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Abstract. This paper presents a new morphology of a cable-staying system for an under-deck cable-stayed bridge. The 
computational method proposed in the paper has been derived for a one-strut conventional cable staying system and ap-
plied for an unconventional double-level cable-staying system. The paper describes an algorithm for the correct imple-
mentation of the interaction between the cable-staying system and the deck. The numerical examples demonstrate that the 
proposed computational method based on a non-linear analysis of a simply supported and additionally restrained beam-
column can be used for obtaining deformation response to the considered structure. An analysis of the same problem using 
finite element (FE) software ANSYS was carried out to present the accuracy of the proposed method. The paper also 
demonstrates comparison analysis between the conventional and unconventional structural schemes for the under-deck 
cable-stayed bridge under symmetric and asymmetric loading.  
Keywords: under-deck cable-stayed bridge, double-level cable-staying system, non-linear analysis, computational meth-
od, beam-column, elastic restraint, structural response. 

 
1. Introduction 
Recently, the form-finding of bridge design and the anal-
ysis of structural behaviour have been highly considered. 
The development of new forms encouraged the imple-
mentation of innovative steel and reinforced concrete 
bridges (Troyano 2003; Virlogeux 1999; Nakamura et al. 
2002, 2009). Subsequently, there are a significant number 
of the new forms of footbridges (Fib 2005) among which 
suspension and cable-stayed bridges (Strasky 2005) ap-
pear as highly efficient. Form-finding is an incessant 
process causing continuity in bridge design applying it 
for innovative bridges (Tanaka et al. 2002; Rohde-
Babarigos et al. 2010; Juozapaitis et al. 2006, 2010; 
Sandovič et al. 2011).  

A number of bridges not falling into the conventio-
nal type of cable-stayed bridges with highly innovative 
morphology, namely under-deck cable-stayed bridges, 
have been built (Ruiz-Teran, Aparicio 2008, 2010). These 
bridges rather than the classic cable-stayed ones have the 
cable-staying system placed below the deck.  

Very few studies have been conducted with regard 
to unconventional cable-stayed bridges. Some of those 
are based on experimental tests performed in connection 
with attempts to increase the eccentricity of active rein-
forcements in the beams having external prestressing 
(Menn, Gauvreau 1990; Umezu et al. 1998; Aravinthan 
et al. 2005; Zhang, Fu 2009). Other authors deal with 
these structures as new structural types maintaining their 

own identity (Laffanchi, Marti 1999; Muttoni 2002; Park 
et al. 2010) or an innovative structural system for roof 
structures (Juozapaitis, Kvedaras 1998; Xue, Liu 2009). 
Muttoni (2002) identifies the influence of the morpholo-
gy of the structure and the number of struts on reducing 
bending moments in the deck due to live load compared 
with that for a bridge without stay cables. Ruiz-Teran and 
Aparicio (2007a, 2010) presents the state of art and pa-
rameters governing the response of under-deck cable-
stayed bridges. There is a possibility of applying the cont-
rol of passive behaviour described by Michalopoulos 
et al. (2005). 

The paper presents an unconventional structural 
scheme for the under-deck cable-stayed bridge – a doub-
le-level cable-staying system – introduced by the authors 
of the paper. A parametric analysis of a new structural 
system requires the development of governing equations 
that can be obtained proposing a computational method 
based on a structural response mechanism of a single 
span under-deck cable-stayed bridge supported by one 
strut. The paper also describes the algorithm for applying 
the proposed method to the under-deck cable-stayed brid-
ge with the double-level cable-staying system. The 
example shows that governing equations derived using 
the computational method can be used for obtaining the 
deformation response of the considered structure. 
Subsequently, a comparative analysis of the under-deck 
cable-stayed bridge with conventional and unconventio-
nal cable- staying systems has been performed. 
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2. The under-deck cable-stayed bridge with  
the double-level cable-staying system 
Stay cables in conventional under-deck cable-stayed 
bridges have a polygonal layout by deviating them apply-
ing one or several struts. When using multiple struts, the 
cable-staying system gains a parabolic layout. This sec-
tion describes the unconventional layout of the cable-
staying system using the previously mentioned layout of 
one strut. The application of the proposed structural 
scheme for the under-deck cable-stayed bridge requires 
the repeated usage of the cable-staying system. Fig. 1 
shows possible variations of such cable-staying system, 
namely the double-level cable-staying system. 

The proposed structural scheme is an effective com-
bination of three conventional one strut cable-staying 
systems and gains a double level layout. The morphology 
of the considered cable-staying system is formed using 
one conventional system for the first and two for the se-
cond level respectively. The first level stay-cables are self 
anchored to the deck at the abutments and deviated by 
one strut at the midspan. The semi-continuous structural 
scheme is formed assuming hinge connection at the place 
of the strut. Thus, the subdivision of the span of the deck 
is made, and two independent spans of a half of the whole 
length of the span are designed. By applying the one strut 
cable-staying system to both independent spans, the se-
cond level of new morphology is developed. The second 
level stay-cables are self-anchored to the deck at the 
abutments and midspan of the deck and deviated by one 
strut at the 1/4th and 3/4th of the span respectively.  

For designing stay cables, the standard tension 
members can be used (Kathage, Misiek 2012), and the 
conception of semi-rigid joints can be applied (Daniūnas 
et al. 2008, 2010). 

 
a) 

 
b) 

 
Fig. 1. Structural schemes for the under-deck cable-stayed brid-
ge with the a) framing first level cable-staying system;  
b) passing first level-cable staying system 

 

Fig. 1 shows the development of two different mor-
phologies that can be obtained with reference to different 
eccentricity CSe  of the first level cable-staying system with respect to the length of the strut. The morphology 
presented in Fig. 1a and Fig. 1b describes first level cab-
le-staying system framing and passing second level cable-
staying system respectively. 

The analysis of the structural behaviour of the con-
sidered bridge develops the non-linear buckling problem 
(Ruiz-Teran, Aparicio 2011; Bjorhovde 2010; Kala et al. 
2010). For reaching a solution to the encountered pro-
blem, the computational method has been proposed to 
derive general equations for the structural response of 
such type of the bridge. 
 
3. Description of the proposed method 
For a structural analysis of the proposed semi-continuous 
structural scheme, a response mechanism in the under-
deck cable-stayed bridge has to be described.   

There are two response mechanisms in the under-
deck cable-stayed bridge considering the action of verti-
cal loads: axial response (tension of stay cables and 
compression of the deck and struts) and flexural response 
(bending of the deck) (Ruiz-Teran, Aparicio 2007b). 
Fig. 2 describes these mechanisms of structural response 
in the under-deck cable-stayed bridge with one strut at the 
midspan under the action of uniform distributed vertical 
load. The same structural response can be found in a sim-
ply supported continuous beam additionally restrained in 
the centre. Such structural members are termed an addi-
tionally restrained beam-column. 

Axial compression and restraint stiffness are related 
to the structural response of the cable-staying system. For 
a correct solution, the structural response of the cable-
staying system has to be analyzed following an approp-
riate procedure and correctly implemented in the calcula-
tion model of the additionally restrained beam-column. 
Fig. 2 shows the calculation model of such element. 

When considering the interaction between the cable-
staying system and the deck, the axial response of the 
cable-staying system can be sub-divided into horizontal 
and vertical components respectively and implemented 
into the calculation model. The horizontal component tH  
of axial force in cable-staying system can be introduced 
to the beam-column as compression load cN  and the 
vertical can be found as compression force in strut CSvF . 
The strut at the midspan of the deck prevents it from late-
ral deflection and can be implemented as elastic restraint 
in the calculation model with appropriate stiffness α . By 
applying lateral restraint, the deflection of the member is 
restricted to greater or lesser extent δ . The deflection of 
the structural element due to external loading develops 
restoring force vF  at the restraint related to an axial res-
ponse of strut CSvF . Finally, the analysis procedure of the 
developed calculation model is based upon the solution to 
appropriate differential equations. 
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a) 

 
b) 

 
Fig. 2. The analysis of the under-deck cable-stayed bridge with 
the cable staying system with one strut: a) the interaction 
between the cable-staying system and the deck, b) calculation 
model of the simply supported additionally restrained conti-
nuous beam simultaneously subjected to axial compression and 
distributed vertical load 

 
3.1. General equations  
When considering the calculation model of the simply 
supported beam-column with the central elastic restraint 
shown in Fig. 2b, to analyse the structural response of the 
under-deck cable-stayed bridge, general equations can be 
derived. The beam-column element of length l  and con-
stant flexural rigidity EI  is laterally restraint at the point 
of / 2l . It is assumed that when compression load cN  
and distributed force q  are applied to the member, it 
deforms, as shown in Fig. 2a, with central deflection δ , 
and the restraint exerts restoring force vF . The equilibri-
um equation for the deflected shape is 

 ( )4 2

4 2 .c
d v d vEI N q z
dz dz
+ =  (1) 

The continuity of loading and boundary conditions 
(0, ) (0, ) 0v l v l′′= = , ( / 2)v l = δ , '( / 2) 0v l =  for the parts 

of the beam-column to the left 0 / 2z l≤ ≤ and right 
/ 2l z l≤ ≤  of the central restraint enables to consider 

the problem for a half of the structural element. By com-
bining a general solution to Eq. (1) with boundary condi-
tions and introducing cNkl l

EI
= , deflection is obtained  
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where vF  is restoring force at the restraint and can be 
obtained by solving '''vF EIv=  as 

( )( )
( ) ( )
21 / 2 1/ cos

.v c

kl klql klF Nkl kl tgkl l kl tgkl
+ − δ= +

− −
 (3) 

According to ''M EIv= − , the bending moment is equal to 

( ) ( )
2

2
sinsin cos 1 .

2 2 cos
2

vF lql kl kzM z tg kz kz klklkl
 = + − −    (4) 

It should be noted that the sum of two terms in Eq. (3) 
represents the interaction between flexural and axial re-
sponse. 

 
3.2. Determination of axial force 
The interaction between the deck and the cable-staying 
system under distributed vertical load presented in Fig. 2a 
results in the axial force in the deck. By applying the 
iteration process to an axial response of the cable-staying 
system developed by non-linear analysis, axial force can 
be obtained as follows  

 .4( )
vCS

c
CS CS

F lN
e

=
+ δ

 (5) 

For the first iteration, the vertical component of 
axial force in cable-staying system vCSF  may be assumed 
to be constant and equal to restoring force at restraint vF . 
Accordingly, taking into account Eq. (3), restoring force 
may be obtained as one of boundary solutions when cent-
ral deflection δ  approaches zero. 

The deflection of cable-staying system CSδ can be 
found by constitutive equations 
 ,1 ,0CS CS CSL L L= +∆ , (6) 
where ,0CSL  is the initial length of stay cables as shown, 
in Fig. 2a 
 2 2

,0 2 0.25CS CSL e l= + , (7) 

,1CSL  is the length of stay cables in the deflected shape  

 2 2
,1 2 ( ) 0.25CS CS SCL e l= + δ + , (8) 

and CSL∆  is an elastic elongation of stay cables 

 2cos

t
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CS CS

H lL
E A
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β
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where β  is the angle between stay cables and the deck 
shown in Fig. 2a; CSE  and CSA  are the modulus of elas-
ticity and the cross-section of stay cables respectively. 

Furthermore, the deflection of the cable-staying sys-
tem may be obtained approximately by 

( )
3

2 3 316 1 /16
vCS

CS
CS CS CS vCS CS CS CS

F l
E A e F l E A e

δ =
+

. (10) 

At the end of the iteration, a convergence check of 
restoring force vF  and the vertical component of axial 
force in cable-staying system vCSF  is carried out  
 vCS vF F− ≤ ε . (11) 
Parameter ε  depends on acceptable tolerance, i.e. the 
desired accuracy of the iteration process. 

 
3.3. Numerical example 
To test the accuracy of the proposed computational meth-
od, numerical analysis was carried out. The calculation 
model of the under-deck cable-stayed bridge with the one 
strut cable-staying system shown in Fig. 2b was used. In 
the calculation model, the span of the bridge assumed of 
18 m ( 18l = ) and the properties of the cross-section were 
taken as follows: 14282A = mm2, 0.242E+9I = mm4, 

300h = mm, 210000E = N/mm2. The cable-staying 
system of two stays, each with a cross-section of 

7848CSA = mm2 and the modulus of elasticity 
210000CSE = N/mm2 was self-anchored into the deck 

and deflected by one strut at the midspan subdividing it 
into two equal parts. The strut was 3 m long; thus, the 
eccentricity of the cable-staying system was 1/12th of the 
span ( 3CSe = m). The cross-section of the strut 
was 5184SA = mm2, the modulus of elasticity 

210000SE = N/mm2 and had a pin connection with the 
deck.  Subsequently, the same structural scheme was used 
for solving the problem with the nonlinear solver of finite 
element software ANSYS. 

Table 1 shows the numerical results of the flexural 
response of the deck by means of the bending moment 
and deflection at the point of 9z = m. Furthermore, resto-
ring force at the restraint was calculated using general 
equations of the proposed computational method. In para-

llel with parametric analysis, the results of the same key 
aspects were obtained by running the non-linear solver of 
FE software ANSYS. The results of ANSYS give the 
axial response of the strut instead of restoring force ob-
tained by combining general equations and the calcula-
tion model. Although, it can be seen that differences are 
less than one percent, thus, restoring force in the calcula-
tion model approaches axial compression in the structural 
scheme. The last column in Table 1 shows that all diffe-
rences are acceptable to represent the computational me-
thod to be accurate and relevant. 

 
4. The application of the proposed method  
for the double-level cable-staying system 
For the application of the proposed computational method 
of the one strut cable-staying system to the structural 
scheme with the double-level cable-staying system, the 
following algorithm can be used.  

− The whole structural scheme is sub-divided into 
three individual structural schemes. One of those 
incorporates the geometry of the first and two 
others of the second-level cable-staying system 
respectively. According to the structural schemes, 
two calculation models of an additionally re-
strained beam column have to be used. 

− When using general equations for the non-linear 
analysis of the considered structure, the first and 
the second calculation models are used separate-
ly. The interaction must be assessed with refer-
ence to the iteration process. 

− Compression force implemented in the calcula-
tion model to obtain the structural response of the 
whole structure must be calculated following a 
two step procedure. First, non-liner analysis is 
performed combining the first calculation model 
of the additionally restrained beam-column and 
axial compression obtained performing the first 
level-cable system analysis. Then, the obtained 
axial force is amplified analysing the second level 
cable-staying system and the convergence of axial 
forces. 

− The iteration process has to be repeatedly carried 
out for both the accuracy of axial force and re-
strained deflection and implemented into the se-
cond calculation model. Then, general equations 
can be used for obtaining the key parameters.  

 
Table 1. The results of the numerical example 

 Proposed computational method FE model with 
ANSYS  Difference 

Bending moments in the deck    Maximum (kNm) –185.8 –186.9 0.60% 
Minimum (kNm) 139.7 140.9 0.87% 

Deflection    Maximum (mm) 26.98 27.07 0.35% 
Axial response in the strut    Compression load (kN) 225.4 226.1 0.27% 
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4.1. Numerical example  
This section runs a numerical example of the under-deck 
cable-stayed bridge with the unconventional cable staying 
system. The problem was solved using both the computa-
tional method and commercial software ANSYS based on 
a non-linear algorithm.  

Consider the structural scheme and geometrical pa-
rameters used for the numerical example provided in 
Section 3.3. According to the layout of the cable-staying 
system shown in Fig. 1a, two structural schemes were 
used for the morphology of the second-level cable-
staying system. When implementing two structural sche-
mes with one strut in the whole structure, the span of the 
bridge gets the length of 36 m. 

The stay cables of the first level cable-staying sys-
tem had the eccentricity of 4 m, which is the 1/9th of the 
span. The numerical value of a cross section of stay cab-
les has been taken the same as the one for the second 
level stay cables and is presented in Section 3.3. 

Both symmetric and asymmetric load cases were 
considered to obtain the flexural response of the deck. In 
case of symmetric loading, uniform vertical force 

20q =  kN/m was applied to the whole structure. When 
considering the case of asymmetric loading, distributed 
vertical force 20q =  kN/m acted on a half of the span 
and 10q =  kN/m was applied to the other one. 

Table 2 shows the extreme values of hogging and 
sagging bending moments and the maximum values of 
the deflection in the deck. For the case of symmetric loa-
ding, the deformation response of the deck is presented in 
the first column in Table 2. When applying asymmetric 
load, the deformation response of the deck is the combi-
nation of the results given in the first and second columns 
in Table 2 respectively. 

Differences declare the accuracy of the computatio-
nal method comparing to the non-linear solver of FE 
software ANSYS. According to differences less than one 
percent, the computational method can be efficiently 
applied to the structural analysis of the under-deck cable-
stayed bridge with the double-level cable-staying system 
both for symmetric and asymmetric loading.  

 
 
 

5. Comparison of conventional and unconventional 
cable-staying systems 
To highlight the stability of the proposed morphology, 
structural schemes for the under-deck cable-stayed bridge 
with double-level and multiple struts cable-staying sys-
tems were analysed using FE software ANSYS. For the 
structural scheme of the under-deck cable-stayed bridge 
with the double-level cable-staying system, geometrical 
parameters were taken as described in Section 4.1. Alter-
natively, the structural scheme of the length of 36 m span 
bridge with the eccentricity of a cable-staying system of 
4 m, which is the 1/9th of the span was analysed. The 
structural scheme with multiple struts had the parabolic 
layout of the cable-staying system designed of 7 struts 
and previously described eccentricity at the midspan. 
Alternative structural schemes are shown in Fig. 3. 

The cross-section parameters of the structural ele-
ments of the cable-staying system and the deck of the 
bridge with the multiple struts cable-staying system were 
taken as described in Section 3.3.  

In case of a permanent state, superimposed dead  
load 10g =  kN/m was applied. According to possible live 
load models for footbridge design, the case of symmetric 
and asymmetric loading was considered and configurations 
of load 10q =  kN/m were used as shown in Fig. 3. 

The limit value of maximum deviation of the struc-
ture to satisfy serviceability limit state and aesthetic 
requirements was set to 90 mm. 

The deformation response of alternative structural 
schemes was obtained performing the non-linear analysis 
of the structure to compare and contrast the selected sch-
emes. The numerical values of extreme bending moments 
in the deck and a deformed shape of both analyzed struc-
tural schemes under symmetric and asymmetric loading 
are presented in Fig. 3. 

In case of symmetric loading, the extreme bending 
moments in the under-deck cable-stayed bridge with con-
ventional cable-staying system are less than those in the 
bridge with unconventional cable-staying system. Thus, 
the conventional cable-staying system becomes more 
efficient. According to a greater number of struts, the 
subdivision of the deck increases. An increase in the su-
bdivision of the span localizes bending moments and 
decreases the flexural response of the deck. 
 

Table 2. The results of the numerical example 
Asymmetric loading 

 Proposed  
computational 

method 
FE model 

with 
ANSYS 

Difference Proposed  
computational 

method 
FE model 

with 
ANSYS 

Difference 

 Multispan with applied load: 20q =  kN/m Multispan with applied load: 10q =  kN/m 
Bending moments in the deck       

Maximum (kNm) –186.9 –186.7 –0.11% –87.55 –87.53 –0.03% 
Minimum (kNm) 136.7 136.6 –0.06% 69.30 69.28 –0.03% 

Displacement       
Maximum (mm) 64.6 64.6 –0.01% 75.55 75.53 –0.08% 
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Fig. 3. The representation of the numerical analysis of alternative structural schemes for the under-deck cable-stayed bridge:  
a) geometrical parameters and structural schemes; b) application of symmetric and assymmetric loading; c) distribution of 
bending moments under symmetric loading; d) deflection shape of the structures under symmetric loading; e) distribution of 
bending moments under assymmetric loading; f) deflection shape of the structures  under asymmetric loading 
 

In case of asymmetric loading, the unconventional 
double-level cable-staying system causes less flexural 
response of the deck by means of lower extreme values of 
bending moments compared to the conventional bridge. 

A comparison of deformations of alternative schemes 
points out that the double-level cable-staying system is 
more stable than the multiple struts cable-staying system. 
The aspect of stability has great importance for designing 
bridge structures, which indicates that the structural sche-
me with multiple struts is sensitive to asymmetric loading 
and deflects in the asymmetric shape. Furthermore, deflec-
tion exceeds the limit value to satisfy requirements for 

serviceability limit state. Thus, the flexural rigidity of the 
deck has to be increased, and the moment of inertia set to 

0.559 9I E= + mm4 to get the deflection of 86.54 mm 
which fits into the established limits. 

Economy was not the key aspect of comparison ana-
lysis. However, the flexural rigidity of the steel beam 
used for designing the deck in case of the multiple struts 
structural scheme has to be increased in order to fit the 
limit value of deflection, and that causes an increase in 
the cross-section. The growth of the cross-section of the 
beam causes an increase in active steel and a decrease in 
economic efficiency. 
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6. Conclusions 
The paper presents the new morphology of the cable-
staying system for the under-deck cable-stayed bridge 
termed the double-level cable-staying system. Fig. 1 
shows possible variations in the layout of the unconven-
tional cable-staying system according to the eccentricity 
of the first level. 

The paper describes the structural response mecha-
nism of the under-deck cable stayed bridge with the one 
strut cable-staying system. Fig. 2 shows the interaction 
between the cable-staying system and the deck. The non-
linear behaviour of the cable-staying system causes the 
non-linear problem for the analysis of the considered 
bridge. To solve the problem, Fig. 2 shows a calculation 
model of an additionally restrained beam-column ele-
ment. A combination of the calculation model and the 
iteration process proposes the computational method for 
the structural response of the under-deck cable-stayed 
bridge with the one strut cable-staying system. The me-
thod is based on appropriate differential equations. The 
usage of the computational method derives general 
equations for determining the structural response of the 
bridge. The application of the equations given in Sec-
tion 3.1 provides a possibility of obtaining the deforma-
tion response of the deck by means of the bending mo-
ments and deflections of the deck as well as the axial 
response of the strut. Numerical analysis was carried out 
to compare the results obtained using the proposed me-
thod and the non-linear solver of FE software ANSYS. 
Table 1 presents that differences are in the acceptable 
range and the proposed method can be efficiently applied 
for the considered bridge structure.  

The application of the proposed calculation method 
to the non-linear analysis of the structural scheme for the 
unconventional under-deck cable-stayed bridge is descri-
bed combining three independent structural schemes of 
the one strut cable-staying system. Section 4 has descri-
bed the algorithm for an appropriate design of the under-
deck cable-stayed bridge with the double-level cable-
staying system. Numerical examples were run to present 
application possibilities under symmetric and asymmetric 
loading of the bridge. The analysis of the considered 
problem was performed using the non-linear solver of 
ANSYS, and the differences are given in Table 2. 

Finally, a comparative analysis of conventional and 
unconventional under-deck cable-stayed bridges shown in 
Fig. 3 was performed. In case of asymmetric loading, 
analysis shows that the unconventional cable-staying 
system is more stable than the conventional one with 
multiple struts. Stability is exceptionally important for 
designing bridges. 
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