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Abstract—Antiviral combination therapies consisting of
reverse transcriptase inhibitors, protease inhibitors and
an integrase inhibitor, have been developed to suppress
HIV below the limit of detection[3]. We introduce a math-
ematical model for the effect of different combination
treatment regimens on the dynamics of HIV RNA and
CD4 T-cell counts [1,7,8,9]. We will especially focus on
modelling the treatment effect of the integrase inhibitor-
Raltegravir [11]. The model consists of a system of
ordinary differential equations and the parameters were
chosen or estimated in order to agree with clinical data of
a recent clinical trial [13]. All the numerical simulations
were calculated with Matlab.
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I. INTRODUCTION

Human immunodeficiency virus (HIV) is a mem-
ber of the retrovirus family. It can cause acquired
immunodeficiency syndrome (AIDS) in which the im-
mune system fails, allowing opportunistic infections
and cancers to thrive. HIV infection is considered
pandemic with approximately 34 million people been
infected globally (WHO-UNAIDS 2010)[15].

A. HIV-1 Infection

In absence of antiretroviral treatment the course of
HIV-1 infection consists of three phases.

First phase is the acute phase, it can last several
weeks and it is a period of rapid viral replication. The
second phase, the chronic phase, can last up to 9-10
years and it is mostly asymptomatic. In this phase an
equilibrium is achieved between viral replication and
the immune response. The last phase, AIDS, can last a
couple of years and the immune system can no longer
control the viral replication.[4 (p.6-10)]

B. Replication Cycle and Antiretroviral Treatment
(Fig.1)

HIV infects cells in the human immune system such
as T cells and in particular the CD4+ T-cells.

Understanding the HIV replication cycle and how
and where the antiretroviral drugs works, helps us
to construct our mathematical model. Therefore, we
focus on antiviral treatment during the asymptomatic
phase of HIV-1 infection.

The process begins when the virus binds to the
surface of the CD4 cell. Then RNA enzymes enter the
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Fig. 1. Replication cycle-Treatment.

cytoplasm. Reverse transcriptase make a DNA copy of
the viral RNA and with the help from integrase, the
viral DNA integrates into the host DNA. The proviral
DNA transcribes into RNA and then RNA is translated
into protein. Viral RNA and proteins assembled into
viral particles and with the help of protease the new
virus buds out.[4 (p.26-33),14]

The management of HIV/AIDS typically includes
a combination of antiretroviral drugs and the ap-
proach is known as highly active antiretroviral therapy
(HAART). The three most important classes of anti-
retroviral drugs are:

Reverse Transcriptase Inhibitors (RTI) interfere
with reverse transcription.

Protease Inhibitors(PI) interfere with the protease
enzyme that HIV uses to produce infectious viral
particles.

Integrase Inhibitors (INI) block integrase, the en-
zyme HIV uses to integrate genetic material of the
virus into its target host cell. [4 (p.60-94,105-108)]

II. MODELLING THE DYNAMICS OF HIV

We begin with the basic model of untreated chronic
viral infection[7,8,9]. The model considers three com-
partments, the uninfected (target) cells (T), the in-
fected cells (I) and the the free virus (V). Target cells
are produced at a constant rate s and die at rate
dT . Free virus infects target cells in order to produce
infected cells at rate kV T and dies at rate cV . Infected
cells die at rate δI and produce new virus at rate NδI .

The equations that describe the basic model are:

dT /dt = s −kV T −dT
dI/dt = kV T −δI
dV /dt = NδI − cV

where

• s is the source term for target cells
• d is the loss rate of target cells
• k is the infection rate
• c is the loss rate of free virus
• δ is the loss rate of infected cells
• N is the number of virion production.

Note that we do not model latently infected cell
compartments as the models which are discussed in
the following mainly aim to model relatively only
limited treatment durations.

A. Models of Viral Dynamics under RTI and PI Treat-
ment

Patients infected with HIV-1 were usually treated
with RTI’s or PI’s or a combination of the two. In
order to analyse the effect of antiretroviral treatment
the model equations become [8,9]:

dT /dt = s − (1−ε2)kVI T −dT
dI/dt = (1−ε2)kVI T −δI
dVI /dt = (1−ε1)NδI − cVI

dVNI /dt = ε1NδI − cVNI

where

• ε1 and ε2 are the efficacies of PI and RTI (0 ≤
ε1,2 ≤ 1).

• VI and VNI are the infectious and non-infectious
virus, respectively, where V = VI +VNI is the viral
load.

Fig. 2. Model of viral infection under PI and RTI treatment.
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B. Models of Viral Dynamics under Raltegravir Treat-
ment

Since 2007, when Raltegravir was approved by the
FDA, we can find in the literature mathematical
models that describe the dynamics of HIV-1 under
treatment with Raltegravir.

In Sedaghat A. R. et al. [10,11] it is suggested a
model with three states, the uninfected, the early stage
infection and the late stages infection.

Murray J. M.[5,6] suggests two models, in the first
one includes a compartment of long-lived infected
cells and in the second includes a pool of cells with
full-length integrated HIV DNA.

What we suggest, is an extension of the basic
model (Fig. 3) resulting in a simpler model to assess
antiretroviral treatment efficacy. It may be less suited
for long-term prediction. Consider instead of one
compartment of infected cells, two, one with infected
cells that can produce virus (I1) and one that because
of Raltegravir is unable to produce virus (I2).

Fig. 3. Model of viral infection under combination treatment.

Thus our system of equations becomes:

dT /dt = s − (1−ε2)kVI T −dT
dI1/dt = (1−ε2)(1−ε3)kVI T −δI1

dI2/dt = (1−ε2)ε3kVI T −MδI2

dVI /dt = (1−ε1)NδI1 − cVI

dVNI /dt = ε1NδI1 − cVNI

where M is the enhancement loss rate because of
Raltegravir and ε3 the efficacy of Raltegravir.

III. FITTING EXAMPLE

We consider an example of one patient of a recent
study with patients infected with HIV-1 [13]. This
patient was treated with 2 RTI’s and Rltegravir.

In order to verify our model we fitted both mea-
surements of plasma HIV RNA concentrations and
CD4 T-cell counts with our model (Fig.5). All the
calculations were performed with MATLAB. We solve
our ODE system with ode-23s solver for stiff equa-
tions, we calculate the likelihood function and for the
minimization process we used the fminsearch, which
uses the Nelder-Mead algorithm.

We set the M ,N parameters fix and estimate c, d,
δ, ε1, ε2, ε3 (Fig.4).

Fig. 4. Fix and estimated parameters for our patient. Note that
we have calculated s and k as: s=449.592 cells/day, k=2.52×10−4

Fig. 5. Patient treated with Raltegravir and 2 RTI’s

IV. EXTENDED MODEL

As it is now also possible to quantify unintegrated
DNA [13], we decided to extend our model. We know
that the unintegrated DNA enter the nucleus, either
integrates with the host DNA or binds with itself and
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forms 1-LTR (Long Terminal Repeat) and 2-LTR circles
(Fig.6)[2,12]. Thus we introduce a new compartment
(I0) of unintegrated DNA (Fig.7).

Fig. 6. Replication cycle-LTR circles.

Fig. 7. Extended model of viral infection under combination
treatment.

The ODE system that describes our model (Fig.7)
is

dT /dt = s − (1−ε2)kT VI −dT
dI0/dt = (1−ε2)kT VI − (a +b)I0

dI1/dt = b(1−ε3)I0 −δI1

dI2/dt = (a +bε3)I0 −MδI2

dVI /dt = (1−ε1)NδI1 − cVI

dVNI /dt = ε1NδI1 − cVNI

where

• a is the production rate of 2-LTR circles
• b is the production rate of integrated DNA (before

treatment b > a)

• I0 is the compartment of unintegrated DNA
(cDNA)

• I1 is the compartment of the 2-LTR circles
• I2 is the compartment of integrated DNA

Fitting results of clinical data will be described in an
upcoming clinical paper. Preliminary results on non-
final data are promising.

V. CONCLUSIONS

Mathematical modelling of HIV-1 dynamics can be
a really useful tool for the treatment of HIV-1 as they
allow an efficient and early assessment of treatment
efficacy. We can focus on viral clearance and CD4 T-
cell death rates in which the medical and modelling
community show interest, as well as the treatment
efficacy parameters. Therefore we can also compare
different treatment groups in order to see which
treatment may be preferable. Overall, our model is
relatively concise but may be less suited for long-
term predictions. Previous models [5,6,10,11] include
a compartment of latently infected cells which makes
them more complex and estimating treatment efficacy
will be more difficult. Nevertheless, such models are
better for fitting and predicting long-term clinical
response. Overall we believe that the proposed model
can be a tool to analyze data from clinical trials.
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