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This paper develops a framework for the construction and analysis of parametric
misspecification tests for generalized autoregressive conditional heteroskedastic
(GARCH) models, based on first-order asymptotic theory. The principal finding is
that estimation effects from the correct specification of the conditional mean (regres-
sion) function can be asymptotically nonnegligible. This implies that certain proce-
dures, such as the asymmetry tests of Engle and Ng (1993, Journal of Finance 48,
1749-1777) and the nonlinearity test of Lundbergh and Teridsvirta (2002, Journal
of Econometrics 110, 417-435), are asymptotically invalid. A second contribution
is the proposed use of alternative tests for asymmetry and/or nonlinearity that, it is
conjectured, should enjoy improved power properties. A Monte Carlo study supports
the principal theoretical findings and also suggests that the new tests have fairly good
size and very good power properties when compared with the Engle and Ng (1993)
and Lundbergh and Terésvirta (2002) procedures.

1. INTRODUCTION

A great deal of research has been undertaken on modeling volatility clustering
in financial and economic time series, in which the generalized autoregressive
conditional heteroskedastic (GARCH) model of Bollerslev (1986) represents a
benchmark specification. The subsequent literature has provided generalizations
by, e.g., allowing for asymmetric and/or nonlinear behavior. Prominent among
these are the exponential GARCH (EGARCH) model of Nelson (1991), the GJR
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model of Glosten, Jagannathan, and Runkle (1993), the threshold GARCH
(TGARCH) model of Zakoian (1994), and the smooth transition GARCH
(STGARCH) model of Hagerud (1997) and Gonzalez-Rivera (1998).

Notwithstanding these developments, the parametric GARCH model remains
a popular choice among applied workers. Therefore, and as noted by Lundbergh
and Terdsvirta (2002), it is important to perform misspecification tests to assess
the adequacy of the parametric model being employed. Developing misspecifica-
tion tests has not been a neglected area of research. Bollerslev (1986) suggested a
natural score type test for testing a GARCH model against a higher order GARCH
model. Asymmetry tests were proposed by Engle and Ng (1993), and these are
now widely used in empirical finance. Li and Mak (1994) constructed a test for the
adequacy of a GARCH(p, ¢) model with a null hypothesis that the squared stan-
dardized error process is serially uncorrelated. Lundbergh and Terdsvirta (2002)
proposed tests of (1) no remaining autoregressive conditional heteroskedasticity
(ARCH) in standardized errors, (2) linearity, and (3) parameter constancy. All of
these procedures are important inferential tools for empirical researchers who are
interested in obtaining accurate forecasts of financial volatility to make the appro-
priate decisions on portfolio selection, asset management, or pricing derivative
assets.

However, in this paper it is argued that, on closer inspection, the standard first-
order theory employed to justify the asymptotic validity of such procedures has
sometimes been misinterpreted. To establish this, a unifying framework for the
construction and analysis of parametric misspecification tests in GARCH models,
based on the conditional moment principle and first-order asymptotic theory, is
developed. This provides a useful contribution in at least two respects.

First, and most significantly, the theory predicts that the limit null distribution
of the relevant test indicators must take account of asymptotically nonnegligible
effects from the estimated conditional mean (regression) parameters in the null
GARCH(p, g) model. (The importance of such estimation effects was addressed
by Durbin, 1970, when testing for serial correlation with lagged dependent vari-
ables.) This issue has been apparently overlooked in the GARCH testing litera-
ture because in the null GARCH(p, ¢) model, under conditional symmetry of the
errors, the estimated conditional mean parameters are asymptotically orthogonal
to estimated conditional heteroskedasticity parameters. In particular, and because
of this orthogonality, it appears that the conditional mean estimation effects have
been simply (but erroneously) assumed away, e.g., by Engle and Ng (1993) and
Lundbergh and Terisvirta (2002).!

The second contribution proposes “new” tests for asymmetry and/or nonlin-
earity. It is conjectured that these test procedures should have better power prop-
erties against the types of alternative models considered by both Engle and Ng
(1993) and Lundbergh and Terdsvirta (2002) in their Monte Carlo experiments,
because their construction takes into account the recursive nature of the condi-
tional heteroskedasticity (whereas the test procedures of Engle and Ng, 1993,
and Lundbergh and Terésvirta, 2002, do not). The results of a small Monte Carlo
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study reveal that the new tests do indeed have good size properties and very good
power when compared with the tests of Engle and Ng (1993) and Lundbergh and
Terdsvirta (2002).

The paper is organized as follows, with supporting lemmas and propositions,
together with all proofs, relegated to Appendixes. Section 2 describes the null
GARCH model and briefly discusses quasi—-maximum likelihood (QML) esti-
mation. Section 3 describes a framework for constructing a particular class of
parametric misspecification tests. In Section 4 the tests proposed by Lundbergh
and Terdsvirta (2002) and Engle and Ng (1993) are reviewed, and new asymptoti-
cally valid tests for asymmetry and nonlinearity are introduced. Section 5 presents
some Monte Carlo evidence in support of the theoretical findings, and Section 6
concludes.

2. THE NULL GARCH(p, g) MODEL
2.1. Assumptions and Estimation Framework

The regression model for the variable of interest, y;, is defined as

yth(Wt;¢0)+gota t=1:"'aT9 (1)
where w, = (Y;—l»zé), Viet = (Lyi—1, ..., y-1) € R Z = (Ztl,~~~:Ztk)/ €
RK are exogenous variables, o = (o1, ..., o,) is the true parameter vector, and

the conditional mean (regression) function, m (w;; @¢), is possibly nonlinear.> The
error {eor, i}, where i1 = o ((vi-1.2}), (yi—2,2,_,),...), is a martingale
difference sequence given by

eor = &hyl”, )

where the standardized error process, &, is an independent and identically dis-
tributed (i.i.d.) sequence with mean zero and variance one and we define k. =
E[é;‘ ]and v, = E[ff], both finite constants. The conditional variance is specified
as

hor = M(S0.1—1 3)
=000+ A()(L)S%t + Bo(L)hoy,,

where SO,I—l = (15 g(%,[_la LR} 8(2),[_q7 hO,t—l LR hO,t—p)/, ’IO:((ZO(), [270) PR an,
Pots ..., Pop)s Ao(L) =ao1L+---+aogL?, and Bo(L) = for L+ -+ fopLP.
The preceding process is defined for the true parameter 8y = (q)b,t]b)/, and

correspondingly the model for the unknown parameter vector 8 = (qo’,r]/ )’ is
defined as
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v =m(w;;0)+e, r=1,...,T,
he=1'si-1
= ao+ A(L)e> + B(L)h;
=a;+ B(L)h,, C))

where a; = ap + A(L)g,2 =ap+ ZZ: 1 aketz_ «- The following assumptions ensure
the identifiability, stationarity, and ergodicity of the preceding process.

Assumptions A.

1. The parameter space, ®, is compact, and @ lies in the interior of ®.

2. The elements of (yr, z;) are strictly stationary and ergodic, and m(w;; @) is
continuous and F;_1 measurable for all ¢ € ©.

3. (a) All the roots of 1 — A(z) — B(z) = 0 lie outside the unit circle;

(b) the parameter space is constrained such that 0 < 4 < min{z;} < max{#;}
<A,l=1,...,p+q+1, where 1 and A are independent of 8;

(c) the polynomials A(z) and 1 — B(z) are coprimes.

As in Ling and McAleer (2003), Assumption A3(a) is a stationarity assump-
tion imposed over the whole parameter space. Notice that, with A3(b), this im-
plies that roots of 1 — B(z) = 0 lie outside the unit circle. Thus, in addition to
A3(b), which restricts the parameter space so that zero values in # are ruled out,
Z}f;l B < 1. These restrictions are also imposed on @ by Berkes, Horvith, and
Kokoszka (2003) and are employed here because they afford uniform convergence
of second derivatives of the log-likelihood over ®, removing the need for third
derivatives, thus greatly simplifying the algebra required to justify the substantive
contribution.’

Given Assumptions A3(a) and (b), the process for &, has the following repre-
sentation:

o0
h=(1=B(L) 'a =Y viari,
/=0

where (1 — B(L))™! = ey wi L', with yo =1, w; > 0 and satisfying y; =

S0 By with yy =0, 5 <0, 0 < X2y = (1-30_, 3 ' < 0. The
coefficients, y;, decay exponentially fast, and there exist constants K > 0 and
0 < p < 1, independent of 8, such that y; < K pi. Then, as in Ling and McAleer
(2003), but under (1), Assumption A2, and ho, = h{° (fo), it can be shown that
{€or, hor} 1s strictly stationary and ergodic.

Asymptotic theory for GARCH models has been considered by several au-
thors. For example, Ling and McAleer (2003) required that E(sgt) < 00 to en-
sure asymptotic normality of the QML estimator in the ARMA-GARCH model.
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Furthermore, Chan and McAleer (2002, 2003) argued that the results in Ling
and McAleer (2003) also hold for a smooth transition autoregressive—GARCH
(STAR-GARCH) model. Berkes et al. (2003) established the consistency and
asymptotic normality of the QML estimator, under weaker moment assumptions,
in the pure GARCH(p, g) model, these being E[Etz] = 1 for consistency and
E[é;‘ ] < oo for asymptotic normality. Francq and Zakoian (2004) established con-
sistency and asymptotic normality of the QML estimator in both a pure GARCH
and an ARMA-GARCH model under further weakened conditions that, in the
pure GARCH model, allow zero values in the parameter space. Recently, Francq
and Zakoian (2007) have in addition extended the analysis to the case where
the true parameter, #, might also contain zero values. This assumption, how-
ever, precludes asymptotic normality for the quasi maximum likelihood estimator
(QMLE). All these authors assume, as here, that the & are i.i.d. Therefore, al-
though it is possible that the assumptions employed in this paper could be weak-
ened, it should be noted that the regression specification in (1) is more general
than that employed in the literature referred to earlier and the corresponding
assumptions employed are, nonetheless, sufficient and (importantly) permit a rel-
atively straightforward justification of the required first-order asymptotic theory,
without obfuscating the principal issue that is addressed in the paper. In practice,
and following Weiss (1986),* the existence of moments is assumed when required
as follows, where || - || denotes the euclidean norm.

Assumptions B.

1. Eleo/|*1*%) < oo for some s > 0 and all .

2. Elm(w;;0) —m(w;,0)|* > 0, for all ¢ # @o.

3. m(wy; @) is at least twice continuously differentiable in ¢, with, for all 7,
(a) supy |m(wt;¢)|4(1+s) < B(wy), with E[B(w;)] < oo, for some s > 0;
(b) El[supg Het’am (w,_i;¢)/a¢||2] <oo,r=0,2,andalli > 0;

(c) Elsupy ||e/0°m (wi—i;9) /009’ | |2] <o00,r=0,1,and all i > 0.

The (average) quasi log-likelihood, conditional on available presample values
¥ = (»0,...,y1-1)" is (ignoring constants)

2

L@ =310 L@ = - ey + & (5)
T()—?Et()a t()—_i n( t)+E

although the ensuing asymptotic analysis does not restrict & to be normally dis-
tributed; see Bollerslev (1986). Note that (5) is not only conditional on available
presample values, y, from which ¢, t = 1,...,T, can be constructed, but
also on &y = (8(2),...,8%_q,h0,...,h1_p)/, from which &; can be constructed
using (4). However, ¢, and the process h;, t < 0, are unobserved. To simplify
the algebra and asymptotic theory, it is assumed (in addition) that presample



MISSPECIFICATION TESTS OF GARCH MODELS 369

observations wo, ..., Wi_4 are also available and that 7, =0 for all < 0.5 The
simplifications in the analysis derive from the fact that now 4, can be expressed as
he =YiZywiar—i = X 0B (L)Y ay—i, t = 1,..., T, where B* (L) = fi1 + fo L+
4+ ppLP ~!. (In practice, though, and for all inferential procedures described in
this paper, a constant value can be chosen for &y to generate h;, t = 1,...,T).
The unknown parameters can be estimated jointly by QML estimation of (5).
Throughout, the estimated parameter vector will be denoted 8 = (0".%).

The unobserved log-likelihood function, conditioning on the infinite history of
all past observations (w, w_; w’,,...)", is Ly (@) = %Zthl IX@)+# Lt ©).
with [7° (@) = —% (ln(hfo) + (8,2 / h;’o)) and score vector contributions of dg; (8) =
oI 6)

, where dg7 (@) = (d,;(0)’,d;7(@)")’ in an obvious manner. Assuming
L% (@) and Lt () are both twice continuously differentiable in 6, define

ol, @ odg, (@
dyg;(0)= A ), DGT(H)ZT_lle=] dy: (@), Poar (@) = _T_lthzl dgéf )
and, correspondingly, Dg% (@) and Pgy (@) for the unobserved L7 (@). By in-

troducing the unobserved log-likelihood, the methodology of Ling and McAleer
(2003), Berkes et al. (A2003), and Francq and Zakoian (2004) is followed, whereby
it is established that @ = argmaxg L (@) has exactly the same first-order asymp-

>

totic properties as 6~ = argmaxg L3 (@), with the latter being fairly easy to
verify.

To develop these arguments, it will be useful to illustrate, and distinguish
between, the various unobserved and observed quantities associated with L5°(8)
and L7 (@), respectively, based on the assumed initial start-up values embodied
in gp. Specifically, the unobserved scores are D 70) = T~ Zt | X

{F[ft +1 < —1)c°°},D°°(0)_T 1121 1( —1>xt , where f, = quw
and by exploiting the recursions %h ZZk 1oke ik + B(L) ah’ and ah’ =

si—1+B(L) %,

o LonF 1 i § . ©
C; = Yi€t—k—itt—k—i

T op hi® (= i=0
and

1 ohy 1 &
(o O o0

700 Vis —1—i> (7)

LT on h® ZO el
where 7% = (1, gt oo e q,hfol,...,h?ip)’. Given &, the corresponding

observed score Dgr (@), associated with L7 (@), can be expressed analogously
but with

1 q r—1
= —zh— Z ax { 2 l//ié‘t—k—ift—k—i}
t

k= i=0



370 ANDREEA G. HALUNGA AND CHRIS D. ORME

1 4 =1 .
= —2; Y ax { > {B* (L)} 8z—i—kfz—i—k},
I k=1 i=0
1 t—1
XIZF t,Z/ztlz— Z{B (L)}Stll
Li=0 [l—O

replacing ¢;° and x7°, respectively. For example, in the GARCH(I, 1) case
h = zf_é oo + aiely ) e = —2h“a12"1ﬁie, 1-ifi-1-i, and
X, =h, 2[ —oBisi—1—i, withs]_, = (1, et 1> hr—1). In practice, however, ¢, and

ohy ohy
X; can be constructed using the recursions for — and F™ described previously.
n

The consistency and asymptotic normality of the QMLE estimator § = argmaxg
L7@) are presented in Section 2.2 together with a consistent variance-covariance
matrix estimator.

2.2. QML Estimation
The following theorem establishes the consistency and asymptotic normality

of 6.

THEOREM 1. Given Assumptions A and B, o4 0o and

VTO—60) 5 N(0,35) Qoed5)).

odg; 60)

here Jgg = —E
where Jgg 20’

] nd Qgg = [dgf @0)dg; @0) ] are both finite and

positive definite with

1
P Joo I _ip e cox e Wftfz’ 0
00 - J J 2 00 00/ 00 00/ +
ng < X G XX Jg—g, 0 0o,
and
/
Qgg = lQW QW]
Qup  Qpy
(ool lcfocfo’ cfoxtw]
<Dg
4 / /
xc xR |,
1 / 1 /
o | RIS ek fiff 0
+7‘E 1 oo g/ +
=, f 0 0 0
NG 9-0, 0=9,
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Consistent standard errors follow from the next lemma, in which @, X, and F
are matrices with rows ¢/, fcé, and £/, respectively, and H = diag (#'8,—1) , where
“hats” denote evaluation at 6.

LEMMA 1. Under Assumptions A and B,

(i) Qo —Qgo = 0,(1), where

k=11 |CC €X
Qoo="3"7

Xe XX

b 1 |[FH-Y2C FPH-V2X +1 FH'F o
2 T |XH-12F 0 ’

2
2 3
~ e ~ &t
where ke — 1=+ 37 [ 2L — and b, = £ 37 ( > .
c T ~t=1 ht A c T ~t=1 /_h[ 0—p

(ii) jag —Jgg = 0,(1), where

¢c Cx
X'C X'X

s 11
00—2T

1 [ E-E 0
T 0
Exploiting these results, and the method of proof, affords a framework in which
to extend this asymptotic analysis to a specific class of misspecification tests.

3. A CLASS OF ASYMPTOTICALLY VALID TEST PROCEDURES

In this section, first-order asymptotic distribution results are developed for a class
of parametric test statistics. The corresponding test procedures are derived from
the conditional moment principle and are designed to detect misspecification in
the null GARCH(p, ¢) error process, h; = n’s;—1, while assuming a correct re-
gression function specification, m(wy; @).

If the GARCH model is correctly specified, then it follows from (2) that

E[(& = DIF—1]1=0.

Therefore, misspecification tests of GARCH models can be constructed as tests
of the following moment conditions:

E[(& — Dr,(60)]1 =0, @8

where r;(fp) is an F;_; measurable function. The intuition here is that if the
GARCH model is appropriate, then the squared standardized errors should be
serially uncorrelated with any function of past information.®
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Consistent with the notation introduced in the previous section, let d;(@) =
((st2 /h:) — 1)r;(@), where the (test) variables in r; will in general depend upon
past history and specifically the process 4;. For example, r; (@) could derive from
a (quasi) score principle in which & denotes the unknown parameter vector in

the alternative model, say, h¢, and Hy : £ = O is under test. In this case, and
1 Okt
hi om | _
4.2. Therefore, as with ¢; and x;, let r° be the test variable constructed using #7°.

To test the null of (8), the generic conditional moment test indicator is con-
structed as

s 1| (& . 1oa
Dar @)= 2, 1| = 2R, 9)

ignoring irrelevant factors of proportionality, r;(@) = [ } 0; see Section
r—

t=1

where the matrix R has rows r, =, (@), J is the vector with typical element

a2
{ ;—‘ - l}, and “hats” denote that everything is evaluated at the consistent null pa-
t

rameter estimator, 8. It should be noted that tests for nonlinearity and/or asymme-
try, discussed in Section 4, are special cases. Assessing the statistical significance
of (9), which requires estimation only under the null GARCH model, provides the
basis for a test procedure.

It is not being claimed that such procedures are consistent in the sense of reject-
ing any departure from the null model when the null hypothesis is false. Given the
framework set out in this paper, the general results of Godfrey and Orme (1996)
could be employed to suggest alternatives against which tests based on (9), for a
given choice of r; (@), may be relatively insensitive. On the other hand, the condi-
tional moment framework suggests that the Newey (1985) results can be exploited
to determine the choice of r, (@) that will provide optimal local power against par-
ticular forms of misspecification. Such issues are not the primary focus of the
current paper, however.

The following theorem provides sufficient conditions under which the familiar
limit distribution for v/T Dy 7 (@) applies.’

THEOREM 2. Suppose that, in addition to Assumptions A and B, the following
conditions are satisfied:

(i) 3, Esupg el ||[rf° —r:[| = O(1), 1 =0,2;
(ii) Esupy Hr;’OH2 < o0, forallt;

‘ <00,1=0,2, forallt.

rory”
€720

(iii) Esupg

Then

VTD.1r®) 5 N (0,2),
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where
T =AQA/,
Qpg Q _

and 1, is the identity matrix of rank m = rank(Qz ),

1 ke—1
Qrp =0 E | ——=rf] + ke )E (70 g, »
Ve 2 0
=6,
(ke —1
Q= °2 )E[rfoxfm]e:go,
Q. r=(ke—1E [r?or?O/]0=00 ,

and Jz9 = [JM, : J,,,,] with

ody; (@o)

J’W’ = —E |:7g¢/ =E [I‘?OCZOO/]GZGO N
odz; (0o)

Jeg=—E [at,, O froxe], . -

373

(10)

11

From the preceding result, the general form of the misspecification test statistic is

the quadratic form

AL a1 ~
TDI[T(e) 2"T DnT(e)»

12)

which has a ){,%, limiting distribution under the null, where o s any consistent

estimator for X; i.e., ) r=2X40, (1). Similar in spirit to Lemma 1, the following

lemma gives an expression for Z 7.

LEMMA 2. Under Assumptions A and B and those of Theorem 2, AQA -3 =

0, (1) where
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Qpp and jgg are given in Lemma 1,

. _RH'"?F (k.-1)RC
Qn’qp =V¢ )
T 2 T
A ke—1HR'X
Q. . =
TN 2 T ’
R'R

ﬁfm = (lzc - 1)

T b
and j,,g = [j,w :j,,,,] with
. R'C . RX
Jmp = Tn Jn’r] = T

Observe that X= AQA’ depends upon the “mode” of estimation only through
Q and not J¢, which is independent of the mode of estimation. In particular,
and of relevance for later discussion, if Jzp = E [r}*c{*],_ = 0 then the limit

distribution of ﬁ D,,T(é) is not influenced by the estimation of ¢. Indeed, it
appears that this claim, Jz, = 0, is always made when constructing parametric
misspecification tests of GARCH models under the assumption of conditional
symmetry; see, e.g., Lundbergh and Terésvirta (2002) and Engle and Ng (1993).
Using the framework introduced here, it is argued in the next section that this is
not the case, in general, and in particular it is not the case for the test procedures
proposed by Lundbergh and Terdsvirta (2002) and Engle and Ng (1993).

Section 4 describes how (9) accommodates existing misspecification tests and
also provides alternative asymptotically valid test procedures. Before that, how-
ever, the important effects of (known) conditional symmetry are considered,
although normality of ¢ is not necessarily assumed.

3.1. The Effects of Conditional Symmetry

Conditional symmetry implies that E [&}] =0, E [¢3,1F—1] = 0, and thus v, = 0.
Although it can be tested (see e.g., Bai and Ng, 2001), it is often just assumed as in
Lundbergh and Terisvirta (2002) and Engle and Ng (1993), with the latter actually
assuming normality of &. The presence of conditional symmetry simplifies the
form X for the class of test indicators given by (9) as follows.

LEMMA 3. Under conditional symmetry
. od;? @o)
—E|_%n —0-
(i) Iy =E -] =0;
(ii) an; = E[d;?(HO)dg?(HO)/] =0;

(ii) Qpp = Y Elc e lpg, +E [ fif]],_, :
=vo

(iv) Qzp = LFVE[rXc gy,
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Some simple algebra reveals that, under conditional symmetry, if it is erro-
neously assumed that Jz, = 0 in constructing the test statistic, the difference
between the assumed, 4, and true, X, variance matrices is

242 = Tapdpy (ke = 1) Tpp =Ry | Tpp Jgn»

where (ke — )Jpp — Qg = (ke —1)/2)E [c2°cX| + (ke —2)E [(1/h)E £]].
Under normality, k. — 1 = 2, so that TA_%is positive definite when Jy,; = J;“p
has full column rank and remains so under excess (normal) kurtosis.® Because
both £4 and T can be consistently estimated (see the discussion that follows),
the procedure that utilizes the incorrect £4 will be asymptotically undersized
(under normality) and increasingly so under heavier tailed distributions.

3.1.1. Variance Matrix Estimators. Correspondingly, and given Lemmas 2
and 3, a consistent estimator for £ can be obtained as

M)

13)

where, as before, “hats” denote evaluation at O and Mx =1I-X (X’ X)_1 X’
Further modifications can be made according to whether Jz, and/or Jz, are null
matrices. The former case, Jzo = 0, yields

1T =

. 8D
T| T

’MXR] (14)

which is the form assumed by Lundbergh and Terésvirta (2002) and Engle and
Ng (1993), and the test statistic (12) has the simple interpretation as 7 times the

uncentered R? from regressing J on [f{, X} . The latter case, Jz, = 0, yields

alA Al -1
. 1[99 a,n 99 n (a1, n o
$y=—|—RR-—RC(FH 'F+ fcc CR
T| T T 2
~ A ~ A A 1l A A -1 A~ ~ 9’9 A A
+RC (F’H—1F+2C’c) (F/H—1F+4C’C>
NP R L
x (F’H_1F+ZC’C) C'R 15)
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If both Jz4 and J are null matrices, we obtain

. 1[99 ~
Y37 =— | —RR 16
3T T[T 1, (16)

and the test statistic (12) becomes 7' times the uncentered R? from regressing )
on R.

3.1.2. Orthogonality. Tmportantly, Lemma 3 shows that ¢ and # are asymp-
totically orthogonal within a QML framework.? Thus, consistent estimation of #o
can be achieved by exploiting the QML approach to obtain # but utilizing any
/T-consistent estimator, @ (see Cox and Reid, 1987), without loss of asymptotic
efficiency in estimating no, although there will be a loss of efficiency in small
samples; e.g., the least squares estimator of ¢ could be employed. This might
suggest that tests for the adequacy of 4, will not be influenced (asymptotically, at
least) by the estimation of @. Although this intuition is correct, e.g., when con-
structing tests for unconditional heteroskedasticity in the linear model, it is flawed
when applied to certain misspecification tests for GARCH models (in particular,
asymmetry and nonlinearity tests). Formally, as the proof of Lemma 2 makes
clear, what is required is that Jz, = 0, and although this appears to have been
taken for granted by many authors the following example illustrates, quite nicely,
that it should not be. The example employs an ARCH model that is technically
not nested in the class of models characterized by Assumption A. However, as-
sumptions such as those in Weiss (1986) could be exploited to get the same form
of limit distribution as described in Theorem 2, with the obvious redefinitions of
x; and c;.

Example 1

Suppose we have the following model:

Ye=¢+é,
he =1+a1e? | +rey, O<ay<1, x>0

and we want to test the null hypothesis that 7 = 0, such that the null model for
the conditional variance is

hy=14a1e>,, O<a <l

and the test indicator in (9) is r, = g-1/(1 + alaf_l) = r°, so that
var(e;) = 1/(1 —ay) and ¢ = h—ll‘é—i’p’ = —2(a16—1)/(1 + 0!18,2_1) = ¢°.
We assume E[sgtl}",_l] =0, so that Lemma 3(i) implies that J,, = 0, a scalar,
and thus ¢ and 7 = & are asymptotically orthogonal. However, in this case, the

scalar J;, = E[”tct]o=ao is given by
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2 2
aie are
(1+0(181_1) o=0, (1"1‘0(181_1) 00,

2

Then, assuming Pr(¢;—1 # 0) > 0, it follows that (1:26%21)2 > 0, almost every-
1&—1

here. Mor rPr%<l = 1. Theref PO<L’2‘1<1—1
where. Moreover, o = 1. Therefore Pr Tl =1,

so that Ji, exists and is bounded between —2 and 0.

This example is of relevance because it is a special case of the nonlinearity
test proposed by Lundbergh and Terédsvirta (2002). In the construction of that test
statistic, QML is employed, and it is explicitly “stated” that, because of symme-
try, E[TDz7(00)Dgr (o)1 = 0 (Lundbergh and Terisvirta, 2002, p. 433). From
this the researchers incorrectly assume that there are negligible estimation ef-
fects, i.e., that Jz4 = E[r{c lp=g, = 0. However, the preceding simple example
illustrates that this is not true. Generalizing this to the GARCH model, Section 4
shows that for the tests proposed by Lundbergh and Terésvirta (2002) and Engle
and Ng (1993) Jg, is nonzero, rendering these test procedures asymptotically
invalid even under conditional symmetry.

4. TESTING FOR NONLINEARITY AND ASYMMETRY

In this section, we illustrate the usefulness of the general framework described
in Section 3 in two ways. First in Section 4.1, the general asymptotic analysis
is applied to the Lundbergh and Terésvirta (2002) test for nonlinearity and the
Engle and Ng (1993) negative size bias test for asymmetry. It is shown that both
are asymptotically invalid procedures, even if the conditional distribution of &
is symmetric. Second the framework of Section 3 justifies two alternative, and
asymptotically valid, tests for nonlinearity and asymmetry in the conditional vari-
ance h;. All of the ensuing analysis is undertaken under the assumption of condi-
tional symmetry of the errors so that Lemma 3 applies, and a consistent estimator
for £, in the limit distribution of /7" D,,T(é) given in Theorem 2, is discussed in
Section 3.1.1.10

4.1. An Analysis of Existing Tests

4.1.1. Lundbergh and Terdsvirta Test. To test against nonlinearity in the
GARCH specification, Lundbergh and Terésvirta (2002, Thm. 4.1) proposed the
following statistic:

) a7
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where G is a matrix with rows g = (X,v;_;) and v, = (\Af/]’t_l,%’t_l, el
\A/;l+2’,_1)’, with Vs, = (éf_l,éf_z,...,éf_q)’. This can be interpreted as T
times the uncentered R? following a regression of J on G and is assumed to be
asymptotically distributed as a )((zn +1)g random variable under the null. In terms
of the general framework of Section 3, the test indicator is of the form (9), with
test variables &, = v;_;.!! Lundbergh and Terdsvirta (2002) also advocated an
alternative regression-based procedure, following Wooldridge (1991), which they
suggested is robust to nonnormality. However, the modification employed is actu-
ally designed to make the statistic robust to heterokurticity (as Wooldridge, 1991,
p- 29, makes clear), not nonnormality. But heterokurticity is ruled out anyway by
the assumptions made on &, and so this alternative form is not considered further.

To focus discussion, consider a null GARCH(1, 1) model with n = 1, so that
r, = (&_1, é?_l)’ . The following lemma generalizes the example of the previous
section and establishes that Jz, # 0 whereas Jz, = 0. The former result implies
that the test procedure proposed by Lundbergh and Terdsvirta (2002) is asymptot-
ically invalid.!?

LEMMA 4. Assuming the GARCH(1,1) model under the null hypothesis and
the test variables considered by Lundbergh and Terdisvirta (2002) of t; = (&,—1,
£;_,), (10) becomes

&-1

1 < i
,]mp:—2a0]E T Zﬂigl—l—ift,—]—i
ht 8[ 1 i=0
#0,

6=0,

in general, and (11) becomes

I (a1 i 00/
J””:E hf.o 3 zﬁlst_l_[ =0.
AN 0=0,

i=0

The implication of this is that, rather than employing the variance estimator 7,
given in equation (14), Lundbergh and Teridsvirta (2002) should have employed
version Xo7, given in equation (15), or an asymptotically equivalent version
thereof.

4.1.2. Engle and Ng Test. Among the most popular asymmetry tests are those
proposed by Engle and Ng (1993). To confirm the asymmetric behavior of finan-
cial series, they constructed a number of score type tests. For purposes of expo-
sition, consider the negative size bias test that examines the significance of (9),
employing the (scalar) test variable 7, = I,_12,_1 where the indicator function
I;_; takes the value one if ¢, < 0 and zero otherwise.
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Specifically, the test statistic proposed by Engle and Ng (1993) is constructed
as follows:

TEN =Tx (18)

where here G has rows g = (X}, f,_lét_l) and Tgy is assumed to be asymptot-
ically distributed as )(12 under the null. This can be computed as T times the un-
centered R? following a regression of J on G. The tests presented in their paper
are derived assuming a conditional normal distribution for &, although asymptot-
ically valid procedures can be derived assuming just conditional symmetry, as is
done here.

This case is not consistent with the assumption that D,,T(é) is continuously
differentiable, as required for the analysis of Section 3. A direct mean value ex-
pansion of /T D,,T(é) is not applicable because it entails terms such as or;/06’,
and this issue was not discussed by Engle and Ng (1993). Therefore, in general
(and to deal with such a possibility), it will be assumed that

R T 2
VTD,7(0) = \/IT Y K;f - 1) r/(00) | +0,(1). 19)
=1 t

(Note that employing (19) does not alter the generic expressions for Jz, and Jz
given by (10) and (11 ), respectively.) This assumption is innocuous when r; @) is
continuously differentiable in 8, because then r, (@) =r;@0)+©@r,(0)/560")O@ —6)
and (9 —0) is OP(T_I/z). When r; is not continuously differentiable, (19) will
have to be verified on a case by case basis, and the following result verifies this
for the negative size bias test procedure.

PROPOSITION 1. For the negative size bias test of Engle and Ng (1993), in
which ry = I,_1&,—1 is not continuously differentiable in 8, the equality in equa-
tion (19) holds.

Again it is found that the Engle and Ng (1993) tests are asymptotically invalid,
in general, under the null hypothesis because (18) assumes that J, = 0, contrary
to the following lemma.

LEMMA 5. Assuming the GARCH(1,1) model under the null hypothesis and
test variable ry = I,_1&,_1, (10) becomes

1 x .
Jrp = —2001E Wlt—lgt—l Y Ble—i—if,__; #0,
! i=0 6=6,

in general.
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4.2. Alternative Tests

Section 4.1 detailed the asymptotic invalidity of tests proposed by both Lundbergh
and Terdsvirta (2002) and Engle and Ng (1993). Of course, asymptotically valid
test procedures can be obtained using the framework of Section 3, together with
the test variables employed by these authors.

However, these test variables are derived from a particular alternative specifi-
cation for the conditional heteroskedasticity. Specifically, the alternative model
employed by Lundbergh and Terdsvirta (2002, p. 422) is

& =cvVhi+g,

where ¢, are i.i.d. (zero mean and unit variance) random variables, whereas that
proposed by Engle and Ng (1993, p. 1758) is of the form

e = ¢/ hrexp(gr)

in which h; = #n's,_; and g = g (m;v,_;) characterizes the misspecification
where v;_1 is the vector of omitted variables. In particular, the nonlinearity test
of Lundbergh and Teridsvirta (2002) is constructed from the following alternative:

q P
h =ao+ Y, aje;_;+8@;vi)+ Y, Bihisi, (20)
j=1 i=1

whereas that of Engle and Ng (1993) is

q

P
In (h?) =In (ao + z ajs,z_j + z,b’,-h,_,) +g (n’; Vt—l) . 21)

j=1 i=1

Within the QML approach, which uses (5), the tests actually constructed by Lund-
bergh and Terédsvirta (2002) and Engle and Ng (1993) can be interpreted as score
tests of &, against the alternatives of (20) and (21), respectively, i.e., tests of
Hy : # =0. Although this yields asymptotically valid (quasi-score) test proce-
dures using the framework of Section 3, the alternative models proposed in the
literature, and considered by Lundbergh and Terdsvirta (2002) and Engle and Ng
(1993) in their Monte Carlo studies, are not of the form (20) or (21). In those
studies, the power of the test is evaluated against alternative models for the condi-
tional heteroskedasticity (specifically GJR-GARCH and EGARCH models) that
are “recursive” in nature. This characteristic is not apparent in (20) or (21), where
hi—i, i =1,..., p, appears on the right-hand side and not the lagged values of
h¢. For example, the GJR-GARCH(1,1) model can be expressed in the following
form:

2 2
h;l =ao+taig_y+axli—1&_; —i—ﬁ]h?_l,

indicating that the conditional heteroskedasticity is “recursive” in nature as a
result of the inclusion of h?_l on the right-hand side. As a consequence, the
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nonlinearity/asymmetry tests, which neglect this recursive behavior under the
alternative, may well lack power against these specifications. Similar remarks
apply for the parameter constancy test constructed by Lundbergh and Terdsvirta
(2002).

With this in mind, alternative tests for nonlinearity and asymmetry are now
constructed with the following alternative specification in mind:

1/2
& =Gt (h?) / >
hi =n's{_+g = (a: +g)+ B(L)h, (22)

where s | = (l,etz_l,...,etz_q,h‘f_l,...,h,“_p)’ and g, = g (v,_1;m) is a non-
linear and/or asymmetric function of &,—;, j > 1 with v, being the vector of
omitted variables. Thus the test indicator is of the form (9), with test variables
1 oh{

h;l on :|7[=0,0=é .

constructed as r; = [

4.2.1. Testing for Nonlinearity. Following Lundbergh and Terdsvirta (2002),
nonlinearity is introduced in the intercept and the term containing the squared past
errors via a smooth transition function F,(¢,—;;y,c), j=1,...,q,ie,

q
g =Y (aoj+aije;_ ) Fu (e-j37.¢)
j=1

with

1

-1
Fn(gt—j;y,c)z <1+6Xp (—y H(gl—j_cl)>> _5’
=1

y >0, c1 < <Zcp. (23)

For example, if the location parameter (threshold) of the transition function is
zero, i.e., ¢ = 0, then the transition is made between the regime characterized by
negative shocks to the one characterized by positive shocks. Under the null of
y =0, it follows that F,, = 0, and taking a first-order Taylor expansion of Fj
around y = 0 yields

g =m'vi_, (24

where v,_; = (v’l,t_1 , vg’t_l ey V;z+2,t—1)’ with vy, —1=(e_1, & 5, ..., Sf_q)’,
s=1,3,...,n+2.

Combining (22) and (24), a quasi-score test of 7 = 0 can be based on assessing
the significance of the test indicator (9) in which the test variables, given &g, are
constructed as



382 ANDREEA G. HALUNGA AND CHRIS D. ORME

1 —1 R
_— .A/
o
1 —1 i
== 3 {B (L)} Vi (25)
ti=0

where B* (LYy=p1+pL+-+ ﬁ Lr! and in practice, h can be derived

from the recursion % =V + B(L) a . For example, in the GARCH(1,1)

model assuming n = 1, the test variables take the form

10zl (e

a 1

rt == ﬂ] A3 >
hi i=o Er—1—i

compared with those employed by Lundbergh and Terdsvirta (2002), which are
simply £, = (&,-1,8)_ 1) in this case.

The following lemma, stated for the general GARCH(p, ¢) model, establishes
that Jz, cannot be guaranteed to be zero even under conditional symmetry,
although it turns out that J, = 0 (so that Q7 , = 0 also).

LEMMA 6. Under the null GARCH( p, q) model with test variables given by

T, = hl > _(1) wiV,_,_;» and (for simplicity, but without loss of generality) n = 1,
3 3
SOthat Vi1 = (61=1,61-2, ., E1—qs €] _12€]_ns -+ ef_q)’,

q 1
Jn¢=—22a0k [( 2221//,%& A j] 7o
0=0,

k=1 i=0j=0

in general, but

[(hm)Zzzwlwlvt - ’Sl 1 /] =0.
l—O] 0:00

Using these results and those of Section 3.1.1, an asymptotically valid non-
linearity test statistic can be constructed as

A tA—1 ~
Ty =TDx1r©) £37 Dar (), (26)

which is asymptotically distributed as X(Zn +1)g under the null, for the general n

case, where dim (v,—;) = (n+ 1) g and ﬁ‘.zT is given by (15).
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4.2.2. Testing for Asymmetry. The asymmetry test, of whether important neg-
ative shocks have more impact on volatility than important positive shocks, as-
sesses whether the variables v;_| = (I,_l Efrlynrns If_qef_q)/ have been omitted
from the null GARCH(p,q) model. Again a quasi-score test statistic is con-
structed from the “alternative” volatility model of (22), with asymmetry charac-
terized by g; = w'v,_1. Within this framework and under the null of z= 0, the
test indicator in (9) employs test variables

1[ 1
r /’l; l%‘//lvl 1—i
fz B )Y v (27)
h
ti=0

If the null model is the GARCH(1,1) specification, the (scalar) test variable is

Zﬂllt 1—i&r—1—i.

tz—O

(This test variable differs from the Engle and Ng, 1993, test variable of 7, =
I,_1#,_ in this case.)

For this test indicator, neither Jz, nor Jz, is a null matrix, in general, as stated
by the following lemma.

LEMMA 7. Under the null GARCH( p, q) model, with test variables given by

A 1 vt—=1 " 5 !
ry = Zz,-:o YivVi—1—i, Vi—1 = (It—lgt—ls e It—qet—q) , J;tw # 0 and Jm] #0,
in general.

The discussion in Section 3.1 provides the following test statistic:
A A—] ~
Ta=TDz7(0) X7 Dzr(%), (28)

where 27 is given by (13) and T4 is asymptotically distributed as )(
As argued by Engle and Ng (1993), we can also test asymmetry for more

extreme values of past errors. The asymptotic distribution of the test in this case
is the same as the previous one except that the test indicator employs variables

aA_ _ A i ~ /
rtzhtlzlt,zé{g (L)} (1, 182 T8 q).

5. MONTE CARLO STUDY

In this section, Monte Carlo evidence is presented on the finite-sample size and
power performance of the various asymmetry and nonlinearity tests discussed in
Section 4.
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The Monte Carlo experiment for assessing the size properties of the tests is
based on an AR(1)-GARCH(1, 1) data generation process. We consider the fol-
lowing four sets of parameter values for the conditional mean:

Ml: Yt = &¢,
M2-M4: vy, = o+ ¢@1yi—1+& withgpo=1 and ¢ €{0.1,0.5,0.9},

where ¢ = h;& with & ~ N(0,1), or & ~ t(v) (standardized Student -
distribution with v degrees of freedom) with v € {7, 5, 3}. The inclusion of 7(3),
e.g., offers some evidence on the robustness of the procedures to violations of the
moment assumptions employed. The conditional variance equation follows Engle
and Ng (1993), taking one of the following forms:

H (High persistence) : i, = 0.0140.09¢2_, +0.9h,_1,
M (Medium persistence) : h; = 0.05 + 0.058?_1 +0.9h;_1,
L (Low persistence) : h; = 0.2—|—0.058t2_1 +0.75h;—1,

such that, without loss of generality, the unconditional variance of ¢, equals one.

Combining the conditional mean and variance specifications yields 12 models
to consider. For this purpose, a series of 1,200 data realizations was generated
using the random generator number in GAUSS 5.0, with the first 200 observations
being discarded to avoid initialization effects, yielding a sample size of 1,000
observations. Each model is replicated and estimated 1,000 times by QML. The
test statistics considered were T4 of (28) with 7, = iﬁf;})ﬁ;i f,_l_iét_l_i; Ty

of (26) with r; = }%2;;6 ﬁ{é?_l_i; the Engle and Ng statistic, Tgy, of (18); and

the Lundbergh and Terisvirta statistic, 77, of (17) with v,—; = §t3_1.

Table 1 reports the actual rejection frequencies, for the tests described previ-
ously, when the null is true. The results are reported for a nominal size of 5% and
where the correct model for the mean is estimated. When & ~ N (0, 1) and there
are no estimation effects (i.e., y; = &), the empirical sizes for T4 and Tgy are
close to the nominal size of 5%, with the exception of low persistence volatility
when the size of T4 is 6%. When there are estimation effects from the condi-
tional mean generated as an autoregressive (AR) process, Tgy tends to be slightly
undersized for the medium and low persistence volatility models, whereas T4 is
slightly oversized for the low volatility models.

The empirical size of the nonlinearity test, 7y, is close to the nominal size,
except for the low volatility persistence, whereas Ty 7 is undersized in all the ex-
periments, especially for a high persistence volatility model and Student-¢ errors.
When the conditional mean is generated as an AR process, the empirical size of
Ty is close to the nominal size, whereas that of T;7 is lower than the nominal
size of 5% for all volatility models examined and significantly so under Student-¢
errors. By ignoring asymptotically nonnegligible estimation effects, the theoret-
ical arguments of Section 3.1 imply that the procedures based on Tgy or Trr
will be asymptotically undersized, and increasingly so under excess-kurtosis; the



TABLE 1. Empirical size

N(O, 1) 1(7) 1(5) 1(3)

Ty Ten Tn  Tir Ty Ten Tn  Tir Ty Ten Tn  Tir Ta Ten TN Tir
M1-H 44 52 5.1 2.6 42 4.1 4.0 1.7 58 44 2.2 1.0 59 27 24 05
M2-H 4.5 4.9 5.6 2.1 4.4 3.6 3.8 1.5 6.2 4.1 2.5 0.9 7.2 2.7 2.8 0.5
M3-H 46 5.0 5.4 2.5 4.4 3.7 3.7 1.6 6.7 4.0 2.5 1.0 72 26 27 05
M4-H 49 5.0 5.4 2.6 4.0 3.7 3.7 1.4 6.1 4.0 2.4 1.0 8.0 25 26 05
M1-M 438 4.7 4.8 4.0 49 40 42 3.1 56 4.1 29 2.0 5.5 29 2.8 1.1
M2-M 50 44 52 4.3 44 4.1 3.8 34 5.1 3.7 28 2.0 59 2.9 2.7 1.1
M3-M 5.0 4.6 5.4 4.3 4.5 3.9 4.0 3.4 5.0 4.0 2.8 2.0 6.0 2.9 2.7 1.1
M4-M 5.1 4.6 5.4 4.0 4.4 3.8 42 33 53 4.0 3.1 2.1 6.7 3.2 2.6 1.1
M1-L 6.0 4.7 4.2 4.1 4.6 3.8 3.8 2.6 4.8 4.1 2.5 1.4 6.5 2.0 1.9 0.5
M2-L 57 4.7 53 3.9 4.7 3.8 40 2.8 40 4.0 2.6 1.5 6.4 1.5 23 0.6
M3-L 57 44 52 4.0 48 40 43 25 4.0 3.8 2.6 1.6 6.1 1.8 23 0.7
M4-L 5.7 4.6 52 39 4.6 4.0 3.7 2.7 4.6 4.0 2.5 1.5 5.8 1.9 2.1 0.6

ST3dO0IN HOHVD 40 S1S31L NOILVII4IO3dSSIN

G8¢€
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TABLE 2. Empirical size-adjusted power

GJR(1,1) model

N(0, 1) t(7)

Ty Ten TN Tir Ta Ten Tn Tt

hy = 0.005+0.23[e;—1 | —0.236,_1 1> +0.7h,_;

M1 88.7 47.1 892 165 622 327 649 144
M2 84.6 383 874 145 59.0 27.1 59.0 122
M3 84.1 385 870 142 599 272 588 12.6
M4 84.6 379 878 16.6 587 280 59.7 128

hy = 0.00540.23[|e;—1| —0.17¢;_11> +0.7h,_,

M1 67.5 30.0 67.0 124 404 225 428 11.6
M2 62.1 26.1 653 105 39.7 197 373 102
M3 613 266 64.6 10.6 405 193 371 10.6
M4 61.3 245 662 122 40.2  20.0 37.6 109

STGARCH(1,1) model

N(O, 1) t(7)

Ty Ten Ty TIir Ty Ten Ty Tir

hy =0.005+0.136¢2_| —0.212F (¢,—1)e>_; +0.7h,_;
F(gi—1) = 1/(1+exp(—100¢,_1)) — 5
MI 95.7 69.0 96.7 49.3 780 464 815 296
M2 958 647 97.0 459 750 434 80.6 27.1
M3 955 645 96.7 457 748 439 803 267
M4 952 639 965 47.3 759 455 813 269

hy =0.00540.136e2_| —0.17F (g,1)e?_; +0.7h;_
F(gr—1) = 1/(1+exp(=100z,-1)) — 5
MI 86.1 515 887 366 60.7 345 623 206
M2 847 469 882 418 590 340 620 189

M3 83.8 480 874 343 572 336 60.8 192
M4 84.1 469 872 352 59.1 342 623 193

Continued

Monte Carlo evidence supports this, although Tgy is “relatively” more robust
than Ty 7.

The results of the Monte Carlo study for assessing the size-adjusted power of
the tests are reported in Table 2, where the nominal size is again 5%. The alter-
native models used are the GJR(1,1) model, with the parameter values considered
by Lundbergh and Terésvirta (2002) in their simulations; the logistic smooth tran-
sition, STGARCH(1,1), model; the EGARCH(1,1) model with parameter values
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TABLE 2. Continued

EGARCH(1,1) model
N(0, 1) t(7)
Ty Ten TN Tir Ty Ten In Trr

log(hs) = —0.2340.91og(h;_1) +0.25[1& _1 | — 0.3¢ 4 ]

M1 839 297 765 359 649 233 528 23.8
M2 82.8 272 757 33.7 64.4 20.1 494 20.3
M3 82.1 27.0 755 342 63.1 199 493 20.9
M4 832 270 751 324 63.0 19.7 493 21.7
TGARCH(1,1) model
N(O, 1) 1(7)

Ty Ten Ty Tir Ty Ten Ty Trr

VAt =0.07+0.081(1 — I,_)|e;—1]+0.1931,_1 |, 1| +0.831 /A,
M1 983 463 974 545 91.1 312 819 33.0

M2 98.8 404 96.7 485 90.1 26.6 80.6 29.3
M3 983 415 96.8 495 894 266 805 29.2
M4 989 403 969 499 89.6 27.1 810 29.7

considered by Engle and Ng (1993); and, the TGARCH(1,1) model. In the last
case, the parameter values used are estimates obtained by Zakoian (1994) for the
CAC 40 daily stock index. Note that in these experiments, for the nonlinearity
tests, the “omitted” (scalar) variable is v;_; = ef_l when the data are generated
from the GJR and STGARCH models but v;—; = &—; for the EGARCH and
TGARCH models. The models for the conditional mean equation are M1-M4,
and we consider & ~ N (0, 1) and & ~ ¢ (7).

When the true data generating process is a GJR(1,1) model, the asymmetry test,
Tx, performs remarkably well compared with the test proposed by Engle and Ng
(1993), Tgy. This is true also when the distribution of & is nonnormal. Similarly,
for the model with larger asymmetry, and under normality, the simulated power
for the nonlinearity test Ty is 89.2%, whereas that of the test proposed by Lund-
bergh and Terésvirta (2002), Tyr7 is 16.5%, when there are no estimation effects
from the conditional mean. This implies that 777 is relatively insensitive to this
alternative model.'3 Similar conclusions can be drawn for the model with smaller
asymmetry.

For smooth transitions between negative to positive shocks (i.e., the true data
process is generated by the STGARCH(1,1) model), the differences between the
powers of T4 and Tgy, and Ty and Tr7, respectively, are quite large. When
estimation effects from the conditional mean are present, say, M2, and the model
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with larger asymmetry is examined, the power of T is 97%, whereas that of Trr
is 45.9%. Similarly, the asymmetry test 74 attains a simulated power of 95.8%,
whereas the actual rejection frequency of Tgy is 64.7%. For the nonnormal distri-
bution, the differences are also significant.

For the other data generating processes, i.e., the EGARCH(1,1) and
TGARCH(1,1) models, the results are similar. The simulated power of the tests
T4 and Ty is much higher than the power of the tests proposed by Engle and Ng
(1993) and Lundbergh and Terésvirta (2002).

Opverall, the Monte Carlo simulations confirm the theoretical derivations under-
taken in the previous sections. The “new” tests, namely, T4 and Ty, have fairly
good size properties and very good power when compared with Tgy and Trr.
Moreover, the simulations reveal that these tests can be employed as general mis-
specification tests of asymmetry and nonlinearity because they have power against
the asymmetry and/or nonlinear models proposed in the literature.

The theoretical results and Monte Carlo experiments are predicated on the cor-
rect specification for the conditional mean (regression) function. However, intu-
itively, because the test indicators are asymptotically sensitive to the conditional
mean estimation, one might expect the corresponding procedures to be sensi-
tive to local misspecification of m (w;;@). This can be investigated using the
tools of Godfrey and Orme (1996) and reveals that all the tests considered here,
Tir, Tn, Tgn, and T4, will indeed be sensitive to such misspecification (even
when conditional variance is correctly specified as GARCH). Some Monte Carlo
simulations'* support this finding but also suggest that Ty and T4 will be more
robust than 777 and Tgy, respectively, to this form of (unconsidered) misspecifi-
cation.

6. CONCLUSION

This paper has provided some unifying results for parametric misspecification
testing in regression models with GARCH errors that have practical implications
for empirical research. First, a general analytical approach has been provided for
the construction of asymptotically valid test statistics that can accommodate, e.g.
misspecification tests for the STAR-GARCH model, something that has not been
considered in the literature to date. The principal theoretical finding from this
analysis is that even under conditional symmetry, implying that the estimated
conditional mean (regression) and variance parameters are asymptotically orthog-
onal, estimation effects from the conditional mean (regression) parameters cannot
be treated as asymptotically negligible. Exploiting this, it is established that the
nonlinearity and asymmetry tests proposed by Lundbergh and Terésvirta (2002)
and Engle and Ng (1993), respectively, are not asymptotically valid (because they
ignore asymptotically nonnegligible estimation effects) and, more generally, all
test procedures that erroneously neglect such estimation effects will be asymptot-
ically undersized when the error distribution is fat-tailed. Second, new tests have
been introduced for nonlinearity and asymmetry that, it is conjectured, should
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have better power properties than some existing tests against many popular alter-
natives to the GARCH(p, ¢) model.

The principal theoretical findings are supported by Monte Carlo results that
also suggest that the new tests are quite powerful against various nonlinear models
proposed in the literature, suggesting that they can be useful as general misspec-
ification tests against nonlinearity and/or asymmetry in GARCH models. How-
ever, all procedures discussed here will (in general) be sensitive to (unconsidered)
misspecification of the conditional mean (regression) function, even when the
conditional variance is correctly specified, although limited Monte Carlo simu-
lations indicate that Ty and T4 are less sensitive in this respect. This suggests a
strategy of first testing for misspecification of the conditional mean (employing
conditional-hetereroskedasticity-robust procedures). Then, after estimating the
GARCH process, misspecification tests of the conditional variance can be per-
formed using the asymptotically valid procedures proposed in this paper.

NOTES

1. Although the conditional mean estimation effects appear to have been (erroneously) assumed
away the issue of estimation effects from the conditional heteroskedasticity parameters has been ac-
knowledged; see, e.g., Li and Mak (1994) and Lundbergh and Terdsvirta (2002).

2. For example, Lundbergh and Terdsvirta (1999) proposed the STAR-GARCH model, and the
statistical properties of this model were investigated by Chan and McAleer (2002).

3. Asdiscussed by Nelson and Cao (1992), although sufficient, Assumption A3(b) is not necessary
to ensure nonnegative conditional variances.

4. Weiss (1986) established the asymptotic theory for the ARCH model allowing for exogenous
variables in the conditional mean.

5. Note that this is not the same start-up scheme employed by Ling and McAleer (2003), who
choose £y = 0, Berkes et al. (2003), or Francq and Zakoian (2004).

6. Lundbergh and Terdsvirta (2002) employed a similar approach to test for no remaining
ARCH effects, in a GARCH model, but with an implicit null of E[('f,2 — l)r,g] = 0, where r,g =
(ftz_],...,ftz_m)’ is Q;:'I" =0(&—1,...,&—m) measurable; see Section 3.1 of Lundbergh and
Terdsvirta (2002). However, this could yield tests with lower power than those based on (8), because
test variables of the form r[g contain less information about F;_; than the test variables r;.

7. Assumption (ii) in Theorem 2 might require stronger moment conditions on &g, than is de-
manded by Assumption B1.

8. Under normality, X is the conditional variance of d27(0o) given djj7 (¢) and dg? @)-

9. Although Bollerslev (1986, p. 318) asserts that ¢ and # are asymptotically orthogonal within a
QML framework, under conditional symmetry, he does not show it. Engle (1982) provides a useful
theorem, exploiting symmetry, that enables this result to be established for the ARCH model. However,
because he assumes normality, the importance of the conditional symmetry assumption of &; is not
stated explicitly.

10. In the proof of Theorem 2 it is established that all the test indicators considered in this section
satisfy the assumptions of the paper.

11. Lundbergh and Terdsvirta (2002) obtain this statistic from a quasi-score principle, but, given
the alternative entertained, the test variables should have been £y = flt_ ! Vil

12. However, it can be shown that the test for remaining ARCH effects, also proposed by Lundbergh
and Terdsvirta (2002), is asymptotically valid. The intuition for this is that because the alternative,
being GARCH(p, g +m), is of the same form as the null specification, asymptotic orthogonality
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between the mean regression parameter estimators and the estimated parameters of the GARCH pro-
cess ensures that inferences concerning the latter are unaffected (asymptotically) by the former. The
same intuition also applies to the parameter constancy test of Lundbergh and Terdsvirta (2002), in
which the alternative can be written as h¥ =y}s,_1,y: =9+ 2:.’:1 ¢z ;, which is still linear in the
variables of s;_1.

13. If the omitted variable v, _| = (¢/,—1, s?_] )’ is considered as in the Monte Carlo study of Lund-
bergh and Terdsvirta (2002) and for a nominal size of 10%, then the size-adjusted powers are 95.3%
for Ty and 65.1% for Ty 7.

14. These Monte Carlo simulations are not reported here but are available from the authors upon
request.
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APPENDIX A

We shall exploit the results contained in the following three preliminary propositions.

PROPOSITION 2.

(i) For any vector c € R", (dm(wy;9)/0¢")c =0, almost surely (a.s.), only if c = 0.
(ii) For any vectorb e RPT4H (6h>° /o) b =0, a.s., only if b = 0.

Proof. The proof of (i) follows immediately from Assumption B2, which implies
that |m(wy; @) —m(w,;¢0)|2 > 0, a.s., for all ¢ # ¢@(. Then, by Assumption B3 and a
mean value expansion, (¢ — @) (0m(ws;@)/09)(0m(w:;@)/09 ) (@ —@() > 0, a.s., for
all ¢ # ¢ and some mean value . Correspondingly, the identification condition, A3(c),
establishes (ii); see, e.g., Ling and McAleer (2003) or Berkes et al. (2003). u

PROPOSITION 3. Under Assumptions Bl and B3(a), Esupgce e |40+ < o0, for
some s > 0, uniformly in t.

Proof. Let m; = m(wy; @) and my; = m(wy; @), so that &, = &;(0) = eg; — (my —mgy).
By Assumptions B1 and B3(a) and the ¢, -inequality, for some constant C > 0 and 0 < r <
4(1+5)

Esuple/|” < C (Elege|” +2"E|B(w;)|) < o0. (A1)
0
|

DEFINITION 1. In the following exposition C, K, and p denote generic constants,
independent of @, whose values might change from expression to expression but that always
satisfy C >0, K > 0,and 0 < p < 1.

Remark 1.
(a) By Assumption A3(b), for all » > 0, Esupy |a;|" < oo, provided Esupg le |2 < oo,
uniformly in 7.



392 ANDREEA G. HALUNGA AND CHRIS D. ORME

(b) The following inequalities will be useful: (1) 77 =¥ wia,—; > 4> 0; (2) h® >

ag+wiar—i, i > 1;0r 3) h° > ag+ l//iamgtz_,'_m

,i>0,m=1,...,q. Given the con-
struction of initial values, &, we can also write (1) h; = Zﬁ;(l) wia—; > 12> 0; 2) hy >
oo+ wia—i,i=1,...,t—1;0r(3) h; >a0+q/lamat i i=0,. =1, m=1,...,q.

(c) The proofs will exp101t the following results, which follow from Berkes et al. (2003)
and Francq and Zakoian (2004). A particularly useful device, in this respect, is x/ (1 +x) <

x*, forall x > 0 and any s € (0, 1).

|n3° —~ ht|—2w, |a— ,|<K2p jar—i (A2)
i=t i=t
h® —he| & viar—i -
< <K . A3
hi° _,Zt a0+ yia—; ~ Z‘,p i (A3
Forr=1,2,3,
1 1 h® — hy X
e~ Ty <C e SKZp ay_;. (A4)

Let Vg, Vpg denote first- and second-order differentiation, respectively; e.g., x7° =
a*h .
(1/hP)Vyhs®, Voyht® = W, etc. Then, by Assumption A3(b),

) =1
th H <K {1+ 2 lplaf_i}; llx: 1| < K{1+ Z ip’ats_i}, (A.5)

i=1 i=1

1
Hhoov,,,,h <K{1+2212p’af,}-
1=
H—V,,,,h, <K{1+212p’a; i} (A.6)
i=2

w .
s iyl < ot St ).
t i=t

1
i 5 vl < {4 St )
t

62m1_k

i=t
Deﬁned,zZZZl Ham’ kH—Zk 1||f, kHandg; Zk 1{Hf, kH + || Zpag’ }.Then

by similar methods, and using 0 < x /(1 +x2) < 1 forall x > 0, it can also be shown that

t—1
e <KZp d—ii el <K Y pldi, (A8)
i=0
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t—1

1 x . 1 )
H s Voph®|| < K Y, p'gi—is "FV¢¢ht <K plgi-i (A.9)
i=0 t i=0
1 %
750 |Vphi® = Vohi|| < K 3 p'di—i;
! i=t
hoo |Voph® — Vophe]| < K 3. plgici, (A.10)
i=t
1
Hhoovil"lhoo <K{d,—|—21p ds— ,}
i=1
1 =1
thvmhz <K {dH— Y ip’dt_l}, (A.11)
i=1
hoo | gnhi = Vouhe]| < K ¥ ipldi—s. (A.12)

i=t

t t 9t 9% <K2p’d,_i{2Pldt—i}>
i=0

he? || op o9’ op o9’ =

L ||ong® o> _ohi ohi|| _
h®2 || on on'  on on’

p o0 . o0 .
praYiptay_; o Q1+ Dip'ay_; ¢,

i=t i=1

1 ||6h° 0h®  ohy ohy

0 . X .
U BT

h2 || o9 on'  op on i=t i=1

+p Y iptal_; 2 Y pldi, (A.13)
i=t i=0
where in (A.13) we have used, for conformable x,y, a, and b,
[xa’ —yb|| < Ix—yl llall +la—bl Iyl
|xa"—yb'|| < la—DllIx[+Ix—yll bl

Because i/ h7° < 1, for conformable matrices A and B, and p =1,3/2,2,3,
1 1

1
WA—WBH < I({ ok |A-B|+ } (A.14)

PROPOSITION 4. Under Assumptions A and B, and exploiting (A.2)—(A.14), the
following moments are bounded uniformly in t:

h®>° —hy
_ B t
h” h$e
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2
(i) Esupg |es|” ,0<r<4,

(ii) Esupgles]” ,r=0,2,

whereas the following moments are O (p'), at most:

,I’:O,l, 17:1:3/2,2,

(iii) Esupg || f|| le)pvoh?o - ﬁvahz

r=02,p=12,

(iv) Esupg |e;|" H ey Veoh?® — ﬁVggh;

(v) Esupg|e:|” ,r=0,2, p=23.

e (Vah£®) (Vghe©) — by (Vght) (Vohy)
(7[ ) hy

Proof. (i) and (ii) follow in a straightforward manner from (A.5), (A.6), (A.8), (A.9),
and (A.11) and the fact that the following moments are bounded: Esupy “eff,_kf;_ j

, Esupg ‘s;‘ tZg i [23 k” s € (0,1). For example, by an application of

|

Holder’s 1nequahty and then Cauchy—Schwarz inequality,
1/(1+s) s/(1+s)
(Esup|6t|4(l+y)) (Esup |5t JEi— k‘2(l+s)) <00

because, for some s € (0, 1), Esupg |&:|*1+%) < co. For (iii) use (A.14), (A.10), (A 7.
(A.8), (A.5), (A3), and the fact that Esupp ||g;ft _ill, Esupg ||s,flt kt ]||,

Esupg ||z:tftat «|l- Esupg ||s;f,st kst_ || are all bounded, by Cauchy—Schwarz and/or
Holder’s inequality, for s € (0, 1). In partlcular

Esup )ef&tzvjelzyk
0

2
{EsupHe,flgtziks%fj } < Esup ||g,f,||2Esup‘st_kgt_j|4s - oo,
7] 7] 7]

because, by Holder’s inequality and 4s (1 +5) <4(1+s), s € (0, 1),

‘ 1/(1+4s) s/(14s)
Esgp}gt—k‘qt—j‘% < <E53P|3t—k}4s(l+s)> <Esgp\st—j]4(l+s)> < .

Similarly (iv) holds because all the following moments are bounded: Esupg |&; |2 {s,_ j |2s

|

% Esupg lerl? o1 | Vs

2
| <o

2 2
|:Esgp|8[|2‘8t_j’23Hft—kH2] SESI;PHStzft—kH Esngﬁtzijft—k

2 2
{Esgplgzlz ‘St—j ’25 HW’ff—kM < Esgp HS’V'Pft—kHZESgp ‘g,gtzij‘ < 00.

Finally, (v) follows in a similar manner, noting that the following moments are bounded:

2 2s 25 . 2s

Esupg ||& EIE 8 ke

‘ f[ kg

, 5 €(0,1). In particular,

tjtl
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2 2
” < (EsupHstzf,_kH ) (ESUP|€z—k81—I|4S) <00,
1] 0
2
4 4s 4s
} < (Esup’st g JD (Esuplgz—kgt—lf > < 00,
7] 4

and, by Holder’s inequality,

[Esup Hs, fi_ k3; ]SZZY[

[Esup‘,s?gtzé j 3*,(8,23]

) 45?51 < (Esup|g |4(1+s))1/(1+s)(Esup|gt |4(l+s))s/(1+s) <o -

Esup
0

The following three propositions follow the approach of Ling and McAleer (2003),
Berkes et al. (2003), and Francq and Zakoian (%004) and are used to establish the con-
sistency and asymptotic normality of the QMLE 8.

PROPOSITION 5. Under Assumptions A, Bl, B2, and B3(a):

(i) E [l;’o (9)] exists for all @ € ©.

(i) supgeg |L° @) —E[I7° @)]] = 0p(1).
(iii) E [ltoo (0)] achieves a unique maximum at .
(iv) supgee |L5° @) — L1 @)|=o0p(1).

Proof.
(i) First, by Assumption A3(b), h{° > A > 0, uniformly in 8; therefore, Esupge@ X

g2/h°°’ < 27 Esupy le:]? < oo,
KZOOOp |az—;|. Thus, Esupg |h?°| < oo, and by Jensen’s 1nequahty Esupg ‘ln|h°°|| <
|InEsupg |h7°|| < 00, so that E [[7°(8)] exists for all 6 € ©.
(i) By a uniform law of large numbers (ULLN) (e.g., Ling and McAleer 2003, Thm.
3.1, p. 287), it follows that supgeg |L5° @) —E [I7° 0)]| =
(iii) Write
2E [17°(0)] = (—ElIn(h{*)] - Eleg, / hi°1} = (ELGn; —mo,)>/ hi°1)

={L10)}+{L2©0)}

because E [eq;m;/ h§°|F;—1] = 0. First, Ly (@) = — {E [(m, —m(),)z/h?"] } achieves a
maximum value of zero only when m; = mg,, for all ¢ a.s., which, by Assumption B2,
holds only if ¢ = ¢(. Second (and as argued by Ling and McAleer, 2003, Lem. 4.4) using
Proposition 2(ii) and given ¢ = @, L(@) achieves a maximum only if # = 5. Thus
E [17°(6)] achieves its unique maximum at 6 = 6.

(iv) We have
T
1 1
? ()|
=1 t t

+77Yy
=

T
2ILP @) -Lr @) <T7'Y

t=1

o0

h
In —1—
t

Equation (A.2) and In(x) < x — 1, for all x > 0, yield Esupgeg |In(h°/h;)| < it
Esupgeg |h9° —hi| = O(p'), atmost. Therefore T~1 X1_, Esupgcg | In(h{°/ hy)| = o(1),
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implying (by Markov’s inequality) T_lzt 1suptg [In (h°°/h,)| = o,,(l) Next,
T~ 2t 1SUPoe®|‘°t ((A/h°) =1/ )| =T~ Zt 1 Xrur where X; = supg e, is strictly
stationary and ergodic with E|X;| < oo and |us| <24~ L By (A4), Esupgeg |(1/h7°) —
(1/h)l = O(p"), so that T='ST u; =0, (1) and TS supgeg |7 ((1/hF°) —
(l/h,))‘ = 0p (1), applying Lemma 4.5 of Ling and McAleer (2003, p. 288). This
completes the proof. u

PROPOSITION 6. Under Assumptions A and B

(i) Qgg = Qo) is finite and positive definite, where Qgg(@) = E[dg; (@)%
g @)1

1
(i) —= > |52 ©@0) — da; B0)|| = 0p(1).
(iii) VTDp1 00) 5 N (0.Qgp).

Proof.

(i) We first show that Qgg = E[dg0(@0)dgS(@¢)'| is finite. Denoting (§° =
((sot/hgf 1), we have

1 o 1 oh +{80thlo 05’}:’]

dg?(a()) C()t hOO o0 0

2 112
and E sot{@} X

are both finite. Because gl > 4 > 0 for all ¢, & = eo;/4/hg; and

oo . 002 [ 1 2 ahg ong
and it is sufficient to show that E 5771 7 0" 0’
0t

dmoy Omor

op  op’
E[ft2 |F¢—1]1 =1, this follows immediately from Assumption B3(b) and Proposition 4.

Furthermore, Qgg is positive definite because E[{y; 2 — k. —1>0is independent
of hOt and, by Proposition 2, for any vectors ¢, b of the same dimension of ¢ and 7,
respectively: (1) ¢’dg7 (@) = 0, for all 7 a.s., only if ¢ = 0 and (2) b'd}7 () = 0, for all
tas., onlyifb=0.

(i1) The proof is similar to that of Proposition 5. First, with the preceding notation and
Gor = 8, /hos — 1, where ho; = (), to distinguish it from h3> = h°(6), dg? (6) —

ohye =~ oh 2
dy:(@0) = 5 {C()ozohloo an.?t _COt;Ttl ag’}‘f'{ £0¢ Z;)’ (%—ﬁ%’)}, so that
1 i o 1 0h  _ 1 ohg,
NaP=A 3 T de

T omy
_ £0; -
T =1 op hOt hOt

1
=S IRTlI+ Q-

It is sufficient to show that E||Q 7| = o(1) and E||R7 || = o(1). By Assumption A3, and
because 17° > ag + yia—; (i > 1) and & = eo; /4 /hgy is iid (0, 1),

772 (5700 —dp00) | < 5
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8m0t
op

h8§’ - ﬁ()t
hor

T
E||&

|
E <7
orll < ﬁgl ’

omy
T

2 Viodo,t—i
7+ /200 + Vioao, —i

e ielllfgmar)

because 0 < agy < oo and x/+/1+x < /x, for all x > 0. Now, by Cauchy-Schwarz
inequality, iterative expectations, and Assumption B3(b), E[||& (0mq, /6¢)aé/t2_i||] <

E amot 2
op

El|QrIl < 0(1)f z 0(p") =o(1).

gcjféEU

amot

Elag ;| < oo, so that

Next, by (A.14) and E[e, |1 F,—1]1 = h,

ElR7ll

SLZE 2 olozahgf_ ~1 Ohoy Lahgf_;aho,

VT 5 (hoy)= o9 (ho)? 09 ho, 0@ ho, Op
oh3° h i -
SK—Z || ooy _ Shor || ) 1 oy 19— .
hgy || O@ op ho; 0@

It follows from (A.10), (A.8), (A.2), and arguments similar to Proposition 4 that
ElRrl=0(1).

Second, and in a similar fashion, by (A.5) and (A.7)

1 T
ﬁ Z,I(d;?(ao)—dm(eo)) ‘
t=
1 ||0hS° ok 1 oh -
SKfz — or _ %ho fahO’ ‘hg?—hm) =o(1).
=1 hor || on on ho, On

Thus H th (22 (0) — dyr (00))H = 0,(1), by Markov’s inequality.

(iii) As in Lemma 5.2 of Ling and McAleer (2003), a martingale difference central
limit theorem (CLT) yields ~/7Dg5. (@) > N (0, Qgg) so that (ii) yields v 7 Dp7 @) >
N(0,Q¢). u
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PROPOSITION 7. Under Assumptions A and B,

24 6)
20’

(i) supgee | Pggs @) —Jga@)|| = 0p(1), where Jpg(6) = —E [
forall @ € © and Jgg = Jgg (00) is positive definite.
(ii) supgee |[Pggr @) —Pagr O)[| = 0p (1).

} is finite

Proof.

. 2dg? (@)
(i) We show that Jgg (@) = —E L

o0’
ward to show that Jgg (@) is positive definite. The result then follows from Theorem 3.1
of Ling and McAleer (2003). We have

] is finite for all @ € @; it is then straightfor-

o' h 0p 29’ (p)* 0p g’

&t 6/’!?0 6mt &t azmt

(h°)2 09 09" T hi opdg’

1 &2 1 0h>® oh% &7 1 a%h®
S L (L -1)|-= ,
2|\ A (h°)* op o'\ h® hi° opog’

odgi®) 1 zi_l 1 oh® ohy® i—1 1 a%hge
on’ AN (h§)? on on'  \hi® hi© onon’ )|’

ody? @) & b omy

op" hX on o¢

U f () 1 aEaE (@ (1P
2 h® (h?°)2 on og’ h® h onog’ | -

Thus, exploiting h?o > ] > 0 and where K = max {1_1,21_2, 1/2},

od @ omy || 1 o |2 1 02h%°
H w/()HSK Hﬁ +(8z2+1) 'To . T a7
o9 op hy® op hy® opog
om; 1 oh® Zmy,
o op h$° o9’ o opoe’ || |

By Assumption B3(b), Proposition 4(i) and (ii), and Cauchy-Schwarz inequality,

odX @
Esupy a“;’),( )

| <o
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By similar arguments,

E adOO(e) KE (2+1) oh$e 2 1 a2h?° -
su sup < (e — —_— 00,
ol o |7 PN he on h° onon’
ody? @ 1 0h%® 1 0h% 1 8%h>®

ESUPHL/() =C (812+ 1) H 3 7,00 7,00 : /

0 op h® on hy® op’ h7® onoep

< Q.
h°° ar] op’

(i) Note that supg||Pggy 6)—Pagr©@)| < T7'S,supgll(6%5°/0000")—
(021 /0660")|, and we consider the latter. First,

1 oh® 1 ok

(i) G0 17 o

th

6¢8¢

1 1

e hy

RS

6m,
2 -
+2 & 29

1 0h2° oh%® 1 ohy ohy

(h2°)? o0 09"k} g g’

+&?

1
2

1 0h® oh® 1 ohy 0hy

(h°)* 0p 0’ h} Op o9’

1 a%h>® 1 %y
(h5°)* 0pdg’  h? dpdg’

h$e a¢a¢ hy o@og’

2

- 3. I8

Consider I/TZtT=1 supge@ IR ¢l , where Ry, = Xsu;, with uy = supy |(1/h7°) — (1/h¢)],
and apply Lemma 4.5 of Ling and McAleer (2003) We know that u; < 22~ and 77!
EIT_] us = op (1), and because Esupg { + H

om;

o9 ’6rp@¢
(b) and (c), we have l/TZt lsup¢9€(~)||R1t|| = 0p(1). By Proposition 4, Esupg || Rj|| =
O(p"), j=2,...,6, so that 1/T2,=1 SUpgee HR,,H = 0p(1), by Markov’s inequality.

} < 00, by Assumptions B3
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Similarly, supg g %ZITZI H(ad%’

1 0h® ohy® 1 Ohy Ohy

)> on o¢'  h} on o’

[ - <
op’ - ’

1 0h®on® 1 ohy ohy

(h°)* on o’ h} on op’

1
2

1, 1 &% 1 &%
+§3[ \2 9 6(17/_]/[7266/
(hg) on i onoe

1 a%h>® 1 3%k

h$e onog’  hy onog’

!
2

Gm; 1 ah?o lah[
t20E 5 |72 o "k on
[ f n ton
5
=K 2 HRJl
j=1

and by Proposition 4 Esupg || ,|| =0(pH, j=1,...,5.
Finally, and analogously,

'admw) ad,,fw)I
’ on’ ’* o

1 0h{® oht® 1 0hs Ohy

o0)3 on o w3 on on'

LU omfeon 1o ahy
2 (htOO)2 on on'  h?on oy
Lo 1 %> 1 %k
T2 || o2 amon ~ W2 amony
(hge)? onon’ 7 onon
L1 ?h® 1 3%k
2 ||h° omon’  h; onon
so that, by Proposition 4, Esupg H(ad ©)/on") — ( ’).
This completes the proof. u

Proof of Theorem 1. By Proposition 5, and as in Ling and McAleer (2003),
0= argmaxg L7 (@) is consistent. The limit distribution then follows from a standard
mean value expansion of DgT(é) 0, exploiting Propositions 6 and 7, as follows. First,

0=+TDg7 00) — ngT(0)f(0 ), where 8 is the usual “mean value” satisfying
0 =86, + op(1). By Propositions 6 and 7, VTDyr @¢) = O0,(1) and ngT(H)
0,(1), so that VT 6 - 60) = 0, (1). Second, by Proposition 7 and the triangle inequality,
Poor @) = Jgg + op(1). Third, because Jgg is positive definite, VT (9—00) =
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J 0_01 VTDgr 0¢) + 0p(1), and the result follows from Proposition 6. Finally, the expres-
sions for Qgg and Jgg are also easily obtained from the previous results in Propositions 6
and 7. u

Proof of Lemma 1. The proof follows from previous results. We know from these
results and/or assumptions made that Esupg ||qf°qp”’|| < oo, for g = ((1/1/h{°)f],

¢, x%’). Moreover, 71 zszl supg quoqfo’ —q:q] H =0p(1) because

T T T
T Y [laa —aray]| <2771 Y [[a — | @[+ 77 Y [|af® — ||
t=1 t=1 =1

It is readily shown, using Proposition 4 and related results, that ﬁzt]":l supg lq?°—
— 2
qrll = op(l), so that T lthzlsupg Hq‘,’o—th = o0p(l) (because %Zthlztz <

2
{ﬁ ST, z,} , when z; > 0 for all ). In addition,

T T T
771y suplaf® —ar | [|af® ]| < |7 X sup|ja® —ar|[P T Y sup [[af°]|* =0, (1)
-1 0 =16 =16

because 7! Zszl supg Hq?o H2 = Op(1). Therefore, by a ULLN and the triangle inequal-
ity, TV S (ard))g_g —E[a7° a7 ]g_p, = 0p (D).
We also need to show that ke = k¢ + op(1) and dc = v¢ 4 0p(1). By similar arguments,
2
Esupy ((stz/htoo) - 1) < 00 and

T
_ _ _ 1
- he Iy or ()

2 2
IZS &? | &? <K1is ‘4 2’
— u — — -+ - — up e, —e
T BP h?o ht - Tt:l op ! t

t=1

1 1 ’

3
by (A.4) and Lemma 4.5 of Ling and McAleer (2003). Finally, E supg ( jﬁ) < 00, and
t

by exactly the same reasoning

1 isup & 3 < & >3 1 isup 5 1 1 W

— — | - —= < — & |l—=3 — =7 | =o0p(1),

TSe |\ V¥ Vhi TS a2 2T

because |(1/4°2) — (1/1)/)] < K| — hy|. ]
APPENDIX B

Proof of Theorem 2. We shall establish the following results:

(a) Q=E[d{*(00)d;°@))]is finite and positive definite, where d°(0) = (dg7©)',
dy7 0),dz5©0));
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(b) th 1SUP0||d 10)— dnt(e)H—op(l)

(c) Jzg (0) is finite for all @ € O, so that supg HPMT(e) —Jr0 (G)H =o0p (1), where
0dy @)
T
7t0T(0) th 1 gé/ :

Given (a) and similarly to Proposition 6, v/T D% @9) 4N (0,Q), where D (0) =
71 3.d>° (@) and Q is positive definite provided r{° does not contain redundant terms
(e.g., linear combinations of ¢7° and/or x7°). By (b)

sup | VTDZ; @)~ vTDy7 0] < Z sup |35 0) — des @) = 0 1),

so that ﬁD,,T(f)) fD (0) + op(l) and we can deal with fD (0) A mean
value expansion of /7" D)% (0) about § = 9 yields

VTD7 ) =VTD% 00) — Poyr VT 6 —060),

where @ is the usual “mean value” satisfying 0= 00+ o0p(1). Because 0 is consistent for
0, the triangle 1nequa11ty and (c) ensure that PzGT(o) =Jzg +0p(1), and, substituting

JT 6 -6y = JGG fDHT (@o) +0p(1) from Theorem 1, yields

VTDX6) = VTDG 00) — Ized gy ¥ TDgS 00) +0p (1)
= AVTD @) +o0p (1),

and the result follows.
For the particular class of tests characterized by the test indicator (9),

0d330) _ziam, 0o _ gtz L0 1 oh N &? 1 org®
h° og’ o9’

o’ ThX o 1 h® f
adg; @) &7 oo 1 oh® N &7 L) o
= ——7 —_— _— s
on’ Rt \ W on’ hy® on’

so that Jzp = E[rf°c{ lg—g, and Iz 5 = E[r{°x7*']g—g, and similarly, from expressions

he®

for dg? (@) in the proof of Proposition 6 and dZ5 (@) = (57 gy » Where (7 = s%t/hgf -1,

1 (ke —1
Qzp =0cE [oor?of,’] + 62 )k Eralal PP
\/f 0:00
(ke =1)
Qﬂ.’f] = 62 E [r?ox?O/]Gzo() ’

Qrz = (ke—1)E [r,°°r;>°’]0:00 .

We now establish that (a)—(c) hold:
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(a) Because Qgg is finite (Proposition 6), by Cauchy—Schwarz inequality we only have
to show that E [doo 00)d3;60) ] is finite. The latter is true because

Esngr?OH2 < 00, S0 thatEH((&o)2r8fr8?’ = (ke — l)EHrS?H2 < 00.

(b) It can be shown that

o | R =1,
|dz7 @) —dz: @) < K ‘6t+l [r7° _rtH"'gt [Erad| 0
t
—h
+8t [[x7° hoo : }
3
=K Y R
j=1

By assumption, % ZT: Esupg Ry = o(1).

By (A.3) and because Esup He?r?o t2sl

< \/Esupgurt H Esupg |&/e ;”i < 00,
Esupg Ry; = O (p ) so that T Zz 1 Esupg Ry; = o(1). Thus, by Markov’s inequality,

ﬁZZT:] supg Rj; = op(1), j = 1,2. Finally, note that

T . | T e , T 7o — iy |2
T; up R3; < ?tgsgpgt Hrt —I‘tH tglsgp T
1 & 2 ||5.00 4 hi® —hy
< — supée r,—r su
{7 S lsre—nl £ w5

T 2 T 2
because 3, z; < {2121 z;} when z; > 0 for all 7.
Now, ZITZI Esupg &7 ||t —r|| = O (1), by assumption, and Esupy |(h?° — h;)/h$°| =
O(p") by (A.3) and previous results, so that ﬁ Zszl supg R3; = 0p(1), and the result

follows.
(c) In a similar manner to the proof of Proposition 7, we have

I Sl G REasl (e o Ll b2 )
+8t 700
h; 8;0
ad;xe) 1 oh® ||, o or
- B [l v )

Then because h7° > 2 > 0 for all 7 and €, using Cauchy—Schwarz inequality, the assump-
0dz;©) ado‘? (9)
op’
< 00. These are sufficient for a ULLN to apply, ensuring supg HP;%T(B) —Jz0 (0)“ =
op (1).

tions of Theorem 2, and previous results, Esupg

< oo and Esupg
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Finally we briefly show that the additional assumptions of Theorem 2 are satisfied for
the test variables considered in this paper in Section 4.

First, consider the Lundbergh and Terésvirta (2002) nonlinearity (scalar) test variable
ry = sf_ = r£°. Trivially, assumption (i) is satisfied.

For (ii) we require E [88[] < 00, which is stronger than Assumption B1.

For (iii), Esupgecg Hs?(@r?"/@q))” =3Esupy H‘(t2‘(t2—k (6m,_k/6(p)H < 00, by Cauchy—
Schwarz inequality. We can proceed similarly for the asymmetry test variable of 7, _1&,_|
but taking into account (19).

For the nonlinearity test variable, with Hr?OH having typical element rg = # >0

‘/’igt3—k—i’ k=1,...,q, and noting h{° > ag+ l//iakgtz—k—i’

1 X Vviak |er—i—i| 2 S Q2
70 < — —W&_ <K pl((;_ —i»
‘ kz! \/ﬁi;)aﬁ%ake?_k_i 191 —k—i igb t—k—i

00 _ v i 2 )
ree =it < K Y pleig_i

i=t

GrI?to 1 x 2 1 x 3 0
o0 = 3@&)%8:%—1’ ||V¢ft—k—iu+ﬁi§b Vi ||€r—k—iCt H
1 o0 . s
<3 Y —VV’IWM\/@H&_,(_Z.%@_,C_[.H

= 2
VO =0 00 T WiOkE__;

1 & Vyiok|er—k—i
LS Slanil pra e

VK (2o a0+ wiaker_p_;
e x i 2
<K{zp’ ||st_k_,~v¢ff_k_,»u+zple,_k_i|cf°|<},
i=0 i=0

H orgy

on

<Kk { Dip i+ D P ki HX?OH}
i=1 '

1=l

It is then straightforward to show that assumptions (i)—(iii) are satisfied. We can proceed
similarly for the asymmetry test variable r° = # Y70 Wili—ker—k—i but taking into
account (19). |

Proof of Lemma 2. The proof is similar to that of Lemma 1. We can show that
Esupg [[rf°qf®|| < oo, so that T=! ST, supp [[rP°qf” —E [r{°q']|| = 0, (1), by pre-

vious arguments. It remains to establish that T=! 37 supg [[rP°q> —r;q}|| = 0, (1),
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because this then ensures that 7~ 37| (rear)p_p —E [r?oqfo’]azao =o0,(1). Note that

6

T T T
T3 e —ra]| < 771X [ w0+ 77 Y [laf® — a2
=1 =1 =1

T
770X (e e[ f|a? — .
t=1
and it can easily be shown that each term on the right-hand side is 0, (1). We also know

that 12,3 = ke +0p(1) and b = ve +0p(1), from the proof of Lemma 1, and the result
follows. u

Proof of Lemma 3.

- . odyr @) . . -
(1) First, from the expression for % in the proof of Proposition 7, it is easy to

see that Jyp = %E[x?oc?o’]g:go. Now,

E[x?oc?o’]ozao
S R §§ iViSiei—ifi—k—jt_k_j (B.1)
- Ok hOOZ_ . ViVjSi—1—i¢t—k—jli—k—; s .
k=1 tr i=0j=0

6=9,
which exists, provided E[(]/h?oz)e,_lsﬁmft’_l]gzgo exists (for all 1,m),
2 2
because [£22) T2 v vj| = £ vl < {£22 lwil}’ < oo.
Thus E[(l/h?oz)gt_lsffmf{_l]gzgo has to be examined for the cases [ = m,
2 2
I <m,and! > m, wheres° = (1,st_m,...,et_m_q+1,h?3m,...,h?ﬁm_p+l)/.
Specifically, for [ = m, E {(1 JhE2)e, s lf;_l]o o S
=00

! 3 2
E {E [W(gt_l’ gt—l’ ey gl—lgt—l—q—i-l’
t

gt—lhfil,--->8t—1h?31_p+1)"-7:t—1—1 ] f;/_z} s
6=0,

which is zero if the preceding expression for the conditional expectation, given
Fi_i1—1, is zero. To establish the latter, follow Engle (1982) and treat this condi-
tional expectation in two steps, observing that &;_;_,, n =1,2,..., are F;_;_
measurable. First, construct the conditional expectation given F;_;, which is

3 2 /
|: (er—1 Er—l>-- > €t—l8_|—g41> St—lhfgl, s Sz—lh?il_p_u)

1
X E{ 7/1?02

-7:[—[}:| = ¢ (e1-1),
6=0,
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where it is implicit that ¢ (-) is evaluated at @ = 6. Because h° is symmetric
in &;_; and the elements in &;_;s7°; are all antisymmetric in &,_;, the elements
in (h?o)_zs,_ls;’fl are antisymmetric in &,_;, which forms part of F;_;, and, at
the second step, expectations with respect to F;_;_1 are taken only with random
elements. Now, because ~7° is symmetric in &,_;, its conditional density given
&y is also symmetric in &,_;. Therefore, by Engle (1982, lem., p. 1006), ¢ (e;—;)
is antisymmetric in &;_;. Finally, the second step involves E[¢ (e;—)|F;—;—11,
which is zero, because the conditional density of ¢;_; given F;_;_1 is symmetric
and ¢ (-) is antisymmetric.
The other typical expectation in (B.1) for/ <m and [ > m is

1
E{E |:ho.ﬂ8t—m5?31 ~7'-t—m—l:| ft/—m} 5
6=0,

t
which is zero if the conditional expectation, given F;_,,_1, is zero. The latter can
be expressed as

1
E |:00281_m8t021
ht

}—t—m—l:|
0=0,

1 o0
=E(E Est_ms,_l ]:t—m ft—m—l .
ht 6=0,

For [ > m, the elements of s?f ; belong to F;_;;, 1, and the preceding arguments

show that E[(hfo)_zs,_mw:,_m_l]g:go = 0. For m > [, note that the elements
of (h?o)_zstofl are symmetric in &—,, so that E[(h?o)_zgl_ms?fl | Fr—mlo=0, =
¢(er—m) is antisymmetric in &—p, and, again, E[$(er—m)|F;—n—1lo=g, = O,
where elements included in the conditioning set F;_,,_| are treated as nonran-
dom when taking the conditional expectation. It follows that Jy, = 0.

Because v, =0, (ii)—(iv) follow immediately, given previous definitions. [ |

Proof of Lemma 4. Note that c? = (h?°)~! >0 [)’{ er—1—if,_ _; and vy = (g,_1,

8?_1)/, so that Jz ¢y can be written as

1 &2
Jrp = —2001E{E | — | 7V || Falf]
Ty — 01 hoo 4 =2 —1
t &1

. 1 [ér—1
+2BE || 5 e
t &

‘7:1_2:| ft/—l—i}
i= t—1 6=9,

2
1 &1 /
= —2a01E E 700 -7:t—2 fl—l N
hl 84
—1 0=6,

2
1 (&
which is nonzero, in general, because E [hoo ( 2 ! ) '}",_2] > 0, a.s. The second
to\¢é—1 9=0,

term (after the second equality) is zero because, for j > 2,
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1 Er—1
Fi—2 =|&—jE 7o | 3 Fi—2
6=0, ro\%-1 =0,

7'}—2]0:00 E[p(6r1) 1Fi—2lgg,

E 1 Er—1
_ P
hi ‘9z3—1 !

and

1
g

where E [(hfo)_lgf_lu-",_l] = ¢(g—1), s = 1,3, which is antisymmetric in & _j,

so that E [qﬁ(a,_l)l}}_z] = 0 because the conditional density of ¢,_; given F;_; is
symmetric. Thus, in general, Jz ¢ # 0.

Second, with x>’ = (h£°) -1 Z?ioﬂis;’f’l_i, Jzy can be written as

L (e
Jazn=E{E| — oo
Tn { |:l’l?o (8;’)—1)St—1

J i L (e
eSe | (5)

i=1 t—1

-7'-1—2:|

fr—z} 5?3/1—1'} :
0=,

Similar arguments to those employed previously imply that Jz 5 is the null vector. n

Proof of Proposition 1. The method of proof follows very closely that of Godfrey
(1996). Consider the negative size bias test of Engle and Ng (1993) in which 7; = f,_ 161—1
and for simplicity, in this case, m(w;; @) = w}g. Define the following dummy variables,
which will be employed in the ensuing asymptotic analysis:

Dy=1, if ;-1 <0 and &_1 <0, D;1 =0, otherwise,
Dyp=1, if g-1>0 and &_; <0, Dy =0, otherwise,
D=1, if ey;—1<0 and &_1>0, D;3 =0, otherwise,
D=1, if ey;—1>0 and &_;>0, D4 =0, otherwise
fort =1,...,T. Note that both Pr(D;, = 1) and Pr(D;3 = 1) tend to zero as T — o0,
under fairly general conditions on wy, because & _1 —&g,—1 = —W,_ (¢ —po) and § is

/T-consistent for g .
Then, noting that 7, — ro; = 0 when D4 = 1, the difference between ~/T Dz 7 (@) and

1 T | (&
— — — 1 ] ro; | can be expressed as
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where

1 L &2
[3=—+ D ——1]eps— N
3 «FTE] t3 h, 0,1—1

1

ﬁth:I [((&2/he) = D) — ro)] = 0p(1). For

are all oy (1), for j =1,2,3, implying

example, ['3 can be written as

T 127/ =12 7 22
I3=- <Z Dzs/T> (2 Dz3> Y D3 (ﬁt—l) €0,—1
t=1 =1

=1 t

22
=—(M3/T)'/? [(M3)_1/2 Y <f’—1> eo,,_l} ,
teTs hi

where M3 = Zle D3 is the number of observations for which D;3 = 1 and 73 denotes
the subsample of observations with D;3 = 1. Now, M3/T is the proportion of sample
observations for which D;3 = 1. Because Pr(D;3 = 1) = 0, M3/ T is thus o, (1).
Similar to the preceding analysis, because M3 — 0o, a mean value expansion of
(M3)~1/2 I (% — 1) €0,1—1 reveals that it is O (1). Therefore, I's = 0, (1), and, in
a similar fashion, it can be shown that I'; = 0, (1).
Turning to I'y,

a2
Ip=-WMy/T) {MII > (it— )W;_J VT (¢ —90).
teTq hy

where M| = ZtT: 1 Dy is the number of observations for which D;; =1 and 77 denotes
the subsample of observations with D;; = 1. Now, M /T is the proportion of sample
observations for which D;; = 1. In this case, Pr(D;; = 1) — 1, so that M /T LS 1, and
a mean value expansion of ./\/ll_l ZteTl ((é?/fz,) - l)w;_1 reveals that it is o, (1). Hence,
'y = 0p(1), also. [
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Proof of Lemma 5. Specifically, Jz4 can be written as

J,,(,,:—Za()lE{ [hoolf l‘(z 1’.7'-, 2:|

i=1

+2/7)1 [ I 161181 —1— t|-7:t Z}f;_l ,} )
0-06,

which is nonzero (certainly, E [(1 /h?o)l,_ls;tz_l |.7-',_2] is nonnegative). n

Proof of Lemma 6. The proof is similar to that of Lemma 3. First, for nonnegligible
estimation effects from the conditional mean,

q 1 [ eliNe o]
/
Jzp =2 anE P 2 Z Vijer—k—jVi—1—ifi_x_;
k=1 t i=0j=0 0=0,

is nonzero, in general, if at least one elementin Jz ¢ is nonzero. This amounts to examining
the typical expectation E {Wtzaf_lat_mf{_m} for/ =m,l <m, and [ > m, where

=0,
s =1, 3. First, for [ =m,

| B 1
E |:h0028;—18t_lft/—1:| :E{E [hoozst 181—1 | Fr—i— 1} fr’—l}
! 6=, ! 6=9,

with the conditional expectation given by E[(h7°)™ 2 "N\ Fii—1]foru=2,4.

Similar to the arguments in Lemma 4, E[(h?o)_ St_ll}—t—l—l] > 0, a.s., and thus
E[(l/h?oz)ef_ls,_l f/_;19=p,, is nonzero. Further, for [ < m,

1
E {ft/—mE [WS?_IEZ—m }—t—m—l:| }
! 0=0,

1
:E{f;_mE |:€t_mE |:W8§_l Ft—m—1:| } B
t 0:0()

and arguments similar to those employed in the proof of Lemma 3 establish that E[(/ ?o)_zx
& _;j1Fi—i—11=0fors =1,3. For [ > m, because F;_;_1 € Fj_y—1,

1 ) . 1
E [Wg;_lgt_mft/_m:| =E{ft’_mg?_lE |:h°°2€t —m| Frem— 1] } R
1 0=0, 1 0=60,

s = 1,3 belong to F;_,,—1 and previous arguments show that

7'3—1—1}

where the elements 5: I

E[(h7°) " %61—m| Fi—m—1lp=0, = 0.
Second, for Jz 4, the expectation to be examined is E[(l/h?oz)af_ls?i’m]gﬁgo, s=1,3
for l =m, | > m, and [ < m. Arguments similar to those used in the proof of Lemma
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3(i) show that Jz = 0. In particular, notice that for s = 1, the preceding expectation was
shown to be zero for all three cases in Lemma 3. Similar arguments also apply for s = 3. B

Proof of Lemma 7. First, with ¢ = (h?o)_lz‘,l?’io wig—1-if/_,_; and rf° =

(h?o)_l S0 WivVi—1—i> Iz can be written as

q 1 [ elNe o]
Jrp =2, anE [hooz > D l//jgt—k—jvt—l—if[/—k—j:|

k=1 t  i=0j=0 0=0,
For a typical elementin Jz, the expectation to be examined is E[(l/h?oz)lt_lg,_lst_m X
ft/—m] for the cases [ =m, [ <m, and [ > m. Consider just/ =m; here we have E[(l/hfoz) X
I,_lgtz_lft’_l]gzgo = E{E[(l/h,z)lt_lstz_l | Fi—1—11f/_;}9—0,~ Which is certainly nonzero.

Second, with x> = (h$°)~1 Yo visyY ;s Jay in (11) can be written as

1 e oo/
Jan=E|—5 2 2 ViVivi-1-isi)_;
h[ i=0j=0 0=0,

1
For a typical element in Jz, the expectation to be examined is E Wlt—lﬁ't—lsfi/m
!
for the cases [ =m, [ <m, and [ > m. Arguments similar to those employed previously

show that this is nonzero in general. n



