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1. Introduction

Analyzing the perspectives of 21st century geometry teaching, Villani (1998) clearly points out in
the International Commission on Mathematical Instruction (ICMI) study that primary school
geometry teaching should not only be reduced to the introduction of mathematical
concepts/procedures, but should, instead, rather help students to:
I.  Improve the ability of spatial reasoning and
II. Improve their experience in measuring length, surface and volume, especially in initial
education.

Exercises that are based on the use of a ruler, compasses and a protractor are always desirable,
despite the possibility of using computer tools.

The great Russian mathematician Lobachevsky (N. I. Lobachevsky 1792-1856) emphasized the
important role of the mathematics teaching methodology (according to Manturov, Solncev, Sorkin
& Fedin, 1969). It was exactly Manturov and his associates who gave the important concepts a
central position in mathematics teaching methodology, in nine points. In this paper, we will
mention those concepts that are directly related to our research. The first is the concept of a
boundary value on the basis of which a further one is developed - the concept of derivatives,
integrals and measuring geometric quantities - length, surface and volume. The second concept is
developing the ability to represent objects and their interrelations in space, and based on this,
developing abstract thinking in students. If one wants to create a good basis for progressing through
a spiral curriculum in mathematics teaching for the two concepts mentioned above, the main
stronghold for these concepts is to be found in primary school, that is, in initial education (Poki¢ &
Zelji¢, 2017; Romano, 2009).
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Geometry teaching should not be solely based on two-dimensional forms. Moreover, it should
not only deal with 'micro-space' on a textbook or workbook page. On the contrary. Initial geometry
teaching should be based on a careful observation of the three-dimensional reality of the
environment. Later, as students mature, the observation of the three-dimensional situation should
be extended to (and at the same time enriched with) other activities, in particular - focusing on the
relationship between the three-dimensional space and its two-dimensional plane representation.
Namely, objects should be presented exactly as they are, i.e. the way they appear on the retina of
our eyes, on a sheet of paper, or on a computer or TV screen, just as one of the greatest
mathematicians, Poincaré (H. Poincaré 1854-1912), wrote in his Science and hypothesis (Poincaré,
1905). Dealing with the concept of space (visual, tactile, and motoric entities), Poincaré ponders
upon forming the image of an object from a ‘real environment’ (on the retina of our eyes). In such a
context, it is unnatural for geometry teaching to be reduced to the mere metric aspect, but should
also include the affine properties of a plane, as well as a parallel space projection. Some students
can be engaged in dealing with the central projection, at least in its initial form (Poki¢, 2007; 2017).

Bearing in mind the current needs in geometry teaching, we considered that the topics of space
and spatial reasoning should be part of it as key issues, as well as teaching approaches, real
environment, learning through (re)discovering mathematical ideas, the role of textbooks in the
initial mathematics education, and so on. Therefore, this research paper offers a general insight
into our need to deal with these topics (Poki¢, 2017).

2. Space and Spatial Reasoning

One of the aims of geometry teaching is developing the ability to interpret figure-related
information and visual processing - spatial visualization, as well as a feeling about spatial shapes,
properties and their interactions - spatial orientation. In geometry, these two spatial elements -
spatial orientation and spatial visualization/observation are explained by Clements and Battista in the
following way (Clements & Battista, 1992). Spatial orientation refers to the ability to spot the
position of an object in relation to other objects, for example, finding someone's way in a building,
while spatial visualization/observation refers to the ability to understand and visualize the
consequences of changes, that is, of (imaginary) movement of objects from a two- and three-
dimensional space. It implies, therefore, understanding, interpretation and a verbal description of
visual figure representation.

Many researchers have discussed these spatial elements (Bruce et al., 2015; Clements & Battista,
1992; Sinclair & Bruce, 2014; 2015; Sinclair et al., 2016). Thus, the following two spatial components
are proposed, which are believed to be particularly important for teaching mathematics. The first is
the ability to interpret figure-related information and it includes understanding the visual
representation and vocabulary that is being formed. The second is the ability of visual processing,
including the manipulation and translation of visual representations and images, as well as
translation of abstract relationships into visual representation. On the other hand, mathematical
curricula are becoming increasingly focused on the development of the sense of space, by means of
geometric instructions supported by the mathematics textbook. In reference literature, this sense of
space is marked by numerous researchers as spatial reasoning, which we will be using in this paper
as well. Therefore, for the research mathematical community we propose the first important
question - the question of the concept of space and spatial reasoning.

3. Teaching Approaches

Evaluation of student achievement has been carried out in two directions in the last two decades
(Kuzmanovi¢ & Pavlovi¢ Babi¢, 2011). One is formative evaluation, i.e. evaluation in the service of
learning, and the other is standardized testing of knowledge, the aim of which is to obtain data
that will serve the educational authorities when planning the education policy. Thus, domestic
testing is carried out (what is examined is the degree of achievement of the educational standards
of student achievement) (Ministarstvo prosvete, 2006; Zavod za vrednovanje kvaliteta obrazovanja
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i vaspitanja, 2011) and international testing (what is evaluated is the effectiveness of educational
systems) (TIMSS, PISA, etc.).

The approaches to learning developed in the mid-20th century offered a conceptual framework
for developing new ways (models) of evaluating student achievement. Thus, according to the
cognitive theory, learning is a complex cognitive activity, and the acquisition of knowledge cannot
be reduced to the accumulation of factual information and routine procedures, but it rather implies
the ability to integrate a range of knowledge, skills and procedures in ways which enable efficient
problem solving (Kuzmanovi¢ & Pavlovi¢ Babi¢, 2011). One of the main principles of the cognitive
theory is students’ active knowledge building, based on understanding and linking new
information with previously acquired knowledge. The focus is on types or kinds of knowledge,
and the purpose of assessment is not only to determine what a student knows, but also to judge
how and under what conditions he/she can apply that knowledge. Therefore, there is a paradigm
shift in the measuring of students” academic achievement, whereby researchers propose that it is
rather drawing conclusions based on what we perceive than measuring that should be spoken
about (according to Kuzmanovié¢ & Pavlovi¢ Babi¢, 2011). This paradigm shift treats evaluation as
a system with interconnected elements of cognition (the theory of what students know and how
they build competencies in certain domains), observation (tasks and situations by means of which
performance data are collected), and interpretation (method of drawing conclusions based on
observations).

Mathematical knowledge becomes an indispensable part of contemporary institutionalized
education of any individual, regardless of the level and type of education that the individual
acquires. There is more and more discussion about the direct or indirect application of mathematical
knowledge, in various areas of human life, the application of the mathematics methodology, the
mathematical way of thinking, and the different forms of gaining mathematical knowledge that
are applied in everyday life. Mathematical knowledge and skills are used in many concrete
situations and in everyday life and are extremely important for the intellectual development of the
individual, on the one hand, and they are also important for the technological development of
contemporary society, on the other. In the European Commission's paper (EACEA, 2011), one of
the important tasks in the current reform of education systems is an increase in interest in
mathematics and achievement in mathematics. In order to enable better preparation and
implementation of appropriate changes within the educational system, international research on
student achievement is of great importance. In their research, Dindyal, and Cai with associates
(Cai et al., 2016; Dindyal, 2014) state that the decision to leave a great deal of space to mathematics
in the international TIMSS and PISA research proves the importance of teaching mathematics for
any society and individual in it. Their role is becoming more and more important and there is an
increasing number of countries participating in such research. Therefore, it is necessary to analyze
from both mathematical and methodological points of view the official reports of these studies on
student achievement in mathematics for Serbia (Antonijevi¢, 2007; Bozi¢, 2012; Jeli¢ & Pokic, 2017;
Ministarstvo prosvete, 2006; Zavod za vrednovanje kvaliteta obrazovanja i vaspitanja, 2011). They
fall within the ranks of international studies of multiple significance, both locally and
internationally.

In the above mentioned international and national research reports, we recognize and
emphasize, and also describe and methodologically analyze the teaching approaches which have
been perceived as the ones providing both better effects in terms of mathematical achievement and
better motivation for learning in geometry classes.

3.1. Realistic Mathematics Education

Different teaching approaches and their effects can be important starting points in mathematical
education. One of the teaching approaches in the initial geometry teaching which aroused great
research interest is based on the ‘real environment” and Freudenthal’s (F. Freudenthal 1905-1990)
didactic phenomenology and the concept of mathematical education. The ‘real environment” as a
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source of mathematical concepts is the basic starting point for Realistic Mathematics Education
(RME), launched in the Netherlands at the Institute in Utrecht in the 1970s, when Freudenthal
recommended linking mathematics to real situations close to children and relevant to society
(Freudenthal, 1968).

3.1.1. Freudenthals’ Work Continue

The process of learning mathematics should be a guided process of discovering mathematical ideas with
the basic aim of understanding the process of mathematization rather than mastering a closed
system of facts. Mathematization, according to Treffers and Freudenthal, can be vertical and
horizontal (Freudenthal, 1968; Treffers, 1987). In horizontal mathematization, one moves from the
realistic world into the world of mathematical symbols through a mathematical apparatus that
allows solving problems. Vertical mathematization implies the movement within the world of
mathematical symbols and implies a reorganization of mathematical knowledge by establishing
connections between mathematical concepts and procedures. The basis of mathematization lies in
the idea of finding problems and ways of solving them, which would be like (re)discovery of
mathematical ideas. Realistic mathematical education uses real, everyday nonstandard, problem
situations for motivating one to learn mathematical contents. According to Van den Heuvel-
Panhuizen, they are the basis for the so-called guided discovery of mathematical concepts or procedures
(Van den Heuvel-Panhuizen, 2002). Van den Heuvel-Panhuizen and Gravemeijer take the problems
in the context to be the problems in which a problem situation seems to children to be experientially
possible, and which is close to them (Gravemeijer, 1994; Van den Heuvel-Panhuizen, 2002). The
educational process with this kind of an approach is opposite to the mechanistic approach to
teaching because it encourages learning with understanding. Models play an important role in
mathematics teaching, and for RME they are particularly important and their role is different. In
the teaching of mathematics, a model represents the concretization of a mathematical concept. In
contrast, Streefland and Treffers state in their studies that one moves in RME from a model as an
approximation of an abstract phenomenon to a model as a means of solving the problem
(therefore, it can also be a formal mathematical expression) (according to Treffers, 1991). In RME
teaching, the tasks in the context are used primarily to gain new knowledge - knowledge acquired in
a different way in the process of attainment of formal knowledge, and in order to recognize the
possibility of applying the knowledge. By solving problems, students develop a mathematical
apparatus and understand mathematical concepts and procedures, as opposed to a mechanistic
approach which is oriented to practising procedures. The RME insists on a complex meaningful
conceptualization of learning. In RME, students are not mere recipients of information, but actively
participate in the teaching process, revealing the mathematical ideas themselves. Hence, it can be
said that the basic characteristics of RME are the use of a context, the use of models, the active
participation of students in the learning process, the interactive nature of teaching, the
combination of different learning methods (Fauzan, 2002). Different activities provide children
with the opportunity to establish themselves the links between the observed objects and events and
abstract ideas that explain the relationships between these objects and events. The power of this approach
to learning, according to House and Coxford, lies in the activities that arise from children's need -
their interest in a particular phenomenon - and not from externally imposed isolated tasks (House
& Coxford, 1995).

Many international and domestic projects, as we have presented in our previous papers, use the
‘real environment’ in their concepts of mathematical education as the basic starting point
(Milinkovi¢, Pokié, & Deji¢, 2008). These projects started in the 1990s, and most of them propose,
as one of the conclusions, curricula harmonized with the philosophical and pedagogical-
psychological orientation of the projects. Projects rely on constructivist theories of psychic children
development (Piaget's theory and Vygotsky’s theory). They start from student’s intuition and
previous knowledge, through a gradual formation of abstract concepts, in order to finally reach a
symbolic way of expression. What connects the given projects is the context of the ‘real
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environment’ for the concepts formation - from one example to another, in a guided conversation
in situations close to children’s experience, to generalization and abstraction. It is worth stressing
that these projects have been recognized: 1) by the good methodological approach to learning
mathematical contents (as shown in the results of the international TIMSS testing) and 2) by the
high achievement in solving mathematical problems (as shown by the results of the international
PISA testing). Van den Heuvel-Panhuizen states that the TIMSS results show the top positions in
the list belong to the countries which foster the approach to learning mathematics based on a
realistic context (Van den Heuvel-Panhuizen, 1996; 2002). As a result of these projects, there were
textbooks created. That is why the analysis of the reports of the mentioned research projects, their
mathematical curricula and teaching approaches represent the pivotal point of many studies.
Therefore, the second important issue for research is the ‘real environment’ as a source of geometric
concepts and the point of knowledge application.

Our research was also inspired by Freudenthal’s speech at the Fourth International Congress of
Mathematical Education. On this occasion, this leading 20th-century mathematician presented a
series of problems encountered by mathematical education researchers (Freudenthal, 1983), some
of them being:

I. How to use progressive schematics and formalizations in teaching students about some
mathematical concept (or in a broader sense about a mathematical object);
II. How to arouse students’ interest in (motivation for) mathematics;

III. How mathematical instruction is structured by level and how to use these structures for

differentiated teaching;

IV. How to encourage one's thoughts about physical, mental and mathematical activities;

V. How to create a suitable context for teaching mathematization of contextual problems;

VI. Can one be taught geometry if one relies on their personal reflections and their own

intuitive understanding of space?

VII. What is the role of textbooks and textbook materials, i.e. teaching materials?

Freudenthal believes that contextual learning goes in the following direction: from the ‘real
environment’ to mathematization, and by no means the other way round. In mathematics
teaching, the 'real' refers to the problem in the context, whose solution search has a certain
meaning for students, just as mathematical problems do. It is recommended that even the most
abstract mathematical objects should be introduced through contextually based problems. In all of
this, of course, both the teacher’s work and the textbooks are important, too. It is, therefore,
important to consider their role in the teaching process.

Freudenthal, as it turns out, puts before us tasks for improving the teaching process in the field
of mathematics teaching, taking into account all students’ characteristics (age, mental, physical,
intellectual). A successful completion of these tasks requires good methods (the way in which the
teacher does the teaching). There are numerous recommendations on how to teach and how to
learn.

In our paper, attention is further paid to learning with understanding, which is also discussed by
Hiebert and Carpenter (1992). One form of learning with understanding is learning by discovery
(through discovery). Through their independent activities students reveal the basic rules and
principles and understand their way of creation. Bruner (1966) advocates in his research the so-
called guided learning by discovery, that is, learning guided by the teacher, who gives instructions,
recommendations, etc. Resnick and Ford (1981), as well as Mic¢i¢ (1999) and others, have spoken
about learning through discovery in the field of mathematics teaching. Therefore, an interesting
research question is also the relation between learning with understanding and learning by
discovery, i.e., the third important research question is learning by (re)discovering mathematical ideas.
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4. The Role of Textbooks

One of the key issues for the didactic theory of mathematics and the teaching practice is the
effectiveness of the organization and realization of mathematics teaching. Numerous factors are
taken into account, with some of the most frequently mentioned (and analyzed) ones being
teaching methods and interaction patterns, organization of teaching, and the teacher’s personality.
These issues were dealt with by Adler and Sfard (2016), Tarr et al., (2008), and Fan, Zhu, and Miao
(2013), who emphasized two essential elements - the first one is the curriculum and the other is the
textbook. The importance of the curriculum is also reflected in the fact that educational reform is
generally and most often reduced to a call for the reform of curricula. Our interest is directed at the
second element - often neglected - which is the textbook (Milinkovi¢ et al., 2008). Thereby, we first
have in mind the didactic-methodological curricular instructions and their implementation
through a textbook, that is, we have in mind a general overview of programme activities. It can be
said that there is a widespread (implicitly present) view that a gquality textbook can and must
provide adequate support in the teaching process, regardless of the chosen approach to
mathematics teaching.

In didactic theory, the textbook represents a primary teaching resource; it is the basic, main and
obligatory school book (Trebjesanin, 2001). The textbook, therefore, potentially has a huge impact
on student's knowledge and development. The textbook is supposed to provide support in the
process of achieving the educational, developmental and socialization goals of formal education
and teaching. Van den Heuvel-Panhuizen states that in the countries which are extremely
successful in mathematical education according to international research, the textbook is one of the
key reformer bearers, while the teaching approach applied is the approach of the ‘real
environment’ (Van den Heuvel-Panhuizen, 2002).

Adler and Sfard (2016), Villani (1998), Tornroos (2005), Fan el al., (2013), and Poki¢ (2017) all
mention in their research that there is valuable initiative for innovative textbook models in many
countries. However, it has been noticed that curricular innovations are often set up in such a way
as to relate to former traditional topics, thus generating repetition and lacking in comprehensive
connectivity. The textbook authors are expected to avoid accumulation in the preparation of texts
and to be more selective in their choice of the parts to be interrelated, as well as to be careful when
interrelating them, since they must be equally clear and understandable to both teachers and
students. Finally, for most innovative topics, according to the old didactic tradition, appropriate
professional literature is recommended in the form of a handbook for teachers (which is already done
in some countries) and in the form of special publications intended for students/future teachers
for their training during the studies through the subject teaching methodology (with the important
role of faculties in the professional development being emphasized).

We also analyzed the importance of textbooks in terms of the development of thinking. At the
Fourth Congress of the European Society for Research in Mathematics Education, Gutierrez,
Kuzniak and Straesser emphasized, from the perspective of studying geometrical thinking, the
importance of the textbook as a crucial instrument in learning and teaching, even in the era of new
technologies (Gutierrez, Kuzniak, & Straesser, 2005). Hence, for us, an important question is how
to use the textbook to encourage the development of geometrical thinking, i.e. how to
accommodate the child's mind to geometrical reasoning which leads to systemic thinking (Diezmann,
Watters, & English, 2002; DPoki¢ & Zelji¢, 2017; Hershkowitz, 1998; Prenger, 2005; Steen, 1999).

Since the educational system is multifaceted, it can hardly be changed, arranged or corrected.
The measure of disorder in such a system is entropy, which is highly present in the education
system. A resource which can substantially influence the change of such a state of the system is the
textbook. That is why the fourth important question for researchers is the question of the textbook in
initial mathematics teaching.
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5. Motivation for Learning

Woolfolk believes that the student can be encouraged to learn and to engage in intellectual activity
only by creating a cognitive conflict, that is, by creating a situation where the student is aware of
where he/she currently is in the intellectual sense, and where he/she wants to be (Woolfolk, 1998).
In this way, the student is enabled to spontaneously expand, correct, link and upgrade his/her
knowledge.

The motivation for learning mathematics, both external and internal, is seen as a significant
component in achieving the goal of learning with understanding, which Skemp (Skemp, 1986) spoke
about. A serious question is how to encourage most students to feel interested in geometry and
show better achievement in this field of mathematics. According to Glejzer, it is necessary to
change the understanding of the leading goals of teaching geometry at school (Glejzer, 1997).
However, according to how they are organized and what they contain, it is noticeable that the
main goal of teaching geometry, including the initial teaching of geometry, in school textbooks and
traditional teaching is developing logical thinking among students. However, at an early stage of
education, this turns out to be unachievable.

Since learning through (re)discovery corresponds to the nature of the learning process, and to
the nature of science (not being mere transfer and adopting of ready-made knowledge, but active
participation of students in building knowledge based on problem solving), it is interesting for our
research to find out how learning through discovery stimulates the learning of geometric contents.
That is why the fifth important question for researchers is motivation for learning.

What is the situation with textbooks like in Serbia? In the conducted analysis of innovative
textbooks, which appeared for the first three grades of initial mathematics teaching in the period
from 2003 to 2006, it was observed that memorization was the dominant type of intellectual
activation of students (Kora¢ et al., 2007). It is fostered in various ways, and most often a) by
introducing new concepts in a "ready-made" form; and b) by long-term insisting on the application
of matrixes in solving tasks (mechanistic approach in problem solving without looking into the
mathematical concept/procedure).

A different model of teaching was also noticed. New concepts are introduced through problem
situations, where problematization is one of the ways of acquiring new knowledge or improving the
existing one at a more complex level that allows students to gain knowledge independently, often
guided by teachers' recommendations, advice, etc. In this way, students get to understand and
comprehend the mathematical procedure themselves.

Textbooks often contain contents that are associated with the child's experience, with the
concepts and contents from other subjects, and are thus used as a context (framework) in which
mathematical requirements are placed. There is a visible effort to place as many tasks as possible in
a realistic life context. However, these attempts turn out to futile at times. The problem is, namely,
in the choice of situations from everyday life (the task frame) which give themselves to
mathematical language expressions and representations through mathematical symbols. This
aspect of teaching mathematics is increasingly present in newer textbooks, but insufficiently tested
(Poki¢, 2017).

6. Some Research Recommendations

Our recommendation is to conduct research studies that focus on teaching approaches in initial
mathematics teaching, especially those based on the ‘real-life’. In Serbia, this approach has been
investigated through research for the first time (Poki¢, 2014a; Djokic, 2014b; Poki¢, 2015; Poki¢,
2017). An empirical study of the ‘real environment’ teaching approach has been done, supported
by an appropriate innovative model of early mathematics teaching textbooks, and the effects on
student achievement and motivation for learning have been monitored. Students in the first three
grades of primary school were not included in the survey, as the classic teaching approach does
not exclude the ‘real environment’. On the contrary, it contains it as the basic source of
mathematical concepts in the process of their formation. As the age increases, students get
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increasingly “accustomed’ to the world of abstract ideas and “detached” from the ‘real environment’
as a source of concepts (Poki¢, 2007). We were interested in what effects the ‘return’ to the ‘real
environment’ would have in mathematics teaching.
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