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ON ENTIRE FUNCTIONS WITH GIVEN ASYMPTOTIC
BEHAVIOR

Abstract. We study approximation of subharmonic functions
on the complex plane by logarithms of moduli of entire functions.
In the theory of series of exponentials these entire functions are
the main tool. In questions of decomposition of functions into
a series of exponentials, the subharmonic function, as a rule,
satisfies the Lipschitz condition. We prove the theorem on ap-
proximation of such subharmonic functions. Also we prove the
theorem on joint approximation of two subharmonic functions.
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tion, Riesz measure
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1. Introduction. Entire functions with prescribed asymptotic be-
havior serve as the main tool in constructing the exponential series. The
problems of existence and constructing entire functions with prescribed
asymptotic properties arose as inner problems of the theory of entire func-
tions. This problem was dealt with by many mathematicians. See, for
example, [1], [3]-[5], [8]. The next theorem is proved in [§].

Theorem A. [8] For each subharmonic on the plain function u of finite
order greater than zero and for each 8 < 0, there exists an entire function
f satisfying the relation

[u(A) = In [f(V)[| = O(n([A] + 1)), A & E, |A] — o0,

where the exceptional set E can be covered by a set of disks B(wy, 1)) so
that 3, 1>k = O(R?), R — oo.
By B(z,t) we denote the open disk with center z and radius ¢.
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On entire functions with given asymptotic behavior 13

In applications, approximated subharmonic functions often have some
additional properties that can refine the asymptotics. On the other hand,
one usually requires not just to estimate the size of the exceptional set,
but, to a greater extent, to get its construction. In questions of decompo-
sition of functions into series of exponentials, subharmonic functions, as a
rule, satisfy the Lipschitz condition (see, for example, [6]). Therefore, we
consider the approximation of such functions separately.

For a measure p we denote the p-measure of the disk B(z,t) by pu(z,t)
and let p(t) = (0, ¢). The set of zeros of an entire function L is denoted by
N(L). The notation A(z) < B(z), © € X, means that for some constant
C >0, for all x € X, the estimate A(z) < CB(x) holds true.

In the present work we prove the following theorem.

Theorem 1. Let u be a subharmonic function on the plane, and u be
the Riesz measure of u. If for some M > 0, for all points z € C the
condition

wu(z,t) < Mt, t € (0;1), (1)
holds true, then there exists an entire function f with simple zeros \,
such that for some § € (0;1) the disks Bs(\,) = B(An,6(|An| +1)71) are
pairwise disjoint and the function satisfies the relations

] f)] = uN)] < A(A +1) +C, A ¢ [ Bs(hn),

[In|f'(N)] —u(N)] < Aln(|]A|+ 1)+ C', X € N(f).

Here the constant A > 0 is independent on the constant M and the
function u, and constants C, C', 6 depend on M, but not on u.

Note that if a subharmonic function u satisfies for some constant K > 0
the Lipschitz condition |u(z) —u(w)| < K|z —w|, z,w € C, then its Riesz
measure satisfies condition (1): u(z,t) < Ket, z € C, t > 0. This follows
from Jensen’s formula

2

u(z +re¥)de = u(z) + / @ dt, ze C,t>0.
0 0

2

In fact, the Lipschitz condition implies the estimate

T

2m

t 1 .

1(z, g) < /@dt < %/|u(z+re“") —u(z)|dp < Kr.
0

r
e
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In applications of approximation theorems, one often needs joint ap-
proximation of several subharmonic functions. In the next theorem we
consider the joint approximation of two subharmonic functions which
Riesz measure satisfying condition (1).

Theorem 2. Let u;, j = 1,2, be two subharmonic functions on the
plane, and p;, j = 1,2, their Riesz measures satisfy the conditions

y(2,8) < Mt, t € (0:1), (2)

and the measure o satisfies the condition

/MQ(TZ)dT < 00, (3)
1

r

Then there exist entire functions f;, j = 1,2, such that all zeros of f =
= f1f2 are simple; for some § > 0 the disks Bs(\) = B(\,d(|A| +1)71),
X € N(f), are pairwise disjoint; and for some constants B, C, C' > 0 the
relations

[ [f;(\)] —w;(N| < BIn(A[+ D)+ C, Aé¢ | Bs(2),
zEN(f;)
I In[f; (M) —u;(N)| < Bln(J]A| + 1) + €', A€ N(fy),

hold true. Here the constant B >0 is independent on the constant M and
the functions uj, and the constants C,C’,é depend on M, but not on u,.

2. Proof of Theorem 1.

Lemma 1. Let u be a subharmonic function on C, u(0) = 0, and
its Riesz measure (1 satisfies (1). Then there exists a subharmonic and
infinitely differentiable function v on C satisfying the conditions u(A) <
< v(A) <u(N)+ M, Av(X) < ¢, A € C, where the constant ¢ > 0.

Proof. Let a(t) € C°(R); a(t) =0, ¢ ¢ (0;1); a(t) > 0, t € (0;1); and

1
1
/m@ﬁ_%.
0
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If a(N) = a(JA]), A € C, and dm is the planar Lebesgue measure, then

v(N) = /a()\ —w)u(w)dm(w) = /a(w)u(x\ —w)dm(w), A € C,

C C

is a subharmonic and inﬁnitely differentiable function (see |7, p. 51]). By
definition v(A) — = Jo(u( u(A))a(A — w)dm(w). Converting to
polar coordinates and using Jensen S formula, we obtain

v(A) —u(N) = /a /t'u ds tdt.
0

It is obvious that v(\) > u(\), A € C. By condition (1) this implies v(\) —
-u(X) < M [ a(X)dm(X) = M. The first statement of lemma is proved.
Let us estimate Aw. Considering u as a distribution, we obtain Av(\) =
= 7 Jca(A — w)du(w). If @ = max; a(t), then in view of (1), we have
Av(A) < 7TO(;1,()\ 1) < maM. O

Thus, we can prove Theorem 1 assuming function u to satisfy condition
Au(A) < M, A eC. (4)

Let us show that it is enough to prove Theorem 1 for M = 1. In fact,
suppose the following theorem is proved.

Theorem 1. Let v € C* be a subharmonic function on the plane,
v(0) = 0, and Av(\) < 1, A € C. Then there exists an entire func-
tion g with simple zeros w, such that for some &y € (0;1) the disks
B(wy, 6o(|Jwy,| + 1)71) are pairwise disjoint and the function satisfies the
relations

[l [g(w)| — v(w)] < Aoln(fw| +1) + Co A ¢ | Blwa, do(jwn| +1)71),

[In|g" (M) = v(M)] < AgIn(|A] +1) + C5, A € N(g).

Here the constants Ay, Cy, Cfy > 0 are independent on the function v.

Let u satisfy (4). If M > 1, then we consider the function v(w) =
z

= u(%) Since py(z,t) = M(M M)’ then p,(z,t) < t for t < 1.
By Theorem 1’, there exists a function g that satisfies the appropriate
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estimates. Let us take the function f(A\) = g(MA) with simple zeros

w
An = wy. Under the mapping w — — the pairwise disjoint disks

M M

]
B(wn, c6o(|wn|+1)71) are mapped to the disjoint disks B (A, MO(M|/\,L|+
+ 1)*1)7 and outside these disks the estimate

[ In[f(A)] = u(A)] < AgIn([A[ + 1) + AgIn M + C (5)

holds true. Since

do

ﬁ(l)\ﬂ + 1) <y =

0
-1 0 -1
2 (M|/\n|+1) < M(|/\n|+1) )

M
)
the disks B (A, WOQ(\)\M 4 1)7!) are also pairwise disjoint. We extend

estimate (6) outside these disks. Let H be the minimal harmonic majorant
of w on B(Ap,ry,); then, by Green’s formula and by condition (4) for
A € B(Ap,ry), we have

0< HO\) — u()\) = / GO\, 2)du(z) =
B(An,Tn)
1 M
_1 / GO\, 2)Au(z)dm(z) < L
7r ™
B(An,Tn) B(An,T0)
where G(A, z) is Green’s function of the Dirichlet problem for B(Ay, ry,).
Taking into account that for the function A(\) = |A — \,|? the relation

AA(M) = 4 holds true and the minimal harmonic majorant of A is iden-
tically equal to 72, we obtain the estimate

G(\, z)dm(z),

M 1
< — = — 2 _ — 2|2 < — .
0< HN) —u(N) 1 zeé?fjfm)(r” [An — 2]%) < 0L A€ B(Ap,rn)
(6)

By the maximum principle and by (6) for A € B(\,,7,) we have

)~ (1] - 22D < e Juge) o) <

n [z—=An|=rn

< AO 1H(|An| +Tn+1)+A0 th—FCo < AO 1D(‘)\n| —|—1)+A0 1D(2M)+Co
(7)
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If

o9

1 1

(|A|+1) SIA =Ml <7 < S (MM +1) 7,

— A,
|

[H(A) —In[f(MN)]] < AgIn([A[ + 1) + (A + 1) In(2M) + C,

i

then ‘ In ’ < In M and therefore

where A € B(Ay,m) \ B(An, d2%(|A,| + 1) 7). This together with (6)
implies the required estimate for the function f

1
[u(X) = In [f)I] < Ao In([A] + 1) + (4o + 1) In(2M) + Co + -,
where \ ¢ B( ns M2 (\)\ |+1) 1). Passing to the limit as A — X, in (7)
and applying (6), we obtain the required estimate for f'(\,):

1
[u(An) —In|f'(A)|| < AoIn(|A,| + 1) + C) + YVYi +InM,neN.

To prove Theorem 1’, one more lemma is needed.
)

Lemma 2. Let u be a smooth subharmonic function, and Au satisfy
(4) with M = 1. Denote the square centered at the origin with sides of
length 3™ and parallel to the axes by Q,, n € NU{0}. Then

8
Qni1\ @Qn = J Qn;, n e NU{0},

Jj=1

where @)y, ; are the squares obtained by shifting the square (),, by the
vectors (£3™,0), (0, £3™), (£3™,+3") and enumerated counterclockwise,
starting from the square which intersects with the positive ray of the real
axe. There exists a subharmonic function u with the Riesz measure [i
such that

1) inside the squares @, ; the function w is smooth and estimate (4)
holds true;

2) 1(Qn,;) is a non-negative integer;
3) the estimate |u(A) — a(N)| < 451In(JA| + €) + 142, X € C, holds true.
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Proof. Let p(Qnj) := mnj + qnj, j = 1,2,...,8, n € N, where ¢, ; =
= {1(Qn )} € [0;1) is the fractional part of 11(Qn ;). Let ¢, =" qn; €
€ [0;8), q, = Zj(QH,j — 1) € [-8;0). Define the sequence ¢, as follows:
let go = {u(Qo)}; if ¢; are defined for j < k — 1, then, as ngk_l q; =0,
let g, := q;, ; qx == q; otherwise. Thus, >°;_,qx € (—8;8), n € N. Then
define the sequence of natural numbers No, N, j, 7 =1,...,8, n € N. Let
No = [1(Qo)); if ¢ = g5, , then Ny j = 11(Qn,;) — (¢n,; —1); and if ¢, = g,
then N, ; = ,u(Qn’j) — Qn,;. Thus, either N, ; = m,, ; +1or Ny ; = my ;.
The restriction of the measure p to the square @, ; is denoted by ., ;,

_ No .
to = plqo Let po = P if u(Qo) # 0, and

~ n.j ,
P, = un,"]:l’...,8,n€N,
T u(Qng)
if (1(Qnj) # 0. If (Qo) = 0, then f1p = 0. And if u(Q,,;) = 0, then
Pn; = 0. Then fi,;(C) = N, ; are non-negative integers. Let vy =

= [lo = H0s Vn,j = Hn,j — fin,j; then

8
v (C) € (—151), (Zun,j)(«t) € (—8;8). 8)
j=1
Let
o 8 8 8
D BERAELED DD BNt DI DL
n=1j=1 qn=q;f J=1 qn=qy J=1
then v* are non-negative measures and v = vt — v, At that,

8
l/:t( U Qn,j) = qF € (-8;8).
j=1
Let us prove that

A
) = /m 1= 2 |duw) < 45In(A +¢) + 142, A €T (9)
C

Then Lemma 2 holds true for the function w(A) = u(A) — w(A).
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Choose A € Qpi1 \ Qn- If w € Qi1 \ @, then 2 < |w| < %3’”“
and |In(|¢| 4 1) < 2|¢| for [¢| < 3; therefore

[ ownede<E][ mn f| <

C\Qn+2 Qw+m+1\Qn+m

20\ —= 1
galul < 8V2. (10)

B 3n 3m B
m=2

Similarly, we have

[ Yaw] < 2ES T P con
Qn-1

m=1

Let us prove that
w()] = [W(BO)] < 17, £ > 0. (12)

Indeed, if t < then B(0,t) C Q2 therefore

f?

8
()] < (@) + Y 1 ;(C) <9
=1

For ¢t > 3 we denote the maximal natural number, for which 7; <t
by n. Then Q,, C B(0,t) and
3nt2 3 3ntl 3
R R

Hence, @42 O B(0,t). Thus, in view of (8), we obtain

n+1 8

()] < (@Qu)l + Y 1D v ()] <17

i=n j=1

Let v, be the restriction of the measure p to the square @,,. Then

Al 1o A )/vn 1 ( ‘
1 < n—1
‘ / n‘w|d1/(w no |V (Qn-1)| + dt
Qn-1
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By condition (4) with M = 1, in view of (12), we have

gn 3"
~ _ 1 1
‘/%Tl(t)dtk/ M*it)dw 7‘“ <1+ 17In([A| +e).
0
0

Hence,
‘/mmdy ‘ 18 + 17In(|]A| + ¢),
rLl

and using (11), we obtain

A
‘ / nf1-= dy(w)‘ < 17In(|A| + €) + 33. (13)
Qn-1
If w € Quia \ Quo1, then [w] € [¥=; 22372 and |\ € [35 J3m+);
Therefore, for w ¢ B(\,1) the estimate
2 —
V2 gn o 'A “" <51,
9 w
|1 = 2|| <In(J]A| + €) + 4. Consequently,
‘ / In|1- —‘du(w)‘ < 24In(|A| + e) 4 96. (14)
w

(Qn+2\Qn-1)\B(A,1)

It remains to estimate the integral over the disk B(A,1). The measure v
is a part of the measure p by construction, so it satisfies (1) with M = 1.
Taking this into account and integrating by parts, we obtain

‘ / In|A— w|du(w)’ <1, ] / In jw|dv(w)| < 7 (M| + ¢).
B(\,1) B(A.1)
Hence,
/ ’111 |1 - %”du(w) <min(|A|[+e) + 1.
B(\,1)
This, together with (10), (13) and (14), implies (9). O

Lemma 3. There exist measures pi,, un,(C) = 1, and rectangles P,
n € N, such that
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1) Zn P = I
2) interiors of convex hulls of supports of the measures [, are pairwise
disjoint;

3) support of the measure p,, is located in P, n € N;

4) sides of the rectangles P, are parallel to the axes and the ratio of
length of the sides for rectangles P, lies in the interval [371; 3];

5) each point of the plane belongs to at most four rectangles P,,;

6) if F,, is convex hull of support of the measure i, then
diam F,, < 2\/5){11}1’1 [A] + V2.
E n

Proof. Let us apply theorem 1 from [8] to restrictions of the measure
ft on the squares @, ;. After renumbering, we obtain a set of unit mea-
sures satisfying properties 1—5 of Lemma 3. Property 6 follows from the
corresponding property of the squares @, ;. O

Let us continue the proof of Theorem 1’. Centres of mass of the unit
measures [, constructed in Lemma 3 are denoted by \,:

/wdun(w) =X, neN.
C

By ji, we denote the restriction of the measure i to the square @,,, and
let 7, be the potential of this measure

mn(A) = /Cln ’1 - %’dﬁn(k).

Then the measure fi,, satisfies the conditions of theorem 3 from [8]. In the
terminology of this paper, each point A € C for each s = s(\) € (0;1] is
(7, s)-normal with respect to the measure fi, by (4). Hence, this theorem
shows that for the polynomial

p= I (1- %k)

Ak EQn

the relation |, (A) —In|P,(N\)|] < Aln(|A|+1) + Bln(s(A\) + 1) + C holds
true outside the set of discs By(s) = B(Mg, $(Ax)), Ak € @n. Here con-
stants A, B, C are independent on p and n. Thanks to the latter fact, we
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can justify the passage to the limit in the usual way. As a result, we see
that there exists an entire function f with simple zeros at the points A,
satisfying the condition

@A) —In [f(V)]| < Aln([A|+ 1)+ Bln(s(\) + 1)+ C, A ¢ | | Ba(s). (15)

We need to show that for sufficiently small 6 > 0, the discs B,, = B, (A,
5(|An| +1)71) are pairwise disjoint. Let us estimate the distance d,, from
the point A,, to the boundary of convex hull F}, of support of the measure
tn- Let w, be a point where this distance is attained:

A — wy| = inf{|\, —w|, w ¢ F,}.

Let w, — A\, = €|\, —wy| and 2 = Tw = e~¥"(\,, — w). Under such
transformation, the image F™* of the hull F,, is located in the half-plane
{Re 2z < d,} and the image of the measure du*(2) = dp, (A, — € 2)
satisfies the conditions

[ =1 [z =0,
C C

du*(z) = %Xn(z)Aﬁ()\n — e 2)dm(z),

where x,,(z) is the characteristic function of the set F*. Let

+o00
1 _ .
S(a) =+ [ Xala + i) AT — € (a4 in))dy.

— 00

Then é(x) is a compactly supported function on the segment [a;d,] and
by statements 6 in Lemma 3, 0 < é(x) < 37(|J\,| + 1) := M,,. Moreover,
it follows from the properties of p* that

dn

75(x)dx _1, / 20(2)dz = 0.

a

The next lemma is proved in [2] (see [2, Proposition 2|).
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Lemma 4. [2| Let 6(z) be a non-negative continuous compactly sup-
ported function satisfying the conditions

1) conv supp 0 = [a;d], 2)supd(x) < My < oo,

d d
3) / §(z)dz = 1, 4) / 28(z) dz = 0.

Then d >
en 6

Lemma 4 implies that d,, > 18 (1+[X])"t, neN. By the property
2 in Lemma 3, the disks B,, = B(An, (1 +|A\,|)71), 6 < 18#, are pairwise
disjoint. In particular, each point A outside these disks is (m,(1+|\,|)~1)-
normal with respect to the measures jz and v = ), §(\), here 6(w) is
a unit mass concentrated at the point w. By relation (15), the estimate
[w(X) —In|f(N)]| < Aln(|]A|+1) +C, X € |U,, Bn, holds true outside the
disks B,,. By usual tricks and by Cauchy’s formula ﬁ/\n) = % B, %,
one can obtain the necessary estimates for the derivatives at the points A,,.

3. Proof of Theorem 2.

By Theorem 1, for each of the functions u; there exists an entire
function f; satisfying the estimates

[ [f; (M) = (V)] < A(A+D+C A ¢ | BOLS(AI+D T, (16)
AEN(f;)

I [f5(N)] = u;(N)] < Aln([A] +1) + €', A€ N(f;).

At that, the disks Bs(A\) = B(A,6(]A] + 1)71), A € N(f;), are pairwise
disjoint for each of j = 1,2 separately. Let vo be the Riesz measure of
In|f2]. Let us formulate the properties of the measures ps and vy in the
next lemma.

Lemma 5.

1) pa(t) = o(t), wval(t) =o(t), t — oo, (17)

1

2) if A ¢ Bs(2), then /LA’ DI A1+ ) + O,
T
ZGN(fg) 0
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Proof. The first assertion of the lemma is an immediate consequence of
condition (3). To prove the second assertion, we use Jensen’s formula for
the function v(z) = ua(2) —In|f2(2)| with the Riesz measure v = pg — vo:

27 T
1 .
o [ot+ e = voy + [ LD
2 T

0 0

By (17), there exists R > 2 such that us(t) < £ for every t > R. We
take |A\| > R and we let r(w) = 6(1 + |w|)~!. The disk B(wy,r(wy)) can
intersect with the circles C(A\,r), r € [3;1), only if the center wy, lies in
B(\, 1+ 0). For these disks r(wg) < 2r(\), therefore,

N =

> r(wr) <2r(Mpa(1 40+ M) <
wkEB()\,H»é)

Hence, there exists a number 7 € [4;1) such that the circle C(\,r) does
not intersect with the exceptional set. By construction, the inequality
[v(2)| = |ua(z) — In|f2(2)|] < Aln(1 + |z|) + C holds true on this circle.
The same inequality holds true at the point A. By Jensen’s formula, we
obtain

’/Mdt <2AIn(1+ |2]) + Ch.
0

This, together with (2), implies the second assertion of Lemma (5). O
Next we prove a lemma on exceptional sets.

Lemma 6. If estimate (5) holds true for us and §, then estimate (5)
holds true for ug and each &' € (0;6) outside the discs B(\, 8" (|| +1)71),
X € N(f2), possibly with another constant C' depending on ¢'.

Proof. In fact, let us take an arbitrary A ¢ E' := J,cn(y,) B(z,6'(|2] +
+ 1)1, If, in addition, \ ¢ E := U.en() Bz, 6(]2] + 1)~1), then the
estimates hold true by the hypothesis of the lemma. If A € E, then there
exists a number n such that v := §(1+ [\)) P < A=A < 7 =
5(1+|A\.|)~t. Let G(A\, w) be Green’s function for the disk B(\,,7), then
there are representations

us(N) = h(A) — / GOw)dpa(w), I fo(N)] = ho(A) — G(AAL),

B(A’VL 7T)
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where the functions h,hy are the harmonic majorants of ug and In|fs]
respectively on the disk B(A,,r). The difference |h(A)—ho()\)] is estimated
by the maximum principle for harmonic functions. For some constant C

lho(A) = h(A)] < Aln(1 +[A]) + Ch.

We estimate the potential of the measure us using (2). Let h; be the
harmonic majorant of uy on the disk B(X,2r). Then for § < %

[ GO dustw) = 13 — () <

B(A’VL?T)

27
)\t
Shl —Ug / QMT M.
0

And finally G\ ) = In -ty < In s = In (%), A & B(Ay,r’). Thus,
lua(A) —In|fa(N)]| < Aln(1—|—|)\|)+Cl+M—|—ln( )for)\¢B()\n,r)

Let z € N(f1). Then there are no other zeros of the function f;
in the disk Bs(z) and there can be only one zero of the function fy in

this disk. If w € N(f2)N B; (z), then we move this point to the nearest
point w’ on the boundary of the disk B (2). Let N(f2) = {wr}p2,. We
denote by wy, the point wy if wy does not belong to the union of the disks
Bg()\), A € N(f1), and the point wj, if the point wy belongs to one of
these disks. Also, we denote by N the set of points wg. Obviously, the
disks B (A), A€ N(f1) UN, are pairwise disjoint.

Lemma 7. Let

:iln 11— — Zln
k=1

Then outside the set of pairwise disjoint disks E := UweN (f2)UN Bg (w)
for each € > 0 and for some constant C' the estimate

,AeC. (18)

|2 (A) = 7(N)| <eln(1 +|A]) +C

holds true.
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Proof. The convergence of the series in (18) follows from (3). Since
SUPAGE D _k<n In|1 - u%‘ — 1n‘1 - %k‘ C(n), for each n € N, then
without loss of generality one can consider only wy, with sufficiently large

absolute value. Thus, let us assume that |wg| > 25. Since for |z —w| < 1
and |z| > 25

23 _ 142 _25

o <77 19
24 S 1+ w| T 24 (19)

then we can assume that |wy — W] < g(l—I— |wy|)~! and, so, Ww;k“j" < %
Then, taking into account the simple inequality |In|1 — (|| < 2|¢| for

I¢] < 3, we have

_wk—wk”<2|wk—wk\ 1)

In (1 < .
’ | |wi| [wie| (1 + [wg])

Wk

By (17), we obtain

- 5 - 52
;‘n| 1 = d Z|wk|1+\wkl)

B T d dve(w) </5duQ /OO

/ Tol0+ ] <) /
Fix the point A. Let I1(A) be the set of indexes k such that |wg| > 2|7,
let I5(\) be the set of indexes k such that |wg| < 2 , and let I3(\) be the
set of indexes k such that | DL < | < 2|)\| We denote by Jq(A) the set
of indexes k € I3()\) such that A — wk| > 1. Let for some p > 1 JQ()\) be
the set of indexes k € I3(\) such that 1 > |/\ wg| = pd(1+ |A])~1, and

let J3(\) be all other indexes k € I3 ()\)
Let k € I;()\), then |A| < |wg|/2 and |A — wi| > |wg|/2; therefore

G, (20)

“f\k_;uik < % Hence,
)\—’L’Dk itv)k — Wk 26
In =|In|l— < ,
— wy, A —wy |wi|(1 + |wg])
and

2%dva(w) [ 28dvs(t)
J Tl -+ ) i[l e S @Y
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Let k € I5(\), then [A\—wy| = [A]/2; therefore | 2=
Hence,

Wi
k

A— wk

— Wk | 20

In ] < :
‘ | A wy, IAI(L + |wg])

‘—‘1 -

and

[Al/2 [Al/2
g/ 25dvs(w) o 26dvs(t)

o n S | toa s SGs
AT +Jel) = N@+8) =7

’/\—wk
E In|——
)\711)]c
kels

Let k € Ji(A). Then

20 <
3(1+ wg]) ~

‘wk_{[]k

DN | =

)\—U}k

and by (17), we have

2[Al ) 2[Al *)
45dl/2 t / 8(5dV2 t
— < ———= < Cy.

/ 3(1+1) 3N +2) S
[Al/2 [Al/2

A— wk
Zl ‘/\ Wi

keJy

g%for|/\|>1

(22)

(23)

It remains to estimate the difference of potentials for &, such that

A —wi| < 3. For k € J2()), due to the choice of p, we still have

1

wg, — Wy
\2'

)\fwk

Therefore, by (19), for » = pd(1 + |A|)~! we have

25
<32

keJs

)\ wk

keJa

Hence,

’Z )\ wk’ 25UQ()\ /yg/\t
S A w h 1+|A| 1+|)\| ’

1 ‘ /dl/2
<
(A —wg)(1 + [wg]) L+ (Al t

(24)
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By assertion 2 of Lemma 5, we have vo(\t) < 2A41n(1 + |A|) + C, hence,

(5V2()\,%)
A2~
Y < Cs and

1

1/2 )\ t 0 /VQ(A,t)dt 2A
—1 1+ |A]) + C
1+|>\|/ ST+ ¢ n(L+ A + Co.

By the last two estimates and by (8), we obtain

— W
keJa k

2A
?ln(l—i— IA]) + Cr. (25)

The number of indexes k € J3(\) is finite and bounded by some absolute

constant N. Thus, ‘k :U”’“ < Const , A ¢ E, k € J3(\). Hence,
N @
> ln’ k| < . (26)
)\fwk
keJs
Since
_ A — Wy
ma(A) —T(N)] < + In|l—
EOROIEDS >3

then by (20)—(7), (5)—(9), the assertion of Lemma 7 follows. [J

Let us now complete the proof of Theorem 2. By condition (3), we
have the representation fo(A) = e9M ], (1 — ), A € C, where g is an

W
~ A
entire function. Let f(A) = 9™ [], (1 — =), A € C. Then by Lemma 7
wy,

for each ¢ > 0, we have

[ f2(N)] = In [FN)]] = [72(A) = FV)]| <

<el(l+)+CA¢E= () Bs(w).
weN(f2) UN

By Lemma 6, outside the set E/, we have an estimate with some constant
C and an arbitrary € > 0
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lug(A) = In [f(AN)]] < Juz(A) = In[f2(AN)]] + |m2(A) = T(A)] <

<A+ealm(l+A)+CAgE= | Bs(w). (27)
weN(f2) UN

We extend this estimate to the union of sets Uk(Bg (wg) \ Bs (wg)). The
union of Bs (wy) U B; (wy,) is a subset of the disk Bus (wg) C Bus (wg) C
C Bs(wy). Thus, the estimate (27) is satisfied outside the pairwise disjoint
discs Buis (wy). By Lemma 6, it is also satisfied outside the discs Bs (w)-

Acknowledgment. This work was supported by RFBR (project 18-01-
00095 A)

References

[1] Azarin V. S. On rays of completely regular growth of an entire function.
Math. USSR-Sb., 1985, vol. 8, no. 4, pp. 437—450. DOI: https://doi.
org/10.1070/SM1969v008n04ABEH001123.

[2] Isaev K. P., Trounov K. V., Yulmukhametov R. S. Representation of
functions in locally convex subspaces of A% (D) by series of exponen-
tials. Ufa Math. Journal, 1917, vol. 9, no. 3, pp. 48—60. DOI: https:
//doi.org/10.13108/2017-9-3-48.

[3] Lutsenko V.I., Yulmukhametov R. S. On the accuracy of asymptotic ap-
proximation of subharmonic functions by the logarithm of the modulus of
an entire function. Ufimsk. Mat. Zh., 2010, vol. 2, no. 3, pp. 46—53 (in
Russian).

[4] Lyubarskii Yu. I., Sodin M. L. Analogues of Sine Type Function for Con-
vex Domains. Preprint no. 17, Institute for Low Temperatures, Ukrainian
Acad. Sci., Kharkov, 1986 (in Russian).

[5] Lyubarskii Y., Malinnikova E. J. On approzimation of subharmonic func-
tions. J. Anal. Math., 2001, vol. 83, no. 121, pp. 257—-282. DOI: https:
//doi.org/10.1007/BF02790259.

[6] Napalkov V. V. Spaces of analytic functions of prescribed growth near the
boundary. Math. USSR-Izv., 1988, vol. 30, no. 2, pp. 263—281. DOI: https:
//doi.org/10.1070/IM1988v030n02ABEH001008.

[7] Ronkin L. I. Vwedenie v teoriyu tselykh funktsii mnogikh peremennykh.
Nauka, M., 1971 (in Russian).

[8] Yulmukhametov R. S. Approzimation of subharmonic functions. Anal.
Math., 1985, vol. 11, no. 3, pp. 257—282. DOI: https://doi.org/10.1007/
BF01907421.


https://doi.org/10.1070/SM1969v008n04ABEH001123
https://doi.org/10.1070/SM1969v008n04ABEH001123
https://doi.org/10.13108/2017-9-3-48
https://doi.org/10.13108/2017-9-3-48
https://doi.org/10.1007/BF02790259
https://doi.org/10.1007/BF02790259
https://doi.org/10.1070/IM1988v030n02ABEH001008
https://doi.org/10.1070/IM1988v030n02ABEH001008
https://doi.org/10.1007/BF01907421
https://doi.org/10.1007/BF01907421

30 K. P. Isaev

Received May 15, 2018.

In revised form, September 16, 2018.
Accepted September 17, 2018.
Published online September 20, 2018.

Institute of Mathematics, Ufa Federal Research Centre,
Russian Academy of Sciences (Institute of Mathematics UFRC RAS)
112, Chernyshevsky str., Ufa, Russia, 450008

Bashkir State University (BashSU)
32, Zaki Validi str., Ufa, Russia, 450076
E-mail: orbit81@list.ru



