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RELIABILITY ANALYSIS OF REINFORCED
CONCRETE ELEMENTS WITH NORMAL CRACKS
(ON RC BEAM EXAMPLE)

Vladimir S. Utkin, Sergey A. Solovyev
Vologda State University, Vologda, RUSSIA

Abstract: The purpose of research is development of methods for reliability analysis of structural reinforced
concrete elements (on example of reinforced concrete beam) according to criterion of the normal cracks length in
tensile zone of concrete. Cracks in tensile zone of concrete in beams leads to displacement of the beam's neutral
axis towards the compressed part of the concrete, thereby increasing the compression stress in the concrete, to
the increasing of the stress in the reinforcement bars on the crack width, to the growth of corrosion processes,
etc. This leads to the decreasing of beams mechanical safety and reliability (as a quantitative measure of
mechanical safety). The main parameters, which reduce the strength and stiffness of the beam, of the cracks is
the length and width of the crack. The article describes the influence of the cracks length on the reliability of
reinforced concrete elements. The article differs from existing approaches in that is it built on a limited statistical
data of controlled parameters in mathematical models of limit state. The article also considers the influence of
cracks in the structural element. The methods of reliability analysis allow to assess the mechanical safety of
reinforced concrete elements and to make appropriate decisions about the safety, strengthening or replacement of
the reinforced concrete element.
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PACYET HAAEX KHOCTH KEJE3OBETOHHbBIX DJIEMEHTOB
C HOPMAJIBHBIMHU TPEILIMHAMHA
HA IIPUMEPE KEJIE3OBETOHHOM BAJIKH

B.C. Ymkun, C.A. Conoeves

Bosoroickunii rocyrapcTBEHHBINH yHUBEPCUTET, T. Bomoraa, POCCUS

Annortanusi: Ileip paboTer — pa3paboTKa METOIOB pacyeTa HaJe)KHOCTH HECYIIUX KEJIC300CeTOHHBIX 3JICMEHTOB
Ha MpUMepe Kene300eTOHHOW OalKu 10 KPUTEPHUIO JUIMHBI CEPUH HOPMAJIBHBIX TPEIUH B PACTSHYTOH 30HE
OeToHa Oanku. TpeluHbl B pacTSHYTOW 30He OeTOHA OaJKU MPUBOJUT K CMEIICHNI0 HEUTPaTbHONH OCH OaJkKi B
CTOPOHY C)KaTO YacTH OaJKH, MOBBIIIAS TEM CAMBbIM HANPSIKCHUS CKATUSI B OETOHE, MOBBIIAIOT Je(hopMaIiu B
apMaTtype Ha IIUPUHE PACKPBITUS TPEHIMHBI, CIIOCOOCTBYIOT Pa3BUTHIO KOPPO3HOHHBIX MPOLECCOB U T.A. DTO
MPUBOJIUT K CHU)KCHUIO MEXaHMYECKON Oe30MacHOCTH Oallki, B KAueCTBE KOJIMYCCTBEHHOH MEphl KOTOPOU
UCTIOJIB3YEeTCsI Ha/IeXKHOCTh. OCHOBHBIMH TTapaMeTPaMU TPCIIUHBI, PUBOMANIMMU K CHU)KCHUIO MMPOYHOCTU H
JKECTKOCTH OaJIKH, SIBJSICTCS JUIMHA M IIUPUHA PACKPBITHS TPCIIUHBI. CTaThsl MOCBSIICHA YUCTY BIMSIHUS UTUHBI
CepuM HOPMAIbHBIX TpPEHIMH Ha HAJEKHOCTh HKEJe300eTOHHBIX dyieMeHTOB. CTaThs OTJIHYAETCS OT
CYIIECTBYIOIMX O/IXO/I0B TEM, YTO MOCTPOEHA HA OTPAHMYCHHOM O00BEME CTATHCTHUYECKOH HMH(pOpMAInU O
KOHTPOJMPYEMbIX MapaMeTpax B MaTeMaTHUECKHX MOJEIISX MPEICIbHBIX COCTOSHHMN, a TAKKe Y4eTy BIMSHHS
HECKOJIbKUX TPEL[MH B HECyleM JJieMeHTe. [Ipe/io)KeHHbIe METOAbl PAacyeTOB HAJIEKHOCTH IO3BOJISIIOT
OLIEHUTh MEXaHUYECKYI0 O€3011aCHOCTh HECYIIHX KeJIe300€TOHHBIX AIIEMEHTOB M NPUHSATH a/ICKBATHbIC PELICHUS
0 0e301MMacCHOCTH AKCIUTyaTaIliH, YCHIICHUIO HITH 3aMeHe OaJIKH.

KaroueBrble ciioBa: HaJACKHOCTb, HOPMAJIbHBIC TPCIINHBI, 6am<a, 6630HaCHOCTL, BEPOATHOCTL OTKa3sa,
HCYCTKad NEpeMEHHasA, TCOPpUl cnyqaﬁﬂmx MHOKCCTB

142



Reliability Analysis of Reinforced Concrete Elements with Normal Cracks (On RC Beam Example)

1. INTRODUCTION

The Russian Federal Law No. 384 “Technical
regulation for buildings and structures safety”
came to force in 2010. Interstate Standard
GOST 27751-2014 “Reliability of structures
and foundations” came to force in 2015 on the
basis of the Law No. 384. One of the main
purposes of the Law is the provision of
mechanical (structural) safety of buildings and
structures during their operation. ‘“Mechanical
safety” is the state of structure in which there is
no inadmissible risk of failure and harm to the
life and health of citizens. Quantitative
assessment of the mechanical safety may be the
reliability (safety) of the structure or structural
element. According to the European Standard
Eurocode 0 “Basis of structural design”, the
reliability — is an ability of a structure or a
structural member to fulfill the specified
requirements, including the design working life,
for which it has been designed. Reliability is
usually expressed in probabilistic terms. The
measure of reliability is probability of failure or
probability of non-failure. General principles of
structural reliability are regulated by Eurocode 0
and International Standard ISO 2394:2015
«General principles on reliability of structuresy.
Interstate Standard GOST 27751-2014 regulates
the general principles of structural reliability in
Russian Federation.

2. LITERATURE REVIEW

Probabilistic-statistical methods of reliability
analysis were studied by many researches: [1, 2,
3 etc.]. Most of the work for the reliability
analysis by probabilistic method is currently
based on the hypothesis of normal distribution
of random variables in mathematical models of
limit state. The paper [4] presents the
comparison between FORM (First Order
Reliability Method) and ISM (The Importance
Sampling Method) in reliability analysis of
reinforced concrete buildings (including RC
beams). Both methods are only used with a
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large amount of statistical data, which in
practice may cause some difficulties. The article
[5] describes the reliability analysis methods for
triangular and T-reinforced concrete beams. The
method of reliability analysis also based on
probabilistic methods. The article [6] presents
reliability analysis of reinforced concrete beam
exposed to fire using Monte Carlo simulation.
The article [7] presents the reliability analysis of
a corroded RC beam based on Bayesian
updating of the corrosion model.

However, the vulnerability of probabilistic
methods of reliability analysis appears in its
practical use for individual structural elements
in condition of limited time for inspection, the
high cost of individual tests, inaccessibility or
inability of the study to some parameters, and
other reasons. In this regard, new methods of
reliability analysis based on new mathematical
theories: possibility theory [8], fuzzy set theory
[9], theory of random sets [10, 11] etc., has been
developed. The new methods allow to take into
account the limited statistical information of
controlled parameters in mathematical models
of limit state in the reliability analysis, of course
with the reducing the information content of the
result. There is no theory to make up for the
lack of statistical data in the reliability analysis.
So, Dubois and Prad [8] notes that "the
probability, on the one hand, and a pair of
"possibility — necessity" correspond to the two
extreme, and so the ideal, situations". It is also
noted that a probability measure in a natural
way synthesize database of accurate and
differentiated knowledge, then as a measure of
possibility is the essence of reflection is
inaccurate, but coherent (i.e. corroborative)
knowledge.

3. PROBLEM STATEMENT

A special problem occurs in assessing the safety
level in reinforced concrete beams with normal
cracks in the tensile zone of concrete, when
statistical data of the controlled parameters is
always individual and limited. In this case, the
application of probabilistic and statistical
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methods is not correct. The Figure 1 shows an
example of a reinforced concrete beam with
normal cracks. Without considering the reasons
for the formation of cracks and their impact on
the reduction of the RC beam strength and
stiffness, let’s consider the method of reliability
analysis of RC beam with normal cracks on
crack length criterion for subsequent decision-
making about the possibility of further
operation, strengthening or even replacing.

The relevance and novelty of the problem lies in
the fact that in the standards of reinforced
concrete elements design there are no
requirements on the design RC elements
according to the crack length criterion and
guidelines  for the reliability analysis
consequently. At the same time, it is known [12]
that the cracks in reinforced concrete beams
reduces their reliability, and the critical crack
length leads to it spontaneous self-growth and to
the possibly failure. Piradov K.A. and
Savitchkiy N.V. convincingly demonstrate in
[13] the necessity for a transition to reinforced
concrete structures design by fracture mechanics
methods.

So, it is proposed to consider the methods of
reliability analysis of reinforced concrete beams
with normal cracks (Figure 1), with different
types of statistical data about controlled
parameters in the design mathematical models
of limit state.

The reinforced concrete beam failure may occur
according to various criteria of limit state
(strength of concrete and rebar, the deflection,
the cracks width, etc.). In this sense, the RC
beam is a coherent mechanical system in terms
of reliability theory. Cracks in RC beams are
caused by tensile stresses and are characterized
by width a_,. and length /..

H::HTTT:ﬁ\:T:T:H::H:T::ﬂ:ﬂ:H:
P
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L L]

[

Figure 1. Reinforced concrete beam
with normal cracks.
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4. RELIABILITY ANALYSIS

The article [14] presents the method of
reliability analysis of reinforced concrete beam
with one crack by crack length with the
mathematical model of limit state:

~

cre < lcrc,ult = 073h0’ or X < k>

~

(1

where XZINCFC — length controlled (measured)

crack the greatest length in the beam cross-
section; k=1 = 0,3h — critical crack length

creult
(adopted as an option by [12]), which is
deterministic value in this case; A, - distance

from extreme compression fiber to centroid of
longitudinal tension reinforcement.

There are other proposals about the critical
length of cracks in reinforced concrete beams,
for example /.. ,;, =0,5h [15]. Not discussing

the problem of the size of the critical crack
length, let’s assume that it is known, and in the
general case depends on the critical value of
stress intensity factor K;-. Evaluation of K-

for reinforced concrete beams described in [16].
Every crack reduces the reliability of the beam.
If to take the lack of interaction between cracks
length (for simplicity), and the failure of the
beam by the any of cracks leads to failure of the
entire beam, then the beam with cracks can be
seen as a coherent mechanical system in terms
of reliability theory. In the reliability analysis by
possibilistic methods for each criterion of limit
state, and for the considered task for each
normal crack, the possibility R and the necessity
N non-failure of the RC beam as a coherent
system [17] will be determined by the interval
[]vi, min, Ri, min] .

Measurement of the crack length in reinforced
concrete beams is challenging, since its length is
determined not only by visible part, but by a
part of loosened concrete at the crack tip [12].
It is proposed to use the method described in the
patent [18] to measure the crack length

(Figure 2).
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Figure 2. Method for measurement

of crack length by [18].

As noted above, the reliability analysis of RC
beam will be carried out on the basis of
possibility theory [8, 9]. In this case, fuzzy
variable described by the distribution function
of possibilities 7y (x). The most widely used in
practice of reliability analysis of structural
elements received a distribution function of
possibilities with the analytical view:

2
mx)—exp“xb"xn, 2)

a, :O,S(Xmax +Xmm)

where

— “conditional mean”;
by =0.5(X pax =X in)/ V-l

(Y= M b 2
— measure of “dispersion”, X .. n X .. - the

maximum and minimum value in the set of
values {x} of fuzzy variable X; «a €[0;l] - cut
(risk) level, the value of which is set.

The choice of distribution function has an
impact on the result of reliability analysis,
including the width of the confidence interval
[N; R], which is the results of reliability
analysis. There are no rules for functions
choices and checking them such Pearson’ chi-
squared test.

Cut level a can be considered as an indicator
(measure) of uncertainty of the distribution
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functions sets of random variables with their
distribution in the shaded areas.

The reliability analysis of RC beam with one
crack by possibilistic method carry out by the
result of several measurements of crack length
by mathematical model (1). We set «, and
calculate the parameters a, and b,. If a, <k

(that usually corresponds to the operational
stage), then R=1. Possibility of failure Q
calculated as

Q—epo"bx“szJ.

Reliability will be characterized by the interval
[N=1-0; R].

Example 1. Let X ={17;20;23} mm and
k=24 mm. Let’s find parameters of 7y (x)

with different values of a. By (2):
a, =0,5-(23+17)=20 mm and
b, =0,523-17)/V-h«a mm. As

a, =20 <k =24 mm, then R=1. Results of O

with different values of o shown in table 1.
Figure 3 shows a graph of the dependence of
possibility of failure Q and the cut level « :

2
0(a) = exp| - 24-20
0,5(23-17)/-ha

according to the Example 1.
Table 1. Given Data.

Cut level « bx’ mm 0
0,01 1,398 2,78%10™
0,05 1,733 4,865%1073
0,1 1,977 1,677%107
0,2 2,365 0,057
0,4 3,134 0,196
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Figure 3. Dependence of possibility of failure Q and the cut level & .
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Figure 4. Graphs of belief function Belx(x) and plausibility function Plx(x) for X = Z:N,.

From the above values of Q in the table 1 and
from the graph (Figure 4) we can see, that the
intensity of the impact of the cut (risk) level for
the Q increases with growth « . At small values
of <0,05, the effect on Q is more subtle. O

increases dramatically with « >0,1. These

results show the reduction of information
content of the reliability result in the form of a
confidence interval with increasing « values.
That is a disadvantage of possibilistic method of
reliability analysis for an individual object.

In this regard, the possibilistic method of
reliability analysis is preferred in the
comparative analysis of two or more objects by
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reliability index. And value of «a it is
recommended to take in the interval [0,01; 0,1],
where o impact on the value of Q is relatively
small. Provides information on the reliability
analysis of reinforced concrete beams can be
used to assess the level of safety of one beam
and a series of such beams in order to compare
them by reliability indexes.

5. RANDOM SET THEORY APPROACH

Let’s consider the second approach to reliability
analysis of reinforced concrete beam with normal

International Journal for Computational Civil and Structural Engineering
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cracks on the basis of known theory of random
sets (theory of evidence of Dempster-Shafer) [10,
11], in which there are no parameters and
therefore their influence on the result of the
reliability analysis. Reliability analysis of
reinforced concrete beam we will still spend on
the criterion of crack length for the mathematical
model (1) by method based on the theory of
random sets [19] with the data about X in the
form of sub-intervals set of the measurement
results of the controlled parameter X.

Example 2. Let X=1

. In interval form at
different points in time during the operation
process of reinforced concrete beam as: X =
{[150; 154], [151; 155], [150; 156], [152; 157],

[149; 153]} mm and / k=156 mm. In

accordance with the theory of random sets [19],
Figure 4 shows graphs of belief function Bel.(x)

creult =

and plausibility function Pl(x) for X :TCVC,
which does not contain parameters to set.

The upper P and lower P boundaries of the
probability of non-failure interval is estimated
by [19, 20] Fig. 4. with / k=156 mm as

interval [0,80; 1].

creult =

Example 3. Let’s consider another feature of
reliability analysis based on the theory of
random sets. With the original data of the above
example and with & =158 mm, the interval of
reliability is [1; 1], i.e. the probability of failure
is equal to 0, which is statistically incorrect.
Thus, the reliability analysis of structural
elements based on the theory of evidence (or
theory of random sets) can be used in practice
without the involvement of functions of random
variables  (and  parameters  definitions).
However, the small amount of statistical data as
sub-intervals sets and for large values of the
non-failure probability of structural element this
method may be inconclusive, since the
probability of failure may be equal to one.

There is another variant for the reliability
analysis with a small amount of statistical data
in form of intervals subset. So, it is proposed
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[20] to use the advanced functions of belief and
plausibility through the use of a imprecise
Dirichlet model (IDM) as one of the types of
robust models. In this case, the upper and lower
bounds of probability of non-failure can be
written as:

_ N-Bel(4) _

P(4|c,s) yBel(A) and

- _N-Pl(A)+s

P(4]c,s) Vo 1- z[1- Pi(4)], (6)

where N — the number of tests (observations); s
— the parameter characterizing the extent of
«uncertainty», the value of which is set, where
is the notation

7=0+s/N)"

and y €[0; 1]. Let’s consider the algorithm of

calculation by this method with an example.

We use the statistical data in the first example,
but with introducing the advanced belief and
plausibility functions. Parameter s=2 as the most
safe solution [21]. When N=5, extent of
contamination is

2=0+s/N)"'=01+2/5)"=0714.

Then

P(A4|c,s)=x-0.80=0.571
and

P(d|c,s)=1-z[1-1]=1.
Reliability characterized by interval [0.571; 1],
which is wider then interval [0.800; 1] in above
example.
Figure 5 shows that the parameter s changes the
lower bound of the non-failure probability within
[0,571; 0,800], in contrast to the parameter in

possibilistic method, which causes the possibility
of failure Q in the larger range [0; 1].
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Figure 5. Probability of failure P - parameter of «uncertainty» s graph.

Therefore, a volitional decision on the appointment
of the parameter s to a lesser extent affects on the
final result of reliability analysis. And this result
can be considered as more credible.

Let’s use the data from the example 3 (with
k =158 mm), but with the advanced functions
of belief and plausibility. Let s=1, given the
higher confidence in test results and greater the
credibility of the expert values and thus a lower
"uncertainty" of the statistical data. With N=5
we calculate:

7=0+s/N)'=(1+1/5)"=0833.
Then
P(A|c,s)=x-1=0,833
and
P(d|c,s)=1-z[1-1]=1.

Reliability is characterized by the interval
[0,833; 1], which more correct then interval
[1; 1] in Example 3.

Thus, using of advanced functions of belief and
plausibility using the imprecise Dirichlet model
and random sets theory allow us to obtain more
conclusive results of reliability analysis for a
single crack in the concrete. But the advanced
functions are parametric (including parameter s).
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As a result of using the advanced functions of
belief and plausibility, we can get the expanded
boundaries of the mathematical expectation of a
random variable X:

E(x|c.s)=P(iw<xf| c.s)=
(N+5)" ZC,,x <Q,

= isup A;<x

1, x=Q,;
F(x lc,s)= I_D({w <x}les)=

_ (N+s)_{s+ ZCi,xJ>Q*

issup A;<x

0, x=Q,.

By [20], bounds of the mathematical
expectation of a random variable X represented
by intervals (such as probability of non-failure)
can be found as:

EX:J.a)cH_?(aﬂc,s):
Q

= (N+S)1(S'Q* +ch. inf Aij;

i=1

]_EX=deE(m|c,s)=
Q

i=l1

=(N+S)1(S-Q* +th sup Aij.
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Let conventionally known intervals, which
characterizing the reliability of a reinforced
concrete beam according to the criterion of
crack length: [0,995; 1], [0,997; 1], [0,994; 1],
[0,995; 1]. It is known that the reliability of
changes in the boundaries of the interval

[ Q«=0; Q° =1]. Take s=0.4. Then:

EX =(4+0,4)71(0,4-0+ 0,995 +
+0,997+0,994+0,995) = 0,9,
EX =(4+04) (04 -1+1+1+1+1)=1.

Subject to uncertainty s=0,4 of source data, the
mathematical expectation of the reliability of
reinforced concrete beam according to the
criterion of crack length is characterized by the
interval [0.905; 1]. In the absence of
"uncertainty " (when s=0):

EX =(4+0)1(0-0+ 0,995+
+0,997+0,994+0,995) = 0,9953,
EX =(4+0)(0-141+1+1+1)=1,

statistical mathematical expectation of the
reinforced concrete beam reliability according
to the criterion of crack length is characterized
by the interval [0,9953; 1].

Thus, advanced functions of belief and
plausibility can be used in practice of reliability
analysis, having the advantage over methods
based on the theory of possibilities, that the s
parameter is lesser affects on the results of
reliability compared with the parameter (cut
level « ) in possibilisitc method.

Returning to the cracks system in reinforced
concrete beams and reliability analysis using the
theory of random sets, with the conditions of
independence in the interaction between cracks,
the reliability analysis of reinforced concrete
beam produced by each crack of the beam with
the results by the lower and upper values of
probabilities, and the reliability of the beam as
system according to the criterion of crack length
is characterized by [20] interval
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ﬁ[fi; ﬁFiJ, i=1,...n,
i=1 i=l1

where 7 is the number of cracks in the beam.
Possibilistic method of reliability analysis may
be recommended in case of a very small amount
of statistical data in the form of individual
values. In this case, it should carefully consider
the purpose of the cut (risk) level o and take it
on the recommendations and in the interval
[0,01; 0,1], or other reasonable methods
depending on the level of safety. Parameter “s”
also is subject to additional research.

6. CONCLUSIONS

1. The article describes the method of reliability
analysis of structural RC elements on example
of RC beams with a series of normal cracks on
the basis of the possibility theory;

2. Some recommendations are given for the
appointment of the cut (risk) level in
possibilistic methods of reliability analysis of
structural elements;

3. The article presents the methods of reliability
analysis of reinforced concrete beams with a
series of normal cracks on the basis of the
random set theory and on the advanced
functions of belief and plausibility on the
imprecise Dirichlet model;

4. The developed methods can be used in the
reliability analysis of other structural elements
for the requirements of standards on safety of
structures and foundations.
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