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Abstract. This paper develops a new method to directly determine the composite elastic modulus of the reinforced con-
crete cantilever pile rather than adopt theoretical or empirical approaches. On the basis of the theory of material mecha-
nism, the load-deflection equation was deduced to create the relationship between the elastic modulus and the ratio of 
load-deflection. The numerical modelling tests based on ANSYS separation modelling technology were carried out to 
determine the composite elastic modulus under different reinforcement ratio, concrete strength grade and distribution pat-
tern of driving force. The results can be used to create the quantitative relationship between the composite elastic modulus 
and reinforcement ratio as well as concrete strength grade. Comparison amongst various lateral load pattern were made to 
show that the deflection of pile head is obviously affected by the lateral load pattern, and the corresponding equations of 
the deflection of the pile head under different lateral load pattern were proposed, which can reflect the ranking of the great 
influence on the deflection of the pile head, rectangular, trapezoidal and triangular lateral load pattern in order.
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Introduction

The push of fast economic construction into mountain re-
gions has led to a tangible increase in occurrence of land-
slide geohazards. The anti-slide pile without a doubt is 
the best choice to prevent the landslide. Composite elas-
tic modulus of reinforced concrete and the lateral load 
pattern are the two crucial factors influencing the deflec-
tion of pile head, and their value determination methods 
have been undertaken by more and more researchers all 
over the world. 

There are numerous empirical equations to predict 
the modulus of elasticity as a function of compressive 
strength. Jang et al. (2006) presented an elastic modulus 
equation to predict the elastic modulus of structural ma-
terials made of high and ultra high-strength concrete un-
der the domestic situation in Korea. The performance of 
adaptive neuro-fuzzy inference system (ANFIS) for pre-
dicting the elastic modulus of normal- and high-strength 
concrete was performed by Aydin et al. (2006). To ob-
tain a practical and universal equation for the modulus 
of elasticity, multiple regression analyses have been con-
ducted by using a large amount of data, Noguchi et al. 
(2009) proposed an equation applicable to a wide range 
of aggregates and admixtures for different concretes. 
Gupta et al. (2011) carried out the experiments to study 

the change in direct compressive strength and elastic 
modulus of recycled aggregate concrete in presence of 
fly ash.

Also, some researchers focused on the impact of 
the component and combined environment on the elastic 
modulus of the concrete. Yang et al. (1996) discussed the 
impact of moduli of mortar and artificial aggregate on the 
elastic modulus of concrete. Narayanan and  Ramamurthy 
(2000) summarized the structure characteristic and me-
chanical properties of aerated concrete. Su et al. (2002) 
examined the effect of sand ratio on the elastic modu-
lus of self-compacting concrete under various sand ratio 
condition via slump test, slump flow test, and box test. 
Khalfallah (2008) proposed a new approach based on 
the bond stress distribution through the transfer length 
between the zero-slip and the cracked sections. The ef-
fects of high temperature on compressive strength and 
elastic modulus of high strength concrete were experi-
mentally investigated by Kim et al. (2009). Heirany and 
Ghaemian (2012) carried out the study on the effect of 
dam-reservoir-foundation interaction on nonlinear behav-
iour of concrete gravity dams by a two-dimensional fi-
nite element method approach, concerning the physical 
and mechanics properties of concrete, such as modulus 
of elasticity, tensile strength and specific fracture energy. 
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With respect to the composite elastic modulus of ma-
terial, several methods are developed to conduct the study 
of composite elastic modulus and mechanical behaviour of 
reinforced concrete pile. Chen et al. (2000) and Yu et al.  
(2008) examined the equivalent modulus of composites by 
utilizing the micromechanics theoretical method. Tian and 
Qin (2005) developed a mixed model to investigate the va-
lidity of the elastic modulus of composites on the basis of 
the continuum mechanics theory. Recently, the homogeni-
zation method is considered as the popular method to cal-
culate the equivalent properties of macroscopic compos-
ites. Hassani and Hinton (1998a, 1998b, 1998c) presented 
the detailed review and discussion of homogenization and 
topology optimization. Zhao and Chen (1998) presented 
the analytical expressions of the effective elastic moduli 
for concrete under a uniform stress field. Sakaguchi et al. 
(2004) simulated the elastic modulus and polymerization 
shrinkage of a light activated polymer matrix composite by 
using a generalized method of cells (GMC) micromechan-
ics model. Kreja et al. (2005) presented sensitivity analysis  
of beams and frames assembled of thin-walled members 
within the adjoint approach. Marfisi and Burgoyne (2007) 
exposed the micro-structure of concrete with FRP Rein-
forcement using magnetic resonance imaging technology. 
However, few studies have been done on the determina-
tion methods of composite elastic modulus of reinforced 
concrete pile under the lateral load. Grabiec (2013) 
studied the rheological properties of self-compacting  
concrete mixes containing a viscosity agent (VMA) in 
their composition. Stehlík (2013) examined the literatures 
published in the field of application of recycled materials  
in the building industry to contribute to the enhancement 
of the existing findings with new experience in using 
waste admixtures. 

In terms of the studies on the pile subjected to the 
lateral loads, the achievements mainly were obtained by 
using the field test, model test and numerical modelling 
methods. Rajashree and Sundaravedivelu (1996) carried 
out the analysis of laterally loaded piles in soft clay, ide-
alising the pile as beam elements and the soil by nonlin-
ear inelastic spring elements modelled with elasto-plastic  
sub-elements. Halabe and Jain (1996), Karthigeyan et al.  
(2006) analysed the single piles under pure lateral loads, 
and discussed the influence of related parameters. Fırat 
et al. (2006) conducted the lateral load estimation from 
visco-plastic mud-flow around cylindrical row of piles 
using principles of applied fluid mechanics. Sližytė 
(2001a, 2001b) conducted the study on estimation of ax-
ially-loaded bored piles interaction in the design of pile 
foundation, and also examined the interaction estimation 
of piles bored in sand. Rudžionis and Ivanauskas (2004) 
presented a study on the influence of thermal-electrical 
fly ash on the cement paste hydration process. In order 
to increase the strength of the structural elements under 
the specific service condition, Bulavs et al. (2005) devel-
oped a way of improving the capacity in bending by the 
use of FRP layers on RC beams with taking into account 
the non-linear deformation character. Das and Basudhar 

(2006) investigated the application of the artificial neural 
network model to predict the lateral load capacity of piles 
in clay. Tahghighi and Konagai (2007), Voottipruex et al. 
(2011) carried out the numerical analysis of nonlinear 
soil–pile group interaction under lateral loads. Kahyaoğlu 
et al. (2012) investigated the effects of pile spacing and 
pile head fixity on the moment and lateral soil pressure 
distribution along slope stabilizing piles. Sivilevičius  
et al. (2012) conducted the experimental study on tech-
nological indicators of pile-columns at a construction 
site. Dezi et al. (2012) presented the results of lateral 
impact load field tests conducted on a near-shore steel 
pipe pile vibro-driven into soft marine clay. 

Amongst limited research works in the field of lat-
eral load acting on piles, the researchers realized that the 
quality of lateral load distribution in the analysis process 
has a dramatic effect on estimation of the need to the 
force and the displacement of systems and structural ele-
ments. Bransby and Springman (1999) presented a finite 
element study to determine the pile-soil-pile interaction 
behaviour for closely spaced pile rows and groups under 
passive lateral loading from soil movement. Ozden and 
Akdag (2009) discussed the modelling considerations, 
results and analyses of monotonic lateral load tests on 
SFRC model piles surrounded by a cohesionless soil 
layer in a testing pool. Etedali and Irandegani (2011) 
evaluated the nonlinear static analysis of structures un-
der two lateral load patterns, including uniform and tri-
angular lateral load patterns. Khoshnoudian et al. (2011) 
proposed the lateral load pattern for pushover analysis 
is given in two forms for symmetric concrete buildings 
instead of the conventional triangular and uniform load 
patterns. Nevertheless, the related studies only focused 
on the uniform and triangular lateral load patterns.

There are several existing methods of presenting 
the composite elastic modulus and the lateral load act-
ing on piles; unfortunately, few of them are able to take 
into account the composite elastic modulus of reinforced 
concrete pile and the distribution pattern of driving force 
together. This paper aims to propose a new way to study 
the influence of composite elastic modulus and lateral 
load pattern on deflection of pile head by utilizing both 
the analytical and the numerical modelling methods. The 
study could illustrate and provide some valuable sugges-
tions to determine the composite elastic modulus param-
eters and the deflection of pile head for the cantilever pile 
engineering practice.

1. Relation between elastic modulus and deflection

In this study, the calculation model of a reinforced con-
crete cantilever pile applied with a uniformly distribut-
ed load can be performed (Fig. 1), where the length of 
the pile is h and the uniformly distributed load is q. By 
knowing the value of elastic modulus (E) and the sec-
tional inertia moment I, the flexural rigidity of the pile 
can be determined by multiplying E by I. On the basis of 
this classic mechanical model, the relationship between 
elastic modulus and deflection can be performed. 
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Although there is a linear displacement occurring 
along the medial axis during the bending of the rein-
forced concrete cantilever pile, the deflection of the en-
gineering bending component is far less than the length 
of the pile. Therefore, the linear displacement occurring 
along the medial axis can be ignored so as to assume 
that the medial axis should be a flat curve after bend-
ing. In the coordinate shown in Figure 1, the relationship 
between deflection and the medial axis curve can be ex-
pressed as follows: 

  (1)

where: x is the horizontal coordinate of the point be-
fore bending deformation; and w is the corresponding  
deflection. 

Based on the theory of material mechanics, the 
physical relationship between deflection w and the mo-
ment M can be set so as to obtain the deflection curve 
equation (Eqn (2)) of the pile (Sun et al. 2002):

  
(2)

If the cross section of the pile is the same and the flex-
ural rigidity of the pile (EI) is constant, the mathematical 
integration on the deflection w will give the following 
equation:

  (3)

On the basis of the mechanical model of the cantilever 
pile with the uniformly distributed load shown in Fig-
ure 1, we can establish the relationship between the mo-
ment M and the uniformly distributed load q can be es-
tablished as follows:

  (4)

where h is the length of the pile. 
The deflection solution w can be obtained by a sys-

tem of equations (Eqns (3) and (4)):

  (5)

Due to the uniformly distributed load of the rectangular 
pattern, the total force acting on the pile F is equal to q 
multiplied h, i.e. F = qh. 

The maximum deflection occurs at the end of the 
pile, i.e. x = h, where the maximum deflection Wrm can 
be obtained:

 
 (6)

Then, the elastic modulus E can be expressed as: 

  (7)

Eqn (7) shows that the relationship between the elastic 
modulus and the deflection is inversely proportional, i.e. 
the smaller is the elastic modulus, the larger is the deflec-
tion, and vice versa. Moreover, h and I are the constant 
values; therefore, the key problem to determine the elas-
tic modulus is the ratio between the uniformly distributed 
load and deflection (q/wrm). Under the condition of the 
maximum deflection, the minimum elastic modulus of 
the composites can be used as the design parameters for 
the engineering practice. 

2. Composite elastic modulus of reinforced  
concrete cantilever pile
2.1. Calibration test of composite elastic modulus
Figure 2 shows the cross-section dimension of the rein-
forced concrete cantilever pile and the load (the strength 
grade of concrete is C20). With respect to the concrete 
C20, the Young’s Modulus is 2.55×104 MPa and the Pois-
son’s ratio is 0.30. Under the first computational case,  
q = 3.6 N/mm, the deformation of the bending curve of 
the cantilever pile under the case of no steel bars (Fig. 3) 
can be obtained by using the ANSYS software. 

Fig. 1. Mechanical model of cantilever pile with uniformly 
distributed load

Fig. 2. Size of cantilever pile under the action of uniformly 
dstributed load
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Under this case, the computational result shows 
that the maximum deflection wrm is 0.228085 mm at the 
point of B; therefore, it can be represented by wB, which 
can be used in Eqn (7) to calculate the elastic modulus, 
and then we can arrive Ec = 2.47×104 MPa. Comparing 
the calculated result with the real elastic modulus of the 
cantilever pile (Ec = 2.55×104 MPa), the difference is 
quite small, only 3.1%. The computed result can be ac-
cepted because it lies within the allowable range. The 
above calibration test proves the accuracy of the numeri-
cal modelling method to calculate the composite elastic 
modulus is feasible.

2.2. Solution for composite elastic modulus of pile
With reference to the case of the steel bar inside the con-
crete, tension and stirrup reinforcements are inside the 
reinforced concrete cantilever pile, whose detailed ar-
rangement is presented in Figure 4. The corresponding 
computational model can be performed with the 4 tension 
steel bars, 2 auxiliary steel bars and stirrup reinforcement 
(Figs 2 and 4). The Poisson’s ratio of the steel bar is 0.3. 
Table 1 shows the detailed parameters of the steel bars.

The separation modelling technology is used to 
conduct the numerical modelling. SOLID65 element is 
selected for the concrete modelling, and the LINK8 ele-
ment is adopted for the steel bars. This way of modelling  
method deals with the microstructure property of the re-
inforced concrete cantilever pile.

Under different cases, the deflection of the rein-
forced concrete cantilever pile can be calculated by using 
the ANSYS software (Table 2). The displacement contour 
graph of Y direction under q = 12 N/mm is presented in 
Figure 5, where the maximum deflection = 0.579427 mm.  
The relationship between the load and deflection indi-
cates the good quality linear relationship (Fig. 6). 

The corresponding relationship equation of q and 
wB can be obtained by using the curve fitting (Eqn (8)), 
with the correlation coefficient square of 0.9940, where 
the slope of the linear curve is q/wB = 19.858:

  (8)

Using Eqn (7), and the value of q/wB = 19.858, the com-
posite elastic modulus of the reinforced concrete cantilever  
pile can be obtained, i.e. Ece = 3.1×104 MPa, which is 
larger than that of the plain concrete. The reason is that 

Table 1. Mechanical parameters of different steel bars 

Kind of steel bars Diameter
(mm)

Elastic modulus
(MPa)

Tension steel bars 20 2.0×105

Auxiliary steel bars 16 2.0×105

Stirrup reinforcement 8 2.1×105

Table 2. Pile head deflection obtained by numerical 
simulation under different loads

No. Collection degree of load 
(N/mm)

Stress
(MPa)

Deflection
(mm)

1 0.0 0.00 0.000000
2 2.4 0.02 0.092562
3 4.8 0.04 0.185124
4 7.2 0.06 0.301480
5 9.6 0.08 0.417984
6 12.0 0.10 0.579427
7 14.4 0.12 0.724165
8 16.8 0.14 0.873573
9 19.2 0.16 1.016000

Fig. 3. Bending deformation of cantilever pile without steel 
bars under uniformly distributed load with a collection  
degree of 3.6 N/mm 

Fig. 4. Cross sectional dimensions of reinforced concrete 
cantilever pile

Fig. 5. Y-direction displacement contour of cantilever pile 
with steel bars under uniformly distributed with a collection 
degree load of 12 N/mm
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the composite elastic modulus of reinforced concrete de-
pends on the reinforcement ratio of steel bars and the 
concrete strength grade. Therefore, the influence of rein-
forcement ratio and concrete strength grade acting on the 
composite elastic modulus should be discussed in details 
in the following sections.

2.3. Influence of reinforcement ratio on composite 
elastic modulus
In order to examine the influence of reinforcement ratio 
on composite elastic modulus, we assume that the grade 
of the concrete is kept constant, i.e. C25. The reinforce-
ment ratio varies from 0.0424 to 0.1340 with the diam-
eter of the steel bar varies from 18 mm to 32 mm under 
a collection degree load of 12 N/mm. The correspond-
ing deflection (pile head) and composite elastic modulus 
under different reinforcement ratio are listed in Table 3.

The composite elastic modulus increases with the in-
crease of the reinforcement ratio (Fig. 7). Furthermore, the re-
lationship can be expressed by a Polynomial function (Eqn (9))  
with the correlation coefficient square of 0.9944, which 
shows that the high fitting precision of the fitting equation:

  (9)

where: ρ is the reinforcement ratio; and Ece is the com-
posite elastic modulus (MPa). 

 Under the condition of reinforcement ratio ρ is 
equal to 0, i.e. plain concrete; the corresponding com-
posite elastic modulus is 27988.035 MPa, which is quite 
close to the actual elastic modulus of plain concrete with 
strength grade C25, namely 28000 MPa. 

2.4. Influence of concrete strength on the composite 
elastic modulus
It is possible to study the influence of concrete strength 
grade on composite elastic modulus under the case of 
constant reinforcement (the steel bar diameter is 20 mm), 
while the concrete strength grade varies from C20 to C55 
(Table 4).

With reference to Figure 8, the following conclu-
sions can be drawn: (1) the higher is the concrete strength 
grade, the greater is the composite elastic modulus;  
(2) the relationship between the composite elastic modu-
lus and the concrete strength grade is well fitted by lin-
ear function curve, with the correlation coefficient square 
of 0.9721, which can be expressed by the following  
equation (Eqn (10)):

  (10)

where: Ec is the elastic modulus of concrete. 

Table 3. Deflection and composite elastic modulus with 
concrete strength grade C25 under different reinforcement ratio

Diameter of 
steel bar

(mm)

Reinforcement 
ratio

Deflection
(mm)

Composite 
modulus
(MPa)

18 0.0424 0.64 29300
20 0.0524 0.56 33300
22 0.0634 0.50 37200
25 0.0819 0.45 41300
28 0.1026 0.40 46700
32 0.1340 0.37 50200

Table 4. Deflection and composite elastic modulus under 
different concrete strength grade

Strength 
grade of 
concrete 

Elastic 
modulus
(MPa)

Load
(N/m = m)

Deflection
(mm)

Composite 
elastic modulus 

(MPa)
C20 25500 12 0.576118 32550
C25 28000 12 0.562843 33310
C30 30000 12 0.551320 34010
C35 31500 12 0.545646 34360
C40 32500 12 0.541902 34600
C45 33500 12 0.530189 35360
C50 34500 12 0.522042 35910
C55 35500 12 0.521965 35920

Fig. 6. Fitting relationship curve between collection degree of 
loads and deflection of pile head

Fig. 7. Fitting relationship curve between composite elastic 
modulus and reinforcement ratio
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The comparison between the above two fitting 
equations (Eqns (9) and (10)) indicates that the over-
all increasing trend of the composite elastic modulus is 
the same. However, the coefficient of Eqn (9) is much 
greater than that of Eqn (10), it means that the contri-
bution of the steel bar is much larger than that of the 
concrete, i.e. the reinforcement ratio of the steel bar is 
the crucial role influenced the composite elastic modu-
lus of the pile. 

3. Influence of lateral load pattern on deflection  
of pile head

The landslide is considered as a lateral distribution load 
on the pile. However, the distribution form of the driv-
ing force is not always represented as the rectangular 
uniform distribution. As a result, besides the rectan-
gular distribution form of driving force, the more uni-
versal distribution form, such as triangular distribution 
and trapezoidal distribution, should also be seriously  
examined. 

3.1. Triangular distribution function of lateral load
We suppose that the height of the pile is h (Fig. 9), and 
the total driving force of landslide is F; then we can gain 
the expression of the stress distribution is:

  (11)

The deflection curve equation of the triangular distribu-
tion function of force can be deduced by the similar ap-
proach of rectangular distribution form presented above, 
and it can be expressed as follows:

  (12)

At the tip point of the pile, when x reaches to the head 
of the pile, i.e. x = h, the deflection of the pile head can 
be expressed as follows:

  (13)

Substitute Eqn (11) into Eqn (13), the relation equa-
tion between the driving force and the deflection can be  
obtained:

  (14)

3.2. Trapezoidal distribution function of lateral load
Under the case of trapezoidal distribution function, a 
similar analysis of load distribution can be performed. 
We can gain the expression of the total driving force:

  (15)

where: α is the slope angle of the driving force (Fig. 10). 
This yields expressions relating q and F:

  (16)

Figure 10 illustrates that the trapezoidal distribution can 
be divided into two parts, one is the triangular distri-
bution part, and the other is the rectangular distribution 
part. On the basis of the superposition principle of mate-
rial mechanics, the deflection of the pile under trapezoi-
dal distribution condition can be obtained by the sum of 
that by the triangular distribution part and the rectangular 
distribution parts. 

Thereby, the total deflection under the trapezoidal 
distribution can be expressed as follows:

  (17)

where: wrm is the deflection of the pile head under 
the rectangular distribution (Eqn (6)), while wtm is the  

Fig. 8. Fitting relationship curve between composite elastic 
modulus and elastic modulus of concrete

Fig. 9. Mechanical model of cantilever pile with triangular 
distribution load
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deflection of the pile head under the triangular distribu-
tion (Eqn (13)).

Substituting Eqns (6) and (13) into Eqn (17), we can 
then get the expression of wtpm: 

  (18)

where: q1, q2 and q are the maximum load intensities of 
the triangular, rectangular and trapezoidal distributions, 
respectively.

Figure 10 shows that geometrical relationship be-
tween q2 and q, which can be expressed as follows:

  (19)

Substituting Eqn (16) into Eqn (19), we can arrive to the 
relationship between F and q2:

  (20)

Then, substituting Eqn (20) into Eqn (18), we can finally 
obtain the expression of the deflection of the pile head 
under the trapezoidal distribution load:

 
 

(21)

3.3. Comparison and analysis
Comparison amongst the above three kinds of load distribu-
tion, including rectangular (Eqn (6)), triangular (Eqn (14))  
and trapezoidal (Eqn (21)) distribution, shows that the 
deflection of pile head is obviously affected by the load 
distribution pattern, which can reflect the ranking of the 
great influence on the deflection of the pile head, rectan-
gular, trapezoidal and triangular lateral load pattern in 
order. It is clear to find that the deflection of the pile head 
under the rectangular load pattern is always the largest. 

Correspondingly, the deflection of the pile head under the 
triangular is only 53.33% of that under the rectangular 
load pattern. Therefore, in order to calculate the deflec-
tion of the pile head, it is crucial to investigate the lateral 
load pattern of driving force at first.

4. Discussion 

During the engineering practice, the elastic modulus of 
the reinforced concrete has been always replaced by the 
elastic modulus of concrete due to the conservation de-
sign purpose. However, the study in this paper points out 
that the composite elastic modulus which affected by the 
reinforcement ratio and concrete strength grade should 
not be ignored. Also, this paper presents a quantitative 
way of determining the composite elastic modulus of re-
inforced concrete pile.

 The comparison and analysis presented above show 
that different lateral load pattern would induce different 
deflection of pile head. However, in the practice of land-
slides engineering, it is always difficult to determine the 
load distribution pattern of the driving force, while the 
deflection of pile head can be obtained easily. Therefore, 
it is possible to carry out a back-analysis to conduct the 
study on load distribution pattern of driving force via the 
displacement of the pile head. 

Conclusions 

This paper developed a separation modelling technolo-
gy to conduct the numerical modelling of reinforcement 
pile, which can reflect the microstructure property of the 
reinforced concrete cantilever pile. A calibration test is 
used as a case study to prove the accuracy of the numeri-
cal modelling method applied to the pile of composite 
elastic modulus. The results showed that the difference 
is only 3.3%, which can be accepted within the allow-
able range, it proved the high accuracy of the numerical 
modelling method. The above calibration test proves the 
accuracy of the numerical modelling method to calculate 
the composite elastic modulus is feasible.

Based on the basic theory of the material mecha-
nism, the load-deflection equation can be performed to 
develop a way of determining the composite elastic mod-
ulus of the reinforcement pile by using the finite element 
method. The numerical modelling result shows that the 
composite elastic modulus of the reinforcement pile in-
creases with the increasing of the reinforcement ratio and 
concrete strength grade. Furthermore, the reinforcement 
ratio of steel bar is the crucial role due to its great con-
tribution to the whole. 

Comparison amongst various lateral load pattern 
were made to show that the deflection of pile head is 
obviously affected by the lateral load pattern, and the 
corresponding equations of the deflection of the pile head 
under different lateral load pattern were proposed, which 
can reflect the ranking of the great influence on the de-
flection of the pile head, rectangular, trapezoidal and tri-
angular lateral load pattern in order.

Fig. 10. Mechanical model of cantilever pile with trapezoidal 
distribution load
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It is crucial to investigate the distribution load pat-
tern at first so as to calculate the deflection of the pile 
head. On the whole, the deflection under the triangular 
distribution load is the smallest, and the deflection under 
the rectangular distribution load is the largest. With the 
change of the inclination angle of load distribution, the 
deflection under the trapezoidal distribution load is in-
tervenient among the above two limits. Furthermore, the 
above analysis related to the deflection and load distri-
bution pattern would be used to perform a back-analysis 
problem, which is of great importance to the structure 
design of anti-slide piles.
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