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1. Introduction

Let D(n) be the semigroup of n x n doubly stochastic matrices; let P(n) be the group
of n x n permutation matrices. Birkhoff [1] has demonstrated
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Theorem 1. Every D(n) matriz D can be written

D= ZCUP,,

with all P, € P(n) and the weights ¢, real, satisfying both 0 < ¢, <1 and ), co = 1.

The question arises whether a similar theorem holds for matrices from the unitary
group U(n). This question is discussed by De Baerdemacker et al. [2] [3]. For this purpose,
the subgroup XU(n) of U(n) is introduced [4] [5]. It consists of all U(n) matrices with
all line sums (i.e. all row sums and all column sums) equal to 1. Whereas U(n) is an
n?-dimensional Lie group, the group XU(n) is only (n — 1)?-dimensional. A unitary
Birkhoff theorem has been proved for XU(n) matrices [2] [3]. Remarkable is the fact
that the case n = p with p an arbitrary prime [3] has been treated in a very different way
from the case where n is an arbitrary integer [2]. As a result, the decomposition, tailored
to prime numbers [3], can be restricted to n? terms, whereas the general case [2] leads
to a summation over all n! (or at least over n!/2) permutation matrices, albeit with a
large number of degrees of freedom. In the present paper, we will treat the two cases in
a unified way. Moreover, the unified approach will be applied to the case n = p%, i.e.
n equal to an arbitrary power w of an arbitrary prime p.

In general, the Birkhoff theorem for unitary matrices is based on the two following
lemmas. Let G(n) be a finite subgroup of XU(n).

Lemma 1. If an XU(n) matrix X can be written
X = Z ce Gy

with all G, € G(n), then the weights ¢, satisfy > co = 1.
The proof is trivial: all line sums of G, equal unity; therefore, all line sums of the
matrix ¢,G, equal ¢, and thus all line sums of the matrix > _ c,G, are equal to ) ¢,

As all line sums of X are equal to 1, we thus need ) _c, = 1.

Lemma 2. If every XU(n) matriz X can be written
X = Z a, Gy
with all G, € G(n), then there exists a decomposition

X:ZbgGg ,

such that not only > b, =1, but also Y, |b,|* = 1.
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This fact follows from the Klappenecker—Réotteler theorem [6].

Lemmas 1 and 2 have the following consequence: it suffices to find an appropriate
finite subgroup G(n) of XU(n) such that every member X of XU(n) can be written as
X =), a,G,, in order to guarantee the existence of a decomposition X = >’ b,G,
with both }°_b, = 1 and }__|b,|*> = 1. In case there exist more than one candidate
subgroup G(n), it is profitable to choose the smallest one, such that the sum ) _b,Go
is as short as possible.

In the following sections, i.e. in Sections 3 to 6, we will present such subgroup G(n)
in three different cases:

o arbitrary dimension n,
e prime dimension n, and
e prime-power dimension n.

However, for finding G(n), we will need some properties of XU(n) matrices, which will
be presented in next section, i.e. Section 2.

2. The group XU(n)

Remark 1. For sake of convenience, in the present paper, the rows and colums of a matrix
are not numbered starting from 1, but instead starting from 0. Thus the upper-left entry
of any m x m square matrix A is Ay and its lower-right entry is A,;,—1,m—1.

We recall that the group XU(n) is an (n — 1)2-dimensional subgroup of the
n?-dimensional unitary group U(n). Any member X of XU(n) can be written

1 _
X:T< U>T17 (1)

where U is a member of U(n — 1) and where the constant matrix T" is an n x n transfor-
mation matrix with following properties:

o it is unitary;
o all its upper-row entries Tp  and left-column entries T} o are equal.

As a consequence, we have
Toxl* = Tjol> =1/n .

A possible choice for T is 1/+/n times a dephased complex Hadamard matrix [7]. Thus
(1) constitutes a 1-to-1 mapping between X and U. Because of

Tjo="Tor=1/Vn, (2)
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eqn (1) leads to

n—1ln—1

Xk,l = % + Z Z Tk,r Urfl,sfl (T_l)s,l .

r=1 s=1
With T being unitary, i.e. with 7—' = T, this becomes

n—1ln—1

Xpy = % + Z Z Ur—1,5-1 T T s -

r=1 s=1
We thus can write the matrix X as a sum of 1+ (n — 1)? matrices:

n—1ln—1

X=W+ % Z Z Urfl,sfer,s ) (3)

r=1 s=1

where W is the n x n van der Waerden matrix, i.e. the doubly stochastic matrix with
all entries equal to %, and where M, s is an n x n matrix defined by

(Mr,s)k,l = nTk,rm . (4)

In Sections 4, 5, and 6, the matrix W and the (n—1)? matrices M, s will be decomposed
as a weighted sum of matrices G, such that we will obtain a decomposition of X of the
desired form ) a,G, and will be able to apply Lemmas 1 and 2.

The labels r and s of the matrix M, s run from 1 to n — 1, in contrast to the indices &
and [ of its entries, which run from 0 to n — 1. We thus have (n — 1)2 such matrices,
each having n? entries. Each entry of the matrix M, s equals the leftmost entry of its
row times the uppermost entry of its column. Taking into account (2), one indeed easily
checks

(MT,S)O,Z (Mr,s)k,O = (Mr,s)k:,l . (5)

Both the zeroth row and the zeroth column of M, ; equal a line of the Hadamard matrix
T (up to complex conjugation and up to the factor \/n):

(MT,S)O,Z = \/ﬁ T,s
(Mr,s)k,o = \/ﬁ Tk,r . (6)
Because T is 1/4/n times a Hadamard matrix, we have |T; ;| = 1/v/n and |Tj .| = 1//n,

such that |(M, s)o:| =1 and [(M; s)k,0
all entries (M, )k, have unit modulus.

=1, and thus, because of (5), we conclude that
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3. Underlying framework

In the present section, we consider an arbitrary doubly transitive group G(n) of n xn
permutation matrices. We denote by N the order of the group. We generalize the ideas
and computations in Reference [2], where G(n) is equal to the group P(n) of all n x n
permutation matrices, thus G(n) being isomorphic to the symmetric group S,, and N
being equal to n!.

In the next three sections, we will apply the Lemmas 1 and 2 to three different choices

of G(n):

 In case of arbitrary n, we choose the group of all n x n permutation matrices (i.e. a
group isomorphic to the symmetric group S,,). See Section 4.

e In case of n equal to some prime p, we choose the group of all n x n supercirculant
permutation matrices (i.e. a group isomorphic to a semidirect-product group C,, :
C,,—1). See Section 5.

 In case of n equal to some power w of some prime p (i.e. equal to p*), we choose the
group of all n x n epicirculant permutation matrices (i.e. a group isomorphic to the
general affine group GA(w,p)). See Section 6.

The meaning of the words ‘supercirculant’ and ‘epicirculant’ will be made clear below.
The mentioned groups are doubly transitive, as it is known that the symmetric group
S,, is n-transitive, the alternating group A,, is (n — 2)-transitive, and the affine groups
are 2-transitive [8], in contrast to e.g. the cyclic group C,,, which is only 1-transitive.

In each of the three cases, we will prove below (i.e. in Sections 4, 5, and 6, respectively)
that every XU(n) matrix X can be written as

X =) G, (7)

with all G, member of the appropriate group G(n). Because of Lemmas 1 and 2, we are
then allowed to put the case that both Y ¢, = 1 and Y, |c,|*> = 1. For the explicit
computation of the weights ¢, we note that the G(n) matrices form an n-dimensional
reducible representation of some abstract group G. We assume that G has p different
irreducible representations. According to Lemma (29.1) of [9], because G is 2-transitive,
the n-dimensional natural representation is the sum of the 1-dimensional trivial repre-
sentation and an (n — 1)-dimensional irreducible representation, which we will call the
standard representation.

As soon as the group G is determined, the coefficients ¢, of the decomposition (7) can
be found using the following procedure. We start by writing down a set of linear matrix
equations in ¢,, involving the p irreducible representations D) (with0<v<pu-—1)
of G and a set of arbitrary n, x n, unitary matrices U®), with the exception of v = 0
and v =1 (see further):
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U =3 "¢,DY . (8)
(o)

Here, n,, is the dimension of the vth representation D((,V) of G,. Note that we have p such
matrix equations (8). Each matrix eqn constitutes n? scalar equations. We thus have a
total of Z’;;& n? = N scalar equations with N unknowns c,:

> e (D@ = (Ui -
Thank to Schur’s orthogonality theorem, this set of IV linear equations with N unknowns
is an invertible matrix [2]. The solution of this set of equations is:
—1n,—1

Znu Z > (D)) U (0))i

=0 j5=0

:_Zny T (DW(0) U () . (9)

We choose for v = 0 the trivial representation, i.e. the 1-dimensional irreducible repre-
sentation with all characters equal to 1. We choose for v = 1 the standard representation,
i.e. the (n — 1)-dimensional irreducible representation obtained by applying (1) to the

1 -1
Ca=T < D<1>(a)> g

1 -1
(o) e

In (9), the matrix U®) (o) equals the 1 x 1 unit matrix and the matrix U (0) equals
the (n — 1) x (n — 1) lower-right block of

1
=7T7'XT.

A key observation is that (among the p matrix equations (8)), the two matrix equalities

U(O) = ZCO-D(O) (O')

and UM = ZCJD(D(J)

permutation matrix G,:

and thus

together with the choices U®) =1 and UM = U, in fact mean
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1:2%1

and T7'XT = Z TG, T

and thus suffice to guarantee Y ¢, = 1 and Y ¢,G, = X, respectively. As a result,
for the remaining matrices U®*) (o) with 2 < v < p — 1, we are allowed to choose any
unitary matrix of the right dimension n,. This usually allows a large number of degrees
of freedom. Here, we propose two different strategies to take advantage of this freedom.

3.1. First strategy

For each matrix U(”)(U) with 2 < v < pu—1, we choose the n, X n, unit matrix. Then
(9) becomes

to = 1 [0 Tr (DV1(0)) 4y Tr (DO (o)) + Hin T (D®10)) 1. (10)
v=2

We take advantage of Schur’s orthogonality relation:
S n, T (D(”) T(a)) =3 0T (D(”) t(o) D(”)(e)) — 0, N,

where € is the identity permutation and where §. = 1 while §, = 0 if o # e. Because
moreover DM T(o) = DM (¢~1) and ny = n — 1, we obtain the explicit expression for
the weight:

n—1 n—1

Co =05 +

Tr (D(l)(a_l)U) - MOIES (11)
The number x*)(G) denotes the character of the element G of the group G according to
the vth representation. It is equal to Tr(D®*)(@G)). In particular, we have Tr(DM(G)) =
Tr(G) — 1.

3.2. Second strategy

The second strategy is only applicable if the group G has an anti-standard irreducible
representation, non-equivalent to the standard representation. The anti-standard repre-
sentation, which we will assign the label v = 2 (if it exists), has the same characters
as the standard representation (with label v = 1), except for a factor —1 if the corre-
sponding permutation is an odd permutation. We note that, if G has an anti-standard
representation, it also has an anti-trivial representation (a.k.a. sign representation), i.e.
the 1-dimensional irrep with all characters equal to 1 (even permutations) or to —1 (odd
permutations). As we thus have ng = 1 for the trivial representation, ny = n — 1 for the
standard representation, no = n — 1 for the anti-standard representation, and nz = 1 for
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the anti-trivial representation, and as N = Y nZ, a necessary condition for the second
strategy is

N>2+2(n—1)2. (12)

As in the first strategy, we again choose the 1 x 1 unit matrix for U®(s) and the
(n—1) x (n — 1) matrix U for UM (o). However, in this second strategy, we also choose
the matrix U for each matrix U (). For each matrix U (o) with 3 <v < u—1, we
choose the n, x n, unit matrix. Then (9) becomes

1
Co =

=~ [T (DO7(0)) +mi Tr (DD (@) +ny Tr (DO ()

1
n, Tr (DWW (o .
+ VZ::?, T (D ( )) ] (13)

Again taking advantage of Schur’s orthogonality relation and ny = no = n— 1, we obtain

2(n—1) 2(n—1)
N N
=0 if 0 odd . (14)

Co =05 + Tr (D(l)(a_l)U) - Mo if o even

In the second strategy, the group G N A,, thus takes over the role of G and N/2 takes
over the role of V.

4. The case of arbitrary dimension n

If n is an arbitrary positive integer, then we choose for the n x n Hadamard matrix T
of Section 2 the n x n discrete Fourier transform F', with entries

1
kl
Fri1=—w",

NG

where w is equal to the nth root of unity. One finds [2]:

Lemma 3. Every XU(n) matriz X can be written

X = ZCUPJ

with all P, € P(n).

The proof is provided by [3], by means of induction on n. Combining Lemmas 1, 2,
and 3 leads to the unitary Birkhoff theorem:
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Theorem 2. Every XU(n) matriz X can be written

X = ZCUPJ

with all P, € P(n), such that both Y _c, =1 and Y, |c,|* = 1.
4.1. First strategy

We can apply result (11) with N = n!. The only possible values of x(*) are Tr(P,)—1
and thus —1,0,1,2,...,n — 1, with exception of n — 2.

Appendix A gives an algorithm for, given an XU matrix, computing the n! weights ¢,
using the algebraic language GAP.

4.2. Second strategy

The character tables of the groups So and S3 show no anti-standard representation.
For n > 3, the group S,, has an anti-standard representation. In this case, we can apply
result (14) with N = n!. The restriction n > 3 is not surprising, as (12) with N = n! is
fulfilled neither if n = 2 nor if n = 3.

5. The case of prime dimension n = p

We call an n X n matrix A supercirculant iff each row k equals row k& — 1 shifted
x positions to the right. Thus Ay; = Ap_1,—5, where addition and subtraction are
modulo n. We equivalently may write

AO,a = Ak:,aJrkz .

We call x the pitch of the matrix. If z = 1, then the supercirculant matrix is called
circulant; if x = n — 1, then the supercirculant matrix is called anticirculant.

If p denotes a prime, then the p X p supercirculant permutation matrices are denoted
Sa.z, where z is the pitch and a (called the shift) is the column with the unit entry in
the upper row (i.e. row 0). The unit entries of such p X p permutation matrix thus are
located at the p positions (0,a), (1,a+x), (2,a+2z), ..., and (p—1,a+ (p—1)z), where
sums are to be taken modulo p. Because x and p are co-prime, the consecutive columns
with a 1, i.e. the columns a, a + z, a + 2z, ..., and a + (p — 1)z, are all different.

If n equals some prime p, then, just like in Section 4, we choose for the Hadamard
matrix T the p x p discrete Fourier transform F":

kl
Fri=—uw",

VP

where w is equal to the pth root of unity. Thus (4) becomes



36 A. De Vos, S. De Baerdemacker / Linear Algebra and its Applications 578 (2019) 27-52

(Mr,s)k,l _ wkr—ls )

From [3], we know that M can be written as a weighted sum of p supercirculant permu-
tation matrices:

p—1

Mr,s = Z (MT,S)O,(L Sa,m(r,s) ) (15)
a=0

where the pitch x of the matrix S, , is a function of » and s. Indeed, the condition
(M $)k,atke = (Mrs)oa
yields
kr — (a + kx)s = —as

and thus r — s = 0. Thus z has to satisfy the eqn

sx =7 mod p .
This eqn has one solution:

z=rs ' modp,

where s~! is the inverse of s modulo p. As p is prime, each non-zero integer has exactly

as

one inverse. With (M, 5)o, = w™**, we finally obtain

p—1
_ —as
Mns = E w Sa,Ts—l .
a=0

The supercirculant p X p permutation matrices form a group S(p), subgroup of P(p)
(proof in Appendix B), isomorphic to the semidirect product of the cyclic group of order p
and the multiplicative group of integers modulo p. The group thus is isomorphic to the
semidirect product of two cyclic groups:

Cp H Cp_l y
a non-Abelian group of order p(p — 1).

Lemma 4. If n is prime, then every XU(n) matrix X can be written

X = ZCUS[,

with all S, € S(n).
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The proof is as follows. If n is a prime p, then all matrices M, ; are supercirculant
with a pitch z = rs~! modulo p. Also the van der Waerden matrix W is supercirculant,
as it is circulant:

nfl]_
W:ZOE Sa,1~

Hence, according to (3), X is a weighted sum of supercirculant permutation matrices.
Combining Lemmas 1, 2, and 4 leads to

Theorem 3. If n is prime, then every XU(n) matriz X can be written

X = ZCUSJ

with all Sy € S(n), such that both > _c, =1 and Y |co|* = 1.
5.1. First strategy

We can apply result (11) with N = p(p—1). The only possible values of x!) are —1, 0,
and p—1, as demonstrated in Appendix C. Thus we find a unitary Birkhoff decomposition
with only p(p — 1) terms. For a prime exceeding 3, this number is substantially smaller
than the number p!/2 of Subsection 4.2. The resulting unitary Birkhoff theorem is also
slightly stronger than the theorem in [3], where the Birkhoff decomposition consists of
p? terms.

5.2. Second strategy

The group S(2), isomorphic to the cyclic group Cq, has only two irreducible repre-
sentations: the trivial one and the standard one. Also the group S(n) with n equal to
an odd prime p, has no inequivalent anti-standard representation. Indeed, because all
odd supercirculant permutations have non-unit pitch (see Appendix D) and thus have
unit trace (see Appendix C) and hence have zero character x(V), all characters of the
anti-standard representation equal the corresponding characters of the standard repre-
sentation. Therefore, the standard and anti-standard representations are equivalent. We
conclude that we cannot apply the second strategy of Subsection 3.2. The absence of
any inequivalent anti-standard representation is no surprise, as N = n(n — 1) does not
satisfy (12).

6. The case of prime-power dimension n = p*

For n = p" with arbitrary positive w, we can choose for T of Section 2 the Kronecker
product of w small (i.e. p X p) Fourier matrices F:
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T=FF®.@F= F%.
The n x n matrix T has following entries:

1
Tap = % wf o),

where f(z,y) is the sum of the ditwise product of the p-ary numbers x and y:

flw,y) = wy; mod p .

J

As a consequence, we have
(Mr,s)k,l — wf(k,r)—f(s,l) ) (16)

Among the n? entries of this matrix, n?/p are equal to 1, n?/p are equal to w, ..., and
n?/p are equal to wP~ 1.

Remark 2. For sake of convenience, below, the rows and the colums of a matrix will
sometimes be pointed at, not by a number, but instead by a vector. This will allow
matrix computations for the row and column numbers. For this purpose, any num-
ber z = zp + z1p + 22p?... + zw_1p¥ ! has an associated boldfaced w x 1 vector
z = (20,21, 22, .., Zw_1) " , consisting of the w dits of the number z.

We call a matrix A epicirculant if row k equals row 0, ‘shifted to the right’ according
to

AO,a = Ak, a+xk »

where a is the w x 1 vector associated with the column number a and where x is a
w x w matrix called the pitch matrix, consisting of w? entries, all € {0,1,....,p — 1}. A
matrix of the form (16) is automatically epicirculant. It is a weighted sum of epicirculant
permutation matrices E: we have

p—1

Mr,s = Z (Mr,s)o,a Ea,x(r,s) . (17)
a=0

Here, x is an appropriate w x w pitch matrix, depending on r and s. Proof is in Ap-
pendix E. We note that vector a and matrix x constitute a pair, fully specifying an affine
transformation [10].

If n is a prime power, say n = p", then the epicirculant p* x p" permutation matrices
form a group E(n), subgroup of P(n) (proof in Appendix F), isomorphic to the general
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affine group GA(w,p), a semidirect product of the direct product of cyclic groups of
order p and the general linear group GL(w, p):

GA(w,p) = C; : GL(w, p)
of order
pY " = 1) = p)(p* —p*)..(p” —p" 1) (18)
We note that GA(w, p) is a maximal subgroup of the symmetric group Spw (O’Nan—Scott
theorem) [11].

Each of the w subgroups C, consists of p matrices, each a Kronecker product with a
total of w factors:

II®.IMRI®...®1,
where I denotes the p X p unit matrix and M a p x p circulant permutation matrix S 1.

Lemma 5. If n is a prime power, then every XU(n) matrix X can be written

X = ZCC,E(7

with all E, € E(n).
The proof is as follows. If n is a prime power p*, then all matrices M, ; are epicirculant

with an invertible pitch matrix x. Also the van der Waerden matrix W is epicirculant,
as it is circulant:

n—ll
W:;ﬁEa,l,

where the pitch matrix 1 denotes the w x w unit matrix. Hence, according to (3), X is
a weighted sum of epicirculant permutation matrices.
Combining Lemmas 1, 2, and 5 leads to

Theorem 4. If n is a prime power, then every XU(n) matriz X can be written

X = ZCUEU

with all E, € E(n), such that both Y., ¢, =1 and >, |c,|* = 1.
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6.1. First strategy

We can apply result (11) with N given by (18). The only possible values of x(!) are
-1,0,p—1,p> =1, p> —1, ..., and p* — 1, as demonstrated in Appendix G.

6.2. Second strategy

For w > 1 and p > 2, the general affine groups have, besides the standard representa-
tion, also an inequivalent anti-standard representation. For a proof, it suffices to point
to a single example of an odd epicirculant permutation matrix with trace different from
unity. We choose the p* x p” matrix

E=I®I®..01@ M,

i.e. the Kronecker product of w — 1 matrices I (i.e. the p X p unit matrix) and the
p X p supercirculant matrix M =S¢ 4. The w X w pitch matrix associated with £ is the
diagonal matrix diag(q,1,1,...,1).

On the one hand, we have the following property of the Kronecker product of two

square matrices:

Det(A @ B) = [Det(A) | H0B) [Deg(B) | dm) (19)
Therefore, we have Det(E) = Det(M)®" ). We choose the number ¢ such that
Det(M) = —1 and thus Det(E) = —1. This is always possible. Suffice it to choose ¢
equal to g(p), where g is a generator of the modulo p multiplication group [12]. Unfor-
tunately, there is no algorithm known for finding such generator except brute force [13].
Nevertheless, we can prove that Det(Sg 4(,)) = —1, without a priori knowing the value
of g(p): see Appendix D.

On the other hand, we have Tr(E) = p*~! Tr(M) = p¥~11 = p¥~1. Because w > 1,
we have Tr(E) > 1 and thus x(*) > 0. We thus conclude that we can apply result (14)
with N according to (18).

The above reasoning is not valid for p = 2, because, in that case, Det(M) = —1 does
not imply Det(E) = —1. For the case p = 2, we will prove that all 2 x 2% epicirculant
matrices are even permutations. For this purpose, it is sufficient to demonstrate that all
group generators are even. From reversible computing [14] [15] [16], it is known that the
group GA(w,2) is generated by following matrices:

0 1
A:I®I®...®I®<l 0>®I®I®...®I
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Table 1

Applicability of the second
strategy for the Birkhoff de-
composition of an XU(n)
matrix with n = p™.

p=2 p=>3

w=1 no no
w = yes yes
w >3 no yes
1 0 0 O
01 00
B=I®RI®..xI II®.®1
RUI®.RIQ 00 0 1 RIRIV..QR
00 10
1 0 0 O
0 0 01
C=1I1I®..®1 IRTI®..®1
RIR.0I1& 00 1 0 RIRYI®..®L,
01 00

with a total of w—1 (for A) or w—2 (for B and C) factors I. In the context of computing,
these matrices represent NOT gates, respectively controlled NOT gates. Applying (19), we
have:

R A P

10
100 0
Des(B) = [Det [ o o 0 L [0 = (-1 =1
001 0
1 0 0 O
1 w— w—
Det(@) = [Det | &0 0107 = (T =
010 0

except if w = 2. Thus, for w > 2, all members of GA(w, 2) represent even permutations
and the second strategy (Subsection 3.2) is not applicable.

This leaves us with the case p = 2 and w = 2. The epicirculant matrices form a group
E(4) isomorphic to the symmetric group Sy4. As stated in Section 4.2, the second strategy
is applicable. The results on the applicability of the second strategy are summarized in
Table 1.
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Table 2
Number of Birkhoff terms in the decomposition of an arbitrary n X n unit-linesum
unitary matrix.

n 1 2 3 4 5 6 7 8 9 10 11
1 2 6 12 20 360 42 1,344 216 1,814,400 110

n 12 13 14 15 16 17
239,500,800 156  43,589,145,600 653,837,184,000 322,560 272

7. Conclusion

According to [2], every unit-linesum n x n unitary matrix can be decomposed as a
weighted sum of the n X n permutation matrices, such that both the sum of the weights
and the sum of the squared moduli of the weights equal unity. Such Birkhoff sum contains
n! terms. In the present paper, we demonstrate the following:

e If n >4, then n!/2 terms suffice.

e If n = p* with p an arbitrary prime and w an arbitrary integer, then p*(p* —
P (PP — pT2)..(p¥ — p)(p¥ — 1) suffice.

o If n = p* with p an arbitrary odd prime and w an integer > 2, then p*(p* —
p~H)(p? — p¥2)...(p* — p)(p¥ — 1)/2 suffice.

For numerical examples, see Table 2.

We see that in some cases the upper bounds on the number of Birkhoff terms are
quite small. This triggers the question whether anything can be said about lower bounds.
Because the n! permutation matrices of dimension n are member of XU(n) and because
there exist (n —1)2+1 linear independent n x n permutation matrices [17], any Birkhoff
decomposition of an arbitrary XU(n) matrix needs at least (n — 1)? + 1 terms. Hence,
(n—1)2+1 is a lower bound on the number of Birkhoff terms. This amount also appears
in discussions on the classical Birkhoff theorem, e.g. in the Marcus—Ree theorem [18]
[19] [20]. As some numbers in Table 2 are far in excess of the Marcus-Ree number,
there is still room for better upper bounds. In particular, the case of n equal to the
product of two different primes is left for further investigation. Another subject of deeper
investigation is the geometric interpretation of the results. The classical Birkhoff theorem
on doubly stochastic matrices has a clear interpretation, i.e. a polytope within an (n —
1)2-dimensional Euclidean space, with the n! permutation matrices as corners [21]. The
line segments between two corners form straight edges. In contrast, the Birkhoff theorems
on unitary matrices lead to a closed curve between each two permutation matrices [2]
[22], within a compact (n — 1)?-dimensional curved space.
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Appendix A. Algorithm

We present here a GAP program that, given an n x n XU matrix, computes the NV
weights ¢, of the Birkhoff decomposition, according to Subsection 4.1 and applying eqn

(11):
# Introducing the matrix XU

XU := (1/4) * [[ 3-1#E(4) , -1+1%E(4) , 1-1%E(4) , 1+1%E(4) ],
[ 1-1xE(4) , 3-1%E(4) , 1+1xE(4) , -1+1xE(4) 1],
[ 0+0*E(4) , O+0*E(4) , 2+2xE(4) , 2-2%E(4) ],
[ 0+2*E(4) 2+0*%E(4) , 0-2«E(4) , 2+0*E(4) 11;
dim := DimensionsMat(XU); n := dim[1];

-

# Generating the group G

permutationl := (1,2);

11 := List([1..n], x -> x+1); 11[n] := 1;
permutation2 := PermList(1l);

generatorl := PermutationMat( permutationl, n);
generator2 := PermutationMat( permutation2, n);

G := Group(generatorl, generator2); N := Order(G);

# Introducing the constant matrix T

T := NullMat(n,n);

for row in [1..n] do

for column in [1..n] do

Tlrow] [column] := (1/Sqrt(n)) * E(n)~( (row-1)*(column-1) ); od; od;

# Defining the standard irreducible representation

StandardIrrep := function(matriks)

local A,a;

A := T * matriks * T~ (-1);

a := NullMat(n-1,n-1);

for row in [1..(@-1)] do

for column in [1..(n-1)] do

alrow] [column] := A[row+1] [column+1]; od; od;
return a;

end;
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# Computing the matrix U and the weights ¢

U := StandardIrrep(XU);

Permulist := [];

Irreplist := [];

for j in [1..N]

do Append(Permulist, [ Elements(G) [j] 1);

Append(IrreplList, [StandardIrrep(Elements(G)[j]1)]); od;

WeightList := [1;

for j in [1..N]

do if Permulist([j]=IdentityMat(n) then Cl := 1; else Cl := 0; fi;
C2 := ((n-1)/N) * Trace(IrrepList[j]1~(-1)*U);
€3 := ((n-1)/N) * Trace(IrrepList[jI1~(-1) );
Append (WeightList, [C1 + C2 - C3]); od;

# Checking the properties of the weights c

checkl := 0; check2 := 0; check3 := NullMat(n,n);

for j in [1..N]

do checkl := checkl + WeightList[j];
check2 := check2 + WeightList[j] * ComplexConjugate(WeightList[j]);
check3 := check3 + WeightList[j] * PermuList[j]; od;

checkl = 1; check2 = 1; check3 = XU;

# Presenting the weights c

output := WeightList;

Above, the two permutation matrices generator1 and generator2 generate the group
G, equal to the symmetric group S,,. For Subsections 4.2, 5.1, 6.1, and 6.2, similar algo-
rithms can be constructed, applying appropriate generators, the appropriate matrix 7',
and the appropriate formula for the weights (i.e. either eqn (11) or eqn (14)).
Appendix B. The group of supercirculant permutation matrices

The supercirculant n X n permutation matrices form a group. Indeed, the product of

two such matrices (say S, and Sy ) yields a third such matrix. In order to prove this
fact, we compute the matrix entry at position (u,v):
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(Sa,m Sb,y)u,'u = Z(Sa,m)u,f (Sb,y)f,v
f

= Z 0f, atuz Ov, b+ fy
f

= 51}, b+ (a+uzx)y

= 51}, btay+tury — (SbJray7 my)u,v
and hence
Saz Sy = Svtay, zy - (20)

If n is a prime p, each non-zero number x has an inverse number z~1. Applying (20), we
find

Sa,:v S—ax_17w_1 = SO,I .

The right-hand side being the p x p unit matrix, the result proves that each supercirculant
matrix has an inverse matrix that also is supercirculant:

(Su) ™ = St 0t -
We conclude by considering two applications of eqn (20):
e choosing x =y = 1 leads to
Sa,1 Sb,1 = Satb,1

illustrating that the p matrices S, ; are isomorphic to the addition modulo p;
e choosing a = b = 0 leads to

SO,:E SO,y = SO,my
illustrating that the p—1 matrices Sy, are isomorphic to the multiplication modulo p.

Each supercirculant matrix can be decomposed as the product of a zero-shift matrix and
a unit-pitch matrix:

Sa,x = SO,ac Sa,l
= Saa:_l,l SO,z .
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Appendix C. The trace of a supercirculant permutation matrix

We compute the trace of the supercirculant permutation matrix Sy :

TI‘(Sa@) = Z(Sa@)u,u = Z 6u, atuzx -

u

If the eqn
u(l—z)=a

is fulfilled, then the corresponding number « points to a unit entry in position (u,u) of
the matrix S, ;. We notice:

o If 2 # 1, then u = a(l — 2)~! is the one and only solution;
e if x =1 and a # 0, then the eqn has no solution wu;
o if z =1 and a =0, then u may have any value from {0, 1, 2, ..., p—1}.

Thus we conclude:

o Tr(Se.)=1,ifx#1,

)

e Tr(S,1)=0,if a #0, and

s

. TI‘(SO 1) = p.

)

Appendix D. The determinant of a supercirculant permutation matrix

As mentioned in Appendix B, each supercirculant matrix can be decomposed as fol-
lows:

Sa,x = SO,w Sa,l .
Hence:
Det (S, ) = Det(So,) Det(Sq1) -

We have S,1 = (S1,1)® and therefore Det(S,1) = (Det(S1,1))*. If p is odd, then
Det(S1,1) = 1, such that Det(S,1) = 1. In other words: for odd primes, all of the
p circulant permutation matrices have unit determinant. The situation is different for
the p — 1 matrices Sy . Half of them have unit determinant and half of them have de-
terminant equal to —1. In order to prove this fact, the key observation is the fact that
the cyclic group is Abelian; so there exists a similarity transformation that diagonalizes
all matrices Sy . We now prove that the following matrix F' serves our purpose:
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1 fu=v=0
P 0 ifu=0andv#0
v Y 0 ifu#0andv=0
WP ()

T ifuzA0and v #0,

2ms
p—1
‘position’ of the number a in the cyclic group Cp_1 (multiplicative group modulo p), as

where w = exp(=£%) is the (p — 1)th root of unity, and the function ¢(a) gives the

a power of the (a priori unknown) generator g, i.e.
a=g? .

From this definition, the following interesting properties of ¢ can be deduced:

p(ab) = p(a) + (b) .

These properties are key in the following derivation. We compute the similarity trans-
formation given by F1S . F. Because both F and Sy, are block diagonal with a single 1
in the upper-left corner, we only need to compute the lower-right part:

p—1p—1

(FTSO,mF)u,v = Z Zm(so,x)k,l E,?)

k=11=1

p—1lp—1
1

- Z Z wue(k) 81,k WP

k=11=1

1 R
_ S e een)
k=1

1 =
— Z wwe (k) Fve(@)+op(k)

k=1

= v¥(®) duw -
This result leads to two conclusions:
e By choosing x = 1, we find that (FTF)W, = 0y, and thus that F' is unitary.

o By choosing z arbitrary, we find that the matrix Sy , has the eigenvalues w??(®) plus
an additional 1 from the upper-left matrix block.
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The determinant is just the product of all eigenvalues:

Det(So,z) H w” = W@ T = (@) B

27i

— erzt P(@)

—1 .
PEZH _ mip(@)p

Now, if p is an odd prime, then e™ = —1, such that Det(Sp ) = (—1)?(*), which proves
that the sign of the determinant of Sy , alternates in the chain of successive elements
of C,_1. More in particular, the position of = g always is ¢(g) = 1, so we have
Det(Sp,q) = —1.

We note that the above results for both S, 1 and Sy . are only valid for odd primes p.

If p is even, i.e. if p = 2, then there exist only two supercirculant matrices Sy 1 = ((1) (1)),
with determinant equal to 1, and S1; = (§ ), with determinant equal to —1.

Appendix E. The pitch matrix
In (17), the epicirculant matrix E, x needs a unit entry in position (k, a + xk) if

(Mr,s)k,a+xk = (Mr,s)(],a

implying
f(k,r) — S‘HZZ%U W) = £(0,7) — f(s,a)
or
> Kty = s (% szuv " ) = sjq
J J

and thus

Ej: 55 ngk = ZJ: kv
or

D oke Y wjus; =Y kot

v J v

and thus

ZkU(ijmsj—rv):O.
v 7
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We fulfill this condition by the set of w non-coupled eqns
Z 8T =Ty - (21)
J

For each eqn, we expect p*—1

solutions (as we can choose w — 1 out of the w dits z,,
arbitrarily from {0, 1,...,p — 1}). However, many solutions have to be rejected. Indeed,
each column of the matrix E, x in (17) should contain one and only one unit entry. For
this purpose, it is necessary and sufficient that the matrix x is invertible. Proof is as
follows. We require that for any two different row numbers (k’ # k) the unit entry of the

permutation matrix is in another column:
a+xk’' #a+xk
and thus x(k’ — k) # 0. This requires that for any non-zero number K we have
xK #0 .

This, in turn, requires that the rows of x are linearly independent and thus that the
matrix x is invertible.

We now prove that, for any pair (r, s), the set (21) has at least one acceptable solution,
i.e. a solution such that the matrix x is invertible. Indeed:

e Because both r and s are non-zero, at least one dit r, is non-zero and at least one
dit s; is non-zero. Let 7, be the least-significant non-zero dit of r; let sg be the
least-significant non-zero dit of s.

o We choose all dits x;, = 0, except the dits x, ,, g, and z, g. Thus eqns (21)
become

SyTy,p + SRy =1y mod p if v # B
SaTa,s + Sprs,8 =15 mod p . (22)

o For v # a and v # 3, we choose z, , = 1. Further we choose z4,o =0 and z, 3 = 1.
Thus eqns (22) become

538y =Ty — S, mod p ifv#a and v #f
S8%B,0 = Ta mod p (23)
58%3,3 =13 — Sq mod p

which lead to a single solution set zg .

The resulting pitch matrix x consists of a non-zero diagonal, one non-zero row, and
one extra unit entry. E.g. for w =7, a = 2, and 8 = 4, we have:
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1

T4,0 T4,1 T42 T43 Ta4 Tas5 T4p
1

We note that here Det(x) equals x4 2. In general, we have
Det(x) =+ 25,4 = £ 7o 551 )

Because Det(x) # 0, we have that x is invertible.

Appendix F. The group of epicirculant permutation matrices

The epicirculant permutation matrices form a group. An arbitrary entry (at location
(k,1)) of such matrix E, x is 01 at+xk.- The product of two such matrices yields a third
such matrix. Indeed:

(Ea,x Eb,y)u,u = Z(Ea,x)u,f (Eb,y)f,v
f

= Z 6f, a+xu 6v, b+yf
f

= 5v, b+ya+yxu

(Eb-&-ya, yX)u,v
and hence
Eax Eby = Ebiya, yx -
Straightforward application of this result leads to
Eox BE_x-154,x-1=FEg1 .

The right-hand side being the p* x p" unit matrix, the result proves that each epicirculant
matrix has an inverse matrix that also is epicirculant:

(Ewa,x)i1 = Ejfxfla,x*1 .

Each epicirculant matrix can be decomposed as the product of a matrix with zero
shift vector a and a matrix with unit pitch matrix x:
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Ea,x = EO,x Ea,l

= Lx—1lal E07x .
Appendix G. The trace of an epicirculant permutation matrix

We compute the trace of the epicirculant permutation matrix Ep x:

Tr(Ea,x) = Z(Ea,x)u,u = Z 5u, a+xu -

u

If the eqn
(1-x)u=a

is fulfilled, then the corresponding number u points to a unit entry in position (u,u) of
the matrix E, x. Here, 1 denotes the w X w unit matrix. We notice:

If (1 — x) is invertible, then u = (1 — x) 'a is the one and only solution;
o if (1—x)
if (1 —x) =0 and a = 0, then u may have any value from {0,1,2,...,p" — 1};
o if (1 —x) is neither invertible nor zero, then (1 — x) has rank A with 1 <A <w -1

and u can have as many values as there are solutions of the eqn (1 —x)u = 0, i.e.
w—\

= 0 and a # 0, then the eqn has no solutions u;

as the size of the kernel of (1 — x), i.e. p
Thus we conclude:

e Tr(Eay)=0,ifa#0,
o Tr(Ep1)=p", and
o Tr(Eax)=p"?, if (1 —x) has rank \ # 0.

B
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