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Abstract. The X type control chart is often evaluated by assuming the process parameters are known.

However, the exact values of process parameters are hardly known and thus Phase-1 dataset is needed to

estimate them. In this paper, the performance of the variable sampling interval run sum X chart with

estimated process parameters is evaluated by using the performance measure of the average of the average

time to signal (AATS) and the optimal design of the proposed chart in minimizing the out-of-control

AATS is developed. The performance measure of the standard deviation of the average time to signal
(SDATS) is then used to identify the number of Phase-I samples (w) needed to have an in-control AATS
performance close to its known process parameter case. Results show that large w is needed to minimize the

performance gap between known and unknown process parameters cases of the VSIRS X chart.

1 Introduction

The X chart is the first control chart invented by
Shewhart in 1924 for process monitoring [1]. However,
the X chart is not sensitive in signaling an out-of-
control, when small and moderate mean shifts are
detected. Thus, the more advancement control chart such
as run sum (RS- X ) chart was proposed.

RS- X chart was developed by [2]. It is also well
known as a zone chart, where the control chart is
segregated into many regions according to the preference
of the practitioners. The run sum chart is shown to have
better performance than the Shewhart charts with and
with-out run-rules [3]. In addition, the performance of
the run sum chart is comparable with the performance of
the exponentially weighted moving average (EWMA)
and the cumulative sum (CUSUM) charts when the
number of regions of the chart is increased [4]. To
enhance the performance as well as to simplify the
design of the run sum chart, [5] integrated the fast initial
response (FIR) feature into the run sum chart with one
parameter. They pointed out that the proposed chart is
competitive with the CUSUM, FIR CUSUM and
Shewhart FIR CUSUM charts. To have a quick detection
of the changes of the process mean, [6] employed the
variable sampling interval (VSI) schemes on the RS-
X control charts. They showed that their proposed charts
outperform the RS- X chart for all of the shift sizes
under steady state and zero state modes, respectively.
However, all these mentioned run sum-type charts
assumed the process parameters are known in
monitoring process. However, without such assumption,
an in-control Phase-I dataset is needed by the
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practitioners to estimate the process parameters. Thus,
numerous research studied the impact of the estimated
process parameters on the performance of control charts.

Some of the contemporary works of estimated
parameters based control charts are discussed. [7]
evaluated the impact of estimated control limits on the
adaptive X chart, where the results showed that the run
length performance are significantly impacted by the
parameter estimation. [8] investigated the process
parameter estimation on the double sampling §* chart.
To address the variability in run length performance and
practitioner to practitioner variation in estimating
process parameters, [9] employed the performance
measures of AARL and SDARL to evaluate the RS-
X chart with estimated process parameters.

To the best of our knowledge, the study on the impact
of estimated process parameters on the variable sampling
interval run sum X chart (VSI RS- X ) chart has not
been proposed in the literature. Therefore, this paper
proposes the VSI RS- X chart with estimated process
parameters-based on the criteria of average of the
average time to signal (AATS) and standard deviation
of the average time to signal (SDATS) . The rest of the
paper is organized as follows: Section 2 demonstrates the
optimal design of the VSI RS- X chart with estimated
process parameters in minimizing the out-of-control
average of the average time to signal (AATS,). The
optimal charting parameters and the performance of the
chart under known and unknown process parameters are
studied in Section 3. Lastly, conclusions and
recommendations are summarized in Section 4.

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution
License 4.0 (http://creativecommons.org/licenses/by/4.0/).
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respectively, where X, = —ZH X, ; is the sample mean
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of i sample.

In the Phase-II process, let Y, ,Y,,,....Y,, be the n

observations of sample i and we further assume that Y, ;

follows a normal N ( U, +5cro,cr(f) distribution, where

j=12,..,n. Note that, 5 =0 and § #0 indicate the

process is statistically in-control and out-of-control,
respectively.
Fig. 1 depicts the M regions above the centre line

(CL), i-e. R\ Ryyes Ry s

RM
CL,ie. R,,Ry..R ;.. R, of the VSIRS-X chart
with estimated process parameters. The M regions above
the CL are allocated with positive integer scores,
0<+S, <48, <...<+S, , while the M regions below the
CL are allocated with negative integer scores,
Sy £...£-8,<-5,<0. The interval of the upper

regions (R,) and lower regions (R,,) of the CL for the

and M regions below the

chart are shown as

jél—[ = [/jo + AH—160’ /30 + AHC}O) (3a)

and

jéHh = [/20 - Aﬁd'oa /20 - AH—IO:O) (3b)

where, 4) =0, A4, =c and 4, :i{z'—H} for H =1,
nlg-1

2,.., M —1, and £ is the constant chosen to set the value of
in-control average of the average time to signal
(AATS,).

Fig. 1. The regions (M) with the corresponding scores and
probabilities of the VST RS- X chart with estimated process
parameters.

The estimated process parameter-based VSI RS- X
chart reacts based on the upper cumulative scores (U, )

and lower cumulative scores ( L, ), defined as

0 if ¥ < CL
U = 4 , (4a)
U, +S(Y) if ¥, = CL
0 if ¥ > CL
L= oo (4b)
L, +S(Y) if ¥, < CL
where i =1,2,... and H =1,2,..M , while
_ S, if YeR
sEy=¢ " ()
=S, if Y eR,,

The chart signals an out-of-control signal if U, > +S,,
or L, <-S§,, , where,+S,, and —S,, act as the triggering
scores for the M regions above CL and M regions below
CL, respectively.
For simplicity, we consider the initial value U, = L, =0
for the estimated parameters-based VSI RS- X chart. Let
¢, be the sampling interval of selecting the next sample
of the estimated VSI RS-X chart based on the
cumulative scores values, (i.e. U,and L), then ¢ is
defined as:

d if §,,/D<U,<S, or-S,, <L, <-S,/D
' _{dz if 0<U,<S, /D or=S, /D<L <0
where D is the positive integer decided by user to
control the threshold limit, while d, and d, denote the
short and long sampling intervals, respectively, Note that
d, >d, > 0. The probability of )_’l falls in the region R,
is calculated as

, (6)
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By letting U:(,&U—,uu)(\/;/au) and V:(éox/;/ao),

P, is simplified as

By =0(U+ 4,y -5n)-0(U+4, V-5n) (72)
Similarly, the probability of ¥, falls in the region R,,
can be computed as

By =®(U=4, Y =5\n)-®(U -4,V —53n) (7b)

Here, the probability density functions (pdf) of U and
V' can be obtained from [9].

The performance measures of AATS and SDATS
are used to evaluate the performance of the estimated
process parameter-based VST RS- X chart. The AATS
of the chart is computed as ([11])

AATS(8) = jf:jfzﬁ\sjfw)(u |w) £, (v| w,n)dvdu, (8)

where ATS denotes the average time to signal of the
estimated case, and it is defined as ([6])

— A1
ATS=¢"(1-0) t-q"t )
Note that Q is a px p transition probability matrix of

estimated process parameters-based VSI RS- X chart.
where, the value of p depends on the scores

combinations and [9] described the procedure of finding
0 . The column vector ¢ consists of the elements t,, for

i=12,.p, determined by Eqs (6), while,
qT = (1,(), (),...,O) is a initially probability vector.

The SDATS is defined as ([11])

SDATS(5) = \/E(AATS)—[E(AATS)] (10)

Where

—2 o0 @40 ———2
E[ATS 1= [ ATS fi,) (u|w) £y (v]w,n) dveu.
Consequently, to minimize the out-of-control AATS
(AATS,) of the estimated process parameter-based VSI

RS- X chart, the associated optimal algorithm is
mathematically expressed as

(erslllgmzsei‘ ) AATS,(6) (11)
subject to  the  constraints of  in-control
AATS = AATS;and in-control average sampling

interval ASI, =¢,.

3 Numerical analysis

In this section, the methodology presented in Section 2 is
used to evaluate the performance of the VSI RS- X chart
when the process parameters are estimated from Phase-I
samples. Table 1 shows the optimal charting parameters
{k,d,(S,,S,,...,S,,)} in minimizing the AATS, with
respect to the constraints of AATS; =370 and
ASI, =1, by considering the combinations of n=>5,
d =001, M=4, D=4, 6{02,04,0.6,0.8,1,1.5, 2}
and w e {20,40,80} .

Table 2 provides the optimal AATS, and the associated
out-of-control SDATS (SDATS,) values of the
estimated VSI RS- X chart for we {20,40,80}
corresponding to the optimal parameters given in Table 1
and the out-of-control ATS (ATS,) values for known
parameters case (i.e. w=o00). The values of the AATS,
and SDATS, are computed using Eqgs. (8) and (10). For

the chart performance to be at acceptable level, [12]
suggested that the SDATS value should not more than
10% of the ATS value. The details can refer to [9]. From

Table 2, we observe most of the SDATS, values are
greater than its corresponding 10% of the ATS, values.
Furthermore, the chart’s performance based on the
estimated process parameters is significantly different
compared to its known parameters counterpart,
especially when the values of 6 and w are small.

Table 1. Values of optimal parameters of the 4 regions estimated process parameter-based VSI RS- X chart when AATS, =370,

d,=0.01 and D=4.

w=20 w=40 w=280
n S k d, S S, S, S, k S8, 8 S, k d, S S, S, S,
5 02 12336 15089 0 2 5 8 1.2196 1549 0 2 3 7 1.2103 15695 0 2 3 7
0.4 12336 15089 0 2 4 7 12256 15418 0 2 4 7 1.217 15605 0 2 4 7
0.6 12336 15089 0 2 5 8 12256 15418 0 2 5 8 1.217 15605 0 2 4 7
0.8 12336 15089 0 2 4 7 12256 15418 0 2 5 8 1.217 15605 0 2 4 7
1.0 1.1665 1.6008 0 2 3 8 1.154 16385 0 2 3 8 1.1432 1.6616 0 2 3 8
1.5 1.1665 1.6008 0 2 3 8 1.154 16385 0 2 3 8 1.1432 1.6616 0 2 3 8
20 1.1593 16131 0 2 2 7 11458 1.6524 0 2 2 7 1.1344 16763 0 2 2 7
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Table 2. AATS, and SDATS, values of the 4 regions estimated process parameter-based VSI RS- X chart when AATS, =370,

d,=0.01 and D=4.

w=20 w=40 w=280 W= 00

" o AATS, SDATS, AATS, SDATS, AATS, SDATS, ATS,
5 02 132.705 222.402 95.851 104.934 76.323 54.059 58.350
0.4 16.157 30.004 11.871 9.729 10.313 4.954 8.949

0.6 3.131 2.882 2.7395 1.370 2.565 0.829 2.387

0.8 0.100 0.598 0.934 0.357 0.898 0.234 0.856

1.0 0.384 0.204 0.362 0.130 0.350 0.087 0.335

1.5 0.037 0.021 0.034 0.014 0.033 0.009 0.031

2.0 0.003 0.002 0.003 0.001 0.003 0.001 0.002

Table 3 presents the values of AATS; and in-
control SDATS (SDATS,) for different number of w

with the optimal combinations {k ,d,, (S,,S,, S3 S0}
={1.1121, 1.7095, (0, 1, 2, 4)} and {1.1932, 1.5964, (0,
2, 3, 7)} for ATS,=200 and 370, respectively. The
purpose of this analysis is to identify the number of w
needed to generate the AATS, values that close to its
known process parameters case (w=o0), where the
corresponded SDATS, should not exceed 10% of the
ATS,. For example, at least w=1000 Phase-I
samples are needed to attain SDATS, within 10% of
the associated ATS,, when AATS, performance of
the known process parameter-based VST RS- X is 200
(seew=o). The bolded values in Table 3 are the

values of SDATS, that fall within 10% of the
associated ATS, values, and the corresponding w are
suggested, so that the run length performance between
the known and unknown process parameters cases is
acceptable.

Table 3. AATS, and SDATS, values of the 4 regions
estimated process parameter-based VSI RS-X chart for

4 Conclusions

The impacts of the process parameters estimation
on the AATS and SDATS of the VSI RS- X chart are
investigated in this paper. As shown in numerical
analysis, the AATS, and AATS, performances of the

estimated process parameter-based VSI RS- X chart
tend to similar to its known process parameters case
when large w is considered. Thus, based on the
performance of SDATS, the appropriate number of
Phase-I samples required for the parameter estimation
is recommended. While, this work focuses on
univariate VSI RS chart, in future, the multivariate
charts can be investigated under the assumption of
estimated process parameters.
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