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Abstract

Let d > 3 be a fixed integer. We give an asympotic formula for the expected
number of spanning trees in a uniformly random d-regular graph with n vertices.
(The asymptotics are as n — oo, restricted to even n if d is odd.) We also obtain
the asymptotic distribution of the number of spanning trees in a uniformly random
cubic graph, and conjecture that the corresponding result holds for arbitrary (fixed)
d. Numerical evidence is presented which supports our conjecture.

Keywords: spanning trees; random regular graphs; small subgraph conditioning

Introduction

In this paper, d denotes a fixed integer which is at least 2 (and usually at least 3). All
asymptotics are taken as n — 0o, with n restricted to even integers when d is odd.

The number of spanning trees in a graph, also called the complexity of the graph,

is of interest for a number of reasons. The complexity of a graph is an evaluation of
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the Tutte polynomial (see for example [14]). The Merino-Welsh conjecture [10] relates
the complexity of a graph with two other graph parameters, namely, the number of
acyclic orientations and the number of totally cyclic orientations of a graph. (Noble and
Royle [13] recently proved that the Merino-Welsh conjecture is true for series-parallel
graphs.) The complexity of a graph also plays a role in the theory of electrical networks
(see for example [12]).

We are interested in the number of spanning trees in random regular graphs. The first
significant result in this area is due to McKay [7], who proved that for d > 3, the nth root
of the number of spanning trees of a random d-regular graph with n vertices converges to

(d _ 1)d—1

@ =2 Y

as n — oo, with probability one. An alternative proof of this was later given by Lyons [6,
Example 3.16].

McKay [8, Theorem 4.2] gave an asymptotic expression for the expected number of
spanning trees in a random graph with specified degrees, up to some unknown constant.
His result holds when the maximum degree is bounded and the average degree is bounded
away from 2 (independently of n). When specialised to regular degree sequences, [8,
Theorem 4.2] states that the expected number of spanning trees in G, 4 is asymptotic to

_ 1)t "
caf (d=-1)" " 7 2)
n\ (d? —2d)"*7
for some unknown constant c¢g.

Other work on asymptotics for the number of spanning trees has focussed on circulant
graphs, grid graphs and tori (see for example [2] and the references therein).
Our first result, Theorem 1.1, provides the value of the constant ¢, from (2), proving

that
e (6d2—14d+7) (d—1)"?
= e&X .
TP\ Taa 0 ) d—2)”

For our second result we investigate the distribution of the number of spanning trees
in random d-regular graphs using the small subgraph conditioning method, and obtain
the asymptotic distribution in the case of cubic graphs, presented in Theorem 1.2. We
provide partial calculations for arbitrary fixed degrees, which lead us to conjecture that
the corresponding result holds in general (see Conjecture 1.3).

In order to precisely state our main results we must introduce some notation and
terminology.

1.1 Notation and our main results

Let N denote the natural numbers (which includes 0). For integers n, k let (n); denote
the falling factorial n(n —1)---(n — k + 1). Square brackets without subscripts denote
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extraction of coefficients of a generating function. We use 1(+) to denote both the indicator
variable of an event and the characteristic function of a set (the particular set will appear
as a subscript). We use standard asymptotic notation throughout, with the exception
that ~~ indicates convergence in distribution of a sequence of random variables. (We use

this notation rather than - to avoid overloading the symbol “d”, which we use for the
degree of the graph.)

Let G, 4 denote the uniform model of d-regular simple graphs on the vertex set
{1,...,n}. Define the random variable Yz to be the number of spanning trees in a
random G € G, 4.

Clearly Yy is identically zero if n > 3 and d < 2. A 2-regular graph has a spanning
tree if and only if it is connected (that is, forms a Hamilton cycle), in which case it has
exactly n spanning trees. Hence the distribution of Y5 can be inferred from [15, Equation
(11)]. For the remainder of the paper we assume that d > 3.

Our first result gives an asymptotic expression for the expectation of Yg.

Theorem 1.1. Let d > 3 be a fixed integer. Then

I (6d2 —14d + 7) d-0" [ @-n=" \"
~ ex
TP\ Taa— )T ) nd— 2 (@ — 20)7

This theorem is proved at the end of Section 3.

Next, for fixed d > 3 and for each positive integer 7, define

(d—1)
2j

2d—1) —1

Aj(d) = (d— 1)2j

;o Gld) =— (3)
Our second theorem gives the asymptotic distribution of the number of spanning trees
in the case of cubic graphs.

Theorem 1.2. Let Z; ~ Poisson(\;(3)), with each Z; independent. Consider the number
of spanning trees in a random cubic graph, normalized by the expectation given in Theorem
1.1 for d = 3. The asymptotic distribution of this quantity is given by

Y -

7 (1+ C‘(3))Zj e~ N3G B3)
EYs e !

This theorem is proved in Section 4. We conjecture that an analogous result holds for

arbitrary (fixed) d > 3.
Conjecture 1.3. Let d > 3 be fized. Then

Y, - .
_g ~ (1 —+ Cj (d))ZJ eiAj(d)Cj(d)j
By

where Z; ~ Poisson(\;(d)) and each Z; is independent.

We present numerical evidence which supports this conjecture in Section 4.1.

THE ELECTRONIC JOURNAL OF COMBINATORICS 21(1) (2014), #P1.45 3



1.2 Plan of attack

From now on, we omit explicit mention of d in the constants (; = (;(d) and \; = \;(d)
from (3).

As is standard in this area, most of our calculations will be performed in the uniform
probability space P, 4 of pairings (also called the configuration model [1, 9, 15]. Let d and
n be positive integers such that dn is even. Consider a set of dn prevertices distributed
evenly into n sets, called buckets. (We prefer the terminology “prevertices” to “points”.)
A pairing is a partition of the prevertices into dn/2 sets of size 2, called pairs. Then

— #P(dn) = _(dn) ﬁ(d—n)dn/z, (4)

[P (dn/2)! 24/ e

using Stirling’s formula.

By contracting the prevertices in each bucket to a vertex, each pairing projects to
a labelled d-regular multigraph, with loops permitted. Let (2, 4 denote the set of such
multigraphs, and denote the projection of a pairing P by G(P). (We will occasionally
informally refer to “partial” pairings, where only a subset of the prevertices are paired.
The projection of a partial pairing is defined in the same way.)

Each G € G, 4 is the projection of (d!)" different pairings (permuting the prevertices
in each bucket), so we can recover the uniform model G, 4 from P, 4 by conditioning on
the event that the projected multigraph of a random pairing is simple.

We will apply the small subgraph conditioning method in the form given by Janson [4,
Theorem 1].

Theorem 1.4. Let A\; > 0 and (; = —1, j = 1,2,..., be constants. Suppose that for
each n we have a sequence X = (X1, Xo, X3,...) of non-negative integer valued random
variables and a random variable Y with EY # 0 (at least for large n). Further suppose
the following conditions are satisfied:

(A1) Form > 1, (Xy,..., X)) ~ (41, ..., 2Zy), where Z; are independent Poisson ran-
dom variables with means \;;

(A2) For anym >0, p e N™,

EY|X:=p1,..., Xm = -
EY

(A3) Z)\JCJQ < 00

Jj=1

EY? = .
(A4) EY ) — exp <; )\](j) .
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Then

Y

gy W I+ ) Pee (5)
j=1

Moreover, this and the convergence in (A1) hold jointly.
We also need a related lemma:

Lemma 1.5. ([4, Lemma 1]) Let \; > 0, j = 1,2,..., be constants. Suppose that (A1)
holds and that'Y > 0. Suppose:

(A2") For anym >0, p e N,

E YH;’L:I(XL”);)- - v
| EY } — 1™

Jj=1

Then (A2) holds with A\;(1 + (;) = N} for all positive integers j.

We now define the random variables X; and Y to which these results will be applied.

For each j > 1, let v; : Q,, ¢ — N give the number of cycles of length j in a multigraph.
(A loop is a 1-cycle, and a pair of edges on the same two vertices is a 2-cycle.) Then the
random variable X; = v;0G is the number of j-cycles in the projection of a random pairing
P € Ppa. Write X = (Xj),, for the sequence of all cycle counts. It is well known [1]
that for any positive integer m, the random variables Xi,..., X,, are asymptotically
independent Poisson random variables, and that the mean of X; tends to the quantity
A; = Aj(d) given in (3). Hence Condition (A1) of Theorem 1.4 holds.

Let 7 : €, 4 — N be the function which counts spanning trees in d-regular multigraphs.
Define Y as the restriction of 7 to G,, 4, and define Y = 7 0o G. Then, Y; is the number
of spanning trees in a random G € G, 4, as in Section 1.1. Y is accordingly the number
of spanning trees in the projection of a random pairing P € P, 4. We will investigate the
asymptotic distribution of Yy through analysis of Y.

In Section 2 we obtain an asymptotic formula for the expected value of Y. In Section 3
we analyse the interaction of the number of spanning trees with short cycles, establishing
that (A2) holds for \; and (; as given in (3). This enables us to prove Theorem 1.1 and to
prove that (A3) holds. Then in Section 4 we investigate the second moment of Y. We can
prove that Condition (A4) holds when d = 3, leading to a proof of Theorem 1.2. Using
our partial calculations for general degrees, we provide numerical evidence that strongly
supports Conjecture 1.3.

2 Expected number of spanning trees

In this section we compute EY. Let 7, denote the set of labelled trees on n vertices, so
that |7,] = n" 2 by Cayley’s formula (see for example, [11]).

THE ELECTRONIC JOURNAL OF COMBINATORICS 21(1) (2014), #P1.45 5



Recalling the definition of Y, we have

By = S L rc(p),

-
PP, q |7Dn’d|
and hence
| Pra| BY = Z Z My p, (6)
Perd TeTn

where My p is the number of ways to embed 7T into the multigraph G(P). (When G(P)
is simple, Mr p is zero or one).

Now, we want to condition on the degree of each of the n vertices in T'. Define the set
of possible degree sequences

D, = {(5 eEN": > 5 =2n- 1)}.
=1
We can decompose |P,, 4| EY as
NN 1T ~6) > Mrp, (7)
6€D, TET, PePy, g

where T" ~ ¢ denotes the event that vertex j has degree §; in T', for all j =1,...n.

To evaluate the innermost sum in (7), fix some § € D, and some T € 7, with
T ~ . We need to count the number of pairings that include 7', with the embedding
of T identified. That is, if for some pairing P, the tree T' can be embedded in G(P) in
multiple ways, then we count each different way separately.

Now, exactly d; of the prevertices in bucket j must contribute to 7', and there are (d) 5
ways to choose and order these prevertices. So, there are

ways to pair up the n — 1 edges corresponding to a copy of T'. Then, there are
dn—2(n—1)=(d—2)n+2
prevertices remaining, which can be paired in #P((d — 2)n + 2) ways. This yields

Pl BY = #P((d=2)n+2) > [[(d);, Y LT ~9). (8)

0€Dy j=1 TeTn

The inner sum in (8) is the number of trees with degree sequence §, which is the multi-

nomial
n—2 (n —2)!
(51—1,...,5n—1):m' (9)

j=1
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(See for example Moon [11, Theorem 3.1].)
Hence

= (d)s,
= — 21 — — 'y
Pral BY = (n = 2)l #P(nd — 2(n — 1)) > H GO
0€Dy j=1
It follows that the total number of ways to choose a spanning tree on n vertices and choose
a partial pairing that projects to that tree is

o (d), s (S @, L\
oo 3 Il 2 =) (5 )

6eD,, j=1 7

=(n—2)! [:EQ(”_l)} (das(l + as)d%)n
= (n—2)ld" ((‘i—_g” . (10)

Hence, by Stirling’s approximation and (4) we conclude that

Podl BY = (n— 2)1 #P(nd — 2(n — 1)) d" <(d —~ 1)n)

n—2

V2(d—1)" d—1 n 7\
~ 2 (d(d—Q)(d—l) <<d_2)e) ) : (11)

It follows that

EY — (n—2)!#P(nd —2(n —1)) o <(d — 1)n)

#P(nd) n—2
C@=0" @-n
n(d — 2>3/2 <(d2 _ 2d)d/21) : (12)

Hence for d > 3 and n sufficiently large, we have EY # 0.

3 Interaction with short cycles

Recall that X; = 7, o G is the number of cycles of length j in the projection of a random
pairing P € P, 4. For some fixed m > 0, p € N™, let X, = H;nzl(Xj)p]_. In this section we
will compute an asymptotic formula for E[Y X ,|/EY’, in the form required by Condition

(A2).
We have .
BYX, = 3 morGP) G,
PEP,q ' ™ j=1
Note that .
[[oscP),
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is the number of ways to choose, for each j € {1,...,m}, an ordered set of p; cycles of
length j. This will result in an ordered set of

ol => " p;
j=1

cycles.
We make the decomposition

m

[[os@P)),, =70+

j=1
where 7,S°> is the number of ordered sets of cycles in which each cycle is disjoint, and v, is
the number of ordered sets in which some vertices are shared between multiple cycles. We
can further decompose v, by the structure of the interaction between the cycles. That is,
according to the multigraph that is the union of the cycles, and the specification of which
edges of this union belong to which cycle. This expresses 7, as a sum of terms %(,J ). The
number of terms J in this decomposition depends on p, but is O(1) as n — oc.

Define
B = 3 (G,
PeP, q
so that we have |P, 4| E[Y X,] = Z}]:1 EO),

We proceed to calculate E®. As is standard when applying this method (see for

example, [5, Theorem 9.6]), E[Y X,] is asymptotically dominated by E(© (the contribution
due to disjoint cycles). See Lemma 3.1 for some justification for this fact.
Let C,,; be the set of all j-cycles on the vertex set {1,...,n}, and define the Cartesian

product
m
p;
Cop =[] Co
j=1

Each R € C,, is an ordered set of |p| cycles. We use the notation R;; for the kth cycle
of length 7 in R. Next, define

Rn,={R€C,,: the cycles in R are pairwise disjoint}.

Similarly to (6), we have

EO= 3" > Mag.p,

RERn,, TETn PEP,, 4

where M(p g) p is the number of ways to embed the tree 7" and the cycles in R into the
multigraph G(P).

We further condition on the edge intersection between the embedding of 7" and the
cycles in R. We use a binary sequence of length j to encode the intersection of an j-cycle
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with a spanning tree. Picking an arbitrary start vertex and direction for the cycle, if the

kth edge of the cycle is to be included in the intersection, then the kth element of the

corresponding sequence is one; otherwise it is zero. All sequences ¢ € {0,1} represent

possible intersections, except the sequence (1,...,1), because a tree contains no cycles.
Define the set of all possible intersection sequences for a cycle of length j, by

7, ={0,1¥ \ (1,...,1).

Also, define the Cartesian product

m

Q, =[]z

J=1

So, for each R € R,, ,, specifying some ) € Q, fully specifies the intersection between the
cycles in R and a tree 7'

We have
EO = Z Z Z Z M1.r,q),P, (13)

QEQp RERn,p, TETH PEP, 4

where M1 g q),p is the number of ways to embed T" and the cycles in R in P, such that
the intersection between the embedding of 7" and the cycle R; is consistent with @),
forj=1,...,mand k=1,...,p;.

Fixing @ € Q,, we will now evaluate the innermost triple sum in (13). Consider the
following process:

1. Choose some R € R, ,.
2. Choose a partial pairing that projects to R.
3. Extend this to a pairing of a spanning tree consistent with Q.

4. Pair the remaining prevertices arbitrarily.

We will find that the number of ways to complete each step is independent of the other
steps. Then, E© is a product of the number of ways to complete each step, summed over
all Q € 9,.

First let n, = Z;”:l jp; be the total number of vertices in each R € R,, ,. The number
of ways to choose the vertices for some R € R, , is

(o)

and the number of different arrangements of disjoint cycles on those vertices is

n,!

[ Gx ()™
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where jx(7) is the size of the automorphism group of a j-cycle:
() = 1 forj <2
AT=N2 for 2

That is, the number of ways to complete Step 1 is

(0) _ n! .
(n =)' 12 Gx ()™

Next, the number of ways to complete Step 2 is

o _ ﬁ<x<j><d<2d - 1))]‘)”.

J=1

Note for future reference that we have

m i\ P

Sgo)sgo) ~ H (M) , (14)
i=1 J

Next, we count the number of ways to extend this pairing to a tree T consistent with .
We do this by constructing a new irregular pairing model P, , from the prevertices still
unpaired after Step 2. Recall that ) describes a union of disjoint paths; for each of these
paths, combine the unpaired prevertices remaining in each constituent vertex of the path
to form a super-bucket. If the path has k vertices then the resulting super-bucket has
k(d — 2) prevertices. Let || be the number of super-buckets formed in this way, so the
total number of buckets in P, , is ' :==n —n, + |Q).

Now, consider an extension of a pairing of cycles from Step 2, to a (partial) pairing
of the edges of a tree T consistent with (), as per Step 3. The pairs from this extension
correspond uniquely to a (partial) pairing P’ in the pairing model P, ,. By the construc-
tion of P, ,, the projection 7" = G(P’) of this pairing is simply 7" with some subpaths
contracted to single vertices. Since contracting edges of a tree cannot create cycles, G(P’)
is itself a (spanning) tree. Similarly, every pairing of a tree in P, , corresponds to an
extension of a pairing of cycles to a pairing of a tree in P, 4 consistent with ). So the
number of ways séo) to complete Step 3 equals the number of ways to choose and pair up
a spanning tree in P, ,.

We will perform this count as in Section 2, by conditioning on the degree in 7" of
each bucket in P, ,. Put an arbitrary ordering on the |@Q| super-buckets, and let d; be
the number of prevertices in the jth super-bucket. For a degree sequence 9, let |§| be its
degree sum. Define the sets

Do = {0 e N€l: 5. < d; for all 5},

D(gl = {5€Nn_n” : 25J :2(n/—1)—|5/|}
j=1
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The set D¢ contains all possible degree-in-7" sequences for the |@Q| super-buckets. For
some 0’ € Dy, the set Dy contains all possible degree sequences for the n —n, remaining
ordinary buckets. So, we have

=D > D> UT'~(F.0) Y Mpp,

5/€'DQ 5€D5/ T’€7'n/ P/Epmp

where 7" ~ (¢',9) denotes the event that the super-buckets have degree-in-7T" sequence
0" and the remaining vertices have degree-in-T7” sequence 6. Proceeding as before, after
fixing some (7",¢', ), there are

( Hp<d>5j> [T,
=1 =1
ways to pair the edges of T”. There are
(n' —2)!
(T35 = 1) (1124 (3 — 1))

trees with 7" ~ (&', 6), by (9). So, we have

Qo (d)),

(0)
> Tl ey (15)

(VEDQ 7j=1

where

n—np

14& = n —-2 ji: :[I 5 __1

5Dy j=1 I
= (n' —2)! [ 2 =)o ‘] <d:v(1 + ) 1>

o n—np (d—l)(n—np>
Sy (2<n/_1>—|af|—<n—np>)

(@=2PER - =2\ (dd =1 (16)
nne 1@+ d(d—1)*" e(d—2)"2 |~

n—mnp

Finally, for Step 4 there are dn — 2n, — 2(n’ —1) = (d — 2)n — 2(|Q| — 1) prevertices
remaining, which can be paired in

9y (@/2-Dn -~
= (=20 - 2001 - )~ VA2 - a)
ways.
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Combining (11), (14), (15), (16) and (17), we have
£O (0) 4(0) 0) (0)

_ 81782 83754
|Pr.a| EY QEZQP |Pr.a| EY

m((dd— 1))\
+(f())

Q-8 (d— Q)d_Q "o 19l (d])zS;
<% () Mgty o

QeQ, §'eDg j=1 \"J

As is standard in these arguments, the only significant contribution to E[Y X ] comes
from E© where the cycles do not overlap. For completeness we sketch a proof of this
below.

Lemma 3.1. E[Y X,| is dominated by the contribution from E© That is,

E[Y X)) E©
EY Pral EY

Proof. We can estimate general EV) with some slight modifications to the above calcu-
lations. We would need a different R;, , C C,,, that contains all possible ways to embed
an ordered set of cycles with a particular union U into the vertex set {1,...,n}. The
intersection between a spanning tree and the cycles in some R € R, , would then be a
subforest of U, so it would be more complicated to explicitly define a set Q, that encodes
all possibilities for the intersection. However, the number of possible intersections is still
independent of n.

Using the same 4 steps, the decomposition EV) = sgj )sgj )séj )sflj ) is still valid. Let |U|
and ||U|| be the number of vertices and edges in the multigraph U, respectively. Carefully
adjusting the calculations for E®, we have s /5" = O(nlVI=n0), s9 /s = O(1) and
séj)/sgo) = O(1). For Step 4 there would be dn — 2|U|| — 2(n’ — 1) prevertices remaining,
=) sflj)/sflo) = O(nm~ U1,

We conclude that EV)/E©® = O(n!VI=IUl) . Any non-disjoint union between distinct
cycles has more edges than vertices, so the lemma is proved. O

We now want to to express (18) in the form required by (A2'). So, we consider each
cycle independently. For a sequence g € Z;, let g[k] be the number of paths with k vertices
in the intersection encoded by g. So, for Q) € Q, we have

m  Pj ]
Q= QK]
j=1 (=1 k=1
Also, let |q| = £=1 q[k] be the total number of paths in the intersection encoded by g.
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Now, recall that if the jth super-bucket was collapsed from a path of length k, then
dj = k(d —2). Also recall that n, = >, jp; and note that

As a result, we have

where i
) qlk]
,(dd—=1) [ (d- LS (Md-2),
VT (d( )ZH Z (€—1)(d-2)""

Note that ¢ takes the role of 07 for the jth super-bucket. We have proved that Condition
(A2') is satisfied. It remains to simplify our expression for \;. We have

, . qlk]
1 (d—2)""? R ) _
v-o(53) T {mae-2 X (P -y
27 \d—1 14
g€Z; k=1 =0
i(d— —oy—1\ 4l¥]
1 /d—2 j(d—2) 1 k(d—2)—1\ ¢
=—(-— — [ ——=+1
oty >+ =255 +)
q€l; k=1
H L4kl
2] d—1
q€Z; k=1
Now, recall that (1,...,1) ¢ Z;. So, to evaluate the sum over ¢, we may identify a

particular element in the sequence to be zero. By symmetry, we arbitrarily choose the
last. We also condition on |g|: define

uz(cil__zl) C M=o H/fq (19)

qEI

lgl=t
q;=0

Note that A;; = jp for all 7, because the only sequence g € Z; with |¢| = 1 and ¢; = 0
is (1,...,1,0). For |g| > 1, the first path in (the intersection encoded by) a sequence can
contain anywhere between 1 and j — 1 vertices. Ranging over the possibilities, we have

j—1
Ay = Z Fpj g
=1
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for t > 0. To solve this recurrence, define the generating function

We have

SO

Now, defining

we have

ry) = > Aty =Y
j=1

x y)zzz ]t'x]

j=1 t=1

-1

it
k j— k,t—lxjya
1

<.

oo 00
=2

j=1t

b
Il

ka Y Z ZAJ ko) Ryt +Zyw3yu

j=k+1t'=1

= (A(z,y) + 1) Z kx*yp.

k=1

)=y kafp=—""—,
; (1—2)

g(x)y

M T g

If ¢ € Z;, then there are j positions to place a zero, and if |¢| = ¢ then there are t zeros

in q. Hence

Now, defining k = v/d — 1 we have

:1+m2—(2—|—,u) (1—r%2)(1 — k2%2)

(L-2)" (1—a) ’
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SO

X, = 5[] (21og(1 — 1) — log(1 — %) ~ log(1 — "))

[ee)

_ l[xq 3 —2% + (w22)" + (v %)"

('—f“)2

/: &°|H

) 2
20
2J(d — 1) 20)
for j > 1.
To complete this section we will establish that conditions (A2) and (A3) of Theorem 1.4
hold, and prove Theorem 1.1.

Lemma 3.2. Letd > 3 be a fized integer. Then Conditions (A2) and (A3) of Theorem 1.4
are satisfied, and

00 , B d2
P (; AJ’CJ’) T /d-Dd-2@_dr 1)

Proof. The calculations of this section show that Condition (A2’) of Lemma 1.5 is satisfied
with X’ given by (20). Then Lemma 1.5 guarantees that (A2) is satisfied. Using the Taylor
expansion of log(1 — z), it follows from (3) that

i/\jfgz
_ Z L (4d =17 — 4= 1)+ (d = 1))

%( Alog(1 — (d—1)"") +4log(1 — (d—1)7%) —log(1 — (d—1)7%)).

Taking the exponential of both sides and rearranging establishes the stated expression for
exp (Z;; )\jcjz), which is finite for d > 3. Hence Condition (A3) holds, as required. [

M

Proof of Theorem 1.1. We know that condition (A2) holds (as proved above), and hence
EYQ = E[Y|X1 = X9 = 0] — EY exp(—)q(’l — )\QCQ).

Substituting using (3) and (12) completes the proof. O
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4

The second moment

We now want to calculate EY2. As a first step we transform this problem into one of
evaluating the coefficient of a certain generating function.

Lemma 4.1. Let d > 3 be fized and define

Then

n if d >4,

Nin,d) = {n/2+2 ifd=3.

|P,.a| EY?
N(n,d)

n! ((d— 2)n)!d" 2b a (N ((d=D5Y b
= T 92 Dnt2 bZ1 bl ((d/2—1)n—b+2)! LZ](;( J )Z)

Proof. We write

Pual BY? = > > " My e,

PE’Pnyd TV e€Tn ToeTh

where M, 1,),p is the number of ways to embed the ordered pair of trees (7%, 7%) into the
multigraph G(P). We will estimate this sum by choosing some 77,7, € T, and counting
the ways to pair up their edges, then counting the ways to complete the pairing. We
break up this process in a similar way to Section 3:

1.

Choose b € {1,...,n}, which will be the number of connected components in the
intersection of the embeddings of T} and T,. (As we will see later, when d = 3 we
must restrict to b € {1,...,n/2 +2}.)

Choose a partition (vq,...,1,) of n into positive parts. That is, v; is a positive
integer for 7 = 1,...,b and 2?:1 v; = n. Here v; will be the number of vertices
in the jth connected component of the interesection. (We should divide by b! to
account for our assumption that the connected components are labelled).

Choose a partition of the n vertices into b groups, where the size of the jth group
is Vj.

In each group, choose a spanning tree on that group and choose a partial pairing
that projects to that tree. This specifies a component of the intersection.

Now, collapse the buckets in each group into a single super-bucket, giving exactly b
super-buckets. The jth super-bucket has dv; — 2(v; — 1) unpaired prevertices. We now

want

to pair up two pair-disjoint spanning trees 77,75 in the collapsed pairing model.

These will extend to T7 and T3 using the intersection subtrees chosen in Step 4.
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5. For j =1,...,b, choose 5; and 5]2-, the degree of vertex j in 7] and T} respectively,
in such a way that 0; + 67 < dv; — 2(v; — 1). These must also satisfy

b b
dop=> 8 =20b-1),
j=1 j=1

as they are the degree sequence of a spanning tree on b vertices.

6. Choose two trees 17,7, on the b vertices that are consistent with the degree se-
quences chosen in Step 6.

7. Pair up these two trees in a pair-disjoint way.
8. Pair all remaining prevertices to complete a d-regular pairing.

Given v, the number of ways to complete Step 3 is

n
S3 — .
Vi,...,

By (10), the number of ways to complete Step 4 is

_ ﬁ - 1)Vj
: - 2 '
The number of ways to complete Step 6 is

B b—2 b—2
T\, —)\e2 -1, 1)

by (9), and the number of ways to complete Step 7 is

b
se=]J(d—2)v; + 2550

J=1

Finally, for Step 8 there are

> (dvy —2(v; = 1) =6 = 67) = (d — 20— 2(b — 2)

Jj=1

prevertices remaining, so the number of ways to complete Step 8 is

=#P((d—2)n—2(b—2)).

For this construction to make sense, the quantity (d —2)n —2(b—2) must be nonnegative.
This is certainly true when d > 4, but when d = 3 this imposes the constraint that
b < n/2+ 2. (This explains the definition of N(n,d) in the lemma statement.)
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It will be convenient to work with the nonnegative variables

77]1.:5;—1, 77]2-:(5]2.—1 and n?:(d—Z)Vj—n;—n?
defined for j =1,...,b. Let

b

S(b)={ve{l,....n}":> v;=n}

j=1

be the set of possible sequences v from Step 2 and let

Ss(v) = {(771,772,773) e (). plap?+u=(d—2uy for j=1,...,0,
b b
Zn}=2n3=b—2}
j=1 j=1

be the set of sequences arising from Step 5 using (21).
Combining all of the above gives

N(n,d)
‘Pn,d‘EYQZ Z l, Z 5354 Z 565758

T vESH(b (2 m3)ESs (v)

n! dr b —1V
_g ((d/2 = 1)n — b+ 2)! 20d/2-Dn—bt2 Z H j

11632( ]:1

> (77;-'_'?771}> <n%f)--_-?n§> (( 5%%27(76 ))'

(nt,n2,n3)eSs(v)

> < b2 >< b2 ><(d—2)n—2(b—2))
MoeesMy) \Ms - n e

(ntn%m3)eSs(v)

= >[4 (22 zj>b2

(nt,n2,m3)eSs(v)

b b—2 5 (d—2)n—2(b—2)
2 2 3 3
X [2171 . .ng] (Z zj> [z?l o ng} (Z zj>
J=1

j=1

b (d—2)n
_ |:Z§d—2)u1 Zéd—2)u2 o Zéd—2)ub] (Z Zj)
j=1

a <(d - Q)V(ld, _ .2,)8[ - 2)yb> '
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It follows that

Pl EY?
N(n,d)
n! ((d —2)n)!'d" 2b
o 2(d/2 1n+2 Z b ((d/2 —1)n —b+2)! Z H( )
1/632(12 7j=1
This is equal to the expression in the lemma statement, by definition of Sy(b). O

We now seek to evaluate

j=1
By Stirling’s approximation and the ratio test, the radius of convergence of the series

00 d—2
PO ((d Jl)]> 2 equals #idl

:i (<d; 1>j) (Ejﬁ)

Hence,

is analytic in the disk {2 : |z| < 1}. Define § = b/n and let 5 € (0,1) be fixed for each
B (we will determine this later). Then, with the contour I' : [—7,7] — C defined by

6 — rge’ we have

2 T Zn+1

™ AN
_ ! <—f(r5€ ) > o, (22)

rae®

by Cauchy’s coefficient formula. Let

Xn:{l 2,...,M} X [—m, 7]

n’n n
be the sample space for pairs (3, 6), and define a,, : X,, — C by

. 2671 f(?“,gew)ﬁ !
w(8.9) = Gz = 1)n—ﬁn+2)!( rpc? ) ‘ (23)

Finally, let
N(n,d)

Z / o(b/n,0)d (24)

THE ELECTRONIC JOURNAL OF COMBINATORICS 21(1) (2014), #P1.45 19



Then, by Lemma 4.1 and (22),

(d—l)”(d_” '((d —2)n)!d"
27 (d — 2) m(d=2)9(d/2—1)n+2

| Pra| EY? = F,. (25)

We now apply the saddle point method to estimate the sum in (24) in the case that
d = 3. Our proof is adapted from that of [3, Theorem 2.3].
When d = 3 the function f satisfies

_ f: (2j~7> (Z)” (-

We note for later that if § € [—7, 7| is nonzero then

F(rse’ I—‘Z 2‘7 () e <Z(2‘7)( N el (@)

using the triangle inequality. Hence for each 3 the function  — |f(rge®)| on [—m, 7] is
uniquely maximised at 6 = 0.

Define & = (0,1] x [—m, 7] and let X* C X be a set (to be determined) such that
for (5,0) € X*, both § and d/2 —1— 8 =1/2 — 3 are bounded below by some positive
constant. Then Stirling’s approximation gives, for § € X* N A,

an(f,0)

" 2w \JBAJ2 = B) (1/2 = B)° \ rpe (12— 30D

o ( (25 r5e))’ ) o

Next, define the half-spaces X1/2 = (0,1/2] x [~, 7] and X/ = [0,1/2] x [, 71]. Define
the real-valued sequence (c,), .y and the functions ¢ : X'/* — R and ¢ : X1/2 — C by

611/2
27Tnn/2+3 ’

W(B,0) =B (1/2-B),
¢(8,0) = Blog(2f (rse”)) —logrs —i6 — Blog B — (1/2 — B)log(1/2 — B),

so that we have

Cp —

an(83,6) ~ cu (5,6) "0 (28)
uniformly for (3,0) € X, N X™*.
Let D denote the differential operator

09(x)
al’j ‘

(Do(x)); =
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9¢(8,0)

We seek a stationary point of ¢. The condition = 0 is equivalent to the condition

Braf'(rg) = f(rz). Solving for rg gives %
1
ry=5(8-48- 92 VFE+D).

We choose 13 = %(8 — 4B — 32 — /B3 (8 + ﬁ)) € (0,1), which ensures that % = 0.
Next, we calculate that with this choice of r,

(4- 8- VBE+A) (1 -28)
85+ VBE+D)

Setting this equal to 0 and solving for 3 gives the equation (38 — 1)(8* — 48 +2) = 0.
The only solution with § € (0 1] is B = L so we choose z* = (1 0) and check that

2 3 37
D¢(xz*) = 0.

Note that ¢(z*) = log (4\/g>, and

63
H=— (

is the Hessian matrix of ¢ at 2*. Define C} = 5/8, so that —4C) is the largest eigenvalue

of H.

Now, define ¢ by ¢(z) = ¢(x) — ¢(z*), and define a, : X, — C by

() = 1)

99

aﬁ(ﬁ,o) = log

Oy
nlor O

an(x).

With a Taylor expansion about z*, for z € X'/ we have

Ba) = o — oV Hz — ") + i)l — 2P, (29)

where () is complex and h(x) — 0 as 2 — x*. For all v € R? we have v" Hv < —204 ],
so we can choose { < # such that Rep(z) < —Cy|z — 2*|)? for |z —a*| < & Define

X ={xeXV?: |z —a*| <&}, satisfying the requirement for (27).
Next, define the sets

xW = {zex :|z—2'< n_l/?’},

x®? — \ W,
X(3) _ Xl/Z \ X*7
xW=x\ xV2

so that with
n/2+2

FO) = Z/ an(b/1,0) Ly (b/n, 0)do
b=1 v~

we have
cle ™ E, = FV 4 O 4 F® 4 g4, (30)

n n

THE ELECTRONIC JOURNAL OF COMBINATORICS 21(1) (2014), #P1.45 21



Lemma 4.2. With notation as above, we have

FO L RO L p®) 4 p@ g 14T
n n n n n \/7

Proof. Note that 1 is a continuous function defined on a compact set. So, 1 is absolutely
bounded on its domain, by Cy say. By (28), it follows that |a,(z)| = ( nitd(z )) uniformly

for x € X*. For z € X@ we have
nRe(z) < —nCylz — z*]> < —Cynt/? = —o

and consequently
PP < / |an(b/n,0)| 1y (b/n,0) A = O<n6_01”1/3> =o(l).  (31)
b=1"v"T

Now (26) implies that for each 3, Ré(3,0) is uniquely maximized when 6 = 0. Also

%’g(ﬁ, 0) = g—ﬁ(ﬁ, 0) = 0 only for (3,0) = &*, since ¢ is real along the line § = 0. Checking

the values of ﬂ%qg(ﬁ ,0) in the limit as 5 — 0 and 5 — %, it follows that %q@ attains a unique
maximum on X2 at 2*. Let —C5 < 0 be the maximum value of §RQAS on X©.

Let u V w = max{u,w} for real numbers u,w. We now redo the calculations of
(27) using an alternate form of Stirling’s inequality which holds for all k& > 0, namely

VEVT(E)" <R For (8,0) € XV2N X,

. o < ne? enﬂ‘fd;(w)
|an (5, )|<\/(ﬁnv1)((n/2_5n+2)\/1)(1/2—ﬂ)2

nRP(x)+o(n)

=€

It follows that
}F7(L3)| = O(ne_c3”/2) = o(1). (32)

Next suppose that (5,0) € FW' N X,. Then we have : < B < 3 +o(l) and

(n/2 —b+2)! = 1. By the alternate form of Stirling’s inequality and (26),

n’e’ (2f (rse)"|"
|an(B,0)] < BV D) Cn rpei 3P
< eo(n)cn ( (Qf(rl/Z))1/2>n‘
rip(3)"

By direct computation,
9 1/2
log M = ¢(z") + Cy
r12(3)
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for some Cy > 0. It follows that
}FT(L4)| = O(ne_c4"/2) = o(1). (33)

It remains to consider F\\". Define [(B,0)] = <M (9) so that Fy, = n [ a,([2])dz. For

any y € R? define z, = 2* 4+ y/y/n and B,, = {y [z,] € X 1)} so that we can make the
change of Varlables

F = [ aulfa, )iy
By
Note that
}y/\/ﬂ = |lzy — 27| <oy — [oy ]| + [y ] — 2™ = O(nil/g +n7l) = O(nil/g)

for y € B, so that B,, is approximately a ball of radius O(nl/ 6).
Next, a first-order Taylor expansion of D¢ about z* gives

1Do(x,)| = O(|y/v/n|) = O(n™"73).

Another first-order Taylor expansion of ¢ about z, gives

o([z,]) = ¢(z,) = O(IDg(,)||[z,] — x,]) = O(n™*?),
so that
n9(@y) 1, pné([ey]) (34)
uniformly. Now, for each y € R?, we have [z,] — z*. For n large enough so that y € B,
we have 9 ([z,]) — ¥(2*) by continuity and e"*(*) — e2v"HY by (29). We therefore have

15, (1)an([2,]) — w(z*)ez?" 1 for all y.
Recalling that Cy and 2C; are bounds involving ¢ and ¢ respectively, with (34) we
have |1p, (y)an([z,])] < 2C5e~C” for sufficiently large n. Since

(det(—H)) /2 = % ; B(z*) = 108v2

we obtain, by the dominated convergence theorem,
144
D p(a) / e dy = 97 (") (det(—H)) ™/ = — .
R2 VT
Combining this with (31-33) completes the proof. O

We now pull these calculations together to prove the following.
Lemma 4.3. Let d = 3. Then
18 [/16\"
By~ 2 ()
V14 \ 3
E[Y?] 9
- —.

[EY]? V14
It follows that Condition (A4) holds when d = 3.

and hence
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Proof. Lemma 4.2 and (30) prove that

F, ~ & 4\/% .
n3\/7 3n

Substituting d = 3 into (25) and applying (4) gives

(64/2)" (n!)? 18 /16\"
L ftPGEn) " m<?> ’

using Stirling’s approximation. Then, with (12) and Lemma 3.2, we conclude that

EY? 9 ( > 2)
— = exp Z Aivi |-

This establishes Condition (A4), as required. O

EY? =

We can now complete the proof of Theorem 1.2.

Proof of Theorem 1.2. We will prove that for general d > 3, if Condition (A4) holds then
Conjecture 1.3 is true. In particular, this will prove Theorem 1.2, using Lemma 4.3.
Suppose that Condition (A4) is satisfied for some fixed integer d > 3. Then by
Lemma 3.2 we may apply Theorem 1.4 to conclude that (5) holds for Y. Therefore, for
all real numbers y we have
P(Yg/EYg <y) = P(Y/EYg <y|X; = X, =0)
— P(Wexp(MG + Xo2) < y|Zy = Z, = 0)
= P(H(l +()PeVG < y)-
j=3

Hence Conjecture 1.3 is a consequence of (A4). O

4.1 Support for Conjecture 1.3

EY? .
W/exp(i_;)\j(]).

For any fixed integer d > 4, Conjecture 1.3 holds if and only Condition (A4) from Theo-
rem 1.4 is satisfied; that is, if and only if pg(n) ~ 1. Using Lemma 4.1 we can compute
p4(100) for various values of d:

Let py(n) denote the quotient

d 3 4 ) 6 100
pa(100) | 0.9761 | 0.9881 | 0.9921 | 0.9942 | 0.9998
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Figure 1: A plot of py(n) for d € {3,4,5,6,100}

Figure 1 is a plot of pg(n) for d € {3,4,5,6,100} and n < 50.

This plot supports our conjecture that pg(n) ~ 1 for all d > 4. Indeed, the rate of
convergence to 1 appears to increase as d increases.

We now give an asymptotic result which is equivalent to Conjecture 1.3. Combining
(4), (A4), (12), Lemma 3.2, Lemma 4.1 and applying Stirling’s formula shows that for a
fixed integer d > 4, Conjecture 1.3 holds if and only if

n 2b n e (d—l)j jb
bz_;b!((d/Q—l)n—b+2)![z]<;( j )Z>

2 2d— 2 [(d—1)*") 12\ " (35)
m(d—2)'n3 Va—d+1 \ (qg—2)2 \dn '
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