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For both unitary and open qubit dynamics, we
compare asymmetry monotone-based bounds on
the minimal time required for an initial qubit
state to evolve to a final qubit state from which
it is probabilistically distinguishable with fixed
minimal error probability (i.e., the minimal er-
ror distinguishability time). For the case of uni-
tary dynamics generated by a time-independent
Hamiltonian, we derive a necessary and suffi-
cient condition on two asymmetry monotones
that guarantees that an arbitrary state of a two-
level quantum system or a separable state of N
two-level quantum systems will unitarily evolve
to another state from which it can be distin-
guished with a fixed minimal error probabil-
ity δ ∈ [0, 1/2]. This condition is used to or-
der the set of qubit states based on their dis-
tinguishability time, and to derive an optimal
release time for driven two-level systems such
as those that occur, e.g., in the Landau-Zener
problem. For the case of non-unitary dynam-
ics, we compare three lower bounds to the dis-
tinguishability time, including a new type of
lower bound which is formulated in terms of
the asymmetry of the uniformly time-twirled
initial system-plus-environment state with re-
spect to the generator HSE of the Stinespring
isometry corresponding to the dynamics, specif-
ically, in terms of ‖[HSE , ρav(τ)]‖1, where ρav(τ) :=
1
τ

∫ τ
0 dt e

−iHSEtρ⊗ |0〉E〈0|EeiHSEt.

1 Introduction
The minimal length of time required for a given quan-
tum state to evolve to an orthogonal state under unitary
time evolution provides an ultimate bound for the pro-
cessing speed of a quantum computer, regardless of the
physical substrate used for the quantum information
processing [1]. Orthogonal states also form a valuable
T.J. Volkoff: volkoff@konkuk.ac.kr
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resource for quantum communication and for efficient
quantum algorithms [2]. However, in practice, perfectly
orthogonal states are not always achievable; for this rea-
son, it is not surprising that the problem of optimally
distinguishing elements of a set of nonorthogonal quan-
tum states continues to be subject of active research
(see, e.g., Refs.[3–6]) and that the resource theory of
quantum coherence is profitably developed over sets of
nonorthogonal, pure quantum states [7]. Methods for
generation and manipulation of nonorthogonal states
are vital for high precision control of quantum dynam-
ics and for optimal covariant quantum state estimation
[8]. The unavoidability of nonorthogonal initial and fi-
nal states of realistic quantum dynamics has led to the
study of generalized quantum speed limits, i.e., lower
bounds on the minimal time required for an initial state
to evolve into a state which is some distance from the
initial state with respect to a given distance measure on
state space [9, 10].

In this paper we consider the question of determining
the minimal time t required for an initial qubit state
ρ to evolve under unitary or non-unitary quantum dy-
namics Et to a state σ ∈ {Et(ρ) : t ∈ [0,∞)} such that
σ is probabilistically distinguishable from ρ with some
pre-specified error δ. Because the mathematical expres-
sion of distinguishability can take several forms depend-
ing on, e.g., the metric chosen for the quantum state
manifold, or the choice of operational quantum state
discrimination task, we define here a notion of distin-
guishability time which generalizes that given in Ref.[9]
and also generalizes the notion of geometric quantum
speed limit [11–13]. In order to define a distinguisha-
bility time τδ(ρ, Et,∆), representing the minimal time
required for an initial quantum state ρ to time evolve
to a state from which it is distinguishable with error
δ, one must specify in addition to the time-evolution
Et, where Et is completely positive and trace preserv-
ing for all t ∈ R+, a discrimination function ∆ that
maps the set of pairs {(ρ, Et(ρ))}t∈R+ , consisting of ini-
tial state ρ and its time evolved counterpart Et(ρ), to
a closed interval in R+ (positive by convention). When
∆(ρ, Et(ρ)) is the distance between ρ and Et(ρ) as quan-
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tified by a monotone Riemannian metric on the quan-
tum state manifold [14], a lower bound for τδ(ρ, Et,∆)
is considered to be a geometric quantum speed limit.
More generally, Ref.[15] contains several examples of
contractive, jointly quasiconvex functions of two quan-
tum states that can be used to define discrimination
maps. However, ∆ can also be defined by a quan-
tum information processing task aiming to distinguish
ρ from Et(ρ). For example, ∆(ρ, σ) can be defined by
∆(ρ, σ) := perr(ρ, σ) := 1/2 − 1/4‖ρ − σ‖1 ∈ [0, 1/2],
where the trace norm is given by ‖A‖1 := tr

√
A†A. The

quantity perr(ρ, σ) represents the figure of merit in the
task of minimal error binary quantum state discrimina-
tion [16]. Other quantum state discrimination protocols
such as quantum state identification [17, 18], which em-
ploys ancillary quantum modes (e.g., quantum training
data) in lieu of perfect specification of ρ in the quan-
tum state manifold, provide alternative error functions
that can be used to define ∆. We emphasize that the
discrimination map ∆ may be asymmetric in its argu-
ments, may depend on a given quantum state ρ (see
Section 3.3 for an example), and may be dependent on
time.

From a discrimination map ∆, one can define a dis-
tinguishability time τδ(ρ, Et(ρ),∆) by

τδ(ρ, Et,∆) := inf{t|∆(ρ, Et(ρ)) = δ}. (1)

Importantly, in order for τδ(ρ, Et,∆) to have a well-
defined value, there must exist a time T > 0 (which may
be infinite) such that limt→T− ∆(ρ, Et(ρ)) = δ. The def-
inition in Eq.(1) can be readily generalized to the case
of optimal multistate distinguishability dynamics [4]. In
what follows, we consider two quantum states ρ and σ
to be (1− δ)-distinguishable if ∆(ρ, σ) = δ.

The calculation of τδ(ρ, Et,∆) for a given time-
evolution and discrimination map may require solving
for the full path {Et(ρ)|t ≥ t0} in state space, which
poses a considerable challenge for arbitrary dynamics.
However, determination of the subset of values of δ such
that τδ(ρ, Et,∆) is meaningful can be obtained from,
e.g., an upper bound on ∆(ρ, Et(ρ)) for all t. In ad-
dition, inequalities that bound ∆ by, e.g., functions of
contractive distances on quantum state space, provide
lower bounds on τδ that reveal the physical properties
of the state and of the dynamics that define τδ.

An outline of the paper is as follows: in Section 2,
we review two lower bounds on the distinguishability
time when ∆ is taken to be perr and consider these
bounds in the context of unitary qubit dynamics. In
Section 3, we prove a necessary and sufficient condition
for an initial qubit state to time evolve to a (1 − δ)-
distinguishable state under unitary evolution generated
by a time-independent Hamiltonian, and compare the
distinguishability time of a two-level system to the lower

bound in Eq.(2) (see Eq.(12)). Three applications of
these results are subsequently discussed: 1) ordering
the set of qubit states by distinguishability time (Sub-
section 3.1), calculation of a release time defined in the
case of time-dependent generators of unitary qubit dy-
namics (Subsection 3.2), and extension of Proposition
1 to separable states of N qubits (Subsection 3.3). In
Section 4, we discuss three lower bounds to τδ in the
case of non-unitary evolution, and compare them in the
context of a model that interpolates between Markovian
and non-Markovian behavior.

2 Minimal error distinguishability time

Rigorous notions of uncertainty tradeoffs between mea-
surements of energy and time have been developed in
terms of the orthogonalization time, i.e., the minimum
time required for an initial quantum state to evolve un-
der the action of a given (unitary or nonunitary) quan-
tum dynamical map to a state from which it is com-
pletely distinguishable [10, 19–22] (see [23] for a recent
review). In traditional approaches to time-energy un-
certainty, a decay time or half-life of a quantum system
scales inversely with the root mean square energy fluc-
tuations of the system [24, 25]. These approaches were
made mathematically rigorous by the derivation of a
lower bound on the pure state orthogonalization time
which scales inversely with the variance of the gener-
ator of evolution (we call this bound MT⊥ after the
seminal work of Mandelstam and Tamm [26] which was
subsequently put on a geometric footing by Aharanov
and Anandan [27]).

The orthogonalization time can also be bounded be-
low by a function of the expected value of the generator
of evolution (we call such a bound ML⊥ after Margo-
lus and Levitin [28]). An important difference between
the ML⊥ and MT⊥ bounds is that the former is an
algebraic bound resulting from a linear approximation
to the fidelity of the initial state and the time-evolved
state, whereas the latter is a geometric bound which can
be derived by consideration of geodesics of the Fubini-
Study metric on quantum state space [27].

Recently, the ML⊥ and MT⊥ bounds have been gen-
eralized to bounds on the minimal error distinguishabil-
ity time of Eq.(1) for general quantum states evolving
under unitary maps [9]. When the unitary path is gen-
erated by H = H† and ∆(ρ, σ) := perr(ρ, σ), the time τδ
required for ρ to reach a (1− δ)-distinguishable state is
bounded below by the following distinguishability times
[9]:
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τδ ≥ τMT
δ = 2 sin−1(1− 2δ)√

F(ρ,H)
(2)

τδ ≥ τML
δ =

π~(1−
√

1− (1− 2δ)2)
2(tr(ρH)− E0) (3)

where E0 is the least eigenvalue of H and F(ρ,H) is
the quantum Fisher information on the unitary path
containing ρ and generated by H (see Ref.[16] or Sec-
tion 3 for a definition). Clearly, the unified distin-
guishability bound satisfies limδ→0 max{τMT

δ , τML
δ } =

max{MT⊥,ML⊥}. For a two-level system with time-
evolution generated by H = ~ω0~n · ~σ, we will see in
Section 3 that the states c1|0〉~n + c2|1〉~n with |c1| =
|c2| = 1/

√
2 are the only ones that saturate τMT

δ ; not
surprisingly, these are also the only states saturating
the ML⊥ and MT⊥ bounds [28, 29].

For a two-level system in a general state ρ(~r) = (I+~r ·
~σ)/2 evolving by the HamiltonianH = ~ω0(~n·~σ+I) (the
identity is added so that H has positive semidefinite
spectrum), application of Eq.(3) yields

τML
δ =

π(1−
√

1− (1− 2δ)2)
2ω0(~n · ~r + 1) . (4)

This bound is not consistent with the rotational sym-
metry of the dynamics. For example, the state with
Bloch vector ρ(−~r) gives a different bound than that
for ρ. The bound τML

δ remains valid if ~n · ~r is replaced
by |~n·~r|. However, our explicit calculation of F(ρ,H) in
Section 3, combined with the fact that sin−1(1− 2δ) ≥
(π/2)(1 −

√
1− (1− 2δ)2) for δ ∈ [0, 1/2], leads to the

conclusion that for δ ∈ (0, 1/2), the Mandelstam-Tamm
bound τMT

δ is greater than the Margolus-Levitin bound
τML
δ . Hence we will focus here on τMT

δ as the lower
bound on the distinguishability time for the two-level
system.

We note that although the derivation of τMT
δ is based

on combining the Bures line element F(ρ,H) for a uni-
tary path generated by H and the Fuchs-van de Graaf
inequality [30] relating the trace norm and the Bu-
res distance (see Appendix A of [9]), a whole family
of bounds on the distinguishability time can be con-
structed by combining the the line elements of other
contractive metrics [14] on quantum state space with
appropriate bounds on the trace distance in terms of
these contractive metrics. This leads to a family of geo-
metric distinguishability times, analogous to the case of
geometric quantum speed limits introduced in Ref.[11].
In our analysis of the unitary distinguishability time
for a qubit in Section 3, we focus on the distinguisha-
bility time defined by the Bures distance because the
choice ∆(ρ, σ) := perr(ρ, σ) allows one to make use of
the well known relationship between Bures distance and

the trace norm given by the Fuchs-van de Graaf inequal-
ities.

3 Single qubit unitary distinguishability
dynamics

Before we state the main proposition, we summarize el-
ementary results concerning minimal error distinguisha-
bility of pairs of qubit states on a path in the Bloch ball
generated by a time-independent Hamiltonian. Con-
sider a Hamiltonian H = ~ω0~n · ~σ (where ‖~n‖ = 1
and ~σ := (σx, σy, σz)) and an initial state |ψ〉. H has
operator norm ~ω0. By acting on |ψ〉 with the time-
evolution operator U(t) := e−iHt/~ to produce |ψ(t)〉,
one finds that a time t such that 〈ψ|ψ(t)〉 = 0 exists if
and only if the Bloch vector ~r representing |ψ〉 on the
Bloch sphere is orthogonal to ~n. These states are super-
positions |φ(ϕ)〉 = 1√

2 (|0〉~n + eiϕ|1〉~n) of the lowest and
highest energy states (|1〉~n and |0〉~n, respectively) of H.
Such superpositions define a great circle of states on the
Bloch sphere having Bloch vector orthogonal to ~n. A
measurement of the observable H in a state |φ(ϕ)〉 has
variance 1, the largest possible value for all pure states.
For any ϕ, the state U(t)|φ(ϕ)〉 is orthogonal to |φ(ϕ)〉
when t = π/2.

On the other hand, there are no completely distin-
guishable mixed states in the Bloch ball. Furthermore,
if the initial state is mixed, it cannot be distinguished
completely from any pure state. Mathematically, these
facts follow from the fact that mixed states of the Bloch
ball have rank two and so they cannot have support
which is disjoint from the support of any other state
of the Bloch ball. Hence, when the initial state is
mixed, there is no hope to achieve 1-distinguishability
through any type of evolution, unitary or nonunitary.
However, the evolution may still result in a (1 − δ)-
distinguishability of initial and final states for some
δ > 0. Here, we consider unitary evolutions which
result in (1 − δ)-distinguishability for δ > 0 and de-
rive the set of quantum states which evolve to (1 − δ)-
distinguishability faster than a given pure state. In the
finite dimensional case considered here, the condition
of (1− δ)-distinguishability of two qubit states is made
easier by the fact that the trace norm ‖·‖1 appearing in
the expression perr(ρ, σ) can be calculated as the sum of
the absolute values of the eigenvalues of ρ− σ. For the
statement of Proposition 1, we again take H = ~ω0~n ·~σ.
The proof is made easier by the use of a simple lemma.
In this lemma, and throughout the paper, we define
‖~a‖ = (~a · ~a)1/2 to be the Euclidean norm of ~a ∈ R3.

Lemma. Let the unitary path ρt = e−iHt/~ρ0e
iHt/~

generated by H have initial point ρ0 := I
2 + ~r0·~σ

2 . Then
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the quantum Fisher information of ρt is given by

F(ρt, H) = 4ω2
0‖~n× ~r0‖2. (5)

for all t ≥ 0.
Proof. By definition, F(ρt, H) := tr(L2ρt), where

L = L† is the symmetric logarithmic derivative op-
erator, i.e., the unique observable satisfying dρt

dt =
1
2 (Lρt+ρtL) for all t. L depends on the state ρt through
its Bloch vector ~rt and also on the vector ~n defining H.
It follows from dρt

dt = −i/~[H, ρt] that L must satisfy
1
2 [L, ρt]+ = −i/~[H, ρt] = ω0(~n× ~rt) · ~σ for all t. Writ-
ing L = ~vt·σ and solving for ~vt results in ~vt = 2ω0(~n×~rt)
so that

L = 2ω0(~n× ~rt) · ~σ. (6)

Taking the variance of L in the state ρt and using that
fact that tr(ρL) = 0 gives the result F(ρt, H) = 4ω2

0‖~n×
~rt‖2. The Bloch vector ~rt satisfies a quantum equation
of motion that is the same as the classical equation of
motion for a magnetic moment in a constant magnetic
field which gives rise to Larmor precession, and so ‖~n×
~rt‖ = ‖~n × ~r0‖ for all t. In this classical analogy, the
constant value of the norm corresponds to conservation
of angular momentum. �

Because the observable L has units of [t]−1, F(ρ,H)
has units of [t]−2. The geometric relationships among
the symmetric logarithmic derivative, the Hamiltonian,
and the state ρ are shown in Fig. 1. Special cases
of the symmetric logarithmic derivative and quantum
Fisher information for a qubit evolving unitarily in the
Bloch ball have been obtained previously [31–33], but
the general vectorial expression Eq.(6) provides a simple
and useful formula. In the context of time-dependent
quantum magnetometry with an ensemble of qubits,
Eq.(5) reproduces the relevant quantum Fisher infor-
mation appearing in the quantum Cramér-Rao bound
[34]. Clearly, when ‖~r‖ = 1, i.e., when ρ is pure,
the quantum Fisher information takes the well known
value F(ρ,H) = 4tr((∆H)2)ρ)/~2 [35]. We now state
a proposition that expresses the condition for a given
qubit state to (1− δ)-distinguishable state under time-
independent unitary dynamics.

Proposition 1. For a Hamiltonian H = ~ω0~n·~σ with
‖~n‖ = 1, there exists a t ≥ 0 such that an initial quan-
tum state ρ = 1

2 (I + ~r · ~σ) evolves to a state U(t)ρU(t)†
satisfying perr(ρ, U(t)ρU(t)†) = δ if and only if:

2ω0(1− 2δ) ≤
√
F(ρ,H). (7)

Proof. It follows from the algebra of the Pauli matri-
ces that

ρ− U(t)ρU(t)† = sin2(ω0t)(~r − (~r · ~n)~n) · ~σ
+ sin(ω0t) cos(ω0t)(~r × ~n) · ~σ. (8)

We derive the conditions on ~r which guarantee the exis-
tence of t such that perr(ρ, U(t)ρU(t)†) = δ is satisfied.
Evaluating the trace norm of Eq.(8) gives the following:

perr(ρ, U(t)ρU(t)†) = 1
2 −

1
2‖ sin2 ω0t(~r − (~r · ~n)~n)

+ sinω0t cosω0t(~r × ~n)‖. (9)

The expression in (9) is equal to δ if and only if

1− 2δ√
‖~r‖2 − (~r · ~n)2

= | sinω0t|. (10)

Finally, a value of t satisfying the above equation exists
if and only if 1−2δ√

‖~r‖2−(~r·~n)2
≤ 1. Using the Lemma to cal-

culate the quantum Fisher information, it follows that√
F(ρ,H)/2ω0 = ‖~n × ~r‖ =

√
‖~r‖2 − (~r · ~n)2, which

was required. �
The fact that Eq.(10) gives an exact expression for the

distinguishability time in terms of δ and the quantum
Fisher information on the unitary path defined by H is
a consequence of the simple geometry of the Bloch ball
and removes the need to analyze lower bounds for the
distinguishability time for qubit states on unitary paths
generated by time-independent Hamiltonians. Analo-
gous exact expressions are not currently available even
for two qubits, which are associated with the consider-
ably more structured Lie algebra su(4) of possible time-
independent generators [36]. The necessary and suffi-
cient condition Eq.(7) is used in Section 3.1 to order
the elements of the Bloch ball based on distinguisha-
bility time and in Section 3.2 to derive an expression
for the optimal release time of Landau-Zener driving in
the pure state submanifold. With an appropriate choice
of ∆, Proposition 1 can be extended to certain unitary
evolutions of multi-qubit systems prepared in separable
states; this problem is discussed in Section 3.3.

Note that for a qubit undergoing unitary time evolu-
tion, the expression ‖[H, ρ]‖1, which is a faithful mea-
sure of asymmetry [37], satisfies ‖[H, ρ]‖1 =

√
F(ρ,H)

and, therefore, the quantum speed limit derived in
Eq.(4.1) of Ref.[15] leads to the same necessary and
sufficient condition in Proposition 1. Furthermore, the
fact that ‖[H, ρ]‖1 is a faithful asymmetry monotone
trivially implies the same for ‖[L, ρ]+‖1. Quantum
speed limits for unitary and open dynamics based on
the asymmetry measure given by the Wigner-Yanase-
Dyson skew information SH(ρ) := −1

2 tr
(
[√ρ,H]2

)
were

analyzed for two level quantum systems in Ref.([38])
and in the context of the discrimination map ∆(ρ, σ) =
D1/2(ρ, σ) := −2 log tr√ρ

√
σ (where D1/2(ρ, σ) denotes

the s = 1/2 quantum Rényi relative entropy) in Ref.[15].
In Ref.[11] it is proven that for unitary dynamics in the
Bloch ball, the geometric quantum speed limit corre-
sponding to the quantum Fisher information is tighter
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than that corresponding to the Wigner-Yanase-Dyson
skew information. This conclusion carries over to the
present case of distinguishability time with respect to
∆ = perr. Specifically, in Appendix A, we derive the
following bound analogous to Eq.(2):

τδ ≥
sin−1(1− 2δ)√

2SH(ρ)
=: τWYD

δ . (11)

For H = ω0~n · ~σ, SH(ρ) = ω2
0

(
1−

√
1− ‖~r‖2

)
‖~r×~n‖2

‖~r‖2

[12]. Again using F(ρ,H) = 4ω2
0‖~r × ~n‖2, it is clear

that τMTδ

τWYD
δ

≥ 1 for all ~n and ~r. It is worth pointing out
the theorem of Ref.[37] showing that the reciprocal of
any distinguishability time defined by a global discrimi-
nation map ∆ and time-independent unitary H is itself
a measure of asymmetry with respect to H.

An immediate corollary of Proposition 1 is that pure
qubit states are the only states for which there exists
an orthogonalizing unitary evolution. For, suppose an
initial state ρ satisfies ‖ρ−ρ(t)‖1 = 2, i.e., ρ is perfectly
distinguishable from ρ(t). Then δ = 0 in Eq.(7) and
F(ρ,H) ≥ 2ω0. This condition can be met only by a
pure state proportional to |e+〉+eiη|e−〉, whereH|e±〉 =
±~ω0|e±〉 and η ∈ [0, 2π).

By expanding the vector norm in Eq.(9), it is clear
that the minimal error for distinguishing ρ and ρ(t) oc-
curs at time t = π/2ω0. If ρ saturates the inequal-
ity (7), then it follows from Eq.(10) ρ(t = π/2ω0) is
(1 − δ)-distinguishable from ρ and that ρ(t) cannot be
distinguished from ρ with minimal error probability less
than δ for any t.

Another implication of Eq.(10) is that the time re-
quired for an arbitrary state ρ with Bloch vector ~r to
time evolve to a (1 − δ)-distinguishable state (where
1− 2δ ≤ ‖~r‖) is given by:

τδ(ρ, e−
iHt
~ ) = 1

ω0
sin−1

(
2ω0(1− 2δ)√
F(ρ,H)

)

≥ 1
ω0

sin−1
(

(1− 2δ)
‖~r‖

)
. (12)

The second line gives the minimal value of τδ(ρ,H) over
all qubit Hamiltonians with operator norm ω0 and is
obtained by taking H to be a quantum brachistochrone
generating a unitary evolution to the set of states that
are (1 − δ)-distinguishable from ρ [39, 40]. Note that
for pure states, the lower bound τMT

δ in Eq.(2) satu-
rates the true value of τδ(ρ,H) for the brachistochrone
unitary for any δ. However, the bound can be quite
poor for mixed states. For example, if one takes δ̃ to
be the lowest minimal error probability for distinguish-
ing between qubit states with Bloch vector magnitude
‖~r‖ (this value is δ̃ = 1−‖~r‖

2 ), and if one again takes

H = ω0~n · ~σ with ~n · ~r = 0, then

lim
‖~r‖→0

τδ̃(ρ,H)− τMT
δ̃

= lim
‖~r‖→0

1
ω0

(
π

2 −
sin−1 ‖~r‖
‖~r‖

)
= π − 2

2ω0
. (13)

In Section 4), we explore the relationship between
two time-averaged asymmetry monotones and the dis-
tinguishability time τδ(ρ, Et,∆) for non-unitary dynam-
ics Et and discrimination map ∆(ρ1, ρ2) = perr(ρ1, ρ2).

3.1 Qubit state ordering by distinguishability
time: When are mixed states faster than pure
states?
Having derived the necessary and sufficient condition
for a given qubit state to reach a (1−δ)-distinguishable
state under a given unitary evolution, we are equipped
to find the set of states σ that have τδ(σ, e−iHt) <
τδ(ρ, e−iHt) for a given state ρ. In particular, it fol-
lows as a corollary of Proposition 1 that there are mixed
states that evolve more quickly to (1−δ)-distinguishable
states than certain pure states, as long as δ > 0. To
make this clear, we take H = ~ω0σz without loss of gen-
erality and first note that the maximal quantum Fisher
information of all paths in the Bloch ball generated
by H is achieved for the pure states (|0〉 + eiη|1〉)/

√
2

(η ∈ [0, 2π)); these are the “fastest” time-evolving
states, reaching (1 − δ)-distinguishable states in time
(1/ω0) sin−1(1 − 2δ) ≤ π/2ω0. Now, consider a pure
state |ψ〉 with Bloch vector given by angular parameters
(θψ, ϕψ) on the Bloch sphere with θψ = sin−1(1 − 2δ)
(Fig. 2). Then Eq.(10) implies that τδ(|ψ〉, e−iω0tσz ) =
π/2ω0. It follows from Proposition 1 that the set S of
states defined by S = {ρ|

√
F(ρ,H)/2 ≥ sin θψ = 1−2δ}

reach (1− δ)-distinguishable states and do so in a time
t ∈ [ 1

ω0
sin−1(1 − 2δ), π

2ω0
], i.e., in a time less than or

equal to the (1− δ)-distinguishability time of |ψ〉. The
set of states satisfying this condition lie in the spheri-
cal ring illustrated in Fig. 2, which is defined by polar
angle θ > θψ and ‖~r‖ sin θ > 1− 2δ.

3.2 Release time for time dependent unitary dy-
namics
As an example of the utility of Proposition 1, we con-
sider a problem concerning time dependent unitary dy-
namics of the set of pure qubit states. In particu-
lar, let an initial pure state |ψ(0)〉 and a time de-
pendent Hamiltonian H(t) :=

∑
j=x,y,z ~fj(t)σj be

given, where fj(t) : [0,∞) → R are continuous func-
tions. Examples of H(t) relevant to quantum con-
trol of two-level systems include, e.g., Landau-Zener-
type dynamics HLZ(t) = σz + f(t)σx. The opera-
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Figure 1: The magnetic field vector ~n, the Bloch vector ~r,
and the direction vector 2(~n×~r) of the symmetric logarithmic
derivative plotted relative to the 2-sphere. The square root of
the quantum Fisher information is equal to the operator norm
‖L‖ of L which is twice the shaded area.

tor norm of H(t) is a positive function of t given by

‖H(t)‖ = ~
(∑

j=x,y,z fj(t)2
)1/2

. The problem of in-
terest is as follows: given δ ∈ [0, 1/2], what is the
minimal time t0 ≥ 0 such that the unitary evolution
Ut0(t) := e−

itH(t0)
~ satisfies perr(|ψ(t0)〉, Ut0(t)|ψ(t0)〉) =

δ for some t > 0?
We call the time t0 (which depends on δ) the re-

lease time for the time dependent dynamics H(t). The
physical picture that underlies the release time can be
seen from the example of HLZ with the initial state
|ψ(t = 0)〉 = |0〉 and a linear driving field f(t) = t. The
experimenter would like to run the driving field f(t) for
as short a time t0 as possible until a state |ψ(t0)〉 and
Hamiltonian H(t0) is reached such that evolution gen-
erated by the time independent Hamiltonian H(t0) sets
|ψ(t0)〉 on a circular path on the Bloch sphere that con-
tains a state that is (1−δ)-distinguishable from |ψ(t0)〉.

For a pure state ρ = ρ2, the quantum Fisher infor-
mation satisfies F(ρ,H) = 4〈(∆H)2〉ρ

~2 [8]. For H(t) =∑
j=x,y,z ~fj(t)σj , it follows that the instantaneous

quantum Fisher information F(|ψ(t)〉, H(t)) of the state
|ψ(t)〉 with respect to the instantaneous generator H(t)
is given by

F(|ψ(t)〉, H(t)) =
4〈(∆H(t))2〉|ψ(t)〉

~2

= 4
~2

(
‖H(t)‖2 − 〈H(t)〉2|ψ(t)〉

)
.(14)

Then, by a direct application of Proposition 1, it follows
that H(t̃), the Hamiltonian at time t̃ ≥ 0, generates
a unitary path Ut̃(t) such that Ut̃(t)|ψ(t̃)〉 is (1 − δ)-

Figure 2: Given a pure quantum state |ψ〉 with Bloch vector
corresponding to polar angle θψ, Hamiltonian H = ~ω0σz, and
δ ∈ [0, 1/2], the shaded region containing ρ represents those
states that reach (1−δ)-distinguishable states in time less than
τδ(|ψ〉, e−iω0tσz ).

distinguishable from |ψ(t̃)〉 for some t if and only if

4δ − 4δ2 = 〈ψ(t̃)|H(t̃)|ψ(t̃)〉2

‖H(t̃)‖2
. (15)

The release time t0 for H(t) is given explicitly by the
minimum value of t̃ such that Eq.(15) is satisfied.

3.3 Multiqubit mean minimal error distinguisha-
bility time
Proposition 1 can be generalized to the setting of many
qubits prepared in a separable state when the following
discrimination map ∆ is imposed: for separable initial
state ρ :=

∑N
j=1 pj

⊗M
k=1 ρ

(j)
k and local unitary evolu-

tion U(t) :=
⊗M

k=1 Uk(t), where Uk(t) := e−iωk~nk·~σ and∑N
j=1 pj = 1, define

∆(ρ, U(t)ρU†(t)) :=
N∑
j=1

M∑
k=1

pj

M
perr(ρ(j)

k
, Uk(t)ρ(j)

k
U†
k

(t)). (16)

If only one of the pj is nonzero (i.e., pj = 1 and ps = 0
for s 6= j), then ∆ can be interpreted as the mean mini-
mal error probability for distinguishing the single states
ρ

(j)
k and Uk(t)ρ(j)

k U†k(t), k = 1, . . . ,M . Therefore, for
an arbitrary discrete probability distribution pj that
defines the separable initial state ρ, ∆ can be inter-
preted as the expected mean minimal error probabil-
ity for distinguishing ρ from U(t)ρU†(t) via single-site
optimal measurements. Note that the discrimination
map ∆ depends on the initial state ρ. In the case that
ωj = ωk =: ω0 = const. > 0 for all j, k = 1, . . . ,M , the
following proposition holds.
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Proposition 2. Let Hk := ~ω0 ~nk · ~σ and U(t) :=⊗M
k=1 e

− itHk~ . Then, with ∆ and ρ defined as in the
paragraph above, there exists a t ≥ 0 such that ρ evolves
to a state U(t)ρU(t)† satisfying ∆(ρ, U(t)ρU(t)†) = δ if
and only if:

2ω0(1− 2δ) ≤ 1
M

N∑
j=1

M∑
k=1

pj

√
F(ρ(j)

k , Hk). (17)

Proof. For a given j index, the mean minimal er-
ror probability for the task of distinguishing M states
{ρ(j)
k }k=1,...M , with Bloch vectors {~r(j)

k }k=1,...M , from
their corresponding images under the time evolution de-
fined by U(t) is given by

p(j)
err := 1

M

M∑
k=1

perr(ρ(j)
k , Uj(t)ρ(j)

k Uj(t)†)

= 1
2 −

1
2M | sinω0t|

M∑
k=1
‖~r(j)
k × ~nk‖, (18)

where the second line follows from Eq.(10). From
Eq.(16), it follows that ∆(ρ, U(t)ρU(t)†) = δ if and only
if t is such that

δ = 1
2 −
| sinω0t|

2M

N∑
j=1

M∑
k=1

pj‖~r(j)
k × ~nk‖. (19)

A t that satisfies Eq.(19) exists if and only if the condi-
tion in Eq.(17) is satisfied.�

The power of the necessary and sufficient condition
Eq.(17) becomes clear when one considers the the more
general unitary evolution U(t) :=

⊗M
k=1 e

− itHk~ , where
each Hk := ~ωk ~nk · ~σ is defined by its own frequency
ωk. In this case, if we suppose that there is a time t
such that ∆(ρ, ρ(t)) = δ, it follows that

1− 2δ
1
M

∑N
j=1

∑M
k=1

pj
2ωk

√
F(ρ(j)

k , Hk)
≤ | sinωmaxt| (20)

where ωmax := maxk ωk. Therefore, when the local fre-
quencies are allowed to vary, the inequality

(1− 2δ) ≤ 1
M

N∑
j=1

M∑
k=1

pj
2ωk

√
F(ρ(j)

k , Hk), (21)

analogous to Eq.(17), is merely a necessary condition
that such a t exists.

4 Single qubit dissipative state distin-
guishability dynamics
In Propositions 1 and 2, we have established a nec-
essary and sufficient condition for an arbitrary qubit

state or separable multiqubit state to reach a (1 − δ)-
distinguishable state (defined by specific discrimination
maps ∆) under local unitary evolution. For the more
general case of completely positive, trace preserving
(CPTP) dynamics, bounds on minimal evolution time
to a (1− δ)-distinguishable state can be obtained from
using bounds on the unitary evolution time of a larger
system and the contractivity of the trace norm under
the partial trace operation [21]. This follows from the
fact that Stinespring’s dilation theorem [41, 42] allows
one to consider any CPTP map as a unitary map acting
on the system and an ancilla, followed by a partial trace
over the ancillary degrees of freedom. However, pass-
ing to the purified unitary dynamics is not necessary
to derive a lower bound on τδ for CPTP dynamics. A
quantum speed limit for the Bures angle, i.e., the distin-
guishability time obtained by choosing the discrimina-
tion map ∆(ρ, σ) = cos−1 ‖√ρ

√
σ‖1, under non-unitary

dynamics has been derived and studied in Ref.[21, 43].
Along these lines, one may employ the same method as
in the proof of Eq.(2) to demonstrate the direct analog
of Eq.(2) for CPTP dynamics (see Appendix B):

τδ ≥
2 sin−1 (1− 2δ)

1
τδ

∫ τδ
0 dt′

√
F(ρ(t′))

(22)

≥ 2 sin−1(1− 2δ)
supt

√
F(ρ(t))

. (23)

Unlike the case of unitary evolution considered in
Propositions 1 and 2, for the case of CPTP dynam-
ics the quantum Fisher information is no longer a
global property of the path ρ(t) in the space of qubit
states. Even when one considers a global quantifier of
the quantum speed on a segment [0, T ] of the dynam-
ics, e.g., the time-averaged quantum Fisher information
1
T

∫ T
0 dt

√
F(ρ(t)) (i.e., the mean Bures velocity), or the

maximal quantum Fisher information (i.e., the maxi-
mal Bures velocity), it is not clear how such a quan-
tifier is related to the minimal error distinguishability
perr(ρ, ρ(T )) of the initial state and final state of a seg-
ment [0, T ] of the dynamics.

Although the generator of generic CPTP dynam-
ics is not given by the adjoint action −i[H, ·] corre-
sponding to a bounded, self-adjoint operator H, the
time-dependent symmetric logarithmic derivative op-
erator L can still be defined for any CPTP dynam-
ics by solving dρ

dt = 1
2 [ρ, L]+ for L. This dynamical

equation allows immediate generalization of the quan-
tum speed limit in Eq.(4.1) of Ref.[15] to the context
of CPTP dynamics. Specifically, dρdt = 1

2 [ρ, L]+ implies
‖ρ(t)−ρ‖1 = ‖

∫ t
0 dt

dρ
dt ‖1 ≤

1
2
∫ t

0 ‖[ρ, L]+‖1. At time τδ,
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‖ρ(τδ)− ρ‖1 = 2(1− 2δ) and, therefore,

τδ ≥
2(1− 2δ)

1
2τδ

∫ τδ
0 dt′ ‖[ρ, L]+‖1

(24)

≥ 2(1− 2δ)
1
2 supt ‖[ρ, L]+‖1

(25)

where both ρ and L are time-dependent. Note that,
unlike the unitary quantum speed limit in Eq.(2), the
quantum speed limit bounds (22), (24) require knowl-
edge of τδ (this is characteristic for quantum speed lim-
its for non-unitary dynamics [19, 20, 38]). A quantum
speed limit for the Bures angle between a pure initial
state and its time-evolved counterpart, having a form
similar to Eq.(24), was considered as a generalization
of the ML⊥ bound to dynamics given by general CPTP
dynamics in Ref.[20], but was not stated in terms of
the symmetric logarithmic derivative. The same refer-
ence explores quantum speed limits for the Bures angle
based on several other operator norms (including the
trace norm) of dρdt .

The third lower bound for τδ that we consider does
not make use of the deviation of a path in quantum
state space from a Bures geodesic (as in Eq.(22)), nor
the triangle inequality (as in Eq.(24)), but rather makes
direct use of the contractivity of the trace norm under
CPTP dynamics. Specifically, consider the Stinespring
dilation of a one-parameter CPTP dynamics Φt to be
given by Φt(ρ) = trE

(
e−itHSEρ⊗ σEeitHSE

)
, where σE

is the initial state of the environment and where HSE ,
which can be considered as the Hamiltonian of the com-
bined system and environment, is the generator of the
Stinespring isometry corresponding to Φt. For a given
initial state ρ, Φt defines the path {Φt(ρ)| t ≥ 0}. For
any time T > 0, we define the uniform time-twirling
of the initial state ρ ⊗ σE of the system and environ-
ment with respect to the generator of the Stinespring
isometry by

UT (ρ⊗ σE) := 1
T

∫ T

0
dt e−itHSEρ⊗ σE eitHSE . (26)

Then, by the definition of τδ, it follows that

2(1− 2δ) = ‖ρ(τδ)− ρ‖1

= ‖
∫ τδ

0
dt
dρ

dt
‖1

= ‖ lim
s→0

∫ τδ

0
dt

Φs+t(ρ)− Φt(ρ)
s

‖1

= ‖
∫ τδ

0
dt trE [HSE , e−itHSEρ⊗ σEeitHSE ]‖1

= τδ‖trE [HSE , Uτδ (ρ⊗ σE)]‖1

≤ τδ‖[HSE , Uτδ (ρ⊗ σE)]‖1, (27)

where we have used Φs+t(ρ) = ρ(t) −
is trE [HSE , e

−itHSEρ ⊗ σE e
itHSE ] + O(s2) in the

fourth line, and the contractivity of the trace norm in
the last line. A lower bound for τδ is given by:

τδ ≥
2(1− 2δ)

‖[HSE , Uτδ(ρ⊗ σE)]‖1
. (28)

It is worth pointing out (see also Ref.[19]) that the
non-uniqueness of the Stinespring dilation allows an a
priori tighter lower bound improving upon Eq.(28):

τδ ≥
2(1− 2δ)

minHSE ,σE‖[HSE , Uτδ(ρ⊗ σE)]‖1
. (29)

where the minimization is over the Hamiltonians and
environment states that lead to the same non-unitary
system dynamics.

Finally, we note that whereas the derivations of the
lower bounds (24) and (28) involve only a single inequal-
ity, viz., the triangle inequality for (24) and contractiv-
ity of the trace norm for (28), the geometric lower bound
(22) involves both a Fuchs-van de Graaf inequality and
the arc length inequality. As a consequence, there are
two mathematical reasons why (22), or any other ge-
ometric lower bound on τδ based on arc length with
respect to a contractive metric, may fail to saturate to
τδ, but only one reason why the right hand sides of (24)
and (28) may fail to saturate to τδ. We put Eqs.(22),
(24), and (28) to the test in Section 4.1, in the con-
text of a model of amplitude damping that interpolates
between Markovian and non-Markovian behavior and
calculate the bound in Eq.(22) on the minimal error
distinguishability time τδ(ρ,Φt, perr).

4.1 Distinguishability dynamics of an open qubit
model system
We now consider the Hamiltonian

HSE := ω0σz ⊗ IE + χ (σ+ ⊗ σ− + h.c.) , (30)

as the generator of the Stinespring isometry cor-
responding to the CPTP dynamics Φt(ρ) :=
trE

(
e−iHSEtρ⊗ |0〉E〈0|EeiHSEt

)
. Note that ‖H‖ =√

ω2
0 + χ2 and that Φt is covariant with respect to

rotations about the z-axis, i.e., Φt(e−iθσzρeiθσz ) =
e−iθσzΦt(ρ)eiθσz . The dynamics defined by Φt al-
lows one to consider competition between the local
driving strength ω0 and the dissipation strength χ.
The Kraus form of Φt is given by ρ(t) = Φt(ρ) =∑1
j=0Ej(t)ρEj(t)† where

E0(t) = e−iω0t|0〉〈0|+A(t)|1〉〈1|
E1(t) = C(t)|0〉〈1| (31)
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and

A(t) := χ2e−it
√
χ2+ω2

0 + (ω0 −
√
χ2 + ω2

0)2eit
√
χ2+ω2

0

2(χ2 + ω2
0 − ω0

√
χ2 + ω2

0)

C(t) := −2iχ sin(t
√
χ2 + ω2

0)(ω0 −
√
χ2 + ω2

0)
2(χ2 + ω2

0 − ω0
√
χ2 + ω2

0)
. (32)

Note that |A(t)|2 + |C(t)|2 = 1.
The distinguishability dynamics of the channel Φt in

the unitary limit χ→ 0 reduces to the treatment in Sec-
tion 3. In particular, it follows trivially from that analy-
sis that in the unitary limit, maximal asymmetry of the
initial system-plus-environment state ρ ⊗ |0〉E〈0|E rel-
ative to the generator HSE of the (trivial) Stinespring
isometry determines the state with the smallest value
of τδ, for any δ. In the following subsections, we con-
sider whether this feature holds in the other dynamical
regimes, viz., in the amplitude damping limit (ω0 = 0)
and in an intermediate parameter regime, and analyze
lower bounds (22), (24), and (28) on τδ.

4.1.1 Amplitude damping limit (ω0 = 0)

In the opposite case of amplitude damping in the ab-
sence of local unitary driving of the system (i.e., ω0 =
0), the period of the motion is T = 2π

χ if r1 6= 0 or
r2 6= 0, and is T = π

χ if r1 = r2 = 0 and −1 ≤ r3 < 1.
The range of Φt at time t = π

2χ is the single state |0〉〈0|,
which is also a fixed point of the dynamics. Because
all states of the Bloch ball must reach |0〉〈0| at time
t = π

2χ , it is clear that the mean speed of evolution is
greatest for the state |1〉〈1| and that the partial order-
ing of states by their mean speed of evolution is equiva-
lent to their partial order based on trace distance from
|0〉〈0|, i.e., Euclidean distance in the Bloch ball. On the
time interval [0, π2χ ], the dynamics Φt is Markovian in
the sense that no information is being transferred from
the environment to the system [44]; in particular, any
two given initial states become less distinguishable as
time increases from 0 to π/2χ.

For an initial state ρ with Bloch vector (r1, 0, r3),
the Bloch vector of Φt(ρ) = ρ(t) is given by ~r(t) =(
r1 cosχt, 0, r3 + (1− r3) sin2 χt

)
. For any time t, the

minimal error probability for binary distinguishability
of ρ and ρ(t) is given by

perr(ρ, ρ(t)) = 1
2 −

1
4

(
r2
1 (1− cosχt)2

+ (r3 − 1)2 sin4 χt
)1/2

. (33)

Therefore, we see that the set of quantum states that
orthogonalize under the dynamics consists of the union
of the following two sets: 1) pure states with r3 = 0 (or-
thogonalize in time π/χ), and 2) |1〉〈1| (orthogonalizes

in time π/2χ; it is the fastest state, and the only state
that orthogonalizes within the time interval [0, π/2χ]
for which the dynamics is Markovian).

We now compare the distinguishability time bounds
Eqs.(22), (24), and (28). For a given initial state
ρ = 1

2 (I + (r1, 0, r3) · ~σ), consider the error probability
δc := perr(ρ, ρ(π/2χ)) = 1

2 −
1
4

√
r2
1 + (1− r3)2. For any

initial state ρ, δc is the minimal error that is achiev-
able for binary discrimination of ρ and ρ(t) over all
t ∈ [0, π/2χ]. Furthermore, t = π/2χ is the unique
value of t ∈ [0, π/2χ] which gives perr(ρ, ρ(t)) = δc.
Therefore, we compare the bounds (22), (24), and (28)
by substituting τδc = π/2χ for τδ and determining
which of the resulting lower bounds better approximates
the value π/2χ from below. In Fig. 3a), we see that
for initial states near |1〉〈1| or for mixed states with
‖~r‖ . 0.8, both bounds (24) and (28) are tighter than
the bound (22). Therefore, the ω0 = 0 regime of the
present model serves as an example of Markovian evo-
lution for which the bound (24) is globally tighter than
the geometric bound based on the mean quantum Fisher
information (22) or the asymmetry of the time-twirled
state with respect to the Stinespring isometry generator
(28).

4.1.2 Intermediate regime (ω0 6= 0, χ 6= 0)

In the case that ω0 6= 0, there does not exist a time
such that the range of the channel Φt is the single pure
state |0〉〈0|. Furthermore, it follows from Eq.(31) that
if ω0 6= 0, and if the Bloch vector of the initial state ρ
satisfies r1 = r2 = 0, then Φt is periodic with period
T = π√

χ2+ω2
0
. If ω0 6= 0 and if ρ has a Bloch vector

with non-zero r1 or r2, then the motion is periodic if
and only if ω0/

√
χ2 + ω2

0 ∈ Q. In the latter case, if one
denotes ω0/

√
χ2 + ω2

0 = q/p with (p, q) ∈ N a pair of
coprime natural numbers, then the period is T = 2πq

ω0
.

Because of the rotation covariance of the dynamics, we
consider only initial states ρ = I+(r1,0,r3)·~σ

2 , for which
the Bloch vector of ρ(t) takes the form

r1(t) = Re(A(t)e−iω0t)r1

r2(t) = −Im(A(t)e−iω0t)r1

r3(t) = (1− |A(t)|2) + |A(t)|2r3. (34)

In Fig. 4a), several trajectories are shown. It follows
from Eq.(34) that a pure state that satisfies r3 = 0 or-
thogonalizes in time πq/ω0 (i.e., a half-period of its dy-
namics). Let us compare this orthogonalization time to
the orthogonalization time π/χ in the amplitude damp-
ing regime. For a qubit state initialized in (1/

√
2)(|0〉+

|1〉) and for the parameters ω0 = 1, χ =
√

3, q takes
the value 1. Therefore, since π/χ < π, the orthog-
onalization cycle is longer in this intermediate regime
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Figure 3: a) Bounds (22), (24), and (28) on τδ in the case
of amplitude damping. b) Bounds (22), (24), and (28) in the
intermediate case. Values of ‖~r‖ are 0.2, 0.5, 0.8, 1.0. For
each bound, the relevant time average is approximated by the
discrete mean on the interval [0, τ ] (τ = τc or τ = τ0) with
time step 0.002.

despite the fact that the local system driving has been
increased. Increasing the ratio of ω0 to χ does not nec-
essarily change the situation. For example, if χ = 3, the
orthogonalization of (1/

√
2)(|0〉+|1〉) occurs in time π/3

in the amplitude damping regime, while turning on ω0
to ω0 = 4 (so that q/p = ω0/

√
ω2

0 + χ2 = 4/5⇒ q = 4)
changes the orthogonalization cycle period to π.

Note that if one considers δ 6= 0, i.e., considers a
nonzero minimal error probability for distinguishing ρ
and ρ(t), the dynamical regime which is considered
to allow “fast” time evolution can change. For ex-
ample, in Section 4.1.1, we saw that in the Marko-
vian time interval [0, π/2χ] for the regime defined by
ω0 = 0, χ 6= 0, the state (1/

√
2)(|0〉+ |1〉) evolves to |0〉,

from which it can be distinguished with minimal error
(
√

2 − 1)/2
√

2. For χ =
√

3, note that π/2χ ≈ 0.91.
For the case of ω0 = 1, χ =

√
3 in the present dynami-

cal regime, (1/
√

2)(|0〉+ |1〉) reaches a state from which
it can be distinguished with minimal error probability
(
√

2−1)/2
√

2 in time t ≈ 0.66. To sum up, for faster or-
thogonalization, one prefers ω0 = 0, χ =

√
3; for faster

semi-orthogonalization, one prefers ω0 = 1, χ =
√

3.
In order to compare the bounds (22), (24), and (28)

in the present dynamical regime, we consider the error

0 1 2 3 4 5 6
0
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Figure 4: a) Bloch vectors of ρ(t) on a single period of
the dynamics Φt with initial Bloch vectors: (0, 0,−1) (blue),
(sin( 14π

15 ), 0, cos( 14π
15 )) (red), (1, 0, 0) (yellow), ( 1

2 , 0,
√

3
2 ) (pur-

ple). b) Minimal error probability perr(ρ, ρ(t)) for initial pure
states ρ with Bloch vector (sin θ, 0, cos θ). Note the reduction
of the period by 1/4 when the initial state is |1〉〈1|. For all
trajectories, χ =

√
3, ω0 = 1.

probability δ0 := perr(ρ, ρ(t0)), where t0 is the time at
which the r3 component of the Bloch vector reaches its
maximal value. The value of t0 is readily computable
from r3(t) in Eq.(34), and is given by t0 = π

2
√
ω2

0+χ2
.

For concreteness, we present calculations performed for
χ =

√
3, ω0 = 1, so that t0 = π/4. On the interval

t ∈ [0, π/4], perr(ρ, ρ(t)) is monotonically decreasing for
all initial states ρ. Therefore, τδ0 = t0 = π/4. Note
that δ0 is given by

δ0 = 1
2 −

1
4
(
|C(t0)|4(r3 − 1)2

+ |A(t0)e−iω0t0 − 1|2r2
1
)1/2

. (35)

Analogously to the approach used for the amplitude
damping regime, we compare the bounds (22), (24), and
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(28) by setting δ = δ0 and determining which right hand
side of (22), (24), or (28) better approximates the value
π/4 from below. In Fig. 3b), one sees that (24) re-
mains the tightest lower bound deep in the Bloch ball.
However, the geometric lower bound (22) and bound
(28) dominate the bound (24) in specific regions of the
Bloch ball.

In the present dynamical regime, the combined lower
bound given by the supremum of the right hands sides of
(22), (24), and (28) is, on average, comparatively less
tight to the distinguishability time τδ0 than the com-
bined lower bound in the Markovian regime is to τδc .
We consider this to be due to the fact that the lower
bounds (22), (24), and (28) take into account only the
asymmetry properties of the system, and not the asym-
metry of the environment.

5 Conclusion
We have introduced the formal notion of distinguisha-
bility time with respect to a discrimination map ∆ and
quantum dynamics Et as a generalization of the orthogo-
nalization time. By defining ∆ to coincide with the min-
imal error probability perr in the task of distinguishing
a quantum state from its time-evolved image, we solved
for the distinguishability time of time-independent uni-
tary evolution of a two-level system (Eq.(10)) and of
homogeneous time-independent unitary evolution of a
separable state of N two-level systems. This enabled
a determination of the set of qubit states that evolve
to (1 − δ)-distinguishable states faster than a given
qubit state under unitary time-evolution. In the case of
time-dependent unitary evolution generated by a con-
trollable driving Hamiltonian H(t), we derived a condi-
tion for the release time, viz., the earliest time point
t0 at which the driving can be halted such that a
given qubit state evolves to a (1 − δ)-distinguishable
state under further time-independent unitary evolution
Ut0(t) = e−itH(t0)/~.

For the case of non-unitary evolution, we compared
three lower bounds on τδ in a model that interpolates
between Markovian and non-Markovian behavior. In
the Markovian time interval of the amplitude damping
regime (ω0 = 0), we found that the bound (24) is tight
to the distinguishability time. In contrast, in the non-
Markovian intermediate regime (ω0 6= 0, χ 6= 0), the
bound (22) and the new bound (28) approximate the
distinguishability time more closely than (24) for certain
angles and levels of state mixedness.

Although the connections between the speed of quan-
tum evolution and Markovian and non-Markovian char-
acter of the dynamics are beginning to be understood
[45], general theorems are still lacking. For a specific
model of non-unitary evolution, we showed that the

state transformation (1/
√

2)(|0〉 + |1〉) 7→ |0〉 proceeds
faster in a non-Markovian regime than in a Markovian
regime. However, if one aims to implement the state
transformation (1/

√
2)(|0〉 + |1〉) 7→ (1/

√
2)(|0〉 − |1〉)

at high frequency, increasing the system driving may in
fact increase the cycle period. We expect the present
work to provide a basis for future investigations of the
relation between distinguishability and general quan-
tum dynamics of one- and few-qubit systems.
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A Distinguishability time bound based
on Wigner-Yanase-Dyson skew informa-
tion
We prove the bound appearing in Eq.(11). Consider the
following inequalities:

1
4‖ρ− ρ(t)‖21 ≤ 1−

(
trρ1/2ρ(t)1/2

)2

≤ 1− cos2 (tSH(ρ)) (36)

where the first line is derived in Ref.[46] and the sec-

ond line follows from the inequality t
√
−tr

(
[√ρ,H]2

)
≥

cos−1 trρ1/2ρ(t)1/2 [38] which holds for t such that

t
√
−tr

(
[√ρ,H]2

)
∈ [0, π/2]. By definition, 1

2‖ρ −
ρ(τδ)‖1 = 1− 2δ. Therefore,

sin
(
τδ

√
−tr ([√ρ,H]2)

)
≥ 1− 2δ (37)

which implies Eq.(11).

B Distinguishability time bound based
on mean quantum Fisher information
We prove the lower bound in Eq.(22) for the distin-
guishability time under arbitrary quantum dynamics.
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Note the following inequalities:

1
4‖ρ− ρ(t)‖21 ≤ 1−

(
tr
√√

ρρ(t)√ρ
)2

≤ 1− cos2
(

1
2

∫ t

0
dt′F(ρ(t′))

)
, (38)

where the first inequality is a Fuchs-van de Graaf in-
equality and the second inequality follows from the fact
that the length of a path in quantum state space (with
respect to the Bures arc length) is at least the Bures an-
gle, i.e., 1

2
∫ t

0 dt
′F(ρ(t′)) ≥ cos−1 tr

√√
ρρ(t)√ρ. Since,

by definition, ‖ρ− ρ(τδ)‖1 = 2(1− 2δ), Eq.(22) follows
by rearrangement of Eq.(38).

References
[1] Lloyd, S. Ultimate physical limits to computation.

Nature 406, 1047 (2000). URL https://doi.org/
10.1038/35023282.

[2] Kitaev, A., Shen, A. & Vyalyi, M. Classical and
Quantum Computation (American Mathematical
Society, 1999).

[3] Bergou, J., Herzog, U. & Hillery, M. Discrimina-
tion of quantum states. Lect. Notes Phys. 649,
417 (2004). URL https://doi.org/10.1080/
09500340903477756.

[4] Samsonov, B. Minimum error discrimination prob-
lem for pure qubit states. Phys. Rev. A 80,
052305 (2009). URL https://doi.org/10.1103/
PhysRevA.80.052305.

[5] Bae, J. & Kwek, L.-C. Quantum state discrimina-
tion and its applications. J. Phys. A: Math. Theor.
48, 083001 (2015). URL https://doi.org/10.
1088/1751-8113/48/8/083001.

[6] Nair, R., Yen, B., Guha, S., Shapiro, J. & Piran-
dola, S. Symmetric m-ary phase discrimination us-
ing quantum-optical probe states. Phys. Rev. A 86,
022306 (2012). URL https://doi.org/10.1103/
PhysRevA.86.022306.

[7] Tan, K. C., Volkoff, T., Kwon, H. & Jeong, H.
Quantifying the coherence between coherent states.
Phys. Rev. Lett. 119, 190405 (2017). URL https:
//doi.org/10.1103/PhysRevLett.119.190405.

[8] Holevo, A. Probabilistic and Statistical Aspects
of Quantum Theory (North-Holland, Amsterdam,
1982).

[9] Volkoff, T. & Whaley, K. Macroscopicity of
quantum superpositions on a one-parameter uni-
tary path in Hilbert space. Phys. Rev. A 90,
062122 (2014). URL https://doi.org/10.1103/
PhysRevA.90.062122.

[10] Giovannetti, V., Lloyd, S. & Maccone, L. Quantum
limits to dynamical evolution. Phys. Rev. A 67,

052109 (2003). URL https://doi.org/10.1103/
PhysRevA.67.052109.

[11] Pires, D., Cianciaruso, M., Céleri, L., Adesso, G. &
Soares-Pinto, D. Generalized geometric quantum
speed limits. Phys. Rev. X 6, 021031 (2016). URL
https://doi.org/10.1103/PhysRevX.6.021031.

[12] Pires, D., Céleri, L. & Soares-Pinto, D. Geomet-
ric lower bound for a quantum coherence measure.
Phys. Rev. A 91, 042330 (2015). URL https:
//doi.org/10.1103/PhysRevA.91.042330.

[13] Deffner, S. Geometric quantum speed limits: a
case for Wigner phase space. New J. Phys. 19,
103018 (2017). URL https://doi.org/10.1088/
1367-2630/aa83dc.

[14] Morozova, E. & Chentsov, N. Markov invariant ge-
ometry on manifolds of states. J. Math. Sci. 56,
2648 (1991). URL https://doi.org/10.1007/
BF01095975.

[15] Marvian, I., Spekkens, R. & Zanardi, P. Quan-
tum speed limits, coherence, and asymmetry. Phys.
Rev. A 93, 052331 (2016). URL https://doi.
org/10.1103/PhysRevA.93.052331.

[16] Helstrom, C. Quantum Detection and Estimation
Theory (Academic Press, New York, 1976).

[17] Hayashi, A., Horibe, M. & Hashimoto, T. Quan-
tum pure-state identification. Phys. Rev. A 72,
052306 (2005). URL https://doi.org/10.1103/
PhysRevA.72.052306.

[18] Fanizza, M., Mari, A. & Giovanetti, V. Optimal
universal learning machines for quantum state dis-
crimination. arXiv 1805.03477v1 (2018).

[19] del Campo, A., Egusquiza, I., Plenio, M. &
Huelga, S. Quantum Speed Limits in Open
System Dynamics. Phys. Rev. Lett. 110,
050403 (2013). URL https://doi.org/10.1103/
PhysRevLett.110.050403.

[20] Deffner, S. & Lutz, E. Quantum Speed Limit for
Non-Markovian Dynamics. Phys. Rev. Lett. 111,
010402 (2013). URL https://doi.org/10.1103/
PhysRevLett.111.010402.

[21] Taddei, M., Escher, B., Davidovich, L. &
de Matos Filho, R. Quantum Speed Limit
for Physical Processes. Phys. Rev. Lett. 110,
050402 (2013). URL https://doi.org/10.1103/
PhysRevLett.110.050402.

[22] Dodonov, V. & Dodonov, A. Energy-time
and frequency-time uncertainty relations: ex-
act inequalities. Phys. Scr. 90, 074049 (2015).
URL https://doi.org/10.1088/0031-8949/90/
7/074049.

[23] Deffner, S. & Campbell, S. Quantum speed limits:
from Heisenberg’s uncertainty principle to optimal
quantum control. J. Phys. A: Math. Theor. 50,

Accepted in Quantum 2018-09-13, click title to verify 12

https://doi.org/10.1038/35023282
https://doi.org/10.1038/35023282
https://doi.org/10.1080/09500340903477756
https://doi.org/10.1080/09500340903477756
https://doi.org/10.1103/PhysRevA.80.052305
https://doi.org/10.1103/PhysRevA.80.052305
https://doi.org/10.1088/1751-8113/48/8/083001
https://doi.org/10.1088/1751-8113/48/8/083001
https://doi.org/10.1103/PhysRevA.86.022306
https://doi.org/10.1103/PhysRevA.86.022306
https://doi.org/10.1103/PhysRevLett.119.190405
https://doi.org/10.1103/PhysRevLett.119.190405
https://doi.org/10.1103/PhysRevA.90.062122
https://doi.org/10.1103/PhysRevA.90.062122
https://doi.org/10.1103/PhysRevA.67.052109
https://doi.org/10.1103/PhysRevA.67.052109
https://doi.org/10.1103/PhysRevX.6.021031
https://doi.org/10.1103/PhysRevA.91.042330
https://doi.org/10.1103/PhysRevA.91.042330
https://doi.org/10.1088/1367-2630/aa83dc
https://doi.org/10.1088/1367-2630/aa83dc
https://doi.org/10.1007/BF01095975
https://doi.org/10.1007/BF01095975
https://doi.org/10.1103/PhysRevA.93.052331
https://doi.org/10.1103/PhysRevA.93.052331
https://doi.org/10.1103/PhysRevA.72.052306
https://doi.org/10.1103/PhysRevA.72.052306
https://doi.org/10.1103/PhysRevLett.110.050403
https://doi.org/10.1103/PhysRevLett.110.050403
https://doi.org/10.1103/PhysRevLett.111.010402
https://doi.org/10.1103/PhysRevLett.111.010402
https://doi.org/10.1103/PhysRevLett.110.050402
https://doi.org/10.1103/PhysRevLett.110.050402
https://doi.org/10.1088/0031-8949/90/7/074049
https://doi.org/10.1088/0031-8949/90/7/074049


453001 (2017). URL https://doi.org/10.1088/
1751-8121/aa86c6.

[24] Commins, E. D. Quantum mechanics: an experi-
mentalist’s approach (Cambridge University Press,
2014).

[25] Landau, L. D. & Lifshitz, E. M. Quantum mechan-
ics: nonrelativistic theory (Pergamon Press, 1977).

[26] Mandelstam, L. & Tamm, I. The uncertainty
relation between energy and time in nonrela-
tivistic quantum mechanics. J. Phys. USSR 9,
249 (1945). URL https://doi.org/10.1007/
978-3-642-74626-0_8.

[27] Anandan, J. & Aharonov, Y. Geometry of
Quantum Evolution. Phys. Rev. Lett. 65,
1697 (1990). URL https://doi.org/10.1103/
PhysRevLett.65.1697.

[28] Margolus, N. & Levitin, L. The maximum
speed of dynamical evolution. Physica D 120,
188 (1996). URL https://doi.org/10.1016/
S0167-2789(98)00054-2.

[29] Horesh, N. & Mann, A. Intelligent states for the
Aharonov-Anandan parameter-based uncertainty
relation. J. Phys. A.: Math. Gen. 31, L609 (1998).
URL https://doi.org/10.1088/0305-4470/31/
36/003.

[30] Fuchs, C. & van de Graaf, J. Cryptographic dis-
tinguishability measures for quantum-mechanical
states. IEEE Trans. Inf. Th. 45, 1216 (1999). URL
https://doi.org/10.1109/18.761271.

[31] Jiang, Z. Quantum Fisher information for
states in exponential form. Phys. Rev. A 89,
032128 (2014). URL https://doi.org/10.1103/
PhysRevA.89.032128.

[32] Pang, S. & Brun, T. Quantum metrology of a
general Hamiltonian parameter. Phys. Rev. A 90,
022117 (2014). URL https://doi.org/10.1103/
PhysRevA.90.022117.

[33] Jing, X.-X., Liu, J., Xiong, H.-N. & Wang, X.
Maximal quantum Fisher information for general
su(2) parametrization processes. Phys. Rev. A 92,
012302 (2015). URL https://doi.org/10.1103/
PhysRevA.92.012312.

[34] Liu, J., Jing, X.-X. & Wang, X. Quantum metrol-
ogy with unitary parametrization processes. Sci.
Rep. 5, 8565 (2015). URL https://doi.org/10.
1038/srep08565.

[35] Braunstein, S. & Caves, C. Statistical Distance
and the Geometry of Quantum States. Phys. Rev.
Lett. 72, 3439 (1994). URL https://doi.org/10.
1103/PhysRevLett.72.3439.

[36] Zhang, J., Vala, J., Sastry, S. & Whaley, K. B.
Geometric theory of nonlocal two-qubit operations.
Phys. Rev. A 67, 042313 (2003). URL https://
doi.org/10.1103/PhysRevA.67.042313.

[37] Marvian, I. & Spekkens, R. Extending Noether’s
theorem by quantifying the asymmetry of quantum
states. Nat. Comm. 5, 3821 (2014). URL https:
//doi.org/10.1038/ncomms4821.

[38] Mondal, D., Datta, C. & Sazim, S. Quantum co-
herence sets the quantum speed limit for mixed
states. Phys. Lett. A 380, 689 (2016). URL https:
//doi.org/10.1016/j.physleta.2015.12.015.

[39] Carlini, A., Hosoya, A., Koike, T. & Okudaira,
Y. Time-Optimal Quantum Evolution. Phys. Rev.
Lett. 96, 060503 (2006). URL https://doi.org/
10.1103/PhysRevLett.96.060503.

[40] Mostafazadeh, A. Hamiltonians generating
optimal-speed evolutions. Phys. Rev. A 79,
014101 (2009). URL https://doi.org/10.1103/
PhysRevA.79.014101.

[41] Stinespring, W. Positive functions on C*-Algebras.
Proc. Am. Math. Soc. 6, 211 (1955). URL https:
//doi.org/10.2307/2032342.

[42] Davies, E. Quantum Theory of Open Systems
(Academic Press , New York, 1976).

[43] Mirkin, N., Toscano, F. & Wisniacki, D. Quantum-
speed-limit bounds in an open quantum evolution.
Phys. Rev. A 94, 052125 (2016). URL https://
doi.org/10.1103/PhysRevA.94.052125.

[44] Laine, E.-M., Piilo, J. & Breuer, H.-P. Measure for
the non-Markovianity of quantum processes. Phys.
Rev. A 81, 062115 (2010). URL https://doi.
org/10.1103/PhysRevA.81.062115.

[45] Cianciaruso, M., Maniscalco, S. & Adesso, G. Role
of non-markovianity and backflow of information in
the speed of quantum evolution. Phys. Rev. A 96,
012105 (2017). URL https://doi.org/10.1103/
PhysRevA.96.012105.

[46] Holevo, A. On quasiequivalence of locally normal
states. Theor. Math. Phys. 13, 184 (1972). URL
https://doi.org/10.1007/BF01035528.

Accepted in Quantum 2018-09-13, click title to verify 13

https://doi.org/10.1088/1751-8121/aa86c6
https://doi.org/10.1088/1751-8121/aa86c6
https://doi.org/10.1007/978-3-642-74626-0_8
https://doi.org/10.1007/978-3-642-74626-0_8
https://doi.org/10.1103/PhysRevLett.65.1697
https://doi.org/10.1103/PhysRevLett.65.1697
https://doi.org/10.1016/S0167-2789(98)00054-2
https://doi.org/10.1016/S0167-2789(98)00054-2
https://doi.org/10.1088/0305-4470/31/36/003
https://doi.org/10.1088/0305-4470/31/36/003
https://doi.org/10.1109/18.761271
https://doi.org/10.1103/PhysRevA.89.032128
https://doi.org/10.1103/PhysRevA.89.032128
https://doi.org/10.1103/PhysRevA.90.022117
https://doi.org/10.1103/PhysRevA.90.022117
https://doi.org/10.1103/PhysRevA.92.012312
https://doi.org/10.1103/PhysRevA.92.012312
https://doi.org/10.1038/srep08565
https://doi.org/10.1038/srep08565
https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1103/PhysRevA.67.042313
https://doi.org/10.1103/PhysRevA.67.042313
https://doi.org/10.1038/ncomms4821
https://doi.org/10.1038/ncomms4821
https://doi.org/10.1016/j.physleta.2015.12.015
https://doi.org/10.1016/j.physleta.2015.12.015
https://doi.org/10.1103/PhysRevLett.96.060503
https://doi.org/10.1103/PhysRevLett.96.060503
https://doi.org/10.1103/PhysRevA.79.014101
https://doi.org/10.1103/PhysRevA.79.014101
https://doi.org/10.2307/2032342
https://doi.org/10.2307/2032342
https://doi.org/10.1103/PhysRevA.94.052125
https://doi.org/10.1103/PhysRevA.94.052125
https://doi.org/10.1103/PhysRevA.81.062115
https://doi.org/10.1103/PhysRevA.81.062115
https://doi.org/10.1103/PhysRevA.96.012105
https://doi.org/10.1103/PhysRevA.96.012105
https://doi.org/10.1007/BF01035528

	1 Introduction
	2 Minimal error distinguishability time
	3 Single qubit unitary distinguishability dynamics
	3.1 Qubit state ordering by distinguishability time: When are mixed states faster than pure states?
	3.2 Release time for time dependent unitary dynamics
	3.3 Multiqubit mean minimal error distinguishability time

	4 Single qubit dissipative state distinguishability dynamics
	4.1 Distinguishability dynamics of an open qubit model system 
	4.1.1 Amplitude damping limit (0=0)
	4.1.2 Intermediate regime (0=0, =0)


	5 Conclusion
	 Acknowledgments
	A Distinguishability time bound based on Wigner-Yanase-Dyson skew information
	B Distinguishability time bound based on mean quantum Fisher information
	 References

