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Abstract. Numerical simulation of cyclic compression of granular material by performing oedometric test has been per-
formed. Discrete Element Method (DEM) has been employed for simulation. A comparison study has aimed to examine 
the differences in macroscopic behaviour of material discretized by spherical (S) and non-spherical shape models of a par-
ticle. During the study, microscopic data of sand from Klaipėda were used for modelling the shape of particles. The non-
spherical particles were described by multi-spherical (MS) models retaining distributions for size and aspect ratios. Two 
DE models of tested specimens were developed and the deformation behaviour under cyclic uniaxial compression was 
simulated numerically by applying the commercial EDEM code.  
The variation of the oedometric elasticity modulus was investigated and influence of particle shape on void ratio changes 
was demonstrated. It was clearly shown that application of S particles is much more sensitive to rearrangement of particles 
during densification DEM. Simulations illustrated that the elasticity modulus of material corresponding to MS particles is 
approximately 1.9 times larger comparing with material corresponding to S particles. Therefore, one must improve the 
magnitude of elasticity modulus by introducing a respective correction factor. 
Keywords: oedometer test simulation, void ratio, elasticity modulus, cyclic compression, discrete element method, sphe-
rical and multi-spherical particles. 

 
1. Introduction 
Sands represent a particular and important example of 
soils. Traditionally, they are the subject extensively con-
sidered in many areas of the civil and structural engineer-
ing. The knowledge and the proper understanding of their 
mechanical behaviour are of major importance in the 
construction of foundations of structures, geotechnical 
facilities and in the processing of building materials 
(Amšiejus et al. 2009; Amšiejus, Dirgelienė 2007). 

From the point of view of mechanics, sands are 
highly inhomogeneous. They present a composition of 
grains and may be treated as granular solids. In whatever 
form they are used, granular materials are important in 
almost all areas of science and technology. Therefore, a 
common framework used for granular materials may also 
be applicable to sands.  

Recently the behaviour of granular solids has been 
extensively investigated by applying analytical, experi-
mental and numerical methods. Macroscopically, the 
granular solids may be considered in various forms of 

continuum theories (Jiang, Liu 2007a, 2009; Zalewski 
2010). Transitional micro-macro approaches were consi-
dered by Luding et al. (2001) and Chen and Lan (2009). 
The issues related to granular models of sands were 
reviewed by Jiang and Liu (2007b). 

Despite the huge effort and progress in numerical 
analysis, the adequacy of theoretical models of the granular 
solids to actual behaviour is still problematic. The continu-
um approach used in a framework of the classical mecha-
nics does not provide information on the microproperties at 
the scale of an individual grain. Therefore, an application 
of the continuum-based methods, being attractive for rela-
tive small computational efforts despite their wide use even 
also in soil mechanics, is not suitable aiming for adequate 
representation of the discrete nature of soils. 

The experimental investigation on interaction of 
particles is somewhat costly and time consuming; there-
fore an application of numerical simulations is frequently 
used to replace the macroscopic physical experiments. 
Discrete Element Method (DEM) was acknowledged as a 
powerful tool for simulating the particulate matter after 

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Directory of Open Access Journals

https://core.ac.uk/display/201856844?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


L. Tumonis et al.  Comparison study of spherical and multi-spherical particles under cyclic uniaxial compression 

 

538 

the publication of the work by Cundall and Strack (1979). 
The DEM concept offers a unique approach capturing the 
various particle shapes and physical models by a discrete 
set of quantities. The basics of DEM and important de-
tails were described in books and review papers of Allen 
and Tildesley (1987), Pöschel et al. (2004), Džiugys and 
Peters (2001), Kruggel-Emden et al. (2007), Zhu et al. 
(2007, 2008).   

The discrete concept and the available commercial 
DEM codes such as EDEM (see DEM Solutions 2009), 
PFC3D (Itasca 2003) and the numerous non-commercial 
research codes have turned DEM into an attractive research 
tool.  

At the same time, the computational capability limi-
ting a number of particles to be employed for simulations, 
remains the main disadvantage of the DEM technique, so 
far. The simulation techniques and software issues were 
discussed by Raji and Favier (2004), Kačianauskas et al. 
(2010).  

The particle shape in concert with other properties is 
an important factor contributing to results and efficiency of 
DEM simulations. The particle shapes possess a great 
diversity but numerical techniques mostly deal with sphe-
rical (S) surfaces. A general so called multi-spherical (MS) 
approach for the representation of non-spherical particles 
by rigidly connected multi-spheres or clumps, was recently 
explored in the Discrete Element (DEM) and applied to 
various shapes (Garcia et al. 2009; Ferellec, McDowell 
2010). The contact detection efficiency and simplicity of 
implementation by using sphere-to-sphere contact are the 
main advantages of the multi-sphere model.  

A systematic study of MS application to a regular 
smooth shape such as an ellipsoid proving a suitability of 
them was presented by Markauskas et al. (2010). An 
approximation of the non-smooth spherical particle by 
applying the MS models was considered by Kruggel-
Emden et al. (2008), Höhner et al. (2011), Markauskas 
and Kacianauskas (2011). 

There are some other more complicated approaches 
to construction of complex shapes of a particle from 
spheres, cylinders and flats (Langston et al. 2004; Pour-
nin et al. 2005; Tijskens, Rioual 2008). The method for 
generation of a particle shape by applying the solid bridge 
bond model was described by Antonyuk et al. (2011). 

Some applications of the DEM to modelling of dry 
sands may be emphasised. They comprise behaviour of 
sand in technological processes such as filling and com-
paction of sand by vibration (Rojek et al. 2005) or simu-
lation of various tests. The above mentioned investiga-
tions are considered by applying various shapes of 
specimens and particles. The common feature of the 
above mentioned instigations is monotonic loading. 

In many cases, three-dimensional sample in a form 
of the rectangular parallelepiped was examined. The 
effect of the use of flat boundaries during one-
dimensional compression was considered by Marketos 
and Bolton (2010). A cuboidal sample to simulate the 
biaxial compression with rigid walls was studied by Yan 
et al. (2009). DEM simulations of the standard oedomet-

ric tests with cylindrical samples were presented by 
Oquendo et al. (2009), Amšiejus et al. (2010).  

Most of investigations deal with spherical (S) partic-
les. The spherical shape is, however, rather rough idealiza-
tion to represent the real granular material elements such as 
sand grains. The real sand particle is irregular and involves 
more complex intergranular interactions as that identified 
between spheres. A comparison of simulation results by 
using spherical particles and clumps were given by Yan 
et al. (2009). The comparison of simulation results with 
laboratory results show that the results obtained with 
clump particle samples are more accurate when compared 
with the results obtained with spherical particles. 

The paper presents a numerical investigation of the 
behaviour of particulate solid under uniaxial cyclic comp-
ression. The problem is considered by DEM simulations 
of the oedometric test. Thereby, two sets of spherical and 
non-spherical particles are studied for the sake of compa-
rison. 

The paper is organised as follows: the DEM metho-
dology is presented in Section 2; the basic data is given in 
Section 3; simulation approach comprising generation of 
the specimen and simulation of mechanical behaviour are 
given in Section 4; simulation results and the discussion 
are given in Section 5; and conclusions are presented in 
Section 6. 

 
2. DEM methodology  
The DEM methodology considered in this paper was used 
for simulating the dynamic behaviour of non-cohesive 
frictional viscoelastic particles. Each of the particles is 
regarded as a deformable body with a specified shape and 
material properties. During the rearrangement/movement 
of particles, they impact each other and undergo defor-
mations. The motion of the particle, discretized as a rigid 
body and described in a framework of classical mechan-
ics, naturally consists of translational and rotational mo-
tions, respectively. The position of the arbitrary particle is 
tracked by motion of the particle’s centre. More definite-
ly, the arbitrary particle i in global coordinates is defined 
by its position vector { }T1 2 3, ,i i iX X X=Xi . Conse-
quently, the translational behaviour of the arbitrary parti-
cle i in time t is characterised by a small number of global 
parameters, namely: positions ( )tXi , velocities ( )tX� i  
and accelerations ( )tX�� i  of the mass centre, the resultant 
force vector ( )tFi  acting on the particle. The particle i is 
moving according to the Newton’s second law and is 
written as: 
 ( ) ( ).i i im t t=X F��  (1) 

Equations describing the rotational motion, or the 
Euler equations, are derived by assuming a conservation 
of an angular momentum for the particle i and may be 
considered as well. The rotation is governed by three 
independent rotational degrees of freedom defined by 
vector ( )tiΘ . Conventionally, the rotational degrees of 
freedom are defined by the angles of rotation. It is usual, 
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however, to deal with the explicitly tracked angular velo-
cities of the particle defined by the vector ( )i tω . Angu-
lar velocities are related to ( )i tΘ  by the nonlinear path-
dependent rotational Jacobi matrix. Finally, the Euler 
equations for rotational motion of arbitrary shaped partic-
le are presented by:  
 [ ] ( ) ( ) [ ] ( ) ( )T

i i i i i it t t t+ =  I ω ω I ω T� � , (2) 
where: matrix [ ]iI  presents the inertia tensor; the matrix  

( )i t  ω�  is composed by the components of the vector 
( )tiω , while ( )i tT  is a vector of the external torque with 

respect to the particle mass centre.  
For the spherical particles, the inertia tensor is dia-

gonal and the axial inertia moments are equal and defined 
by the single parameter Ii. Therefore, the orientation in 
space is not important and the equations of rotation (2) 
then can be rewritten in the simpler form: 
 ( ) ( )ttI iii Tω =� . (3) 

In framework of the current investigation, the force 
vector Fi in Eq. (1) and the torque vector Ti in Eq. (2) or 
(3) present the sum of gravity and contact forces and 
torques, which act on the particle i, respectively. There-
with, the evaluation of the contact force and that of the 
torque components is essential part of the DEM methodo-
logy.  

This methodology is based on the contact between 
spheres and is comprehensively described in Cundall and 
Strack (1979), Džiugys and Peters (2001), Zhu et al. 
(2007). The main approach assumes that the force between 
two particles i and j may be decomposed into normal and 
tangential components n t

ij ij ij= +F F F . In the case of vis-
coelastic dry frictional contact, the inter-particle contact 
model considers a combination of elasticity, damping and 
friction force effects. In the context of DEM, the non-
spherical particles will be shaped by multi-sphere (MS) 
models or clumps (Favier et al. 1999; Raji, Favier 2004). 
Here, a continuous particle is simulated by a composition 
of connected spheres. Its main advantages are contact 
detection efficiency and simplicity of implementation 
using the methodology for sphere-to-sphere contacts. 

However, two distinct features should be taken into 
account. Firstly, not only a single conventional contact 
occurs between the interacting particles, but the multiple 
contacts between the constituent spherical particles may 
occur. In this case, the contacting points may be attributed 
to particular sub-spheres. Secondly, directions of contact 
forces are defined with respect to the separate sphere but 
not with respect to the centre of a particle. Consequently, 
contact forces and torques obtained for sub-spheres have to 
be transformed to the centre of the complex particle.  

 
3. Particle data 
The particle data required in the DEM simulations com-
prise their sizes, shapes and the actual physical and me-
chanical properties. A proper evaluation of them is a very 

important but rather complicated task. Moreover, all 
natural geological materials including sands are greatly 
diverse. Sand grains from Klaipėda (characteristic Baltic 
see-shore sand) were chosen for modelling of particles in 
our investigation. 

The character of grain composition is illustrated by 
the micrograph presented as Fig. 1. The picture was taken 
by the optical microscope “Nikon Ellipse 50i Pol”. 

 

 
Fig. 1. Micrograph of real sand particles 

 
Microscopic graph illustrates the character of partic-

les. The average maximal diameter d of particles varies in 
the range of 0.2 mm and 0.50 mm. Detailed distribution 
of sand composition was evaluated via standard granulo-
metric testing procedures (see ISO 14688-2:2004). Cu-
mulative size distribution of sand grains is presented in 
Fig. 2. The graph shows fraction Φ of the mass of sand 
which contains particles of a certain maximal size. 

 

 
Fig. 2. Cumulative size distribution of sand grains by the 
maximal diameter  

 
The above presented size distribution of particles 

was employed for generation of particles used for nume-
rical analysis of compaction. Two types of particle sha-
pes, i.e. spherical and non-spherical, were considered for 
investigation purposes, and two sets of particles were 
generated numerically. Each of the two selected shapes is 
characterised by its size dmax according to specified dist-
ribution of the particle size. For spheres, the size stands 
simply for their diameter dmax = 2R.  

When considering the shape of particles, it could be 
observed that the grain surface is of abrade smooth cha-
racter. Twelve typical particle shapes were selected from 
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the micrograph for numerical calculations. Geometry of 
particles is characterised by one of the most common 
shape factors, i.e. the aspect ratio. The aspect ratio is the 
ratio of maximal to minimal particle diameters 
Kf = dmax / dmin. It varies within bounds of 1.11 and 1.92. The distribution f of the aspect ratio by mass of examined 
grains is presented in Fig. 3.  

 

 
Fig. 3. Distribution of the aspect ratio of sand grains  

Referring to the real particle shapes, the multi-
spherical (MS) approximation appeared to be the most 
suitable particle model for irregular locally concaved 
particle shape. Twelve microscopic images were used to 
generate multi-sphere models.  Aspect ratios Kf were specified to reflect the shape variation of particles in 
accordance to distribution as shown in Fig. 3. The result – 
twelve generated models of the MS particles without any 
symmetry – is presented in Fig. 4. Each of the particle 
was generated from a number of spheres ranging between 
6 and 8. Distribution of the aspect ratios of the MS partic-
les is the same as the experimentally measured distribu-
tion of twelve real particles (Fig. 3). 

 

 
Fig. 4. Twelve models of MS particles of different sizes and 
aspect ratios   

The physical elasticity properties of the particle i are 
defined by the elasticity modulus Ep, the Poisson’s ratio ν and the shear modulus G, while the inter-particle contact 
is redefined by stiffness coefficients n

ijk  and t
ijk . 

Elasticity properties of particles play the decisive 
role in a compression experiment. It is obvious, that 
extremely high values of elasticity modulus of silica 
grains Ep yield very small time increment /p pt ρ E∆ ∼  
and, as a consequence, long lasting computations.  

Various measures could be undertaken to reduce compu-
tation expenses. The most useful approach is the scaling 
of various parameters. Similarity of physical systems was 
comprehensively discussed by Pőschel et al. (2001). 
Generally, the scaling of data requires a rescaling of all 
results. It is easy to persuade that a reduction of Ep by factor α allows increasing the time step by the factor 
α . Moreover, it was proofed by Kruggel-Emden et al. 

(2010) that when compressing the particles by relatively 
small rates, dynamic effects are of a minor importance, 
therefore, the simple rescaling of pressure variables is 
sufficient. In conclusion, linearity is a necessary scaling 
condition. This condition is not sufficient for evaluation 
of absolute values but it is sufficient for relative compari-
son of two different models. 

In the light of the above discussion, the actual elas-
ticity modulus Ep = 78 GPa was scaled down by the fac-
tor α = 16900 and the value pE′  = 4.62 MPa was employ-
ed in simulations. 

Another important property is friction. The influen-
ce of friction for granular materials is reviewed by Zhu 
et al. (2007). It is obvious, that because of a scattering of 
experimental results only a crude approximation of the 
friction for sand is available (Rojek et al. 2005; Oquendo 
et al. 2009). In the current investigation, the single fric-
tion coefficient between the particle and wall (microsco-
pic scale) and between particles µ = µw = µgr, was chosen, while a relatively small magnitude µ  = 0.3 was taken to 
respond the smoothness of particles. 

Role of damping in compaction is merely of a simu-
lation rather than the physical character. In our simula-
tions, the viscous damping effect was evaluated by a 
coefficient of restitution. An average value of the normal 
grain-wall coefficient of restitution cn = 0.5 was obtained 
by the grain–bed collision experiments performed in the 
wind tunnel (Wang et al. 2008). The tangential damping 
and rolling friction were neglected. 

The summarised data of values describing the par-
ticle physical properties, applied in the DEM simulations, 
are summarised in Table 1. 

 
Table 1. Material properties of particles 

Quantity Symbol Unit Value 
Density ρ kg/m3 2650 
Elasticity modulus of 
particle pE  MPa 78000 
Elasticity modulus in 
simulation /16900p pE E′ =   MPa 4.61 
Poisson’s ratio ν – 0.17 
Tangential friction  
coefficient µ – 0.3 
Normal  coefficient of 
restitution cn – 0.5 

 
4. Simulation approach and generation of specimens 
Deformation behaviour of particulate solid under cyclic 
uniaxial oedometric compression was considered numeri-
cally by applying the DEM. Therewith, the oedometric 
device presents a metallic cylinder being fixed to a rigid 
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base. In real experiments, the internal volume of the cyl-
inder, aimed to be filled by tested sample material, is of 
H = 35 mm height and D = 70 mm in diameter. One must 
note that performing numerical experiments with original 
size of the oedometer is rather difficult and impractical 
due to the computational limitations. For this reason, the 
actual size of the oedometer was reduced by scaling fac-
tor equal to seven. Thus, the computational model of the 
cylinder was limited by H = 5 mm and D = 10 mm. The 
scaling allows executing the adequate to actual behaviour 
numerical experiments with originally sized particles. 

The series of numerical experiments were perfor-
med to investigate the behaviour of particles under the 
cyclic compression. The state of particles during the 
compaction process was obtained by an integration of the 
Equations of motion (1–3). The current DEM simulations 
were performed by applying the EDEM 2.2.1 Academic 
code (DEM solutions 2009). 

Numerical simulation was naturally divided into two 
stages: the generation of the initial state of particles or 
packing stage, and of the compression stage. 

For conducting the real laboratory experiment, the 
specimen always retains its natural properties which should 
be satisfied by initial conditions of the simulated material. 
Generation of the initial state of particles, i.e. prescribing 
the location of particles in the cylinder is subjected to the 
specific requirements. Consequently, numerical generation 
of the specimen for DEM simulation is the separate pro-
blem that requires a considerable effort. 

The generation of the initial conditions of particles 
is treated as the packing problem. There are several me-
thods to realize the packing process for satisfying various 
requirements. The packing problem was comprehensively 
discussed in review papers by Zhu et al. (2007), and 
Belevicius et al. (2011). In our considered case, an initial 
state is generated by the particle’s deposition. A set of 
generated particles is randomly located above the cylin-
der and allowed to fall freely due to gravity forces.  

The explicit integration scheme with a constant time 
step ∆t was applied for numerical integration of the 
equations of motion. The magnitude of ∆t is chosen to be 
a smaller than the Rayleigh time step, that being calcula-
ted by EDEM. The total time of filling tf  = 0.18 s is con-
tinued to stabilise of the particles motion after the filling. 

The process of filling was controlled by a monito-
ring the evolution of the volume of particulate and was 
interrupted when it reached the volume of the devise.  

Finally, two sets consisting NS = 10428 number of S 
particles and of NMS = 24521 number of MS particles, 
respectively, were generated for investigative purposes. 

An important parameter of packing is a void ratio. 
The void ratio is characterised by a void ratio e obtained 
as the ratio of volume of voids to the volume of grains 

grV , namely:  

 ( ) ( )sol gr
gr

V t V
e t

V
−

= , (4) 

where ( )tVsol  is the time varying volume occupied by the 
solid material which is measured in the oedometric device. 

 a) 
 

 b) 
Fig. 5. Non-compressed spherical (a) and multi-spherical (b) 
particles in oedometer  

Evaluation of the void ratio e described in Eq. (4) 
was realised under the following assumptions: 

− the volume of sand grains remains constant  
grV const= , i.e. their volume changes due to 

contact deformation are negligibly small; 
− the particles are homogeneous and have constant 
density ρ; 

− the macroscopically observed volume changes 
( )solV t  of the specimen are induced by a reduc-

tion of pores caused by the rearrangement of par-
ticles. 

As a consequence of the first two assumptions, the 
volume of grains /gr grV m const= ρ =  could be calcu-
lated from the weighted mass of the tested material. 

The initial void ratio e0 is characterised by its max-
imal value directly obtained via the Eq. (4), assuming that 
the entire volume of the cylinder is occupied by the gran-
ular solid, i.e. sol cylV V= . 

The most important specimen simulation parameters 
and characteristics of packings for both S and MS particle 
types are summarised in the Table 2. An initial state of 
the particles is presented in Fig. 5. 

 
Table 2. Data of the generated samples for spherical (S) and 

multi-spherical (MS) 

-Quantity Symbol Unit Value 
S MS 

Min. particle diameter dmin mm 0.19 0.15 
Max. particle diameter dmax mm 0.50 0.50 
Initial void ratio e0 – 0.707 0.602 
Min. aspect ratio Kf.min – 1.0 1.11 
Max. aspect ratio Kf.max – 1.0 1.92 
Number of particles N – 10428 24521 
Time step ∆t µs 0.15 0.10 
Duration of filling tf s 0.28 0.28 
Duration  of compression tc s 0.5 0.5 
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5. Numerical results 
5.1. Results of compression simulation 
Compression simulation of specimens was performed in 
the second stage of analysis, i.e. after filling procedures. 
The loading was treated in a slightly different manner if 
compared with the real experiment. The time-varying 
compressing pressure was imposed by moving the upper 
rigid stamp (upper wall of the cylinder) vertically. Actu-
ally, the loading was controlled by the vertical displace-
ment of the stamp U(t). The loading history is character-
ised by simple sinusoidal half-wave cyclic motion. Each 
of the loading–unloading cycles is defined with duration 
time equal to 0.1 s and up to the maximal amplitude of 
Umax = 0.15 mm, the value of which was scaled with 
respect to diameter of the smallest particle. The geometri-
cally specified history of uniaxial cyclic loading in terms 
of the non-dimensional displacement ( ) ( ) maxU/tUtu =  is presented in Fig. 6.  

 

 
Fig. 6. Time variation of the relative loading displacement  

The response of the material is characterised via the 
resultant pressure P(t) obtained numerically by calculat-
ing and averaging contact forces of particles to stamp. 
Histories of pressures of both specimens in terms of rela-
tive variable ( ) ( ) '/ pp t P t E=  scaled with respect to 
particle elasticity modulus '

pE = 4.62 MPa are presented 
in Fig. 7. It is obvious that both samples exhibit quite 
different character of their deformation behaviour.  

 

 
Fig. 7. Cyclic load pressure histories for spherical and MS 
particles obtained via DEM simulation 

 The above results serve as the base for an illustra-
tion of deformation behaviour. 

 
 
 

5.2. Analysis of deformation behaviour and discussion 
Performance of various tests including the numerical 
simulations is often dictated by the need of finding repre-
sentative material properties. It is obvious, that an axial 
stiffness of the specimen, or elasticity modulus of materi-
al is a function of axial stress and deformation measures, 
therefore it could be extracted from deformation curves. 
Actually, the secant oedometric modulus E(t) employed 
in geotechnical engineering can be obtained explicitly by 
simple expression, reading: 
 ( ) ( ) ( )/E t σ t ε t= . (5) 

The simplest approach to calculate the elasticity 
modulus would be extracting its values from measured or 
numerically simulated results. This case would be possib-
le if a proportionality between the simulated normal pres-
sure and the normal stress p(t) = σ(t), as well as between 
the normal displacement and the strain measure u(t) = ε(t) 
should be held during an entire loading history.  

 

 
Fig. 8. The simulated pressure–displacement relationships under 
cyclic loading for different particles  

It should be noticed in advance, however, that direct 
employment of the relationship p–u is not applicable. This 
typical effect is the well-known problem of oedometric 
testing. The issue restricted to the monotonic loading was 
comprehensively discussed by (Marketos, Bolton 2010). 

It is easy to convince that the graph shown in Fig. 8 
cannot be treated as constitutive relationship. 

The issue should be solely explained by inadequacy 
between the specified external displacement u(t) and 
internal vertical strain ε(t). Here, the discrepancy is attri-
buted to rearrangement of voids and densification of 
material. After each of the loading cycles the volume 
changes and the same displacement yields different 
strains, therefore, realistic strain measures regarding 
densification have to be considered. 

An actual value of average normal strain ε(t) in time 
should be attributed to an actual geometry of the material. 
Focusing on the cyclic loading, we restrict ourselves to a 
discrete variation of the geometry during each of the 
loading cycle i. Thus, an accumulation of the normal 
strain during the cycle i is defined as a relative shortening 
δi = ∆hi(t) / hi0 of an actual material height hi0. Variation of the relative shortening δ in time for S and MS particles 
is illustrated in Fig. 9.  
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 Fig. 9. Variation of the relative elongation δ in time for S and 
MS particles obtained via DEM simulation 

 
Moreover, the deformation of the solid is related 

to the void ratio ei(t). It is easy to detect that void 
ratio is expressed via the relative elongation ei(t). In 
each loading cycle i time variation of the void ratio 
defined according to Eq. (4) is transformed to the fol-
lowing expression:   ( ) ( )( )0 01i i i ie t e t e= − ε + .  (6) 

Now, the strain ε could be extracted from the above 
expression and presented as follows: 
 ( ) ( )

( )
0

01
i i

i
i i

e e t
t

e

−
ε =

+
.  (7) 

The above expression relates the strain to the varia-
tion of the void ratio. Regarding the actual configuration 
in terms of the void ratio, the variation of the average 
strain, obtained by Eq. (7) with respect to displacement, 
is given in Fig. 10.  

The graph in Fig. 10 illustrates the densification ef-
fect. Generally, the varying distance between loading 
lines indicates changes in the void ratio identified after 
each of loading cycles. 

 

 
Fig. 10. The strain–displacement relationships for two particle 
shapes during cyclic loading  

 
Differences in behaviour of particle shapes may be 

better observed when considering the void ratio changes. 
The graphs of void ratio versus pressure are presented in 
Fig. 11. 

 

 
Fig. 11. Variation of the void ratio vs pressure during cyclic 
loading  

After the evaluation of strains obtained by Eq. (7), 
the updated stress–strain relationship is presented in 
Fig. 11. 

 

 
Fig. 12. Axial stress–strain curve of cyclic load for both speci-
mens  

Finally, the oedometric elasticity modulus can be 
obtained on the basis of conventional Eq. (5). In our case, 
we deal with the tangential modulus which is calculated 
as a tangent of deformation curve given in Fig. 12. A 
transformation of loop profiles illustrates a stiffening of 
the spherical sample material while temporary insignifi-
cant relaxation of the MS sample for increased number of 
cycles.  

The variation of the tangential elasticity modulus of 
two tested samples during the cyclic loading is presented 
in Fig. 13. Here, the elasticity modulus is scaled with 
respect to the modulus of a particle.  

 

 
Fig. 13. Variation of relative oedometric elasticity modulus 
versus loading cycles for S and MS Samples 
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The graphs demonstrate that the densification of MS 
particles practically reached the limit during the second 
cycle. The further loading indicates small relaxation 
which may be a reason of the overloading in the second 
cycle. Yet another reason may be the contribution of the 
numerical scaling. Densification of S particles is slower 
and the larger number of cycles is required to reach a 
stable limit. One can state the general tendency for parti-
cle shape (i.e. MS versus S), contribution to stiffening 
may be characterised by the factor 1.9. 

It should be noticed that detailed analysis of the par-
ticle overlap demonstrates elastic inter-particle contact 
behaviour. Therefore proportionality of scaled system is 
indirectly proved. 

 
6. Conclusions 
Results of comparison study of deformation behaviour of 
spherical and multi-spherical particle shape models under 
cyclic uniaxial compression in the oedometric device may 
be summarised following: 

A relatively simpler model of spherical particles is 
much more sensitive to their rearrangement of particles 
during loading–unloading densification. Densification is 
slow and a higher number of cycles is required to stabili-
se the deformation behaviour.  

More complex, but much more expensive and com-
plicated multi-spherical particle material model showed 
practically stable behaviour after the first cycle. The obtai-
ned elasticity modulus is higher by approximately 1.9 
times during the cycle of loading period when compared to 
the one obtained by material model of spherical particles. 

Future research is required, however, to evaluate an 
influence of friction, optimal number of particle types, 
and obviously the validation with results of real expe-
riments. 
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