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Abstract. In dynamics of the orthogonal mechanism of vibrating table main attention is paid to the effect of
friction on vibrational process when it is interacting with non-ideal energy source. As a result of analysis of
numerical solutions of nonlinear equation of motion, it is established that in general, for the period of rotation,
both sliding friction and rotational friction increase the difference between the maximum and minimum angular
velocity values of the driving link (engine shaft) when its average value is constant; both increase the coefficient
of non-uniformity of rotation. When there is a cargo of significant mass in the working link, the effect of sliding
friction impacts more on the amplitude and frequency of the angular velocity oscillations of the driving link
(engine shaft) and on the frequency of the coordinate changes, as well as on the frequencies and maximum and
minimum values of the projections of the velocity and acceleration of the hinge linking the work platform to
coupler. Similarly, the larger of the load mass, the stronger the effect of rotational friction on the amplitude and
frequency of angular velocity oscillations of the driving link (engine shaft).

1 Introduction

In recent years the vibration equipment in the mechanical
engineering practice is developed based on the lever mecha-
nisms. These mechanisms have a unique opportunity to cre-
ate a vibratory motion of the working member. Development
of vibration mechanisms on the basis of mathematical mod-
elling gives the results acceptable for the practice. The struc-
tural scheme of vibrating machines usually are not compli-
cated, but for the successful operation it is necessary to de-
termine accurately their parameters that can only be done on
the basis of studies of the dynamics of vibrating machines
and processes performed by them.

The fundamental and applied research works on the vi-
bration machines mechanics, mechanisms and technologies
performed under the guidance of K. V. Frolov (Frolov, 1982,
1988; Frolov and Goncharevich, 1985) can be fitted into the
towering achievements in the field of theory of mechanisms

and machines. The method of applying of nonlinear mechan-
ics asymptotic techniques and Markov processes theory for
study of random vibrations in the viscoelastic systems ex-
posed to random forces has been developed in them. The
theory of impact of the vibration on the nonlinear mechani-
cal system has been constructed. The theory of vibratory dis-
placement, theory of oscillating systems with limited excita-
tion, theory of structural damping and some other studies of
systems with distributed dry friction, theory of vibroconduc-
tivity, vibrorheology, theory of impact of vibration on pulps
and suspensions were developed substantially.

The scientists from Chemnitz University of Technology
(Germany) engage on development of vibration machines us-
ing the nonlinear properties of linkage mechanisms to ob-
tain the oriented impulse at the need amplitude (Dresig et
al., 1994; Dresig and Golle, 2001). They have developed the
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“Erreger” program for dynamic designing of cyclic impulse
mechanisms.

For creation of vibration machines based on lever mecha-
nisms, Kyrgyz scientists use “special” position of four link
mechanisms. Works by Abdraymov et al. (2015) and Ab-
draymova (2009) consider characteristics of variable struc-
ture mechanisms by S. Abdraimov for creation of impact ma-
chines, used in road-construction, mining and other branches
of industry.

Any real engine has original limitations, determined by
the characteristics of its power. If the power consumed by
the oscillating system is comparable in magnitude, with the
power of the energy source, then the source of energy of
such limited power is named “non-ideal source”. Such the
energy source not only affects the oscillatory system and at
the same time experiences a response from the vibrational
system. Changing the parameters of the system’s oscillations
can be accompanied by a change in the mode of operation
of the energy source. Accordingly, such an oscillatory sys-
tem is named “non-ideal system” (Kononenko, 1980). In case
of limitation of the power of the energy source, in result
of strong interaction between dynamic system and engine,
Somerfield effect, requiring the increase in power from the
energy source (Kononenko, 1980; Alifov and Frolov, 1985),
is manifested, a linear two mass system has regular vibra-
tion motion within 1 : 1 resonance passing, and the maxi-
mum amplitude increases only during passing the resonance
(Tsuchida et al., 2003). Vibration in a linear with two de-
grees of freedom mass system with a drive and non-ideal
source and nonlinear rotation moment, is regular before res-
onance, and irregular during and after 1 : 1 resonance pass-
ing (Tsuchida et al., 2003). In a non-ideal system with two
degrees of freedom, consisting of a dumped nonlinear os-
cillator, connected with rotation part, manifestation of Hopf
bifurcation is a common property of non-ideal problems, re-
lated to hopping phenomenon (Dantas and Balthazar, 2003,
2004). Self-synchronization of shafts (a well-known nonlin-
ear phenomenon), in result of which two or more unbalanced
shafts fixed on a common moveable structure, may rotate
synchronically, only due to interaction through structural vi-
brations, even in case of lack of any direct kinematic link
(Dimentberg et al., 1997). In a motor-frame system of direct
current with slow growth of power levels, Somerfield effect
occurs in resonance, due to the lack of power for attaining
higher velocity regimes with low energy consumption (Felix
et al., 2005). Saturation of a high frequency and low ampli-
tude regime and the transfer of energy to the regime of high
amplitude with low frequency are possible, if non-ideal sys-
tem frequency is equal to double own frequency of the frame,
i.e. 2 : 1 of internal resonance (Tsuchida et al., 2005). In non-
ideal and nonlinear mechanical systems, irregular motion is
evident, the control of chaos may be oriented to oscillator
(Zukovic and Cveticanin, 2009), and not to the engine, con-
trolling the voltage of the direct current engine, as it is usu-
ally done. Complete review of different models and methods

of dynamic analysis of non-ideal vibrating systems is pro-
vided and discussed in works (Balthazar et al., 2002, 2003;
Cvetićanin, 2010). It should be marked that back action of a
vibrating system on the source of excitation changes the ro-
tation velocity of engine shaft. In previous works, it was not
paid serious attention, being considered that variation of an-
gular velocity of engine shaft is insufficient. In fact, in some
cases, for example, in case of low-velocity rotations of en-
gine shaft, the amplitude of vibrations of angular velocity is
rather significant, which should be taken into account in dy-
namic analysis of vibrating system. Characteristics of varia-
tion of angular velocity of engine shaft depends not only on
parameters of energy source, but also on parameters of the
system itself.

One type of the vibrating equipment is vibrating table with
flat lever mechanism has a broad prospect of using in the
construction industry, in the chemical, pharmaceutical and
food industries and in the mining industry.

In the work of Bisembayev and Iskakov (2012), dynami-
cal and mathematical models of the orthogonal mechanism
of a vibrating table with non-ideal energy source have been
created. The rotational and librational motions (Gulyaev et
al., 1989; Goldstein, 1975) of the mechanism have been ex-
amined (Bissembayev and Iskakov, 2015a). With stable rota-
tional operating conditions of the mechanism, it was shown
that the value of the angular velocity of the driving link varies
about its average value. The frequency of the change in the
value of the angular velocity equals the average value of this
velocity, and the amplitude is inversely proportional to this
value. The average value of the angular velocity depends on
the length of the driving link and the characteristics of the
energy source. The conditions imposed on the amplitude of
driving link’s vibrations were defined. The law of variation
of the amplitude of the librational motion of a given link and
the dependence of the frequency of oscillatory motion on the
amplitude, on the parameters of the energy source and mech-
anism are established. Criteria of stability of the rotational
and librational motions of orthogonal mechanism have been
found. The dynamics of orthogonal mechanism in the pres-
ence of a shaking table of fixed load is studied in the work
of Bissembayev and Iskakov (2014). The focus is on the vi-
brational motion of the mechanism in slow-velocity engine
rotation. The character of changing amplitude the angular
velocity of the driving link, depending on the mass of the
load and the length of the driving link, is determined. Depen-
dence of the mean angular velocity on the motor torque is set.
In the report of Bissembayev and Iskakov (2015b) as a non-
ideal energy source a damless hydraulic turbine with inclined
blades was used. It is established that the angular velocity of
a hydraulic turbine depends on the values of its parameters
and the parameters of the system affect the amplitude of the
angular velocity. The dependence of the coefficient of non-
uniformity of rotation on the parameters of the system was
found.
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In the papers of Bissembayev and Iskakov (2014,
2015a, b), the dynamic analysis of the vibrational system is
performed without taking into account the friction in kine-
matic pairs. If we take into account that in the orthogonal
mechanism under consideration there is a certain friction in
the kinematic pairs and with a change in the parameters of
the system, for example, as the load mass in the working link
increases, the effect of friction on the dynamics of the system
becomes more significant, then, for more accurate dynamic
analysis, its influence is undoubtedly necessary to take into
account.

The purpose of this paper is to study the effect of friction
in kinematic pairs on the dynamics of the orthogonal mech-
anism of a vibrating table with a low-velocity engine when
there is a constant motionless load in the working link.

2 Kinematic relations

Structural scheme of orthogonal mechanism is shown in the
Fig. 1. We place the origin of the coordinate system in the
axis of rotation of the crank. Here, X and Y denote the co-
ordinates of the hinge joint C connecting the work table 4 to
coupler 3 (Fig. 1). From the closedness equation of vector
contours in projections to the coordinate axes the following
kinematic relations (Bissembayev and Iskakov, 2014, 2015a;
Tuleshov, 2010) can be written

X = l cosϕ+ l2
√

1− (l1/l2)2
+ (l/l2)2cos2ϕ,

Y = l sinϕ+ l1
√

1− (l/l1)2cos2ϕ, (1)

where l, l1, l2 are length of links 1–3, respectively, ϕ – the
crank rotation axis angle (Fig. 1).

Expressions of maximum, minimum and average values of
the coordinatesX and Y are given in articles of Bissembayev
and Iskakov (2014, 2015a).

As the calculations (Bissembayev and Iskakov, 2014,
2015a) show, the amplitude of the horizontal and vertical vi-
brations of hinge C of orthogonal mechanism with respect to
the mean values of the coordinates are equal to each other
and equal to the length of the crank l.

Projections of the velocity of hinge C relative to the coor-
dinate systemOXY are equal to its projections in coordinate
system O ′ξη, beginning of which is located in the average
values of coordinates X and Y

v
X
=

−sinϕ−
l

l2

sin2ϕ

2
√

1− (l1/l2)2
+ (l/l2)2cos2ϕ

 lϕ̇ = vξ , (2)

v
Y
=

cosϕ+
l

l1

sin2ϕ

2
√

1− (l/l1)2cos2ϕ

 lϕ̇ = vη. (3)

Also projections of acceleration of point C of working link
in the coordinate system OXY are equal to its projections in
the coordinate system O ′ξη

Figure 1. Structural scheme of orthogonal mechanism of vibrating
table.

w
X
=−cosϕ−

l

l2

4cos2ϕ
(

1− (l1/l2)2
+ (l/l2)2cos2ϕ

)
+ (l/l2)2sin22ϕ

4

√(
1− (l1/l2)2+ (l/l2)2cos2ϕ

)3



×lϕ̇2
−

sinϕ+
l

l2

sin2ϕ

2
√

1− (l1/l2)2
+ (l/l2)2cos2ϕ

 lϕ̈ = wξ , (4)

w
Y
=

−sinϕ+
l

l1

4cos2ϕ
(

1− (l/l1)2cos2ϕ
)
+ (l/l1)2sin22ϕ

4

√(
1− (l/l1)2 cos2ϕ

)3



×lϕ̇2
+

cosϕ+
l

l1

sin2ϕ

2
√

1− (l/l1)2cos2ϕ

 lϕ̈ = wη. (5)

Structural model of the orthogonal mechanism of vibrating
table in the different ratios of the lengths of links l : l1 : l2
and, respectively, the graphs of variance projection compo-
nents of analogs of velocity and acceleration of pin joint C
performed by specialized software package (Jamalov and
Kamal, 2015), are shown in Fig. 2, and motion paths of knee
joints, including pin joint C are also shown here. The mo-
tion begins from the right horizontal position of the crank.
From here, it is easy to observe that the change in the ra-
tio of the lengths of links not only affects the values of ve-
locity and acceleration, but also their graphical behaviour.
Laws of velocity and acceleration change are nonlinear at
l ≺ l1 ≺ l2 lengths of the links. Changes in the behaviours of
the graphs vy , wx and wy are clearly visible when length l1
or when l2 is changing at the same length of crank. The de-
velopers of orthogonal mechanism of vibratory table can se-
lect the appropriate option of size and ratio of the lengths of
links depending on the process requirements. Thereby, they
should take into account that the condition l : l1 : l2 = 1 : 1 : 1
cannot be implemented, because when l = l1 the pin joints O
and B will merge and mechanism will falls into a special po-
sition (Fig. 3a), i.e. ceases to be crank-type and work. When
l1 = l2 – it degenerates, i.e. hinge joints B and C will merge
(Fig. 3b), hence the links 2 and 3 will merge, therefore, the
condition l < l1 < l2 should be achieved.
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Figure 2. Structural model of the orthogonal mechanism and the graphs of variance projection components of analogues of velocity and
acceleration of the operating point C in the different ratios of the lengths of links l : l1 : l2.

Figure 3. Special positions of orthogonal mechanism.

3 Dynamics of mechanism motion

Let us generate a differential equation of the motion of or-
thogonal mechanism of vibrating table. We choose as the
generalized coordinate of the parameter ϕ (Figs. 1 and 4).

From Fig. 4, can make sure the validity of the following
kinematic relations

Figure 4. Diagram of the mechanism of vibrating table indicating
the forces exerted on kinematic pairs.
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l2 sinϕ2 =

√
l21 − l

2cos2ϕ,

l2 cosϕ2 =

√
l22 − l

2
1 + l

2cos2ϕ,

ϕ̇1 =
l

l1

√√√√1+
l2

l21

cos2ϕ

1− l2

l21
cos2ϕ

sinϕ · ϕ̇,

ϕ̇2 =
l2 sinϕ cosϕ · ϕ̇√

l21 − l
2cos2ϕ ·

√
l22 − l

2
1 + l

2cos2ϕ

, (6)

Ẋ = l

√√√√√1+
l2

l22

cos2ϕ

1− l21
l22
+

l2

l22
cos2ϕ

+ 2
l

l2

cosϕ

1− l21
l22
+

l2

l22
cos2ϕ

sinϕ · ϕ̇,

Ẏ = l

×

√√√√√√√√
1− l21

l22

(
1− l2

l21
cos2ϕ

)2

−
l2

l21
cos4ϕ(

1− l2

l21
cos2ϕ

)(
1− l21

l22
+

l2
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cos2ϕ

) + 2
l

l1

sinϕ · cos2ϕ√
1− l2

l21
cos2ϕ

+ 2
l

l2

sin2ϕ · cosϕ√
1− l21

l22
+

l2

l22
cos2ϕ

ϕ̇. (7)

To derive the equation of the motion of orthogonal mecha-
nism of vibrating table we use Lagrange equation of the sec-
ond kind (Matveev and Matveeva, 2009).

Kinetic energy of the system is given by:

T =
M
(
Ẋ2
+ Ẏ 2)

2
+
m2Ẋ

2

2
+
J2ϕ̇

2
2

2
+
J1ϕ̇

2
1

2
+
J ϕ̇2

2
, (8)

where X, Y , ϕ, ϕ1, ϕ2 are system coordinates (Fig. 4), m2 is
link mass 3 andM is load mass subject to link mass 4 and J ,
J1 and J2 is a moment of inertia of links 1–3 correspondingly.

Potential energy of the system shall be represented as fol-
lows∏
=MgY +m2gY2+m1gY1+mgY0, (9)

Y = l sinϕ+ l2 sinϕ2,

Y2 = l sinϕ+
l2

2
sinϕ2,

Y1 = l sinϕ+
l1

2
sinϕ1,

Y0 =
l

2
sinϕ.

Placing the relations (Eqs. 6 and 7) in Eq. (8) and after some
transformations, we will have the expression of kinetic en-
ergy as follows

T =
1
2
Ml2


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(
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+
l2

l22
cos2ϕ

)

+2
l

l1
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1− l2
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+ 2
l

l2
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l22
+
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l22
cos2ϕ

 ϕ̇2

Figure 5. General view of the Simulink model of vibrating table.
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+2
l

l2
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1− l21
l22
+
l2
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cos2ϕ

sin2ϕ · ϕ̇

+
1
2
J2
l2

l21

l2

l22

sin2ϕcos2ϕ(
1− l2

l21
cos2ϕ

)(
1− l21

l22
+
l2

l22
cos2ϕ

) · ϕ̇2

+
1
2
J1
l2

l21

1+
l2

l21

cos2ϕ

1− l2

l21
cos2ϕ

sin2ϕ · ϕ̇2
+
J ϕ̇2

2
. (10)

Potential energy of the system is given by∏
=

(
M +m1+m2+

m

2

)
lg sinϕ+

(
M3+

m1

2
+
m2

2

)
× gl1

√
1−

l2

l21
cos2ϕ. (11)

Friction forces occur in kinematic pairs of mechanism of vi-
brating tables, in many cases, these forces significantly influ-
ence on the motion of mechanism. In determination of the
friction force, we will rely on the friction law, which is re-
ferred to as Amonton-Coulomb (Leonov and Leonov, 2008;
Timofeev, 2010; Borisenko, 2011; Tarabarin et al., 2012).

In accordance with this law, modules of friction forces and
their moments shall be accepted as proportional to modules
of normal reactions. There are two prismatic and four rev-
olute pairs in an orthogonal mechanism of vibrating table
(Fig. 4).

We determine the friction in the guides of the prismatic
pair, and we assume that, due to a sufficient gap in this pair,
the link 4, when it is skewed, touches the guides at two points
spaced a distance c (Fig. 4). The reaction forces at the points
of contact are equal to Na and Nb. Consequently, the sliding
friction forces arising in the guides of the prismatic pair, due
to the skew of the link 4, have the form

Fn = f (Na +Nb) .
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Figure 6. Simulink model of vibrating table (solution of the Eq. 36).

Figure 7. Determination of the coordinates of point C (calculation using Eq. 1).

The frictional forces that occur when the guides move in the
vertical direction take on the form

Fb = f (Mg+MŸ ).

The frictional forces arising in the prismatic pair along the
x-axis can be determined from

FfrX =
{
f (Mg+MŸ )+ f (Na +Nb)

}
signẊ, (12)

where

(Na +Nb)c = F13 ·h,

h= l3 sinϕ2,

F13 = F · cos
(
90◦−ϕ+ϕ2

)
= F · sin(ϕ−ϕ2) .
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Figure 8. Determination of projection of point C velocity (calculation using Eqs. 2 and 3).

Figure 9. Determination of projection of point C acceleration (calculation using Eqs. 4 and 5).

The frictional forces in the prismatic pair along the y-axis
are: FfrY = f

[
N52 cos

(
180◦−ϕ1

)
+ fMẌ

]
signẎ,

N52 = Fl2 = F · sin
(
90◦−ϕ+ϕ2

)
, (13)
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where f is the coefficient of sliding friction.
Now, let us determine the friction forces, occurring in rev-

olute pair

Ffr3 = k3N34, Ffr2 = k2N25, Ffr1 = k1N, (14)

where

N34 = Fl3 , N25 = Fl2 , N = F.

Here Ffr1, Ffr2 and Ff r3 – are the frictions in revolute kine-
matic pairs 5, 6 and 7 correspondingly, k1, k2, k3 are coeffi-
cients of friction of rotation in the 5, 6 and 7 hinges. Placing
Eqs. (12) and (13) in Eq. (14) we have

Ffr3 = k3F sin(ϕ−ϕ2) ,
Ffr2 = k2F cos(ϕ−ϕ2) ,
Ffr1 = k1F. (15)

Taking into account expressions (Eq. 6), let us rewrite to for-
mulae for friction Eqs. (12)–(14) as follows

FfrX = f

{
F ·

h

c

[√
1−

l21

l22
+
l2

l22
cos2ϕ sinϕ

−
l1

l2

√
1−

l2

l21
cos2ϕ cosϕ

]
+Mg+MŸ

}
signẊ, (16)

FfrY = f

{
−
l

l1
F ·

[√
1−

l21

l22
+
l2

l22
cos2ϕ · cosϕ

+
l1

l2

√
1−

l2

l21
cos2ϕ · sinϕ

]
cosϕ+ fMẌ

}
signẎ, (17)

Ffr3 = k3F

[√
1−

l21

l22
+
l2

l22
cos2ϕ sinϕ

−
l1

l2

√
1−

l2

l21
cos2ϕ cosϕ

]
, (18)

Ffr2 = k2F

[√
1−

l21

l22
+
l2

l22
cos2ϕ cosϕ

+
l1

l2

√
1−

l2

l21
cos2ϕ sinϕ

]
, (19)

Ffr1 = k1F. (20)

Generalized friction forces will be determined from the con-
dition of equality of elementary work of these forces on pos-
sible displacements, coinciding with variations of general-
ized coordinates, to elementary works of frictional forces ap-
plied to the orthogonal mechanism

Qδϕ = (QfrX +QfrY +Qfr3+Qfr2+Qfr1)δϕ = FfrXδX

+FfrY δY +Ffr3r3δϕ2+Ffr2r2δθ +Ffr1r1δϕ,

where r1, r2 and r3 are radii of the fifth, sixth and seventh
hinge.

From the geometry of the scheme of the orthogonal mech-
anism of the vibrating table, can make sure the validity of the
following relation

l1θ ≈−EB =−l cosϕ.

Generalized slipping friction forces

QfrX = fMgl

{
1+

Ÿ

g
+

h

cM

F

g

[√
1−

l21

l22
+
l2

l22
cos2ϕ

·sinϕ−
l1

l2

√
1−

l2

l21
cos2ϕ · cosϕ

]}

·

sinϕ+
l

l2

sinϕ cosϕ√
1− l21

l22
+
l2

l22
cos2ϕ

signẊ, (21)

QfrY =

{
fMD

[
−
l

l1

√
1−

l21

l22
+
l2

l22
cos2ϕ · cosϕ

+
l

l2

√
1−

l2

l21
cos2ϕ sinϕ

]
cosϕ+ f 2MlẌ

}

·

cosϕ+
l

l1

sinϕ cosϕ√
1− l2

l21
cos2ϕ

signẎ. (22)

Generalized frictional forces of rotation

Qfr3 = kMD ·
l

l1

[√
1−

l21

l22
cos2ϕ sinϕ

−
l1

l1

√
1−

l2

l21
cos2ϕ cosϕ

]

×
sinϕ cosϕ√

1− l2

l21
cos2ϕ ·

√
1− l21

l22
+
l2

l22
cos2ϕ

, (23)

Qfr2 = kMD

[√
1−

l21

l22
+
l2

l22
cos2ϕ · cosϕ

+
l1

l2

√
1−

l2

l21
cos2ϕ · sinϕ

]
sinϕ, (24)

Qfr1 = kMD, (25)

where MD is a moment of driving forces of engine, to sim-
plify the calculation, it is assumed that k = k1

r1
l
= k2

r2
l1
=

k3
r3
l2

is the reduced coefficient of rotational friction, in what
follows it will be called simply the coefficient of rotational
friction.
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Figure 10. Dependencies of angular velocity (a) and engine torque (b) on the time at different values of the coefficient of sliding friction f
and for value of coefficient of rotational friction k = 0.

Figure 11. Dependencies of angular velocity (a) and engine torque (b) on the time at different values of the coefficient of rotational friction k
and for value of the coefficient of sliding friction f = 0.

Figure 12. Dependence of rotation angle of the driving link (engine shaft) on time at different values of the coefficient of sliding friction f
and for value of coefficient of rotational friction k = 0.

Figure 13. Dependences of coefficient of non-uniformity of rota-
tion δ from coefficient of sliding friction f at coefficient of rota-
tional friction k = 0 and for different values of load mass M .

In expressions (Eqs. 10, 11 and 21–25), there are second
order terms of smallness, and subject to condition of l2�
l1� l, ignoring them, we will have

T =
1
2

{
A0+A1sin2ϕ+A2sin2ϕ cosϕ+A3 sinϕcos2ϕ

+A4sin2ϕcos2ϕ
}
ϕ̇2, (26)∏

= P sinϕ+N, (27)

QfrX =−fMP

{
sinϕ+B1sin2ϕ+B2 sin2ϕ

−ω2
[(

sin2ϕ+B3 sinϕ sin2ϕ
)
ϕ̇2
−

(
1
2

sin2ϕ

+B4 sin2ϕ sinϕ+B5 cosϕ sin2ϕ) ϕ̈]}signẊ, (28)
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Figure 14. Dependences of coefficient of non-uniformity of rota-
tion δ from coefficient of rotational friction k at coefficient of slid-
ing friction f = 0 and for different values of load mass M .

QfrY =−fMD

[
(C1 cosϕ+C2 sinϕ)cos2ϕ

]
signẎ, (29)

Qfr3 =−kMDC1 [sinϕ−C2 cosϕ] sinϕ cosϕ, (30)
Qfr2 = kMD (cosϕ+C2 sinϕ) sinϕ, (31)
Qfr1 = kMD, (32)

where

A0 =Ml
2
+ J,A1 =m2l

2
+ J1

l2

l21
,

A2 = 2(M +m2) l2 ·
l

l2
,A3 = 2Ml2 ·

l

l1
,A4 = J2

l2

l21
·
l2

l22
,

P =
(
M +m1+m2+

m

2

)
gl,N =

(
M +

m2

2
+
m1

2

)
l1g,

MP =Mgl,B1 =
MD

MP

l3

c

l1

l2
,B2 =

l

2l2
,B3 =

l

l1
+

l

2l2
,

ω2
=
l

g
,C1 =

l

l1
,C2 =

l1

l2
,MD = F l. (33)

Let us write Lagrange equation of second kind

d
dt

(
dT
dϕ̇

)
−

dT
dϕ
=−

d5
dϕ
+QfrX +QfrY +Qfr3+Qfr2

+Qfr1+MD. (34)

By placing Eqs. (26)–(32) in Eq. (34), we will have the equa-
tion of motion of orthogonal mechanism of vibrating table,
represented by

{A0 +
1
2
fMPω

2 sin2ϕ+
(
A2

2
− fB2MPω

2
)

sin2ϕ sinϕ

+

(
A3

2
− fMPω

2B2

)
sin2ϕ cosϕ+

A4

4
sin2ϕ

}
ϕ̈

− fMPω
2 (1+ 2B3 cosϕ) sin2ϕ · ϕ̇2

+P cosϕ
+ fMP (1+B1 sinϕ+ 2B2 cosϕ) sinϕ · signẊ =MD

×

{
1− k− f (C1 cosϕ+C2 sinϕ)cos2ϕ · signẎ

−
1
2
kC1 (sinϕ−C2 cosϕ) sin2ϕ

−k (cosϕ+C2 sinϕ) sinϕ} . (35)

After simplification, the equation of motion of orthogonal
mechanism will be given by

A0ϕ̈+

[
A3

(
1
2

cos3ϕ− sin2ϕ cosϕ− sinϕ cosϕ
)

+fMl2 sinϕ · signẊ
]
ϕ̇2
+P cosϕ+ kMD cosϕ sinϕ

=MD− fMgl · signẊ− kMD. (36)

Here

A0 =M (1+m3/M) l2+ J,J =ml2/3, (37)

where M is load mass, m3 is mass links 4.
Influence of non-ideal energy source on the vibratory sys-

tem has to be expressed in the form of theMD(ϕ, ϕ̇), where ϕ
– coordinate the motion of energy source. Torque on the shaft
of some engine, for example, of the DC engine is determined
by the equation

MD = a− bϕ̇, (38)

where a and b – constant coefficients, depending on the en-
gine parameters.

From the equation of motion of orthogonal mechanism
(Eq. 36) on the basis of Eq. (38) we find the condition for
its static equilibrium

P cosϕ+ ka cosϕ
√

1− cos2ϕ = (1− k)a∓ fMgl. (39)

Here the Eq. (39) is taken with the minus sign in the interval
0≤ ϕ ≤ π and with the plus sign in the interval π ≤ ϕ ≤ 2π .

Condition (Eq. 39) at k ≺≺ 1 is determined by the equa-
tion

cosϕ =
a∓ fMgl

P
. (40)

Hence we find the excitation condition of rotatory (rotary)
motion at k ≺≺ 1 in the form of

a− fMgl

P
� 1. (41)

Simulink model of work of the vibration table was developed
to conduct numeric calculations, general view of which pre-
sented in Fig. 5. Here the nonlinear differential Eq. (36) on
the basis of Eq. (38) was solved using the flowchart shown in
Fig. 6. Calculation of coordinates of the point C (1), as well
as projections of its velocity (2, 3) and projections of accel-
eration (4, 5) were conducted using the flowchart shown in
Figs. 7–9. The input signals for the model are the mass of the
load, the mass of the links, the friction coefficients, as well
as the initial position and the initial angular velocity of the
driving link.
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Figure 15. Graphs of coordinates X(t) and Y (t) of point C for different values of the coefficient of sliding friction f and for coefficient of
rotational friction k = 0 and for load mass M = 70 kg.

Figure 16. Graphs of velocity projections V x(t) and Vy(t) of point C for different values of the coefficient of sliding friction f and for
coefficient of rotational friction k = 0 and for load mass M = 70 kg.

Calculations were performed for the following values of
parameters: a = 600N ·m, b = 300N ·m ·c,M = 70 kg,m=
2 kg, m1 = 2, 5 kg, m2 = 3 kg, l = 0, 1 m, l1 = 1 m, l2 =
2 m.

The results of the solution of Eq. (36) in the absence of
friction are completely consistent with the results of paper of
Bissembayev and Iskakov (2014).

The graphs of dependence of the angular velocity of the
driving link (engine shaft) ϕ̇ and dependence of engine
torque MD on the time t at different values of the coefficient
of sliding friction f and for various values of coefficient of
rotational friction k are shown in Figs. 10 and 11. The graphs
in the Fig. 10a shows that the average angular velocity de-

pends on the coefficient of sliding friction, and at that in the
first half cycle of rotation of the mechanism under the influ-
ence of sliding friction this value decreases, but in the second
half-cycle – increases due to reversal of sign the sliding fric-
tion. The amplitude of the angular velocity of the driving link
depends on rotational friction; it increases with increasing of
the rotational friction coefficient (Fig. 11a). Both types of
friction affect the maximum and the minimum value of the
angular velocity per rotation cycle, by increasing the differ-
ence between these values. In this case the average value of
angular velocity remains constant.
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Figure 17. Graphs of acceleration projectionsWx(t) andWy(t) of point C for different values of the coefficient of sliding friction f and for
coefficient of rotational friction k = 0 and load mass M = 70 kg.

Figure 18. Graphs of angular velocity of the rotation of ϕ̇(t) driving link (engine shaft) (a) and engine torque MD (b) at different values of
the coefficient of sliding friction f and for coefficient of rotational friction k = 0 and for load mass M = 500 kg.

Figure 19. Graphs of coordinates X(t) and Y (t) of point C at different values of the coefficient of sliding friction f and for coefficient of
rotational friction k = 0 and for load mass M = 500 kg.

Figures 10b and 11b show the engine torque waveforms
with significant amplitude and influence of sliding and rota-
tional friction on them.

Dependence of the rotation angle of the driving link ϕ on
time t is represented in the Fig. 12, which shows the simi-
lar upward shift of the dependence diagram ϕ(t) along the
whole line under the influence of the coefficient of sliding
friction. Rotational friction coefficient due to the smallness
of its value does not affect practically the behaviour of the
dependence ϕ(t).

At steady state ϕ̇ the velocity of the driving link even if re-
mains constant at the average, but it changes within the cycle,
passing through the maximum ϕ̇max and minimum ϕ̇min val-
ues. The rotation non-uniformity estimated by the coefficient
of non-uniformity

δ = (ϕ̇max− ϕ̇min)/ϕ̇a, (42)

where ϕ̇a – average velocity per cycle. Ratio δ describes
peak-to-peak value of velocity oscillations with respect to
its mean value. The smaller δ, the relatively smaller peak-
to-peak of the velocity oscillations, the calmer the driving
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Figure 20. Graphs of velocity projections V x(t) and Vy(t) of point C at different values of the coefficient of sliding friction f are different
and for coefficient of rotational friction k = 0 and for load mass is M = 500 kg.

Figure 21. Graphs of acceleration projections Wx(t) ∦Wy(t) of point C at different values of the coefficient of sliding friction f and for
coefficient of rotational friction k = 0 and for load mass M = 500 kg.

Figure 22. Amplitude-frequency responses of oscillations of angu-
lar velocity of the driving link of a mechanism in different values
of coefficient of rotational friction and coefficient of sliding friction
f = 0.

link rotates. From this point of view, both sliding friction,
and rotational friction increase the difference between max-
imum and minimum values of angular velocity while its av-
erage value per cycle of rotation stays constant (Figs. 10a
and 11a), both increase the coefficient of non-uniformity of
rotation (Figs. 13 and 14), taking a destabilizing effect.

Graphic dependences of coordinates, projections of veloc-
ity and acceleration of the point C at the load mass on work-
ing link M = 70 kg, for different values of the coefficient of

Figure 23. Dependence of the amplitude of oscillations of angular
velocity on the load mass in different values of coefficient of rota-
tional friction and coefficient of sliding friction f = 0.

sliding friction and for coefficient of rotational friction k = 0
are shown in the Figs. 15–17. Effect of friction on kinemat-
ical parameters of hinge C motion exerts in mixing of their
graphs and jumps when the sign of friction force changes,
especially it is well seen in time dependent graphs of point C
acceleration projections (Fig. 17).

If driving torque is insufficient for a complete rotation of
orthogonal mechanism, then vibration table performs libra-
tional oscillations.

www.mech-sci.net/9/307/2018/ Mech. Sci., 9, 307–325, 2018



320 Zh. Iskakov et al.: The nonlinear vibrations of orthogonal mechanism of vibrating table in view of friction

Figure 24. Dependence of the frequency of oscillations of angular
velocity on load mass in different values of coefficient of rotational
friction and coefficient of sliding friction f = 0.

A condition when librational oscillations of mechanism
take place at k ≺≺ 1

a ≺ P + fMgl. (43)

Therefore on the basis of Eq. (33) condition of librational
oscillations for values of load mass M

M �
a

(1+ f )gl
−

0,5m+m1+m2

1+ f
. (44)

Similar condition for driving link length values l

l �
a

M
(
1+ f + m1

M
+
m2
M
+

m
2M

)
g

(45)

in this case it is necessary to consider that l ≺ l1 ≺ l2.
Graphs of dependence of angular velocity of rotation of

driving links (engine shaft) and its torque, coordinates, ve-
locity and acceleration projections of point C of working link
on the time at different values of the coefficient of sliding
friction and for coefficient of rotational friction k = 0, and
for the value of the load mass in working link M = 500 kg
which is similar to Eq. (44), when the power consumption of
the mechanism is similar to power source strength (Fig. 18b)
are presented in Figs. 18–21.

Comparison of graphs in Fig. 18 with graphs in Fig. 10a
shows that a significant increase in load mass M leads to a
significant decrease of minimum value and increase of max-
imum value of the angular velocity ϕ̇ of driving link (engine
shaft), as well as to decrease of its oscillations frequency. Ef-
fect of sliding friction on the angular velocity ϕ̇ becomes sig-
nificant at values of load mass M , similar to value (Eq. 44).
With increase of the coefficient of sliding friction difference

Figure 25. Modulated amplitude frequency responses of oscilla-
tions of angular velocity of the driving link of mechanism in dif-
ferent values of coefficient of sliding friction and rotational friction
k = 0.

Figure 26. Phase trajectories of the motion of a joint, connecting
working platform with link in different values of rotational friction
and with load mass of M = 500 kg.

between maximum and minimum values of the angular ve-
locity ϕ̇ is increasing at constant average value, and the fre-
quency of its oscillations decreases. This shows the signifi-
cant effect of braking property of sliding friction.
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Figure 27. Phase trajectories the motion of a joint, connecting
working platform with link in different values of load mass and with
the coefficient of rotational friction of k = 0.1.

Comparison of graphs of kinematic parameters in
Figs. 19–21 with similar graphs in Figs. 15–17 shows that at
moderate values of load mass in a working link change pat-
terns of kinematic parameters are more similar to harmonic
laws (except graphs Wy(t); Fig. 17), rather than at values of
the load mass, close to the value (Eq. 44).

Upward shift in time of graphs of kinematic parameters is
significant at increase of coefficient of sliding friction value.
Load mass in working link reduces the frequency of kine-
matic parameters oscillations, occurs a considerable delay of
movement and change of kinematic parameters at the time.
Sliding friction affects the frequency of coordinate’s oscil-
lations, the oscillations frequency and maximum and mini-
mum values of the velocity and acceleration projections. In
this case it is possible to notice a significant demonstration
of the nonlinearity in the time dependence of the kinematic
parameters.

As in any nonlinear vibrational system in this system with
linkage orthogonal mechanism and non-ideal source ampli-
tude of vibrations depends on frequency of oscillations. Fig-
ure 22 shows graphs of dependence of amplitude on the fre-
quency of oscillations of angular velocity of the driving link
(engine shaft) A= A(�). Practical coincidence of the curves
of amplitude -frequency responses in different values of co-
efficient of rotational friction means weak dependence AFR
oscillations of angular velocity of the driving link (engine

shaft) on the value of coefficient of rotational friction. Fig-
ure 23 shows linear dependence of the amplitude of oscil-
lations of angular velocity on the load mass A= A(M) in
different values of the coefficient of rotational friction. The
larger is the load mass, the more influence of the coefficient
of rotational friction on the frequency of oscillations of an-
gular velocity of the driving link (engine shaft) (�=�(M)
Relation on Fig. 24).

Graphs of dependence of modulated amplitude (MA) on
the frequency of oscillations of angular velocity of the driv-
ing link (engine shaft) in different values of coefficient of
sliding friction and of coefficient of rotational friction k = 0
are shown in Fig. 25. It is possible to note the similarity of
MAFR with f = 0; 0.15; 0.20 and k = 0 with similar graph
with k = 0; 0.05; 0.1 and f = 0 (Fig. 22). With reduction of
frequency, the influence of the coefficient of sliding friction
on MAFR of angular velocity is manifested increasingly.

Analysis of phase trajectories of motion of joint, connect-
ing the working platform with the link, shows that with in-
crease in coefficient of rotational friction or load mass, the
rate of ascent of the working platform decreases, and in-
creases its rate of descent (Figs. 26 and 27). Studies of oscil-
lograph records of angular velocity, coordinates of C point,
as well as phase trajectories of this point show that, oscilla-
tions, corresponding to this point, are periodic and regular.

Thus, all highlighted above effects belong to excitation
region of rotational movement of orthogonal mechanism,
its boundaries are presented as an example in dependen-
cies a = a(f, k), a = a(f, M), a = a(k, l) and are shown in
Fig. 28.

From these graphs it is well observed that with an increase
in the friction coefficients of sliding and rotation, the excita-
tion boundary rises upward, in the direction of increasing the
engine torque.

4 Conclusions

Based on the analysis and discussion of the results of the
research the following conclusions can be drawn:

– The effect of friction in kinematic pairs on the dynam-
ics of the linkage mechanism with orthogonal motion in
the presence of fixed load in the vibrating table is inves-
tigated.

– It has been found that in each half-cycle the average
value of the oscillating angular velocity of the driving
link (engine shaft) depends on the coefficient of sliding
friction.

– The dependency graph of the amplitude of deviation of
this angular velocity from its mean value on the coeffi-
cient of rotational friction is presented.

– It is shown that both types of friction affect the max-
imum and the minimum value of the angular velocity
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Figure 28. Boundaries of the excitation region of the rotational movement of the driving link (engine shaft).

per rotation cycle, by increasing the difference between
these values. In this case the average value of angular
velocity remains constant.

– The dependence of the coefficient of non-uniformity
of the driving link (engine shaft) rotation on the coef-
ficients of friction has been established, according to
which, by reducing these parameters sufficiently, it is
possible to obtain an acceptable value of the coefficient
of non-uniformity necessary for optimal design of vi-
brating table orthogonal mechanism with non-ideal en-
ergy source.

– Effect of sliding friction on the amplitude and frequency
of the angular velocity oscillations of the driving link
(engine shaft) and on the frequency of the coordinate
changes, and projections of velocity and acceleration of
the hinge linking the working platform with coupler is
determined.

– The boundaries of the excitation region of the rotational
motion as a function of the friction coefficients of slid-
ing and rotation are determined.

The results of the investigations were used in preparing the
application for obtaining a patent for the invention of a vibra-
tion table based on an orthogonal mechanism for developing
a description, abstract and formula of invention. The inven-
tive vibrating table can be used in the construction industry
as a compactor for the liquid concrete platform, an platform
of various suspensions, in pharmaceutics for mixing a liq-
uid herbal drug suspension, and at flour mills and feed mills,
groats plants for processing grain into food and feed products
and in other industries.

Data availability. Our main research results prior to
this publication are stored in the following public data
repositories: https://doi.org/10.2478/ijame-2014-0032 (Bis-
sembayev and Iskakov, 2014), https://doi.org/10.1016/j.
mechmachtheory.2015.05.011 (Bissembayev and Iskakov,
2015), https://www.degruyter.com/downloadpdf/j/ijame.2014.
19.issue-3/ijame-2014-0032/ijame-2014-0032.pdf (Bissem-
bayev and Iskakov, 2014) https://ru.scribd.com/document/
269283064/1-s2-0-S0094114X15001159-main (Bissembayev and
Iskakov, 2015), http://blog.espol.edu.ec/jpaezchavez/files/2015/08/
ICoEV2015.pdf (Bissembayev and Iskakov, 2015).
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Appendix A

From the geometry of Fig. 4, we have expressions for deter-
mining the coordinates of the hinge C

X = l cosϕ+ l2 cosϕ2,

Y = l sinϕ+ l2 sinϕ2. (A1)

It is easy can make sure the validity the following relations

l1 cosϕ1 = l cosϕ,
l1 sinϕ1 = l2 sinϕ2. (A2)

In the relations (Eq. A2), the angle ϕ2 expressing through the
angle ϕ, substituting this value into the expressions (Eq. A1),
we obtain

X = l cosϕ+ l2
√

1− (l1/l2)2
+ (l/l2)2cos2ϕ,

Y = l sinϕ+ l1
√

1− (l/l1)2cos2ϕ.

Differentiating the relations (Eq. A2), we have

ϕ̇1l1 sinϕ1 = l sinϕ · ϕ̇,
ϕ̇1l1 cosϕ1 = l2 cosϕ2 · ϕ̇2,

whence

l21 ϕ̇
2
1 = l

2sin2ϕ · ϕ̇2
+ l22cos2ϕ2 · ϕ̇

2
2 ,

l21 = l
2cos2ϕ+ l22sin2ϕ2,

l21 = l
2cos2ϕ+ l22 − l

2
2 cosϕ2ϕ2. (A3)

From the expressions (Eq. A3) we obtain

l2 sinϕ2 =

√
l21 − l

2cos2ϕ,

l2 cosϕ2 =

√
l22 − l

2
1 + l

2cos2ϕ;

ϕ̇1 =
l

l1

√√√√1+
l2

l21

cos2ϕ

1− l2

l21
cos2ϕ

sinϕ · ϕ̇,

ϕ̇2 =
l2 sinϕ cosϕ · ϕ̇√

l21 − l
2cos2ϕ ·

√
l22 − l

2
1 + l

2cos2ϕ

. (A4)

From the expressions (Eqs. A1 and A4) we find

Ẋ = l

√√√√√1+
l2

l22

cos2ϕ

1−
l21
l22
+
l2

l22
cos2ϕ

+ 2
l

l2

cosϕ

1−
l21
l22
+
l2

l22
cos2ϕ

sinϕ · ϕ̇,

Ẏ =

l

√√√√√√√√
1− l21

l22

(
1− l2

l21
cos2ϕ

)2

−
l2

l21
cos4ϕ(

1− l2

l21
cos2ϕ

)(
1− l21

l22
+

l2

l22
cos2ϕ

) + 2
l

l1

sinϕ · cos2ϕ√
1− l2

l21
cos2ϕ

+ 2
l

l2

sin2ϕ · cosϕ√
1− l21

l22
+

l2

l22
cos2ϕ

ϕ̇.
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