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Abstract 
 
The contemporary classic theory of gearing is realized through the instrument needed for production of the toothed 
wheels of the gear. By means of the proposed relationships in the present report, it is proposed that all instrumental 
limits are eliminated and that free geometric synthesis to realized by observing the principles of Olivier and basic 
theorem of Zalgaller-Litvin. The work compares both synthesis methods - the classic and the contemporary one - while 
discovering some not yet used opportunities for geometric synthesis of involute cylindrical gears in accordance with 
preset qualitative parameters.  

 
 
 Keywords: free geometric synthesis, involute cylindrical gears                                                                                         

 __________________________________________________________________________________________ 
 

1. Introduction 
 
The synthesis of involute cylindrical gears in generalized 
parameters gives a new “modernized” approach that allows 
[1,2,3,4,]: the involute profile of the gear tooth to be seen as 
compound; analysis of the gear tooth profile without taking 
into account the geometry of the instrument. 
 This method of synthesis uses the following base 
hypotheses: hypothetically, there exists a theoretical point of 
intersection of two involutes, called, by prof. Vulgakov, 
"sharpening point", even when the thickness of the gear 
tooth on the peak circumference is non-zero; the gear teeth 
don’t have transition curves because the synthesis is 
performed without an instrument and are called "teeth"; the 
notion of radial clearance in the meshing does not exist; the 
notion of interference between joint working gear profiles 
does not exist, because the whole theoretical gear profile 
near the base  circumference is being used; gear teeth 
have a permanent, previously adopted, thickness on the pitch 
circumference; 

 
 
2. Modern Theory of Gear Meshing without 
Considering the Geometry of the Instrument 
 
The summary parameters Δ1,2 are known in advance and at a 
non-zero gear tooth thickness are determined by:  
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where αа1,2 are the angles of the involutes on the pitch 
circumference; 
νа1,2 – the relative thicknesses of the gear teeth on the pitch 
circumference, determined by: 
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where 
 
z1,2 are the number of the teeth on the gear wheels; 
Sa1,2 – the thicknesses of teeth for the corresponding wheels 
on the circumference; 
db1,2 – diameters of the corresponding base circles; 
α - the profile angle of the output outline.  
 
 Since the tooth thickness at the tip is being set, then with 
an accuracy of secα, at a standard value of the profile angle 
of the output outline, in [2,3] the upper limit of the thickness 
expands to: 
 

  

1
4.z

1,2

≤ ν
a1,2

≤ 1
1,5.z

1,2

,                           )                      (3) 

  
 Using the predefined, generalized parameters, the angle 
of meshing αw and the frontal overlap coefficient εα are 
being formally defined. 
This innovative approach of input of generalized parameters 
allows subsequently the creation of the geometric synthesis 
of the involute gear tooth that has two different involutes. 
For the first time, this variationof the involute profile is 
proposed and implemented in [3], as the following 
possibilities of forming are being defined (Figure 1).  
 According to figure 1 in the method of generalized 
parameters, a physical defect of the theory appears. This 
defect multiplies two separate occasions due to the need of 
defining independent variables for the other profile as well. 
This defect results in the need of an "initial" symmetry axis 
of the gear tooth on which the "coupling" of the two 
compound profiles is being carried out. 
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b) 

Fig. 1. Forming of asymmetric profile in generalized parameters: а) 
borderline forming case b) general forming case 

 
 

 Therefore, the hypothesis of the existence of a theoretical 
sharpening point of the involutes, which is cited as an 
advantage by the author of this theory, became one 
significant disadvantage. Beyond this initial symmetry axis, 
it is impossible to define the independent variables, wherein 
their number is not doubled, because one of them becomes 
dependent. Thus the asymmetric profile is impossible and it 
is extremely wrong to be interpreted as consisting of only 
two symmetrical profiles. This makes the fundamental law 
of meshing during the collaboration of the gear wheels. If 
the asymmetric profile consists of two symmetrical profiles, 
then each one of them must exist independently of the other, 
as well as jointly.  
 Dependencies that serve to determine the rest of the 
geometric parameters of the gear are: 
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where αw and αw

* are the angles of meshing of the two 
compound parts of the asymmetric profile. 
 According to (4) the symbol “+” refers to external 
meshing, and the symbol "-" for internal meshing. This 
physical limitation that exists in the theory of generalized 
parameters is interpreted from another position by 
introducing an additional parity between the diameters of 
sharpening of the compound involutes (Fig. 2): 
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 Based on the adopted additional restriction, the number 
of independent variables is reduced, because the asymmetric 
gear tooth profile is being released by the "initial" symmetry 
axis, which is transformed into another axis. 

 
Fig. 2. Another possibility for the forming of an asymmetrical gear 
tooth profile 

 
 

 The dependencies, which serve to determine the other 
geometric parameters of the gear are: 
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 System (6) implies a mandatory condition between the 
angles of sharpening only for one of the gear whees. From 
here follows that Δ*2 is also a dependent variable, which 
limits the possibilities for a geometric synthesis in 
generalized parameters. 
 This implies the need for an additional dependency in the 
system (6), which removes the restriction on the presence of 
a predetermined axis. 
In case of an incline of the teeth β of the gear wheels, the 
number of independent variables Δβ and Δ*β increases. They 
characterize the additional coefficient of overlapping εβ  and 
ε*β in the frontal section for both teeth parts: 
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where b1,2 is the width of the wheel 1 and 2 in the gear. 
 The researches, made by prof. Vulgakov, contain no 
solution to the problem with the interference between 
opposite involutes within the wheel (Fig. 3). Therefore, in 
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[1,2], it is unjustifiedly recommended with the increase of 
one of the angles of the output outline, to decrease the other, 
which provides a "reserve" against the existence of such 
interference. 
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Fig. 3. Interference between opposite involutes, within the gear 

 
 Having larger than standard profile angles of the output 
outline creates a condition for the existence of a common 
point L (Fig. 3) between the opposite involutes, which 
prevents the selection of independent variables for the other 
gear wheel. This implies a physical limitation in their 
choices, because the new point L restricts the height of the 
teeth, and this contradicts the hypotheses that were originally 
made. 
 The condition for mutual interference of the two 
opposite profiles is obtained after a study of the arc of the 
tooth space (еL1,2) and determining the common intersection 
point between the opposite involutes: 
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where PL1,2 and P*

L1,2 are the circumference steps of the 
opposite profiles of the circumference that passes through 
the intersection point L1,2, for both gear wheels: 
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SL1,2 and S*

L1,2 – the thicknesses of the profiles on the 
intersection circumference: 
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 After substitution of the expressions (9) and (10) in the 
expression (8), and subsequent processing, the following 
transcendent system for determining the angles of the 
involutes in the intersection of L is obtained:     
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 The transcendental system (11) is solved by the method 
of successive approximations to a preset accuracy in the 
following dependency: 
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 Interference of opposite profiles occurs at: 
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 And the following additional condition 
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where αp1,2 and α*
p1,2 are the angles of the involutes in their 

lower active points. 
 
 Only during implementation of conditions (13) and (14) 
is it possible to have a free choice of profile angles of the 
instrument and to implement the "free geometric synthesis" 
in generalized parameters. 
 The solution for this problem is proposed by the author 
of this research for academic rank. 
 The physical meaning of this new interference in 
generalized parameters consists in the presence of an 
"initial" symmetry axis of the tooth space, which differs 
from that of the tooth, i. e., the angle between them is other 
than (π/z), when the condition (14) is met. 
  
 
3. Conclusions  
 
From figure 1.4 it follows that the areas of existence in 
generalized parameters provide: 

• the possibility for extrapolating the isolines, 
characterizing the quality indicators of meshing for one 
profile on top of the other, i.e., using an area of existence, 
composed of two sub-areas; 
the isoline α*

а2 = Δ*
2 is limiting for this method of synthesis. 

In fact, the asymmetric involute profile continues to exist 
close to the isoline of zero thickness of the tooth on the pitch 
circumference Sa2 = 0, but it is impossible to define the 
independent and dependent variables. 
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Fig. 4. Unconditional area of existence for the output reverse gear with 
initial parameters:а) α  =α* = 30° in system with coordinates  Δ1, Δ1

*, Δ2 
and Δ2

*b) α  = 15°, α* = 30° in system with coordinates х1 and х2 

 
 

• Figure 1.4  presents the transformation of the 
unconditional area of existence from the field of independent 
variables Δ1, Δ1

*, Δ2 and Δ2
* for output profile angles α=15° 

and α*=30°,  to the field of independent shift coefficients of 
the instrument х1 and х2. The implemented areas by the 

method of generalized parameters, but transformed into a 
coordinates system х1 and х2, allow a comparative analysis 
of the feasibility of a gear to be carried out. 

The general System, which describes the limitations 
of the unconditional area of existence of an asymmetric 
profile and the method of generalized parameters in the 
presence of joint interference between the opposite involutes 
is: 
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