j).

o Uj— Y xfj, the free capacity of the arc (i, j).

4.2 Game Theoretic Formulation

We model the behaviour of the tenants and the service provider as a game. The service
k
ij
satisfy the demands of the tenants and the transmission prices (¢;). A tenant’s strategy,

provider’s strategy concerns the allocation of the flows in the network (z%;) in order to

instead, concerns the deciding of the transmission demand (\;) between his virtual
machines. Since we assume the virtual machines to be already assigned to the physical

machines, each A\; has associated an origin-destination pair of physical machines.

Provider’s Best Response

Formally, given vector of transmission demands A € RX, the response of the service

provider is

K
min Z Zbijl‘?j — Erk)\kck

(i,j)€A k=1 k
Yooahi— Y ah=pF i=12...m k=12..K

JEBS(i) JEFS(i)

K

Zﬂfi <wj (i,j)€A (PR)

k=1

n>00 (i,j) €A k=12,... K
<e<e k=1,2,... K
where
—MAi  if ¢ is the origin of flow &
ﬁf =19 A if 7 is the destination of flow k ,
0 otherwise
BS(i) and F'S(i) denote respectively the backward and forward star of node i and 7

is a positive constant that can be used to model particular server’s policies (e.g, QoS

classes).

The first set of constraints provides a correct allocation of the flows A\ in the network,

in order to satisfy the demands. The subsequent capacity constraints guarantee that
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the arc capacity u;; is not exceeded. The first term of the objective function requires
the routing to be of minimum cost with respect to the prices b;;. Notice that the
set of constraints relative to the variables xf] requires the solution of an embedded

multicommodity minimum cost flow problem in which K is the number of commodities.

The provider prices are constrained to be lower or equal to ¢ and the mean price Z,{;l =

cannot exceed the fixed positive constant B.

Tenant’s Best Response

The response of each tenant depends only on the prices. This is because he does not
have knowledge of the network. The purpose of the tenant is to minimize his expenses.
In addition, in order to guarantee a good communication between his virtual machines,
the tenant tries to maximize the minimum bandwidth. Formally, given the provider

strategy ¢ € RX | the response of the tenant i is given by

min Z )\kck - )\min
keA(i)
> <p jeVM®)
keS(5)NA®)
Me > Ain k€ A(4)

W, <A <Wi keA@)
where S(j) denotes the set of pairs that have the virtual machine VM as destination.

Amin 1S an auxiliary variable: due to the constraints A > A.in, the best value it can get
whenever \’s are given is always the value of the minimum A\, € A(¢). The constraint
ZkGS(j)ﬁA(i) Ak < pj requires that the intensity of data transmitted in the time unit to
machine V M; does not exceed the quantity of data it can compute. W,, W € Ry are

lower and upper bound on the bandwidth allocation to the tenant.

4.2.1 Enhanced Formulation

Bounding Network Delay

The game formulated above would be perfect to test 7?7 and ??, aiming at finding
equilibria. Anyway, we need nonlinear constraints in order to test properly algorithm
ALGORITHM 2.1 and ALGORITHM 2.2,. Therefore, we decided to modify the provider
response (PR) adding a constraints on the maximum delay to cross arcs in the network.
The delay function we consider is the one introduced by the U.S. Bureau of Public Roads
[oPR64], defined as

>k 1‘5

D”(x) = fzg[l + 015( s )4]’
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where f;; is the free flow travel time on link (,j) per unit of time. D;; extimates the

mean time required to cross the arc (7, j) when the utilization factor of the arc is equal
to TJ

becomes

. The provider best response, we call it (PRE) (Provider Response Enhanced),

min ) wa% kaczc
(i,7)€A k=1
dooaki— Nk i=1,2 . om k=12 K
JEBS(7) JEFS(1)

K
Zxﬁ <wu (i,5) €A

(PRE)
Dl]( )Sﬁ (Z,j)EA
K &
k
— <
E K_B
k=1

k>0  (i,))ed, k=12,... K

l']
0<ec,<e k=12,....K

where ﬁij is a positive constant bounding the delay for crossing arc (i, 7).

Software Application Scenario

All the descent methods we have described in the previous chapters implicitely require
a centralized execution. In fact, all the players’ parameters have to be accessible to
the algorithm. This could be in contrast with some enviromental policies, as in cloud

computing, where for security reasons is often preferred a distributed approach.

Our proposal is to apply the algorithms at the server side, with simulation purposes.
Instead of computing equilibria that require all players’ informations, the provider esti-
mates the parameters of the users (e.g., from past sessions) and solve (EP). The aim is

to provide the server with a stochastic knowledge of the equilibria.

In our case, all the parameters Wy, W, and p; are private informations of the tenant
and hence are not known to the provider. Therefore, we suppose that the provider treats
them as random variables with known distribution. Instead of requiring A, to satisfy

the constraints

(4.1)
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it is required that the probability that the random variables W and W, satisfy the

constraints is greater than e €]0, 1]:

P{\, < Wi} >e
P{\y > Wy} > e

(4.2)

In the same way, introducing the random variable ;, we substitute the constraints

> < jeVM®) (4.3)
keS()NA(7)
with
P{ Y M<ut>e jeVM(3) (4.4)
keS(5)NA()

Optimization programs that include this kind of constraints are also known as chance
(or probabilistic) constrained programs. Chance constrained programming have been

introduced by Charnes and Cooper [CC59] in a linear programming framework.

Due to the simple structure of the constraints (4.1), the constraints (4.2) can be handled

easily.

DEFINITION 4.1
Let F'x be the cumulative distribution function of a random variable X : Q — R where

(Q, F,P) is a probability space. Then given € € (0, 1], the e quantile of X is defined as

gex = arginf{z € R | Fx(z) > €}.

Since the cumulative distribution function F'x is continuous and monotone non decreas-
ing, if Fx is invertible with inverse F)}l, we have ¢.x = F);l(e). Furthermore it holds
that if x < ¢.x then Fx(z) <e.

Exploiting the quantile we can replace the constraints (4.2), which can be nonlinear, by

simple box constraint as shown by the following theorem.
THEOREM 4.1
A € R satisfies (4.2) iff

qew, <Ak < 4w, -

Proof. Let Fyp;, and Fw, be the cumulative distribution function of W, and W, respec-

tively. The first constraint of (4.2) rewrites
1-—P{\. > Wy} >e

1-— FWk(Ak) > €
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DEFINITION 4.1 guarantees that the above condition is satisfied by Ay iff A\, < g, W
Similarly the second constraint of (4.2) is equivalent to Fiy, (M) > €. This condition is
satisfied iff Ay > gew, - ]

Repeating the same reasoning with constraints (4.4) we obtain the equivalent theorem:

THEOREM 4.2
Ak € R satisfies (4.4) iff

Z )\k < Qe e

keS(H)NA()

The best response of the tenant ¢ becomes
min Z /\kck - )\min
kEA(D)

> M<@icn JEVM®)
keS(H)NA(:)

Xe = Amin k€ A(4)

qew, <M < ay_gp, ke Ad).

(TRE)

Notice that in (TRE) all the parameters are known to the provider. Indeed ¢ i 4w, 41—,
could be statistically extimated by the observations collected during previous sessions

with the user 7.

In what follows we will refer to the game given by (PRE) and (TRE) as the prices
forecasting game and to the problem of finding an equilibrium as the equilibrium prices
forecasting problem (EPFP).

4.3 From Theory to Application

4.3.1 Generalized Games

There is a very relevant difference between the game definition given in DEFINITION 1.2
and the game presented in the previous section. Indeed, looking at (PRE) we can notice
that the strategy set of the provider depends on the variables of the other players. This

is due to the constraints

dooaki— Y ah=pF i=12....m k=12 K,

JEBS(i) JEFS(i)

since @k depends on A\;. This is in contrast with DEFINITION 1.2, since it requires that

the strategy set of each player is independent of the others player’s variables.
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In this section we introduce the notion of Generalized Game and of Generalized Nash
Equilibrium Problem (Debreu [Deb52]), which is a more general class of problems that
cover our case. As we will see, due to the particular structure of the game, the GNEP
can be found exploiting a Nikaido-Isoda bifunction as before: thus, we can apply the

theory developed in the past chapters.
DEFINITION 4.2 (Generalized Game)
A generalized game G is a triple G = (P, {Sp}pep, {up}pep) where
— P={1,2,...,N} is the set of players,
— S, is a point to set map S, : R"-» — R"r,
— Up: vazl S; — R is the payoff function of player p.
Clearly, the difference with DEFINITION 1.2 lays in S,. While in DEFINITION 1.2 S, is a
set meaning that the player p can always play any strategy s, € Sy, in DEFINITION 4.2

Sp is a point to set map with the meaning that the strategy played by p depends on the

strategies s_;, choosen by the other players:

sp € Sp(s—p).

Hence, the best response of player p to the other players’ strategy s_, € [, 2p R™ is

min{uy(sp, s—p) | sp € Sp(s—p)}-

The Generalized Nash equilibrium problem (GNEP) consist in finding strategies (s, sa, . . .

which are a Generalized Nash equilibrium, defined as follows.

DEFINITION 4.3 (Generalized Nash Equilibrium)
Let G be a game and let

N
S={xe][R"| zp€Spxp) p=12,...,N}.
p=1

A point z* € § is called Generalized Nash Equilibrium for the game G iff
up(y71:>k—p) Z Up(l'*) v(y7$*—p) € S
holds for any player p.

The Jointly Convex situation (Rosen [Ros65]) provides an interesting case.

7SN)
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ASSUMPTION 4.1 (Convexity Assumption)
A (GNEP) is said to satisfy the Convexity Assumption if for every player p and every
T—p € [Liz, Im Si, the payoff function up(-,x—p) is convex and the set Sy(x—p) is closed

and convez.

DEFINITION 4.4 (Jointly Convex)
Consider a GNEP satisfying the Convexity Assumption. We say that it is jointly convex

if there exists some closed convex set X € Hfil R™ such that we have that

Sp(x_p) ={zp ER™ | (xp,2,) € X} Va_, € [[R™
i#p

holds for any player p.

It is remarkable that if the sets S,(x_,) are given by inequalites in the form

Sp(m—p) = {xp eR™ ‘ gp(xp) <0, g(xpax—p) < O}

for some g : Hfil R" — R™, g, : R™ — R™? and , m,my,...,mp > 1 then a GNEP
satisfying the Convexity Assumption is jointly convex iif g, g1,...,gp are convex over

their respective domain.

The interesting thing about jointly convex (GNEP)s it that can be reformulated as an
(EP) exploiting the Nikaido Isoda bifunction (1.4). In fact if NI is the Nikaido Isoda
bifunction and X is the convex set of strategies as in DEFINITION 4.4, then solving the
(GNEP) is equivalent to solve the following (EP):

findze X : NI(z,y) >0Vy e X.

For further details on (GNEP) the reader can refer to the detailed survey by Facchinei
and Kanzow [FKO7].

4.3.2 Application of the Descent Methods

We introduced the Equilibrium Prices Forecasting problem in order to have a concrete
setting to test the algorithms described in the previous chapters. In this paragraph we
show that the (GNEP) associated with the EPFP problem matches all our assumptions.

Joint Convexity

Firstly, notice that the (GNEP) is jointly convex. Indeed, both the provider and the
tenants’ payoff functions (see (PRE) and (TRE)) are affine with respect to their opti-
mization variables. In addition, all the constraints in (PRE) and (TRE) are given by
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inequalities or equalities and are convex with respect to all the variables. Hence, the

corresponding (GNEP) satisfies the Convexity Assumption and is jointly convex.

Assumptions on the Nikaido Isoda Bifunction

The Nikaido Isoda bifunction NI : REIAFE+K o REIAFEK+EK _y R associated with
(EPFP) is

T
NI(ny) fp’I‘O’U(Y.IvX)n ) fprov(XacaX/\7 c)+zfg/en(XacaY)an)_ftten(anX)an)
t=1

where fy,r00 is the payoff function of the provider, i.e.,
fprov(m )\ C Z sz]l'z] Zrk)\kck,

and fL, — R is the payoff function of the tenant ¢, i.e.,

ften z, A, C E AkCr — mzn
keA(D)

and X, € REIMI X, € RE X, € REX are the components of the vector X related

respectively to the variables zF. A\ and ¢ (Y eR K|A| Yy € RE Y, € RE are defined

5
accordingly).

NT is composed by affine functions. Obviously, it is differentiable and N1(X,-) is convex
for any X € REIMIFTKE+K Tn addition, it can be proven (see [BP14]), that c-monotonicity
is guaranteed if NI(-,Y) is concave for any Y € REIM+EHE  This is indeed the case,
since NI(-,Y) is affine.

4.4 Numerical Results

The platform we decide to adopt is MATLAB R2011a. We implement the following
algorithms:

BCP: ALGORITHM 1.2,

BCP-ET: ALGORITHM 1.3,

COAP: ALGORITHM 2.1,

COAP-ET: ALGORITHM 2.2.
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The implementation includes an OO framework for optimization problems, a random
generator of instances of (EPFP) and MATLAB coding of several nonlinear optimization

algorithms.

In order to test properly the algorithms, we decided to solve their inner problems (P)
and (PY) using the same procedure: the Sequential Unconstrained Minimization Tech-
nique described in subsection 3.4.2. We have seen that the SUMT solves a sequence of
problems in the form (CP(t3)) with ¢, — +oc. In our implementation t; = 10 - 20* and
the central path problem (CP(ty)) is solved via the MATLAB function fmincon exploing
the Successive Quadratic Programming method. COAP and BCP require an optimal
solution, so the choice 107% represent the threshold for “true optimality”. Instead, BCP-
ET and COAP-ET stop the computation whenever an € approximated solution is found.
This obvioulsy impacts on the number of average iterations of the SUMT method and

therefore on the average computational time.

After some preliminary tests we set parameters of the algorithm as follows:

Parameter Value Sequence Value
1

n 0.8 o 7z
ﬁ 0.7 Ok kflg)
v 0.9 e =

Firstly we tested the algorithm on 10 instances of (EPFP) generated fully at random for
fixed number of tenant (10) and network nodes (8). The table below reports the average

size of the subprobem (P%).

Dimension
Variables 352
Nonlinear Constraints 33
Linear Inequalities 41
Linear Equalities 80

The computation is ended when h(zy, ya(z)) < 1072. The mean of the results is shown

in the following table.

Algorithm  Time Sub-Problems Sub-Problem Time Jumps

BCP 219s 20 8.14s 14

COAP 211s 20 8.03s 14

BCP-ET 144s 20 4.6s 15

COAP-ET 138s 20 4.49s 16
where

Time is the average completion time of the algorithm (in seconds),
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Sub-Problems is the number of times a problem in the form (P%) and (PY) is solved,
Sub-Problem Time is the average time required for solving these problems,

Jumps is the mean number of GOTO taken due to a dissatisfaction of a condition.

Remember that a GOTO is taken every time the parameter « or g are updated.

While the general behaviour of the algorithm does not change (number of jumps and
of sub-problem solved), we can notice a sensible decrement in the completion time that
almost halves. This is due to the reduction of the average time required to solve the inner
problems. Notice that the time to solve (PY) and (PS) is nearly the same. This is due
to the SUMT method: indeed, all the inequality constraints are taken into the objective
function during the computation and the nonlinear constraints influence minimally only

the evaluation of the objective function and of its gradient.

[43

In order to approximate the asymptotic behaviour of the algorithms we plan an “in-
cremental size” test. We generate 6 instances of (EPFP) of different sizes, maintaining
constant the ratio between number of nodes and number of flows. The following graph

relates the number of variables to the completion time of the algorithms.
Time (sec.)
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It can be noticed that we have an encouraging speed up in both error tolerant versions

also for different problem sizes.

The error tolerant versions perform as well as the tolerance threshold for h(z,yq(x)) is
high. The number of iterations increases when lowering the threshold and consequently
the average time required to find a sub-optimal solution of the inner problem increases.
The following table helps to understand the decay of the error tolerant benefits as the

threshold decreases.
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It has been generated solving an instance of (EPFP) of 8 nodes and 10 flows via BCP and
BCP-ET. We have taken the average time needed to solve the inner problem at every
iteration, considering the iterations that achieve almost the same value h(z,yq(x)). We
can do this since the behaviour of the two algorithms is very similar. Anyway, we can
always enforce this behaviour choosing proper sequence {e;}. Hence the ratio of the
average inner problem solution time for the different iterations is an estimator of the

potential speed up for different threshold.

Notice that since the behaviour of COAP/COAP-ET is comparable with the one of
BCP/BCP-ET due to the SUMT algorithm, we have consired only BCP and BCP-ET
in this test.

Iteration Avg IPT BCP Avg IPT BCP-ET Ratio

1 7.71s 3.30s 2.33
2 7.34s 4.38s 1.67
3 7.44s 4.48s 1.66
4 7.58s 4.48s 1.69
5 7.73s 4.54s 1.70
6 8.81s 6.07s 1.45
7 9.15s 6.48s 1.48
8 9.19s 6.46s 1.42
9 9.04s 7.55s 1.19
10 9.09s 7.64s 1.18
11 8.87s 7.62s 1.16
where

Iteration is the number of iterations,
Avg IPT BCP is average time required by BCP for solving the inner problem,
Avg IPT BCPET is average time required by BCPET for solving the inner problem,

. . . Avg IPT BCP
Ratio is the ratio m

In the following graph shows how the Ratio changes as a function of the number of

iterations
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Ratio
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As expected, the improvement provided by the error tolerant approach vanish as the

number of iterations increases.

Summarizing, numerical results suggest to apply the error tolerant extensions when it
is required a mid-low accurancy (h(x,yq(x)) threshold) of the solutions of (EP) or in
general when the number of iterations is not too high. But this is rather intuitive,
indeed, since the speed up provided by the error tolerant approach lasts for a finite
number of iterations it is useless to apply BCP-ET or COAP-ET when (EP) requires a
high number of iterations. On the other hand, under this above conditions, numerical

results show that the performace can improve moderately.



Appendix A

Point-to-Set Maps in

Mathematical Programming

The following paragraph briefly reviews some results due to Hogan about the theory of

points-to-set maps, that are used throughout all the thesis.

DEFINITION A.1 ([Hog73c])
Let X and Y be topological spaces. Let €2 be a point-to-set map Q2 : X — Y, ie., a
function Q : X — 2¥. Then, we define Q to be:

a) open at a point T € X iff {zp} C X, xx — T and ¥ € Q(Z) imply the existence of an
integer m and a sequence {y;} C Y such that yp — 7 and yi € Q(z) for &k > m.

b) closed at a point T € X iff {zx} C X, o — T, yp € Qax) and yr — y imply
7 € Q7).

¢) continuous at a point T iff is closed and open at 7.
Q) is open, closed of continuous on X if it has the corresponding property for every

e X.

d) Q is said to be uniformly compact(bounded) near T iff there is a neighbour N of

such that the set U,en€(x) is, respectively, compact(bounded).

THEOREM A.1 ([Hog73c])
Let Q be a point-to-set map Q : X —Y, and let f : X XY — [—00,+00] . Consider
the following function v : X — [—o0, +o0]

v(r) = sup f(z,y).
yeQ(z)

If Q is continuous and uniformely compact at T € X and f is continuous on T x (),

then v 1s continuous at T.

"
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THEOREM A.2 (Danskin [Dan67] [Hog73b])
Let Q, f,v, X, Y be defined as in THEOREM A.1. Suppose that V,f exists, f and V,f
are continuous over X XY, X is compact, and € is constant. Then, the directional
derivative v'(T; d) exists for any T,d € X and
V' (Z;d) = max (V. f(T,y),d)
yeM(T)

where M(z) = {y € Q@)| o(z) < f(z.9)}.

THEOREM A.3 ([Hog73c|)
Let P be a point-to-set map P : X —'Y defined as follows:

P(x) ={y €Y :g(z,y) <0},

where g(x,y) : X XY — [—o0,400|™. If each component of g is lower semicontinuous

onT XY, then P is closed at .

THEOREM A.4 ([Hog73c|)

Let P be a point-to-set map and g a function defined as in THEOREM A.3. IfY is
convezr and normed, if each component of g is continuous on T x P(T) and g(z,-) is
convex for each fized x € X, and if there exists § € Y such that g(Z,y) < 0, then P is

open at T.

THEOREM A.5 ([Hog73c])

Let Q, f,v, M be as defined in THEOREM A.2. Suppose in addition that'Y is a subset of
a finite-dimensional normed space, f(x,-) is quasiconcave in y for fixed x and continuous
on X XY, Q is closed on a neighborhood of T and open at T, and Q(T) is convex for
each x in a neighborhood of T. Then, M (T) is non empty and compact if and only if

M (x) is nonempty and uniformly compact near T.

THEOREM A.6 ([Hog73b])
Let Y be a closed convex set, and let the point-to-set maps QM : X — Y and the
function v: X =Y be defined as follows:

Qz) ={yeY | g(z,y) =0},

v(r) = sup f(z,y),
yeQ(z)

M(z)={yeY [ v(z) < f(z,y)},

where g(x,-) and —f(x,-) are convex. In addition, let T € X and suppose that g, f are
continuous on Nz XY , where Nz is a neighborhood of T. Let U(x) be the set of Lagrangian
multipliers associated with the problem which defines v(z). If M(Z) is nonempty and
bounded and there is a point § € Y such that g(T,7) < 0, then U and M are nonempty

and bounded on a neighborhood of * and U 1is closed at .
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Nonlinear Programming

Convexity

DEeFINITION B.1 (Convex Set)
A set C C R"™ it is said to be convex if given any x,y € C

A+ (1-NyeC VYAe|o,1].

DEFINITION B.2 (Convex Function)
Let C be a convex subset of R". A function f: R"™ — R is called

— convex over C if for any z,y € C
fOz+ (1 =XNy) <Af(2)+ (A =X2f(y) vAel0,1].
— strictly convex over C if for any x,y € C
FOz+ 1 =Ny) < Af(z)+ 1 =N f(y) YAe[o,1].
— strongly convezr over C if 3m > 0 such that for any z,y € C
FOG 4+ (1= X)) < Af(@) + (1= N () — mA(1 = V]l —yl3 ¥A€[0,1].

A function f such that —f is convex, strictly or strongly convex is called respectively
concave, strictly concave or strongly concave. The following implications are obvious

from the above definitions:
f strongly convex = f strictly convex = f convex. (B.1)

THEOREM B.1
Let C CR"™ be a conver set. A differentiable function f: R™ — R is
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— convex over a set Ciff for any xz,y € C

f(@) = fly) +{Vf(y),z —y). (B.2)
— strictly convex over a set C iff for any x,y € C

f(@) > fy) +{V(y),z —y)
— strongly convex over a set C iff 3m > 0 such that for any z,y € C

F@) = fy) + (Vi) —y)+ T e =l

Optimization Problems

Let f be a function R™ — R and D be a subset of R, then we define the optimization
problem (OP), denoted as

min f (z), (OP)

as the problem of finding a point T € R" satisfying

i) Te D,

i) f(7) < f(y) Vy € D.
The requirement 1) is called feasibility while ii) is called optimality. A solution of (OP)
is also called global minimum of (OP) in order to distinguish it from local minima of

(OP), which are feasible points that satisfy the optimality requirement only in their
neighborhoods.

DEFINITION B.3 (Local Minimum of (OP))
A point x € D is a local minimum of (P) if Je > 0

flx) < fly) VyeBx,e)nD, (B.3)

where B(z,¢) denotes the open ball of radius € centered at x.

Clearly a global minimum is also a local minimum but not viceversa.

THEOREM B.2
Suppose that f is convexr over D. If T is a local minimum of (OP), then it is also a
global minimum of (OP).

THEOREM B.3

Suppose that f is strictly convex over D. Then, if there exists at least one local minimum
of (OP), it is unique.
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Unconstrained Optimization

In this paragraph we deal with the case D = R™. In this case the problem (OP) is called
Unconstrained Optimization Problem (UOP) and it is denoted as

min f(z). (UOP)

DEFINITION B.4 (Stationary Point of (UOP))
Suppose that f is differentiable. Then, a point T is called Stationary Point of (UOP) if

Vf(z)=0. (B.4)

THEOREM B.4 (Fermat (1637))
If T is a local minimum of (UOP), then it is a stationary point of (UOP).
As a consequence of (B.2) and of THEOREM B.4 we obtain the following theorem

THEOREM B.5
Suppose that f is differentiable and convex over R™, then T solves (UOP) iff

V(@) =0. (B.5)

The interesting fact is that if f is differentiable and convex, the problem (UOP) collapse
in the problem of solving a system of equations. Therefore, in principle, any algorithm

to solve nonlinear systems (e.g., Newton-Raphson) could be used.

Constrained Optimization

In this paragraph we generalize the above results removing the assumption D = R".

The first results concern a convex feasible region D.

DEFINITION B.5
Suppose that D is convex and that f is differentiable over D. Then a point T € D is
called stationary point of (OP) if

(Vf(@),z—7)>0 Yz e D. (B.6)

THEOREM B.6
Suppose that D is convex and that f is differentiable over D. Then if a point T € D is
a local minimum of (OP) it is a stationary point of (OP).

As a consequence of THEOREM B.2, THEOREM B.6 and (B.2) we obtain the following

result.
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THEOREM B.7
Suppose that D is convex and that f is differentiable and convex over D. Then a point

T € D is a global minimum of (OP) iff is a stationary point of (OP).

More interesting results could be obtained supposing that D is explicitly described by
inequalities. Let functions f, g;, h; : R” — R be differentiable over R" for i =1,2,...,m
and j =1,2,...,r. In addition, suppose that

D = {z e R"| gi(x) <0, hi(z) =0} (B.7)
Then, the the problem (OP) reads

min f(x)
gi(x) <0 i=1,2,....m (COP)
hi(x)=0 j=1,2,...,r

and the following theorem holds.

THEOREM B.8 (Fritz-John)
If T is a local minimum for (COP) then 3 0,\1,..., A\, > 0 and p,...,u € R such
that

OVF(@) + Y NiVg(@) + Y pihi(@) =0
i=1 j=1

Algl(f) =0:=12,...,m (FJ)
9i(Z) <0 i=1,2,...,m
hj(z)=0 j=1,2,...,r

with at least one nonzero element between O, A1, ..., Ay U1y - - -y [l -

DEFINITION B.6 (Set of Active Constraints)

Given x € R", we define the (index) set of active inequality constraints I(x) as

I(x) = {i] gi(z) = 0}.

DEeFINITION B.7 (SCQ)

Let T be a point of R". If g; is convex and h; is affine for any j and i € I(Z), the
vectors Vh;(Z) are linearly independent and there exists y € R™ such that g;(y) < 0
and hj(y) = 0 for any j = 1,...,r, 4 € I(Z), then T satisfies the Slater constraint

qualification.

DEerINITION B.8 (MFCQ)
Let T be a point of R". If the vectors Vh;(Z) are linearly independent and if there
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exists d € R™ such that
(Vgi(T),d) <0 i€lI(T)
(Vh;j(Z),d)=0 j=1,2,...,m

then T satisfies the Mangasarian-Fromovitz constraint qualification.

Notice that SCQ implies M FCQ.

THEOREM B.9 (Karush-Kuhn-Tucker)
Let T be a point satisfying MFCQ constraint qualification. If T is a local minimum for
(COP), then there exist A\1,..., Ay >0 and py, ..., ur € R such that

+ZA V(T +Zu;

Xigi(Z) =0 i= 1,2,...,m (KKT)
9(T) <0 i=1,2,.
hj(f):() i7=12...,r

The above optimality necessary conditions are also called KKT conditions and they are
a particular case of THEOREM B.8. For the sake of brevity, we reported only MFCQ and
SCQ but there are other assumptions on Z, called constraint qualifications, that allows

us to move from Fritz-John conditions to the KKT conditions.

While in general KK'T conditions are only necessary conditions to be a global minimum,
in the particular case when f,g; are convex for ¢ = 1,...,m and h; are affine for j =

1,...,r, they are also sufficient. The \; satisfying (KKT) are called Lagrange multipliers.

Duality

DEFINITION B.9 (Lagrangian)
We define the Lagrangian function of (COP), £:R" x R™ x R" — R as

ﬁ(l’ A ,u +Z)\zgz +Zujhj<w)
j=1

Notice that the first KKT condition

+Z)\ Vgi(T +Z/“‘J T (B.8)

could be also written V,L(Z, A\, u) = 0, with the immediate interpretation that a local

minimum has to be a stationary point of the function L£(-, A, u).
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DErINITION B.10 (Lagrange Dual Function)
We define the function g : R’ x R" — R as the optimum value of the unconstrained

minimization problem of minimizing L£(-, A, ) over R", i.e.

g\, p) = oclenH{” Lz, A, ).

THEOREM B.10
Given X € R and p € R”, let x* be the solution of (COP). Then, it holds

g\ p) < fa7).

DEFINITION B.11

We define the Lagrange dual problem as the constrained optimization problem given by
max{g(A\,p): Ae R, peR"}. (LD)

THEOREM B.11 (Strong Duality)

Suppose that f,g; are convex and hj are affine for any i,j. If z* solves (COP) and
satisfies SCQ and, in addition (\*, u*) solves (LD), then

gN*, 1) = L(z" X%, p7) = f(a7).

and the vector (x*, \*, u*) the satisfies KKT conditions.
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