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We consider a system composed of a qubit interacting with a quartic (undriven) nonlinear os-
cillator (NLO) through a conditional displacement Hamiltonian. We show that even a modest
nonlinearity can enhance and stabilize the quantum entanglement dynamically generated between
the qubit and the NLO. In contrast to the linear case — in which the entanglement is known to
oscillate periodically between zero and its maximal value — the nonlinearity suppresses the dynam-
ical decay of the entanglement once it is established. While the entanglement generation is due
to the conditional displacements, as noted in several works before, the suppression of its decay is
related to the presence of squeezing and other complex processes induced by two- and four-phonon
interactions. Finally, we have solved the respective Markovian master equation, showing that the
previous features are preserved also when the system is open.

PACS numbers: 42.50.Ct, 42.50.Dv

I. INTRODUCTION

Two-level quantum systems (qubits) and quantum har-
monic oscillators are the two most basic building blocks
in quantum information science. Stimulated by this,
in the last decades there have been remarkable experi-
mental progresses in the accurate control of the interac-
tion in qubit-oscillator systems, including: trapped ions
[1], cavity-QED [2] , ultracold atomic Bose-Einstein con-
densate [3, 4], quantum dots or Cooper-pair boxes [5–
8], superconducting qubits coupled to superconducting
resonators [9–11], optomechanical systems [12, 13], etc.
Furthermore, they have been investigated in different
qubit-oscillator coupling regimes, including the recently
so-called ultrastrong regime, where the qubit-oscillator
coupling strength is comparable to the qubit and oscilla-
tor energy scales [14–18].

In general, the quantum oscillator is modeled harmon-
ically, however this is typically an approximation of more
complicated scenarios. In fact, quantum nonlinear oscil-
lators (NLO) have been implemented in several settings,
including trapped ions (where the trapping potential can
be modified to include nonlinearities [19]), optomechani-
cal systems (where tunable nonlinearities have been real-
ized [20]), and atoms in optical lattices [21]. Interestingly,
it has been shown that the inclusion of strong enough
nonlinearities in the oscillator potential allows new pos-
sibilities to generate non-classical states [22–27]. How-
ever, despite the promising experimental progresses in
the control and fabrication of NLO, it is still a challenge
to achieve significant nonlinearities (for a more detailed
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discussion about the nonlinear regimes and their possible
experimental implementations see Sec. IV). Remarkably,
we will show here that also weak non-linearities suffice to
provide non-trivial and potentially useful features in the
context of a qubit-NLO setting.

In this article we consider a quantum system com-
posed of a qubit interacting with a quartic (undriven)
NLO through a conditional displacement Hamiltonian.
In order to contrast our results when the nonlinearity
is included in the potential, we first solve the simplest
case, i.e., a qubit interacting with a quantum harmonic
oscillator. In this case, the entanglement is generated
periodically as a consequence of the superposition prin-
ciple. First, by including a weak nonlinear perturbation
in the oscillator potential, we have obtained analytically
the wave function in the rotating-wave approximation —
in a regime where both the qubit-NLO coupling as well as
the nonlinearity strength are small compared to the oscil-
lator frequency. In this case, an explicit Kerr-like term in
the evolution appears, generating quadrature squeezing
for short times. In particular, we will show that the en-
tanglement generated in this nonlinear scenario is larger
with respect to the linear case and, in addition, it dy-
namically reaches a stabilization region. For very large
times the oscillator shows an intricate behavior exhibit-
ing negative values in the Wigner distribution.

The second main result of this article is obtained by
taking into account a strong qubit-NLO coupling, while
still considering a weak nonlinear regime. The novelty
with respect to previous works is the inclusion of the two-
and four-phonon processes, i.e. the full numerical dynam-
ics of the system without any approximation. In this case
i) the entanglement stabilization region is achieved faster
than in the weak qubit-NLO coupling case, and ii) the
entanglement reaches its maximum value. Finally, we
have solved the Markovian master equation, taking into
account only the damping of the oscillator, and even in
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this case the system dynamics remains robust showing
the main features just described for a considerable num-
ber of cycles.

The article is organized as follow. In section II we
present the system under consideration for the non-
dissipative case. In section III we solve the system in
the linear case for the sake of comparison with the re-
sults presented in section IV where we consider the full
nonlinear dynamics. We focus on two regimes: in sub-
section IV A we consider the weak qubit-NLO coupling
regime, in which an analytical approximation can be ob-
tained for the dynamics of the system wave-function; in
subsection IV B we show the full numerical solution for
the strong coupling regime. Furthermore, we present the
case when losses are present in the system and suggest
possible experimental implementations. Finally, we give
some concluding remarks in section V.

II. THE MODEL

We consider a two-level system (qubit) coupled to a
quartic nonlinear oscillator, as described by the Hamil-
tonian

Ĥ = Ĥq + Ĥo + Ĥq−o , (1)

where Ĥq (Ĥo) is the free qubit (NLO) Hamiltonian and

Ĥq−o is their mutual interaction. Each term above is
defined as follows

Ĥq = ~ωqσ̂z, (2)

Ĥo =
1

2m
p̂2 +

1

2
mω2

o x̂
2 + δ̃x̂4, (3)

Ĥq−o = −~g̃σ̂zx̂, (4)

where ~ωq corresponds to the qubit separation energy
between its ground (|↓〉) and excited (|↑〉) states, σ̂z
is the usual Pauli z—(pseudo)spin matrix (σ̂z |↑〉 =
|↑〉 , σ̂z |↓〉 = − |↓〉), ωo is the frequency of the oscilla-

tor in absence of nonlinearities, δ̃ is the quartic nonlinear
strength, whereas x̂ and p̂ are the usual position and
momentum operators, respectively. In Eq. (4) the inter-
action strength is parametrized by g̃ (assumed to be pos-
itive throughout) and it is linear in the position operator
x̂. This type of interaction has been realized/proposed in
various experimental settings — including ion traps [28],
cavity-QED [29], and nanomechanical resonators [30] —
and its action can be understood as a displacement of
the oscillator conditioned on the state of the qubit. As
such, it has been exploited for example as a tool for
reconstructing the state of quantum oscillators in vari-
ous physical systems [31, 32], or as a mediator to induce
qubit-qubit interactions [28].

Let us notice that in order for the Hamiltonian (3)
to be valid, in the following we will consider a modest
nonlinear quartic perturbation. In particular, we require
that δ̃〈N̂〉 � ωo during the evolution (where 〈N̂〉 is the

average phonon number for the oscillator), thus ensuring
that the single-frequency assumption for the oscillator
(ωo) remains valid.

Introducing the usual annihilation â and creation â†

operators for the oscillator we can recast the oscillator
canonical operators as

x̂ =

√
~

2mωo
(â† + â) (5)

p̂ = i

√
m~ωo

2
(â† − â) , (6)

Rescaling Eq. (1) by ~ωo and switching to the interaction
picture with respect to the qubit, the relevant Hamilto-
nian reads

Ĥint = â†â+ δ(â† + â)4 − kσ̂z(â† + â), (7)

where,

g = g̃

√
~

2mωo
, (8)

δ =
δ̃

~ωo

(
~

2mωo

)2

, (9)

k =
g

ωo
. (10)

In general, throughout this work we will consider the
following initial state:

|ψ(0)〉 =
1√
2

(|↑〉+ |↓〉)⊗ |α〉 , (11)

where the oscillator coherent state is defined as |α〉 =

exp
[
αâ† − α∗â

]
|0〉 = D̂(α) |0〉 (D̂(α) is the usual dis-

placement operator).

III. DYNAMICS IN ABSENCE OF
NONLINEARITY

For the sake of comparison with the genuine features
of an anharmonic oscillator, we briefly summarize here
the results for the case of a simple quantum harmonic
oscillator [δ = 0 in Eq. (7)]. It is straightforward to
obtain the time dependent solution for this system (see
Appendix A)

|ψ(t)〉 =
1√
2

(eΦ |↑〉 ⊗ |α↑〉+ e−Φ |↓〉 ⊗ |α↓〉) (12)

where

Φ = ikIm [αη] = ikαsin(t), (13)

|α↑〉 =
∣∣αe−it + kη

〉
, (14)

|α↓〉 =
∣∣αe−it − kη〉 (15)

with (η = 1− exp [−it]). The above solution implies that
the wave function is periodic and, in particular, the initial
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FIG. 1: (color online) Time dependence of the Entanglement
negativity for different values of k in absence of nonlinearities
in the NLO potential. Starting from the separated state given
by Eq. (11) (α = 2) the system becomes entangled (0 < t <
2π), reaching a maximum at t = π. Finally, at t = 2π the
system return to its original state, thus the negativity is zero.
In this and all the figures, t is a scaled time, corresponding to
the actual time multiplied by ωo.

separable state is recovered at times 2πn, n being an
integer. On the other hand, for 0 < t < 2π, the oscillator
is entangled with the qubit — this hybrid entanglement
reaching its maximum at time t = π. In order to quantify
the entanglement we use the negativity [33, 34] (as we will
eventually also compute the same entanglement when the
oscillator is an open system, and negativity is a measure
also valid for that case). The negativity can be computed
as

N(t) =
1

2

∑
i

(|λi| − λi), (16)

where the λi are the eigenvalues of the partially trans-
posed qubit-NLO density matrix at fixed time t. The
time dependence is shown in Fig. 1 for a fixed coherent
state (α = 2) and different couplings k. A similar dy-
namics has been reported in analogous optomechanical
settings (see e.g. Ref. [35]). It is of relevance to notice at
this stage that the entanglement generated so far is due
only to the interlinked dynamics of the qubit and the os-
cillator, as generated by the conditional displacement of
Eq. ( 4). In the next section we will add another type of
entanglement source to the system when a nonlinearity
is added.

The periodicity of the system can be also appreciated
from the reduced density matrix for the qubit ρ̂q =
Trosc(|ψ(t)〉 〈ψ(t)|):

ρ̂q =
1

2

[
|↑〉 〈↑|+ e4k2(cos(t)−1)(|↑〉 〈↓|+ |↓〉 〈↑|) + |↓〉 〈↓|

]
(17)

Time

FIG. 2: (color online) Dynamics of the reduced density oper-
ator for the qubit state in the Bloch Sphere (top-view) with
k = 0.5, α = 2, δ = 0. We can see that in absence of nonlin-
earities the qubit dynamics remains periodically for the whole
evolution. Here, the leftmost (lowermost) point of the x−axis
(y−axis) represents the state |+〉 ( 1√

2
(|↑〉) + i |↓〉).

given that 〈σ̂z〉 = 0, we can easily plot in Fig. 2 the Bloch
sphere top-view of the Bloch vector of ρ̂q.

Another feature immediately evident from the solution
in Eq. (12) is that the dynamics of each qubit eigenstate
is linked to that of a coherent state during the evolu-
tion (e.g., the eigenstate |↑〉 is linked to

∣∣αe−it + kη
〉
).

In order to better appreciate this behavior, as well as
the oscillator dynamics, we have calculated the Wigner
function of the reduced density operator for the oscillator
ρ̂osc = Trq [|ψ(t)〉 〈ψ(t)|]. In Fig. 3 we plot the Wigner
function of the reduced density operator for the NLO as-
sociated with the Eq. (12). As we can see, if the initial
state is |↓, α〉 the oscillator’s Wigner function rotates in
a larger circle with respect to the |↑, α〉 initial state.

IV. NONLINEAR DYNAMICS

We will now derive the central results of this work. In
particular, in Sec. IV A we study the evolution for the
weak coupling regime ({k, δ} � 1), where an approxi-
mated analytical expression for the wave-function can be
obtained. In Sec. IV B we present the general results in
the strong coupling regime (i.e., k ≈ 1, δ � 1), consider-
ing as well the detrimental effects of noise.

A. Weak qubit-NLO coupling regime :
Approximated analytical solution for k � 1, δ � 1

We will refer to the weak coupling regime when the
rescaled qubit-NLO coupling strength is much lower than
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FIG. 3: (color online) The figure shows the Wigner func-
tion W (x, y) of the reduced density operator for the NLO
associated with the Eq. (12). The single peak of the initial
coherent states separates into two components, each associ-
ated with a different qubit eigenstate. Specifically, the solid
line arrow (dashed line arrow) indicates the component as-
sociated with |↓〉 (|↑〉). The Wigner function is defined as

W (x, y) = 1
π~

∫∞
−∞ 〈x+ x′ |ρ̂osc|x− x′〉 e−2iyx′/~dx′ and the

axis are given accordingly.

the qubit and oscillator free energies. In order to investi-
gate the perturbation in the NLO we rewrite the quartic
term as follows

(â† + â)4 = Â4 + Â2 + Âns, (18)

where we have emphasized the phonon process contribu-
tions; namely, Âi=2,4,ns correspond to the operators iden-
tifying two- and four-phonon transitions and the number-
state contribution (ns), respectively. Considering the
commutation rule [â, â†] = 1 one obtains

Â4 = â†4 + â4, (19)

Â2 = 6(â†2 + â2) + 4(â†2â†â+ â†ââ2), (20)

Âns = 6((â†â)2 + â†â), (21)

and the Hamiltonian in Eq. (7) reads as

Ĥ = (1 + 6δ)â†â+ 6δ(â†â)2 − kσ̂z(â† + â)

+ δ(Â2 + Â4). (22)

In the equation above, the terms in the second line corre-
spond to two- and four-phonon transitions and they can
both be neglected by invoking a rotating wave approx-
imation. By considering a frame rotating with the free
oscillator Hamiltonian, one can recast Eq. (22) as

Ĥint = 6δâ†â+ 6δ(â†â)2 − kσ̂z
(
â†e+it + âe−it

)
+ δ

(
6e+2itâ†

2

+ 4e+2itâ†
2

â†â+ e+4itâ†
4

+H.c.
)

(23)

Among the terms proportional to the nonlinearity
strength δ, the oscillating ones can be approximately ne-
glected. Thus, transforming back to the Schrödinger pic-
ture, one has the following Hamiltonian:

ĤRWA ≈ (1 + 6δ)â†â+ 6δ(â†â)2 − kσ̂z(â† + â) (24)

Using the same techniques as before (see Appendix
B) we obtain the following solution for the wave func-
tion, where we have neglected the terms proportional to
{kδ, k2δ, k3δ} (for simplicity we have considered real am-
plitudes for the coherent state):

|ψ(t)〉 =
1√
2
D̂(+k)exp

[
−6itδ(â†â)2

]
|↑〉 ⊗ |α̃↑〉

+
1√
2
D̂(−k)exp

[
−6itδ(â†â)2

]
|↓〉 ⊗ |α̃↓〉(25)

where,

|α̃↑〉 =
∣∣∣e−i(1+6δ)t(α− k)

〉
, (26)

|α̃↓〉 =
∣∣∣e−i(1+6δ)t(α+ k)

〉
. (27)

A comparison between the approximate analytical re-
sults in Eq. (25) versus a numerical computation us-
ing the full original Hamiltonian in Eq. (1) is shown for
short times in Fig. 4-a, where we plot the negativity for
k = 1/100 and δ = 1/1000 (for α = 2). As we can
see, the analytical approximation agrees reasonably well
with the numerical results (the dotted line corresponds to
the dynamics of the system in absence of nonlinearity).
More importantly, the presence of a nonlinear Kerr-like
term proportional to (â†â)2 represents a new source for
entanglement and non-classical effects, allowing to grasp
the main features associated with the full Hamiltonian.
The first of these features is the lack of a periodic be-
havior for short times which implies, in particular, that
the entanglement does not decrease to zero. In addition,
the actual values of the negativity show a clear enhance-
ment of the entanglement with respect to linear case (
δ = 0). Remarkably, as shown in Fig. 4-b, after few
cycles the negativity reaches a plateau, implying a time-
stabilization of the entanglement at values higher than
the maximum attained for δ = 0. For longer time-scales
(t � 120π), the expected collapses and revivals appear
only assuming both the rotating-wave approximation and
small kδ. On the other hand, the full numerical so-
lution of the evolution does not show any collapse nor
revival—in fact, the negativity never drops to zero. Due
to the establishment of a stabilization window, we can
define the width of the time plateau (∆) as the region
in which the negativity does not show significant oscilla-
tions; e.g., in Fig. 4-b a plateau is approximately achieved
for 30π ≤ t ≤ 70π, being its width ∆ ≈ 40π. The depen-
dence between ∆ and δ eludes analytical calculations,
however a straightforward numerical evaluation (under
the constraints of {k, δ} � 1) shows the dependence to
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FIG. 4: (color online) (a) negativity as function of time t
for k = 1/100 and δ = 1/1000 (α = 2). We compare the
entanglement using an analytical expression (solid line) (Eq.
(25)) and the numerical one (dashed line) using Eq. (22).
The dotted line is the evolution in absence of nonlinearity. As
we can see the inclusion of the nonlinear term increases the
entanglement reaching a time-plateau or stabilization zone.
(b) We compare the analytical expression with the numerical
solution for the same set of parameters for larger times.

be inversely proportional to the nonlinearity strength—
in fact, for 10−4 < k < 10−2 and 10−4 < δ < 10−2, one
can show that ∆ ≈ 0.1/δ.

We plot in Fig. 5-a the Wigner function for the NLO.
For short times, we see that due to the weak coupling the
two components of the Wigner function associated with
the qubit eigenstates are superposed (i.e. |α̃↑〉 ≈ |α̃↓〉).
As anticipated, in contrast with the linear case we can see
that the presence of the additional Kerr-like term gives

4 2 0 2 4

4

2

0

2

4

1.0 2.0 3.0
2.0

0.0

1.0 0.3

0

4 2 0 2 4

4

2

0

2

4

-0.2

0

0.2

FIG. 5: (color online) (a) The above figure shows the
Wigner function (W (x, y)) for the oscillator state for t =
0, π/2, π, 3π/2, 2π. The state considered here is the one in
Eq. (25). As we can see, in the first cycle, due to the small
values of k and δ both components of the qubit remains super-
posed during all time, showing squeezing in the quadratures
{x, y}. (b) The below figure shows the state at t = 50π, as
we see the state becomes complex evidencing negatives values
during the dynamics.

rise to non-classical features. In particular Fig. 5-a shows
the emergence of quadrature squeezing, with squeezing
axes that rotate clockwise in the xy-plane. Defining two
arbitrary canonical quadratures (φ is the angle of rotation
measured from the x-axis to xr-axis)

x̂r =
1

2

(
âe−iφ + â†eiφ

)
, (28)

ŷr =
1

2i

(
âe−iφ − â†eiφ

)
. (29)

we numerically find for each time t the angle φ that min-
imize the uncertainty of ∆ŷr (where ∆Ô = 〈Ô2〉−〈Ô〉2).
The results are given in Fig. 6 and quantitatively demon-
strate the presence of squeezing for short times (the re-
sults are normalized with respect to the coherent state
uncertainty ∆x̂0 = ∆ŷ0 = 1/2).



6

0 π/2 π 3π/2 2π

t

1.000

1.005

1.010

1.015
∆
x̂
r
∆
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FIG. 6: (color online) The main plot shows the normalized
uncertainty relation ∆x̂r∆ŷr/∆x̂0∆ŷ0 for the first cycle in
the weak coupling regime. The sudden increasing in time
shows the short period in which the squeezing remains valid.
The subplot shows the individual normalized variance, the
quadrature xr (yr) becomes linearly increasing (decreasing).

Another interesting feature is that whereas for short
times the Wigner function remains positive, for longer
times it assumes negative values. Interestingly, the ap-
pearance of relevant negative regions corresponds to the
stabilization zone of the negativity — for example at
t = 50π (see Fig. 5-b).

B. Strong qubit-NLO coupling regime : Numerical
solution for k ≈ 1, δ � 1.

In this section, we solve numerically the full dynamics
involving the Hamiltonian in Eq. (7) without restricting
to the weak coupling regime. In order to do that, we have
expanded the oscillator state in the Fock basis, properly
truncated to obtain a sufficient numerical accuracy.

Regarding the generation of entanglement between the
qubit and the NLO, the effects of a strong coupling are
that the two main features that we have individuated in
the previous section are further enhanced. First, the en-
tanglement negativity reaches higher values with respect
to the absence of nonlinearities. Second, the entangle-
ment reaches the stabilization region faster then for the
weak coupling regime. As an example, we have plotted
in Fig. 7 the negativity for k = 0.5, α = 2, and two
values for δ = {1/100, 1/1000}. We can see that the neg-
ativity stabilizes already for t ≈ 5π (δ = 1/100) close
to the maximal reachable value of 1. This stability is
sustained quite well in a window of time from t = 5π
to t = 10π, after which it starts to oscillate. Remark-
ably, in this regime the collapse and revival dynamics is
entirely absent. The combination of a high amount of en-
tanglement and the suppression of negativity oscillations
provides a long time window in which the entanglement
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1.0
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FIG. 7: (color online) In the main plot we show the numer-
ical results for the negativity for k = 0.5, α = 2 and vary-
ing δ. In contrast with {k, δ} � 1, here we have achieved
a higher entanglement as well as a faster stabilization zone.
In the subplot we compare the entanglement generated for
k = 0.5, α = 2, δ = 1/100 using approximated Hamiltonian,
the solid line is for a full Hamiltonian without approximation.
The dashed line consider only number states in the quartic po-
tential, and finally the dotted line consider up to four-phonon
transitions in the quartic potential.

is maximal or near-maximal, in strong contrast to the
linear case where maximal negativity is achieved only at
defined times (odd multiples of t = π). Here timing se-
lection is no longer a concern in order to achieve high
negativity, representing in turn a relevant practical ad-
vantage.

Furthermore, it is important to note in the subplot
in Fig. 7, that we have also considered the contribution
of approximated Hamiltonian regarding to only number-
state contribution and up to two-phonon transitions in
the dynamics (see Eq. 18). As we can see in solid
line, the full dynamics —i.e including up to four-phonon
transitions— provides an entanglement plateau in time
domain better than the other approximated cases.

In order to better understand the enhancement of
the qubit-NLO entanglement we have calculated the
Wigner function of the oscillator state conditioned to
the two qubit eigenstates i.e., ρ̂(t)osc↑ = 〈↑| ρ̂(t) |↑〉
(or ρ̂(t)osc↓ = 〈↓| ρ̂(t) |↓〉). In Fig. 8, we have plot

W↑,↓(x, y) = 1
π~
∫∞
−∞

〈
x+ x′

∣∣∣ρ̂osc↑,↓ ∣∣∣x− x′〉 e−2iyx′/~dx′

at t = 2π, 4π, 6π, 10π, 15π for each qubit component, to-
gether with their product. We can see that the overlap
between the two functions sensibly decades already after
the first cycle (t = 2π). In order to show this quantita-
tively we illustrates in Fig. 8-c the overlap of the product
W↑(x, y)W↓(x, y) together with its integration over all
xy−phase space

wp =

∫ +∞

−∞

∫ +∞

−∞
W↑(x

′, y′)W↓(x
′, y′)dx′dy′. (30)
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FIG. 8: (color online) Here we provide a pictorial explanation for the entanglement enhancement for k = 0.5, α = 2, δ = 1/100
at different times t = 2π, 4π, 6π, 10π, 15π. In Figs. (a) and (b), we plot the Wigner function for the oscillator state for each
spin component W↑,↓(x, y). In column (c), we show the product between W↑(x, y) and W↓(x, y). The number wp in the corner
corresponds to the integration of the product over all the xy−phase space (Eq. 30). The small overlap between W↑(x, y) and
W↓(x, y) then shows that the states corresponding to the latter are quasi-orthogonal, thus allowing for the establishment of
maximal entanglement.

In other words, this shows that the conditioned Wigner
functions W↑,↓(x, y) correspond to two almost orthogo-
nal states which implies that maximally entanglement
can be established between the qubit and the oscillator.

The quasi-orthogonality is quantified using Eq. (30) and
shown in Fig. 8-c.

As before, we also calculated numerically the reduced
density matrix for the qubit. In the presence of non-
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Time

FIG. 9: (color online) We illustrate the reduced density qubit
operator in Bloch Sphere (top-view) for two cycles 0 ≤ t ≤ 4π.
The qubit shows a strong precession in the dynamics.

linear coupling, the qubit exhibits an open cycle whose
precession depends on the strength of the nonlinearity.
For δ � 1/1000 the reduced qubit evolution tends to the
quantum harmonic potential case, and therefore each cy-
cle is closed. On the other hand, as δ increases, the qubit
reaches a stationary point at times comparable to the en-
tanglement stabilization region (see Fig. 9).

Finally, we considered the detrimental effects of noise
in the dynamics of the NLO. We modeled the system
with the following master equation in Lindblad form at
zero temperature

˙̂ρ(t) = −i[Ĥs, ρ̂(t)] +
γ

2
(2âρ̂(t)â† − â†âρ̂(t)− ρ̂(t)â†â)

(31)

where γ is the oscillator damping rate. In Fig. 10 we
show the main effects of the losses. We can see that
in the strong coupling regime the presence of the envi-
ronment degrades the qubit-NLO entanglement but the
main features observed in the previous sections are still
present. In particular, both the enhancement of entan-
glement with respect to the linear case and the entangle-
ment stabilization are robust for small losses.

We have already mentioned some of the primary ex-
perimental setups in the introduction, let us now briefly
examine some of those. The strong-coupling regime can
be achieved using a qubit encoded in an electron on a
quantum dot or a Cooper pair on a small superconduct-
ing island, coupled to an oscillator consisting of a vi-
brating gate electrode. In Ref. [7] the authors consider
a micromechanical resonator capacitively coupled to a
Cooper pair box (CPB). Here, they can reach substan-
tial coupling in the range of g = 5−50 MHz, and with the
current technology k ≈ 1 can be performed. Following
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FIG. 10: (color online) negativity for the open quantum sys-
tem for different values of the dissipation ratio γ, and different
values of δ. Here, k = 0.5, α = 2.

with this regime, a qubit can also be modeled in clock-
wise and anti clockwise circulating currents in a super-
conducting loop. For instance, in Ref. [30] the authors
accomplish a strong coupling between a single electronic
spin qubit associated with a nitrogen-vacancy impurity
in diamond and the quantized motion of a magnetized
nanomechanical resonator tip. Here, the dimensionless
coupling is approximately k ≈ 0.1 (For further details
related with the full set of parameters see Ref. [30]).
On the other hand, the weak coupling regime can be re-
alized in systems where a quantum dot is coupled to a
mechanical oscillator, where this resonator is modulated
by changing the local lattice of the host material [25].

Another candidate setting for the implementation is
given by trapped ions, where the strong coupling between
hyperfine internal states of an ion and its motional degree
of freedom has been shown in a variety of configurations
[1]. Moreover, the ion internal state can also be coupled
to a cantilever under realistic conditions, for example, for
a doubly clamped cantilever frequency of 19.7 MHz [37].
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The coupling strength —which can be switched on and
off— for a cadmium ion is given by g ≈ 52.5 kHz [38],
and therefore k ≈ 10−3.

Concerning possible implementations of non-linear
quantum oscillators, various experimental platforms can
be envisaged. As said, trapped ions can host qubit-
oscillator systems. These platforms can also implement
non-linear oscillators and in fact, by using a tunable set
of parameters, the authors of Ref. [36] showed how to
encompass both linear and nonlinear potentials (anhar-
monic and double-well)—in order to achieve the efficient
separation and re-combination of ions in surface ion-trap
geometries using effective potentials. Furthermore, non-
linearities can be generated as a result of static and lon-
gitudinal compressive force in suspended nanomechani-
cal beams [25]. For instance, for values of the length
(L), thickness (d), and width (w) of the nanomechanical
beam in the range of L ≈ 200 − 400nm, d ≈ 5 − 10nm,
and w ≈ 10 − 20nm a nonlinear strength of the order
of δ ≈ 10−2 can be obtained. Finally, nonlinearities can
be achieved in a mechanical oscillator in the form of a
nano-cantilever cooled to its ground state. There, a fer-
romagnetic impurity in the cantilever tip (nano-magnets)
can induce non-linear potentials via high homogeneous
external magnetic fields in Helmholtz coil configuration
[26] (for an overview of quantum mechanical systems see
Ref. [39]). All the mentioned systems are promising
candidates in order to achieve the nonlinearity we have
considered in this work. In combination with the qubit-
oscillator coupling, these schemes points at the actual
possibility of implementing the qubit-NLO coupling, be-
ing the non-linearity the most challenging task to achieve
in an experiment.

V. CONCLUDING REMARKS

We have investigated a qubit (spin) coupled to a quar-
tic nonlinear oscillator through a conditional displace-
ment Hamiltonian. The dynamics begins from a separa-
ble initial state composed of a qubit superposition state
(|↑〉 + |↓〉)/

√
2 and a coherent state |α〉 for the oscilla-

tor. Throughout the paper we have used two relevant
parameters, namely, the qubit-NLO coupling k and the
nonlinearity δ. We first recalled the results for the case
δ = 0. Here, the entanglement generation is due to the
superposition principle of the hybrid system and it shows
a periodic dynamics. On the other hand, when δ 6= 0 and
in the weak coupling regime we analytically show that a
new Kerr-like term appears in the dynamics leading to i)
quadrature squeezing of the oscillator state, ii) the sup-
pression of the entanglement decay by the appearance
of a stabilization region, and iii) an enhancement of the
entanglement negativity compared to the linear case of
δ = 0.

The most interesting case corresponds to the strong
coupling regime, when we see that two- and four-phonon
transitions play a relevant role both in the entanglement

stabilization and in its enhancement. In particular, the
entanglement negativity can reach its maximal value by
virtue of the orthogonalization of the oscillator states
relevant to the present dynamics. Furthermore, solving
numerically the corresponding master equation, we have
shown that these effects remain robust to the presence of
decoherence in the oscillator system.

Finally, we have considered in some details different
possible experimental implementations for each regime
considered here. Witnessing this type of hybrid entan-
glement is a hard task, however following the protocol
in Ref. [40] we can give a full proof of the violation of
a Bell inequality for δ = 0 (and for the weak coupling
regime when δ ≈ 10−3). Nevertheless, a full benchmark
in the strong coupling regime remains unsolved and will
be subject of future work.

VM is supported by the Comisión Nacional de Investi-
gación Cient́ıfica y Tecnológica (CONICYT - Becas Chile
ID 72110207). AF acknowledges funding from John Tem-
pleton Foundation (grant ID 43467). SB acknowledges
the EPSRC grant EP/J014664/1.

Appendix A: Wave function in absence of
nonlinearities

In order to obtain the time evolution operator for this
case, we use a direct consequence of the similarity trans-
formation which holds the following

T̂ f
(
{X̂i}

)
T̂ † = f

(
{T̂ X̂iT̂

†}
)
, (A1)

the above equation is satisfied for any function f , uni-
tary operator T̂ , and arbitrary set of operators {X̂i}.
Hence we take in particular

T̂ = e−kσ̂z(â†−â), (A2)

f
(
{X̂i}

)
= Û(t) = e−itĤ (A3)

here {X̂i} = {â, σ̂z}. Using the Baker-Campbell-
Hausdorff (BCH) relation, it is straightforward to show
the following transformations

T̂ âT̂ † = â+ kσ̂z, (A4)

T̂ σ̂zT̂
† = σ̂z. (A5)

Using both the Similarity Transformation as well as
the BCH relation, it is easy to obtain the analytical ex-
pression for the time evolution operator

Û(t) = exp
[
ik2(t− sin(t))

]
× exp

[
kσ̂z(ηâ

† − η∗â)
]

exp
[
−iâ†ât

]
(A6)

where,

η = 1− exp [−it] . (A7)
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Therefore, the time evolution for the initial state (Eq.
(11)) corresponds to

|ψ(t)〉 =
1√
2
|↑〉 ⊗ D̂(kη)D̂(αe−it) |0〉

+
1√
2
|↓〉 ⊗ D̂(−kη)D̂(αe−it) |0〉 , (A8)

taking into account that D̂(α1)D̂(α2) =

exp [(α1α
∗
2 − α∗1α2)/2] D̂(α1 + α2), we can finally

obtain the final form shown in Eq. (12).

Appendix B: Wave function in the weak qubit-NLO
coupling regime

In order to obtain the unitary operator for the RWA
Hamiltonian in Eq. (24) we will use the same techniques
as before, let’s consider the following approximation

T̂ Û(t)appT̂
† ≈ exp[−it(1 + 6δ)â†â− 6iδt(â†â)2], (B1)

where we have neglected products proportional to
{kδ, k2δ, k3δ} � 1. Taking into account that

exp[−it(1 + 6δ)â†â]T̂ =

exp[−kσ̂z(â†e−i(1+6δ)t − âei(1+6δ)t)]exp[−i(1 + 6δ)tâ†â].

(B2)

Multiplying on the left by T̂ † and on the right by T̂
the Eq. (B1), we can finally obtain the time evolution
operator

Ûapp = exp[−kσ̂z(â− â†)exp[−6δit(â†â)2]

× exp[−kσ̂z(â†e−i(1+6δ)t − âei(1+6δ)t)]

× exp[−i(1 + 6δ)tâ†â]. (B3)

Using the above, it is straightforward obtain the wave
function for this case

|ψ(t)〉 =
1√
2

exp
[
k(â† − â)

]
exp

[
−6itδ(â†â)2

]
× exp

[
k

2
(α− α∗)

]
|↑〉 ⊗

∣∣∣e−i(1+6δ)t(α− k)
〉

+
1√
2

exp
[
k(â− â†)

]
exp

[
−6itδ(â†â)2

]
× exp

[
k

2
(α∗ − α)

]
|↓〉 ⊗

∣∣∣e−i(1+6δ)t(α+ k)
〉

(B4)

In general we have taken a real amplitude for the co-
herent state (α = 2), hence the phase appearing in Eq.
(B4) vanishes giving us the Eq. (25).

[1] R. Blatt and D.J. Wineland, Nature 453, 1008 (2008).
[2] J. M. Raimond, M. Brune, and S. Haroche, Rev. Mod.

Phys. 73, 565 (2001); H. Walther, B.T.H. Varcoe,
B.G. Englert and T. Becker, Rep. Prog. Phys. 69, 1325
(2006).

[3] P. Treutlein, D. Hunger, S. Camerer, T. W. Hänsch, J.
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