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Abstract. In the real decision-making, there are many multiple attribute decision-making (MADM) 
problems, in which there exists the prioritised relationship among decision-making attributes. In 
this paper, with respect to the prioritised multi-criteria decision-making problems under intuition-
istic trapezoidal fuzzy information, a new decision-making method on the basis of the intuitionistic 
trapezoidal fuzzy prioritised ordered weighted aggregation operator has been proposed. Firstly, the 
definitions, operational rules and characteristics of intuitionistic trapezoidal fuzzy numbers and 
POWA operator have been introduced. Then, intuitionistic trapezoidal fuzzy prioritised ordered 
weighted aggregation (ITFPOWA) operator has been defined as well as the computational method 
of associated weight, and some properties have been studied and proved. Furthermore, based on the 
ITFPOWA operator, an approach to the multi-criteria decision-making with intuitionistic trapezoi-
dal fuzzy numbers has been established. Finally, an illustrative example has been given to prove the 
evaluation procedures of the developed approach and to demonstrate its practicality and validity.
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Intuitionistic fuzzy theory and its application in economy, technology and management

Introduction 

There are many multi-attribute decision-making (MADM) problems, which received 
considerable attention in the past few years. Since Zadeh (1965) proposed the theory of 
fuzzy set (FS), the research on fuzzy MADM (FMADM) problems has become a hot focus 
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(Merigó et al. 2015). Based on the fuzzy set, Atanassov (1986) presented the intuitionistic 
fuzzy set (IFS) by adding a new non-membership function, and then Atanassov and Gar-
gov (1989), Atanassov (1994) proposed the interval-valued intuitionistic fuzzy set (IVIFS), 
which is a generalisation of the FS and IFS. The basic feature of the IVIFS is that the val-
ues of its membership function and non-membership function take the form of interval 
numbers rather than crisp numbers. On the basis of the presented theory, a great amount 
of extensions have been made (Yu, Shi 2015). Shu et al. (2006) presented the definition of 
intuitionistic triangular fuzzy number, and constructed an algorithm of the intuitionistic 
fuzzy fault-tree analysis. Zhang and Liu (2010) defined the triangular intuitionistic fuzzy 
numbers by extending the membership degree and the non-membership degree to the tri-
angular fuzzy numbers, and proposed the weighted arithmetic averaging operator and the 
weighted geometric average operator. Furthermore, based on these operators, a method of 
multiple attribute group decision-making (MAGDM) with triangular intuitionistic fuzzy 
information has been established. New arithmetic operations and logic operators for trian-
gular intuitionistic fuzzy numbers and a new method based on evidential reasoning were 
presented by Wang et al. (2013a, 2013b). The hesitant FMADM problem was investigated 
and some prioritised aggregation operators for aggregating hesitant fuzzy information were 
proposed, namely, hesitant fuzzy prioritised weighted average (HFPWA) operator and hesi-
tant fuzzy prioritised weighted geometric (HFPWG) operator (Wei 2012). Some prioritised 
aggregation operators for aggregating triangular fuzzy information have been developed by 
Zhao et al. (2013). Fuzzy number intuitionistic fuzzy prioritised weighted average (FNIFP-
WA) operator and fuzzy number intuitionistic fuzzy prioritised weighted geometric (FNIF-
PWG) operator were proposed by Lin et al. (2013). The method with intuitionistic interval 
fuzzy information was applied to group decision-making (Wang et al. 2014). 

At present, there are some studies on the intuitionistic trapezoidal fuzzy numbers 
mainly including the following: Wang (2008) proposed the conception of the intuitionistic 
trapezoidal fuzzy number and interval intuitionistic trapezoidal fuzzy number. Wang and 
Zhang (2008) proposed a programming method for the MADM problems with intuition-
istic trapezoidal fuzzy number and incomplete weight information. Wan and Dong (2010) 
defined a new ranking method by using the coordinates of gravity centre about intuitionis-
tic trapezoidal fuzzy number, and proposed the ordered weighted aggregation operator and 
hybrid aggregation operator to solve the MADM problems with intuitionistic trapezoidal 
fuzzy numbers. Wei (2010) proposed the intuitionistic trapezoidal fuzzy ordered weighted 
averaging (ITFOWA) operator and intuitionistic trapezoidal fuzzy hybrid aggregation (IT-
FHA) operator and pointed out a method with respect to MAGDM problems, where the 
attribute values are intuitionistic trapezoidal fuzzy information. The weighted geometric 
aggregation operator of trapezoidal fuzzy numbers for group decision-making was pre-
sented by Liu and Jin (2012a). Some new aggregation operators including interval intui-
tionistic trapezoidal fuzzy ordered weighted geometric (IITFOWG) operator and interval 
intuitionistic trapezoidal fuzzy hybrid geometric (IITFHG) operator were proposed, and 
some desirable properties of these operators were studied by Wei et al. (2012). Zhang et al. 
(2013) proposed a grey relational projection method for the MADM problems with the 
intuitionistic trapezoidal fuzzy number and the unknown weight information. Liu and Yu 
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(2013) proposed the method of calculating density weighted vector and developed some 
density aggregation operators based on interval numbers and intuitionistic trapezoidal 
fuzzy numbers. Then, a multiple attribute decision-making method for the MADM prob-
lems with the intuitionistic trapezoidal fuzzy numbers was presented. Liu, D. P. and Liu, Y. 
(2014) proposed an intuitionistic trapezoidal fuzzy power generalised weighted average 
(ITFPGWA) operator, and propounded an approach to deal with group decision-mak-
ing problems under intuitionistic trapezoidal fuzzy information based on the ITFPGWA 
operator. Chen and Liu (2014) proposed the intuitionistic trapezoidal fuzzy generalised 
Heronian OWA operator, and applied it to the MADM problems where the evaluation of 
information is depicted by intuitionistic trapezoidal fuzzy information. Heronian mean 
operators were applied for group decision-making (Liu et al. 2014). Uncertain linguistic 
variables and uncertain linguistic operators were analysed (Liu, Jin 2012b, 2012c; Liu, Yu 
2014; Liu, Wang 2014). 

The above researches were mainly on the MADM problems, in which attributes have 
been independent of each other and had no precedence relationship. However, in real de-
cision-making, there exists a kind of MADM problems with the precedence relationship 
between the attributes. Yager (2004) studied this kind of the decision-making problems and 
emphasised that the importance of attributes with a lower priority has been determined on 
the basis of the extent, to which alternatives should satisfy the attributes with higher prior-
ity. Then, Yager (2008) proposed a prioritised aggregated operator and further constructed 
the prior “anding” operator and the prior “oring” operator in 2008. Based on prioritised ag-
gregated operator, Yager (2009) proposed the prioritised ordered weighted average (OWA) 
operator for the prioritised decision-making problems, in which there exists a relationship 
between the criteria. Zeng et al. (2014) applied the weighted average operator to business 
decision-making. Yan et al. (2011) used the Hamacher parameterised t-norms to induce 
the priority weight for each priority level and proposed a benchmark-based approach to 
induce the priority weight for each priority level. Then, target-oriented decision analysis 
has been utilised to obtain the benchmark achievement for fuzzy requirements. Some of 
Hamaxer aggregation operators were applied to group decision-making (Liu 2014). Some 
new aggregation operators based on the Choquet integral and Einstein operations and con-
sidering the interactions phenomena among the decision-making criteria or their ordered 
positions were proposed by Xu et al. (2014). The intuitionistic fuzzy group decision-making 
problem, in which all the experts use the intuitionistic fuzzy preference relations (IFPRs) 
to express their preferences was analysed by Liao et al. (2015). 

Xu et al. (2011) defined intuitionistic fuzzy prioritised ordered weighted average (IF-
POWA) operator and established the corresponding method on the basis of IFPOWA 
operator. Guo et al. (2011) developed the prioritised ordered weighted C-OWA (POWC-
OWA) operator and prioritised ordered weighted C-OWG (POWC-OWG) operator, and 
analysed some of their characteristics. Based on POWC-OWA operator, a new method was 
constructed for solving the MADM problems, in which the attribute values are interval 
numbers. 

Based on the aforementioned analysis, aiming at the MADM problems, in which there 
exists a priority relationship between the criteria and the criteria values are intuitionistic 
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trapezoidal fuzzy numbers, we integrate intuitionistic trapezoidal fuzzy numbers and pri-
oritised aggregated operator, and propose the intuitionistic trapezoidal fuzzy prioritised 
ordered weighted average (ITFPOWA) operator. Then, we propose an MADM method on 
the basis of the ITFPOWA operator. In the end, an illustrative example has been given to 
prove the effectiveness and feasibility of the method.

In order to do so, the remainder of this paper is organised as follows: in Section 1, we 
have briefly reviewed some basic concepts, operational rules, comparison method and the 
expected value of the intuitionistic trapezoidal fuzzy numbers, and introduced the defi-
nition of the POWA operator and the relevant weights. In Section 2, we have proposed 
an intuitionistic trapezoidal fuzzy prioritised ordered weighted aggregation (ITFPOWA) 
operator, and discussed some properties. Section 3 gives a method for the multi-criteria 
decision-making with intuitionistic trapezoidal fuzzy numbers based on the ITFPOWA 
operator. In Section 4, we have given an example to show the decision-making steps. The 
last Section ends this paper with some conclusions.

1. Preliminaries 

1.1. Intuitionistic trapezoidal fuzzy numbers 

Definition 1. Let a  be an intuitionistic trapezoidal fuzzy number, if its membership func-
tion is defined as (Wang, Zhang 2008):
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 and 0 1a a≤ µ + ν ≤
 

; 1 1, , , , ,a a b c d d R∈ . The intuitionistic trap-
ezoidal fuzzy number is denoted as 1 1([ , , , ]; ),([ , , , ]; )a aa a b c d a b c d= µ ν

 

 . Comparing with 
trapezoidal fuzzy numbers, the intuitionistic trapezoidal fuzzy numbers have another pa-
rameter: non-membership function, which is used to depict the degree of which the de-
cision makers think that the element does not belong to 1 1[ , , , ]a b c d .When 1, 0a aµ = ν =

   , 
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a  is reduced to a trapezoidal fuzzy number. When b  = c, the intuitionistic trapezoi-
dal fuzzy numbers become intuitionistic triangular fuzzy numbers. Generally, there is 

1 1[ , , , ] [ , , , ]a b c d a b c d=  in intuitionistic trapezoidal fuzzy number a , and then we can ex-
press it as [ , , , ]; ,a aa a b c d=< µ ν >

 

 . 1a a au vπ = − −
  

 indicates the hesitated degree of a . The 
smaller aπ



 is, the more certain the fuzzy number is. If 0d c b a≥ ≥ ≥ ≥ , we can call a  as 
positive intuitionistic trapezoidal fuzzy numbers.

Comparing with the intuitionistic fuzzy numbers, intuitionistic trapezoidal fuzzy num-
bers added to trapezoidal fuzzy numbers [ , , , ]a b c d  can express different dimensional deci-
sion-making information more exactly.

Definition 2 (Wang, Zhang 2008). Let 
1 11 1 1 1 1[ , , , ]; ,a aa a b c d u v=< >
 

  and 

2 22 2 2 2 2[ , , , ]; ,a aa a b c d u v=< >
 

  be two positive intuitionistic trapezoidal fuzzy numbers, 
0λ ≥ , then the operational laws between 1a  and 2a can be defined as follow:

 1 2 1 2 1 21 2 1 2 1 2 1 2 1 2[ , , , ]; ,a a a a a aa a a a b b c c d d u u u u v v+ =< + + + + + − >
     

  ;  (3)

                1 2 1 2 1 21 2 1 2 1 2 1 2 1 2[ , , , ]; ,a a a a a aa a a a b b c c d d u u v v v v=< − >
     

  ;                                 (4) 

                1 11 1 1 1 1[ , , , ];1 (1 ) ,a aa a b c d u vλ λλ =< λ λ λ λ − − >
 

 ;                                             (5)

           111 1 1 1 1[ , , , ]; ,1 (1 )aaa a b c d u vλ λ λ λ λ λ λ=< − − >




 .                                                    (6)

Theorem 1. Let 
1 11 1 1 1 1[ , , , ]; ,a aa a b c d=< µ ν >
 

  and 
2 22 2 2 2 2[ , , , ]; ,a aa a b c d=< µ ν >
 

  be two 
positive intuitionistic trapezoidal fuzzy numbers, then there are the following properties 
about the calculation rules between 1a  and 2a :

1 2 2 1a a a a+ = +    ;                                                               (7)

1 2 2 1a a a a=    ;                                                                      (8)

1 2 1 2( ) , 0a a a aλ + = λ + λ λ ≥    ;                                              (9)

1 1 2 1 1 2 1 1 2( ) ,  ,  0a a aλ + λ = λ + λ λ λ ≥   ;                               (10)

1 2 1 21 1 1 1 2( ) ,  ,  0a a aλ λ λ +λ= λ λ ≥   ;                                      (11)

1 1 11 2 1 2 1( ) ,  0a a a aλ λ λ= λ ≥    .                                              (12)

It is easy to prove Theorem 1; therefore, it is omitted here.

Definition 3. Let 
1 11 1 1 1 1[ , , , ]; ,a aa a b c d u v=< >
 

  and 
2 22 2 2 2 2[ , , , ]; ,a aa a b c d u v=< >
 

  be two 
positive intuitionistic trapezoidal fuzzy numbers, then the possibility degree of intuitionis-
tic trapezoidal fuzzy numbers 1 2a a≥   is: 
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where 
1 1 1

1a a au vη = + −
  

, 
2 2 2

1a a au vη = + −
  

.
Suppose 1 2( ) 0.5p a a≥ =  , when 1 2a a=  , i.e. 

1 2 1 21 2 1 2 1 2 1 2, , , , ,a a a aa a b b c c d d u u v v= = = = = =
   

1 2 1 21 2 1 2 1 2 1 2, , , , ,a a a aa a b b c c d d u u v v= = = = = =
   

.
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For a set of intuitionistic trapezoidal fuzzy numbers [ , , , ]; ,
i ii i i i i a aa a b c d u v=< >
 

 , (i = 
1, 2, …, n), the possibility degree ( )ij i jp p a a= >  , (i = 1, 2, …, n; j = 1, 2, …, m) can be 
obtained by the pair-wise comparison, then the possibility degree matrix ( )ij nP p ×=  was 

built. Let 
1

n

i ij
j

p
=

λ = ∑ , we can get the ranking vector 1 2( , ,..., )nλ = λ λ λ . The bigger li is, 

the bigger the intuitionistic trapezoidal fuzzy number is. 

Definition 4. For the positive intuitionistic trapezoidal fuzzy number [ , , , ]; ,a aa a b c d=< µ ν >
 

  , 
its expected value is shown as follows:

 

1( ) ( ) (1 )
8 a aI a a b c d= × + + + × + µ − ν   

 ,  (14)

where ( ) / 4a b c d+ + +  is the expectation of trapezoidal fuzzy number [ , , , ]a b c d , 
( 1 ) / 2a au v+ −
 

 is the expectation of intuitionistic fuzzy number ( , )a aµ ν
 

.

1.2. Prioritised ordered weighted aggregated operator (POWA)

1.2.1. Definition of a POWA operator

Definition 5 (Yager 2009). Suppose that we have a collection of criteria partitioned into p 
distinct categories 1 2, ,..., pH H H  such that { }1 2, ,...,

ii i i inH a a a= . Here aij are the criteria 
in the category Hi. We assume a prioritisation between these categories 1 2 ... pH H H> > > .

The criteria in the class Hi have a higher priority than those in Hk if i < k. The to-

tal set of criteria is 1
p

iiC H== . We assume 
1

p

i
i

n n
=

= ∑  is the total number of criteria. If
:[0,1] [0,1]n

pf → , then

 
1 2

1
( , ,..., )

p

p n i i
i

f a a a w f
=

= ∑ ,  (15)

where 
1

in

i ij ij
j

f a
=

= ω∑  is the aggregated value in the category Hi by weighted aver-
age operator, 1 2( , ,..., )

i
T

i i i inω = ω ω ω is the attribute weight vector of ( 1,2,..., )ij ia j n=
 
. 

Here,
1 1

0 1, 1
inp

ij ij
i j= =

≤ ω ≤ ω =∑∑ . Suppose 1 2( , ,..., )pτ = τ τ τ  is the position weight of 

( 1,2,..., )if i p= , calculated in the non-priority conditions, such that 0 1i≤ τ ≤ ,
1

1
p

i
i=

τ =∑  

and 1 2( , ,..., )T
pw w w w=  is the weight vector associated with the category 1 2, ,..., pH H H ,

[0,1], 1,2,...,iw i p∈ = , 
1

1
p

i
i

w
=

=∑ , then function fp is called as POWA operator.

1.2.2. Position weight

About the position weight 1 2( , ,..., )pτ = τ τ τ , it can be determined according to the actual 
needs, or according to the following methods.

Firstly, we need to set the value [0,1]α∈  as expected attitude characteristics of the 
weighted vector. So, we calculate the position weighted vector 1 2( , ,..., )pτ = τ τ τ  used by 
the following math formula (O’Hagan 1990):
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In addition, the position weight vector t can be determined by combinatorial numbers, 
as follows (Wang, Xu 2008):
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1.2.3. Weight vector associated with the category 1 2, ,..., pH H H  (Yager 2004, 2008)

Suppose Ti is the measurement of the relative importance in every prioritised level. Let 
1 1T = , i iV f= , then 
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− −
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Let ri be a normalised priority-based weight, and ( )irσ  be the corresponding prioritised 

weight of ( )ifσ , ( )ifσ  is the ith largest element of , 1,2,...,if i p= , and let ( )
1

p
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r
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∑
,  1,2,...,i p= .  (19)

Choose the BUM function:

 

1

1
( ) ( ( 1))

j

i j
i

h z pz j
−

=
= τ + τ − −∑ , ( 1) / /j p z j p− ≤ ≤ .  (20)

Let the weight vector associated with the category ( )1 2, ,..., pH H H  be 1 2( , ,..., )T
pw w w w=

and 0( ) 0h R = . Then, 

                                                1( ) ( )i j jw h R h R+= − .                                           (21)

2. Intuitionistic trapezoidal fuzzy prioritised ordered  
weighted aggregation (ITFPOWA) operator 

2.1. Definition of ITFPOWA operator

Supposed there is a set of attributes 
1 211 12 1 21 22 2 1 2( , ,..., , , ,..., , , ,..., )

pn n p p pnC C C C C C C C C C=
and Hi is the corresponding prioritised degree, and meets 1 2 ... pH H H> > >  so that

{ }1 2, ,...,
ii i i inH a a a=    , ija  are the criteria values in the category Hi under the attribute Cij, 

and [ , , , ]; ,a b c d
ij ij ijij ij ij ija a a a a u v=< > , 0 , , , 1a b c d

ij ij ij ija a a a≤ ≤ , 0 1;0 1ij iju v≤ ≤ ≤ ≤ , 0 1ij iju v≤ + ≤
 
, 
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1,2,..., , 1,2,..., ii p j n= = ,.where 
1

p

i
i

n n
=

= ∑ . 1 2( , ,..., )
i

T
i i i inω = ω ω ω  is the attribute weight of 

, 1,2,..., , 1,2,...,ij iC i p j n= = , 
1 1

0 1, 1
inp

ij ij
i j= =

≤ ω ≤ ω =∑∑ . 1 2( , ,..., )pf f f f=     is the aggregated vec-

tor in the category iH ( 1,2,..., )i p=  by intuitionistic trapezoidal fuzzy weighted average 
operator, where

                    1
[ , , , ], ,

in
a b c d

i i i i i i i ij ij
j

f f f f f fu fv a
=

=< >= ω =∑



 
 

 1 1 1 1 1 1
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ωω
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< ω ω ω ω − − >∑ ∑ ∑ ∑ ∏ ∏ .  (22)

Definition 6. If :[0,1] [0,1]nF → , make:

 1 1 1 1 1 1 1
[ , , , ];1 (1 ) , ii

p pp p p p p
wwa b c d

i i i i i i i i i i i i
i i i i i i i

F w f w f w f w f w f fu fv
= = = = = = =

= = − −∑ ∑ ∑ ∑ ∑ ∏ ∏
 ,  (23)

where 1 2( , ,..., )T
pw w w w=  is the associated weighted vector to the function F ,

1
0 1, 1

p

i i
i

w w
=

≤ ≤ =∑ ; then, we call the function F  an intuitionistic trapezoidal fuzzy pri-

oritised ordered weighted aggregated operator, referred to as the ITFPOWA operator.

2.2. Associated weighted vector

Suppose Ti is the measurement of the relative importance of intuitionistic trapezoidal fuzzy 
numbers in every prioritised level, let T1 = 1, Vi is the expected value of the intuitionistic 
trapezoidal fuzzy number if . Then, 
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Let the weight vector associated with the category 1 2, ,..., pH H H  be 1 2( , ,..., )T
pw w w w=  

and 0( ) 0h R = . Then, 

 1( ) ( )i j jw h R h R+= − .  (27)
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2.3. Characteristic of the ITFPOWA operator

Theorem 2. Let [ , , , ]; , ( 1,2,..., )
i i

a b c d
i i i i i a aa a a a a u v i n=< > =

 

  be a set of intuitionistic trapezoi-
dal fuzzy numbers, then the integrated value by ITFPOWA operator is still an intuitionistic 
trapezoidal fuzzy number, and 
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Proof. We can use the mathematical induction method to prove this theorem. When n = 2, 

 1 (1) 2 (2)F w a w aσ σ= +

  ,  (28)

where (1) 1 2max( , )a a aσ =    and (2) 1 2min( , )a a aσ =    are both intuitionistic trapezoidal fuzzy 
numbers, 1 2, [0,1]w w ∈  are both real numbers. From basic operations of intuitionistic trap-
ezoidal fuzzy numbers, we can know, 1 2( , )F a a

   is intuitionistic trapezoidal fuzzy number, 
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Supposed n = k, theorem 2 is right, that is
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Then when n = k + 1, we can get

 

( ) 1 1
1

1 11 1 1 1

( )( ) ( ) ( ) ( ) ( )
1 1 1 1 1 1

[ , , , ];1 (1 ) , .ii

k

i i k k
i

k kk k k k
wwa b c d

i i i i ii i i i i
i i i i i i

F w a w a

w a w a w a w a u v

σ + +
=

+ ++ + + +

σσ σ σ σ σ
= = = = = =

= + =

< − − >

∑

∑ ∑ ∑ ∑ ∏ ∏



 

  (31)

So, when n = k + 1, theorem 2 is still right.
According to the principle of mathematical induction method, we can state that The-

orem 2 holds.

Theorem 3 (Idempotency). Let [ , , , ]; , ( 1,2,..., )
i ii i i i i a aa a b c d u v i n=< > =
 

  be a set of in-
tuitionistic trapezoidal fuzzy numbers, if the value of all intuitionistic trapezoidal fuzzy 
numbers is equal, that is [ , , , ]; , [ , , , ]; ,

i ii i i i i a a a aa a b c d u v a a b c d u v=< >= =< >
   

  , then we have

 [ , , , ]; ,a aF a a b c d u v= =< >
 



 .  (32)
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Proof:

           
( )

1

n

i i
i

F w aσ
=

= =∑



( )( ) ( ) ( ) ( ) ( )
1 1 1 1 1 1

[ , , , ];1 (1 ) , ii
n nn n n n

ww
i i i i ii i i i i

i i i i i i
w a w b w c w d u vσσ σ σ σ σ

= = = = = =
< − − >=∑ ∑ ∑ ∑ ∏ ∏

         1 1 1 1 1 1
[ , , , ];1 (1 ) , ii

n nn n n n
ww

i i i i
i i i i i i

w a w b w b w d u v
= = = = = =

< − − >∑ ∑ ∑ ∑ ∏ ∏
 
,                             (33)

because

                           1 1 1 1
, , , ;

n n n n

i i i i
i i i i

w a a w b b w c c w d d
= = = =

= = = =∑ ∑ ∑ ∑

 
1

1
1 (1 ) 1 (1 ) 1 (1 ) ,

n

i
i i

n w
w

i
u u u u=

=
− − = − − = − − =

∑
∏

                           
1

1
.

n

i
i i

n w
w

i
v v v=

=
= =

∑
∏                                                                   (34)

So, [ , , , ]; ,a aF a a b c d u v= =< >
 



 .

Theorem 4 (Boundedness). Let [ , , , ]; , )( 1,2,...,
i ii i i i i a aa a b c d u v i n=< = >
 

  be a set 
of intuitionistic trapezoidal fuzzy numbers, and min [ , , , ]; ,

i ii i i i a ai
a a b c d u v− = < >

 

 , 
max [ , , , ]; ,

i ii i i i a ai
a a b c d u v+ = < >

 

 , then a F a− +≤ ≤  .

Proof:
Because ( )iaσ  is the ith largest element in ( 1,2,..., )ia i n= , for any i, there is 

( ) ( ) ( )min( ) max( )i i ia a aσ σ σ≤ ≤   . Then, there is :

 
( ) ( ) ( )

1 1
min( ) min( )

n n

i i i i i
i i

w a w a aσ σ σ
= =

≥ =∑ ∑   , ( ) ( ) ( )
1 1

max( ) max( )
n n

i i i i i
i i

w a w a aσ σ σ
= =

≤ =∑ ∑   . 

So, we can get ( ) ( ) ( )
1

min( ) max( )
n

i i i i
i

a w a aσ σ σ
=

≤ ≤∑   , i.e., a F a− +≤ ≤  .

3. Multi-attribute decision-making method based on the ITFPOWA operator

Let { }1 2, , , mA A A A=   be a discrete set of alternatives, and 
1 211 12 1 21 22 2 1 2( , ,..., , , ,..., , , ,..., )

pn n p p pnC C C C C C C C C C=  

1 211 12 1 21 22 2 1 2( , ,..., , , ,..., , , ,..., )
pn n p p pnC C C C C C C C C C= be the set of attributes, Hk — the corresponding prioritised de-

gree and meets 1 2 ... pH H H> > >  so that { }1 2, ,...,
k

i i i
k k k knH a a a=    , i

kja  – the criteria 
values in the category Hk under the attribute Ckj with respect to the alternative Ai, and 

[ , , , ]; ,i i i i i i i
kj kj kj kj kj kj kja a b b d u v=< > , 0 , , , 1i i i i

kj kj kj kja b b d≤ ≤ , 0 1;0 1i i
kj kju v≤ ≤ ≤ ≤ , 0 1i i

kj kju v≤ + ≤
 
, 

1,2,..., , 1,2,..., , 1,2,..., ki m k p j n= = = ,.where 
1

p

k
k

n n
=

= ∑ .

1 211 12 1 21 22 2 1 2( , ,..., , , ,..., , , ,..., )
p

T
n n p p pnω = ω ω ω ω ω ω ω ω ω  is the attribute weight vector 

of , 1,2,..., , 1,2,...,kj kC k p j n= = , 
1 1

0 1, 1
knp

kj kj
k j= =

≤ ω ≤ ω =∑∑ . 1 2( , ,..., )i i i i
pf f f f=     is the aggregat-
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ed vector in the category Hk ( 1,2,..., )k p=  with respect to the alternative Ai by the intuition-
istic trapezoidal fuzzy weighted average operator, 1 2( , ,..., )pτ = τ τ τ  is the position weight of 

1 2( , ,..., )i i i i
pf f f f=     calculated in the non-priority conditions, so that 0 1k≤ τ ≤ ,

1
1

p

k
k=

τ =∑ , 

and 1 2( , ,..., )T
i i i ipw w w w=  is the weight vector associated with the category 1 2, ,..., pH H H  

with respect to the alternative Ai, [0,1], 1,2,..., , 1,2,...,ikw i m k p∈ = = , 
1

1
p

ik
k

w
=

=∑ . Then, the 
ranking of alternatives is required.

Next, we apply the ITFPOWA operator to MADM problems based on the intuitionistic 
trapezoidal fuzzy information. 

Step 1. Get the aggregated information i
kf  in the same category Hk with respect to the 

alternative Ai.
We can use the intuitionistic trapezoidal fuzzy weighted average operator to integrate 

the information 1 2( , ,..., )
k

i i i
k k kna a a    in the same category Hk, and get 

 1

kn
i i

kjk kj
j

f a
=

= ω∑

 .  (35)

Step 2. Calculate the position weight 1 2( , ,..., )pτ = τ τ τ  in the non-priority conditions by 
Formulas (16) or (17).

Step 3. Calculate associated weighted vector 1 2( , ,..., )T
i i i ipw w w w=  according to Formulas 

(24–27).

Step 4. Calculate the integrated value if  by the ITFPOWA operator.
We can get

 1

p
i i

ik k
k

f w f
=

= ∑  .  (36)

Step 5. Rank the alternatives 1 2, , , mA A A  by the matrix of possibility degree.

Step 6. Finished.

4. Illustrative example

4.1. Problem formulation

Consider the recruitment of human resource managers. 
There are 4 recruiters (evaluation objects), 1 2 3 4( , , , )A A A A A= , and 8 evaluation indi-

cators, 11 12 13 21 31 41 42 51( , , , , , , , )C C C C C C C C C= . 
Hk is the corresponding prioritised level, and has prioritised relationship 

1 2 3 4 5H H H H H> > > > . 1H  (Ability level): Learning ability C11, Management innova-
tion ability C12, Communication and coordination ability C13; H2: Professional quality C21; 
H3: Moral character C31; H4 (Knowledge level): Professional knowledge C41, Laws and reg-
ulations knowledge C42; H5: State of health C51.

1 2( , ,..., )
k

T
k k k knω = ω ω ω  is the attribute weight vector, 

1 1
0 1, 1

knp

kj kj
k j= =

≤ ω ≤ ω =∑∑ . 

1 (0.1,0.1,0.1)Tω = , 2 0.2ω = , 3 0.2ω = , 4 (0.1,0.1)Tω = , 5 0.1ω = . 
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i
kja  is the criteria value in the category Hk under the attribute Ckj with respect to the alter-

native Ai, and [ , , , ]; ,i i i i i i i
kj kj kj kj kj kj kja a b b d u v=< > , 0 , , , 1i i i i

kj kj kj kja b b d≤ ≤ , 0 1;0 1i i
kj kju v≤ ≤ ≤ ≤

 
, 

0 1i i
kj kju v≤ + ≤ , 1,2,3,4, 1,2,3,4,5, 1,2,..., ki k j n= = = . 

Decision-making information is shown in Table 1. 1 2( , ,..., )i i i i
pf f f f=     is the aggre-

gated vector in category kH , ( 1,2,3,4,5)k =  with respect to the alternative Ai by the 
intuitionistic trapezoidal fuzzy weighted average (ITFWA) operator, 1 2( , ,..., )pτ = τ τ τ  
is the position weight of 1 2( , ,..., )i i i i

pf f f f=    , calculated in the non-priority condi-
tions, here (0.3,0.2,0.1,0.2,0.2)Tτ = , and 1 2 3 4 5( , , , , )T

i i i i i iw w w w w w=  is the weight vec-
tor associated with the category H1, H2, H3, H4, H5 with respect to the alternative Ai, 

[0,1], 1,2,3,4, 1,2,3,4,5.ikw i k∈ = =  
5

1
1ik

k
w

=
=∑ . The aim is to select the most suitable can-

didate.

Table 1. Decision-making matrix ( )ij m nA a ×= 

C11 C12 C13
A1 <[0.3, 0.4, 0.5, 0.6]; 0.5, 0.3> <[0.7, 0.8, 0.9, 1.0]; 0.8, 0.2> <[0.4, 0.5, 0.6, 0.7]; 0.5, 0.3>
A2 <[0.4, 0.5, 0.6, 0.7]; 0.5, 0.2> <[0.5, 0.6, 0.6, 0.7]; 0.5, 0.4> <[0.7, 0.8, 0.9, 1.0]; 0.5, 0.4>
A3 <[0.5, 0.6, 0.6, 0.7); 0.7, 0.2> <[0.4, 0.5, 0.6, 0.7]; 0.3, 0.2> <[0.5, 0.6, 0.6, 0.7]; 0.6, 0.2>
A4 <[0.6, 0.7, 0.8, 0.9]; 0.8 ,0.1> <[0.5, 0.6, 0.7, 0.8]; 0.6, 0.2> <[0.4, 0.5, 0.6, 0.7]; 0.9, 0.1>

Table 1. Decision-making matrix ( )ij m nA a ×=   (Continued 2)

C21 C31 C41
A1 <[0.7, 0.8, 0.9, 1.0]; 0.8, 0.2> <[0.7, 0.8, 0.9, 1.0]; 0.8, 0.2> <[0.7, 0.8, 0.9, 1.0]; 0.8, 0.2>
A2 <[0.6, 0.7, 0.8, 0.9]; 0.7, 0.2> <[0.5, 0.6, 0.6, 0.7]; 0.5, 0.4> <[0.6, 0.7, 0.8, 0.9]; 0.7, 0.2>
A3 <[0.3, 0.4, 0.5, 0.6]; 0.7, 0.2> <[0.4, 0.5, 0.6, 0.7]; 0.3, 0.2> <[0.3, 0.4, 0.5, 0.6]; 0.7, 0.2>
A4 <[0.4, 0.5, 0.6, 0.7]; 0.5, 0.3> <[0.5, 0.6, 0.7, 0.8]; 0.6, 0.2> <[0.4, 0.5, 0.6, 0.7]; 0.5, 0.3>

Table 1. Decision-making matrix ( )ij m nA a ×=   (Continued 1)

C42 C51
A1 <[0.3, 0.4, 0.5, 0.6]; 0.5, 0.3> <[0.7, 0.8, 0.9, 1.0]; 0.8, 0.2>
A2 <[0.4, 0.5, 0.6, 0.7]; 0.5, 0.2> <[0.5, 0.6, 0.6, 0.7]; 0.5, 0.4>
A3 <[0.5, 0.6, 0.6, 0.7]; 0.7, 0.2> <[0.4, 0.5, 0.6, 0.7]; 0.3, 0.2>
A4 <[0.6, 0.7, 0.8, 0.9]; 0.8, 0.1> <[0.5, 0.6, 0.7, 0.8]; 0.6, 0.2>

4.2. Multi-attribute decision-making method based on the ITFPOWA operator 

Step 1. Integrate the criteria values in 5 class criteria. Then, get the decision-making matrix
1 2( , ,..., )i i i i

pf f f f=    , respectively:

[0.14,0.17,0.20,0.23];0.26,0.67 [0.14,0.16,0.18,0.20];0.28,0.72 [0.14,0.16,0.18,0.20];0.28,0.72
[0.16,0.19,0.21,0.24];0.19,0.71 [0.12,0.14,0.16,0.18];0.21,0.72 [0.10,0.12,0.12,0.14];0.13,

f

< > < > < >
< > < > <

=
0.83

[0.14,0.17,0.18,0.21];0.22,0.62 [0.06,0.08,0.10,0.12];0.21,0.72 [0.08,0.10,0.12,0.14];0.07,0.72
[0.15,0.18,0.21,0.24];0.38,0.54 [0.08,0.10,0.12,0.14];0.13,0.79 [0.10,0.12,0.14,0.16];0.1

>
< > < > < >
< > < > < 7,0.72







>
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[0.10,0.12,0.14,0.16];0.21,0.75 [0.07,0.08,0.09,0.10];0.15,0.85
[0.10,0.12,0.14,0.16];0.17,0.72 [0.05,0.06,0.06,0.07];0.07,0.91
[0.08,0.10,0.11,0.13];0.21,0.72 [0.04,0.05,0.06,0.07];0.04,0.85
[

< > < >
< > < >
< > < >
< 0.10,0.12,0.14,0.16];0.21,0.70 [0.05,0.06,0.07,0.08];0.09,0.85







> < >

.

Step 2. Use the ITFPOWA operator to calculate the integrated values if  for every alterna-
tive, respectively. 

V is a matrix of expectations, where Vik are expectations of i
kf . We can get

0.055 0.047 0.047 0.029 0.013
0.048 0.037 0.018 0.029 0.005
0.053 0.022 0.019 0.026 0.005
0.082 0.019 0.029 0.033 0.008

V

 
 
 =  
 
  

.

Calculate the associated weighted vector 1 2( , ,..., )T
i i i ipw w w w= .

Take A1 for an example. According to Formulas (24–27) we can get

1 2 3 4 51, 0.05455, 0.00255, 0.000119, 0.000003T T T T T= = = = = ;
(0.94587,0.051596,0.002414,0.000113,0.000003)r = ;
(0.945874,0.99747,0.99988,0.99997,1)R = ;

1 (0.94587,0.051596,0.002414,0.000113,0.000003)w = .

Calculate the integrated values if :

 
1

1( ) [0.14,0.17,0.20,0.23];0.26,0.67f ITFPOWA A= =< > .

Similarly, we can get
2

2( ) [0.16,0.19,0.21,0.24];0.19,0.71f ITFPOWA A= =< > ;
3

3( ) [0.14,0.17,0.18,0.21];0.22,0.62f ITFPOWA A= =< > ;
4

4( ) [0.14,0.16,0.17,0.20];0.37,0.62f ITFPOWA A= =< > .

Step 3. Use the matrix of possibility degree to rank all alternatives. 
According to Formula (13), we can build the matrix of the possibility degree:

 

0.5 1 0.864 0
0 0.5 0 0

.
0.136 1 0.5 0

1 1 1 0.5

P

 
 
 =  
 
  

Then, we can get the sorting vector l = (2.364, 0.500, 1.636, 3.500).
As 4 1 3 2λ > λ > λ > λ , so 4 1 3 2A A A A   , we can conclude that A4 is the best can-

didate.
In order to verify the validity of the proposed method, we used the weighted geometric 

aggregation operator as suggested by Liu and Jin (2012a) to solve this decision-making 
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problem, and we obtained the ranking result 4 1 3 2A A A A   . Obviously, the same 
ranking results have been produced by two methods. However, the newly proposed deci-
sion-making method can consider the prioritised relationship among the attributes, and 
in the method proposed by Liu and Jin (2012a), the attribute values were considered to 
have an equal status.

Conclusions

In real decision-making, there are many multiple attribute decision-making (MADM) prob-
lems, in which there exists the prioritised relationship among decision-making attributes. 
At the same time, the intuitionistic trapezoidal fuzzy numbers make it easier to express 
the fuzzy information. So, the research on the prioritised fuzzy MADM method based on 
the intuitionistic trapezoidal fuzzy numbers has broad application prospects. In addition, 
the traditional POWA operator is generally suitable for aggregating the information taking 
the form of numerical values, and yet it fails in adapting to intuitionistic trapezoidal fuzzy 
numbers. Therefore, in this paper, with respect to MADM problems whose attributes have 
the prioritised relations and the values of attributes take the form of intuitionistic trap-
ezoidal fuzzy numbers, we combined POWA operator with the intuitionistic trapezoidal 
fuzzy numbers, and have developed an intuitionistic trapezoidal fuzzy prioritised ordered 
weighted average (ITFPOWA) operator. Some properties of the operator have also been 
analysed. Furthermore, based on the above operator, we have proposed an approach to 
decision-making problems, in which the attribute values were intuitionistic trapezoidal 
fuzzy numbers. The prominent characteristic of the developed approach is that they can 
take the prioritised relationship between attributes into account. In the end, an illustra-
tive example has been given to show the steps of the proposed method and to indicate its 
practicality and validity. 

Because intuitionistic trapezoidal fuzzy numbers are more suitable to be used for de-
picting uncertain or fuzzy information, it has been widely used in real decision-making, 
such as science and technology project review, blind paper review and so on. At the same 
time, as the aforementioned method can consider the prioritised relationship among attrib-
utes, it is more scientific to do decision-making based on them. In the future, we will keep 
on studying the extension and applications of the established operators to other domains.
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