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Abstract. In this paper, we introduce the concept of (f, g)-derivation,
which is a generalization of f− derivation and derivation of ordered Γ-
semiring and study some properties of (f, g)−derivation of ordered Γ-
semirings. We prove that, if d is a (f, g)-derivation of an ordered integral
Γ-semiring M then ker d is a m − k−ideal of M and we characterize
m− k−ideal using (f, g)-derivation of ordered Γ-semiring M.

1. Introduction

In 1995, Murali Krishna Rao [14, 15, 16] introduced the notion of a
Γ−semiring as a generalization of Γ−ring, ring, ternary semiring and se-
miring. Semigroup, as the basic algebraic structure was used in the areas
of theoretical computer science as well as in the solutions of graph theory,
optimization theory and in particular for studying automata, coding theory
and formal languages etc. The notion of a semiring was first introduced by
Vandiver [23] in 1934 but semirings had appeared in studies on the theory
of ideals of rings. A universal algebra S = (S,+, ·) is called a semiring if
and only if (S,+), (S, ·) are semigroups which are connected by distributive
laws, a(b + c) = ab + ac, (a + b)c = ac + bc, for all a, b, c ∈ S. A natural
example of semiring is the set of all natural numbers under usual addition
and multiplication of numbers. In particular, if I is the unit interval on the
real line, then (I,max,min) is a semiring in which 0 is the additive identity
and 1 is the mutiplicative identity. The theory of rings and the theory of
semigroups have considerable impact on the development of the theory of se-
mirings. Many semirings have order structure in addition to their algebraic
structure. Additive and multiplicative structures of a semiring play an im-
portant role in determining the structure of a semiring. Semirings are useful
in the areas of theoretical computer science as well as in the solutions of
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graph theory and optimization theory in particular for studying automata,
coding theory and formal languages. Semiring theory has many applications
in other branches. For an overview on semirings and their applications see
[2, 3, 4, 5, 6, 7, 8, 11].

As a generalization of ring, the notion of a Γ−ring was introduced by No-
busawa [21] in 1964. In 1981 Sen [20] introduced the notion of Γ−semigroup
as a generalization of semigroup. The notion of ternary algebraic system
was introduced by Lehmer [12] in 1932. Lister [13] introduced ternary ring.
The set of all negative integers Z is not a semiring with respect to usual
addition and multiplication but Z forms a Γ−semiring where Γ = Z. The
important reason for the development of Γ−semiring is a generalization of
results of rings, Γ−rings, semirings, semigroups and ternary semirings. Mu-
rali Krishna Rao and Venkateswarlu [17] introduced the notion of Γ−incline
and field Γ−semiring and studied properties of regular Γ−incline and field
Γ−semiring.

Over the last few decades, several authors have investigated the relati-
onship between the commutativity of ring R and the existence of certain
specified derivations of R. The first result in this derivation is due to Posner
[22] in 1957. In the year 1990, Bresar and Vukman [1] established that a
prime ring must be commutative if it admits a nonzero left derivation. Kim
[9, 10] studied right derivation and generalized derivation of incline algebra.
The notion of derivation of algebraic structures is useful for characterization
of algebraic structures. The notion of derivation has also been generalized
in various directions such as right derivation, left derivation, f−derivation,
reverse derivation, orthogonal derivation, (f, g)-derivation, generalized right
derivation, etc. Murali Krishna Rao and Venkateswarlu [18, 19] introduced
the notion of generalized right derivation of Γ− incline and right derivation
of ordered Γ−semiring. A ring R is said to be n−torsion free if for any
x ∈ R, nx = 0 implies x = 0. An additive mapping d : R → R is said to be
a derivation if d(xy) = d(x)y+xd(y) and d is said to be a Jordan derivation
if d(x2) = d(x)x + xd(x), for all x, y ∈ R. Every derivation is a Jordan
derivation but the converse need not be true. In this paper, we introduce
the concept of (f, g)-derivation which is a generalization of f−derivation
and derivation of ordered Γ−semirings and study some properties of (f, g)-
derivation of ordered Γ-semirings.

2. Preliminaries

In this section we will recall some of the fundamental concepts and defi-
nitions necessary for this paper.

Definition 2.1. A semiring (M,+, ·) is an algebraic structure with two
binary operations “ + ” and “ ·” such that (M,+) and (M, ·) are semigroups
and the distributive laws hold, i.e.,
x(y + z) = xy + xz and (x+ y)z = xz + yz, for all x, y, z ∈M.
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A semiring (M,+, ·) is said to be division semiring if (M \0, ·) is a group.

Definition 2.2. Let M and Γ be two non-empty sets. Then M is called a
Γ−semigroup if it satisfies

(i) xαy ∈M ;
(ii) xα(yβz) = (xαy)βz, for all x, y, z ∈M,α, β ∈ Γ.

Definition 2.3. Let (M,+) and (Γ,+) be semigroups. A Γ−semigroup
M is said to be Γ−semiring M if it satisfies the following axioms, for all
x, y, z ∈M and α, β ∈ Γ,

(i) xα(y + z) = xαy + xαz,
(ii) (x+ y)αz = xαz + yαz,
(iii) x(α+ β)y = xαy + xβy.

Every semiring M is a Γ−semiring with Γ = M and ternary operation as
the usual semiring multiplication.

Definition 2.4. A Γ−semiringM is said to have zero element if there exists
an element 0 ∈M such that 0+x = x = x+0 and 0αx = xα0 = 0, for all x ∈
M.

Definition 2.5. A Γ−semiring M with zero element 0 is said to be hold
cancellation laws if a+b = a+c, b+a = c+a, where a, b, c ∈M, then b = c.

Definition 2.6. An element a ∈M is said to be an idempotent of Γ−semi-
group M if there exists α ∈ Γ such that a = aαa and a is also said to be
α−idempotent.

Definition 2.7. A semigroup (M,+) is said to be a band if a + a =
a, for all a ∈M.

Definition 2.8. An element a ∈M is said to be an idempotent of Γ−semi-
ring M if there exists α ∈ Γ such that a = aαa and a is also said to be α-
idempotent.

Definition 2.9. If every element of a Γ−semiring M is an idempotent of
M and if semigroup (M,+) is a band then M is said to be idempotent
Γ−semiring M.

Definition 2.10. A Γ−semiring M is said to have zero element if there
exists an element 0 ∈ M such that 0 + x = x = x + 0 and 0αx = xα0 =
0, for all x ∈M,α ∈ Γ.

Let M be a Γ−semiring. An element 1 ∈M is said to be unity if for each
x ∈M there exists α ∈ Γ such that xα1 = 1αx = x.

Definition 2.11. A Γ−semiring M is said to be commutative Γ−semiring
if xαy = yαx, for all x, y ∈M and α ∈ Γ.

Definition 2.12. A non zero element a in a Γ−semiring M with zero is
said to be a zero divisor if there exits non zero element b ∈ M,α ∈ Γ such
that aαb = bαa = 0.
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A Γ−semiring M with unity 1 and zero element 0 is called integral
Γ−semiring if it has no zero divisors.

Definition 2.13. A Γ−semiring M is called an ordered Γ−semiring if it
admits a compatible relation ≤, i.e., ≤ is a partial ordering on M which
satisfies the following conditions. If a ≤ b and c ≤ d then, for all a, b, c, d ∈
M,α ∈ Γ, hold

(i) a+ c ≤ b+ d, c+ a ≤ d+ b,
(ii) aαc ≤ bαd,
(iii) cαa ≤ dαb.

Example 2.1. Let M = [0, 1],Γ = N, + and ternary operation be defined
as x + y = max{x, y}, xγy = min{x, γ, y} for all x, y ∈ M,γ ∈ Γ. Then M
is an ordered Γ−semiring with respect to usual ordering.

Example 2.2. Let M be the additive semigroup of all 2 × 2 matrices,
where elements belong to N ∪ {0}, Γ be the additive semigroup of all 2× 2
matrices, whose elements belong to N and ternary operation is defined as
M × Γ×M →M by (x, α, y)→ xαy using usual matrix multiplication for
all x, y ∈ M and α ∈ Γ. Let A = (aij)

2
i,j=1, B = (bij)

2
i,j=1 ∈ M, we define

A ≤ B if and only if aij ≤ bij , for all i, j ∈ {1, 2}. Then M is an ordered
Γ−semiring.

Definition 2.14. An ordered Γ−semiring M is said to be totally ordered
Γ−semiring M if any two elements of M are comparable.

Definition 2.15. In an ordered Γ−semiring M :
(i) the semigroup (M,+) is said to be positively ordered , if a ≤ a + b

and b ≤ a+ b, for all a, b ∈M,
(ii) the semigroup (M,+) is said to be negatively ordered, if a + b ≤ a

and a+ b ≤ b, for all a, b ∈M,
(iii) the Γ−semigroup M is said to be positively ordered, if a ≤ aαb and

b ≤ aαb, for all α ∈ Γ, a, b ∈M,
(iv) Γ−semigroup M is said to be negatively ordered if aαb ≤ a and

aαb ≤ b for all α ∈ Γ, a, b ∈M.

Definition 2.16. A non-empty subset A of an ordered Γ−semiring M is
called a Γ−subsemiring M if (A,+) is a subsemigroup of (M,+) and aαb ∈
A, for all a, b ∈ A and α ∈ Γ.

Definition 2.17. Let M be an ordered Γ−semiring. A non-empty subset
I of M is called a left (right) ideal of ordered Γ−semiring M if I is closed
under addition, MΓI ⊆ I (IΓM ⊆ I) and if for any a ∈ M, b ∈ I, a ≤ b
implies a ∈ I.
I is called an ideal of M if it is both a left ideal and a right ideal of M.
A non-empty subset A of ordered Γ−semiring M is called a k−ideal if A

is an ideal and x ∈M, x+ y ∈ A, y ∈ A implies x ∈ A.
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Definition 2.18. Let M and N be ordered Γ− semirings. A mapping
f : M → N is called a homomorphism if:

(i) f(a+ b) = f(a) + f(b),
(ii) f(aαb) = f(a)αf(b),

for all a, b ∈M,α ∈ Γ.

Definition 2.19. LetM be an ordered Γ−semiring. A mapping f : M →M
is an isotone mapping of M if x ≤ y implies f(x) ≤ f(y), for all x, y ∈M .

Definition 2.20. Let M be an ordered Γ-semiring with zero element 0.
M is said to be multiplicatively cancellative if a 6= 0, aαb = aαc, bαa =
cαa, where a, b, c ∈M,α ∈ Γ implies b = c.

Let M be an ordered Γ-semiring. M is said to be is said to be additively
cancellative if a+ b = a+ c, b+ a = c+ a, where a, b, c ∈M, implies b = c.

Definition 2.21. Let M be an ordered Γ− semiring. A mapping f : M →
M is called an endomorphism if:

(i) f is an onto,
(ii) f(a+ b) = f(a) + f(b),
(iii) f(aαb) = f(a)αf(b),

for all a, b ∈M and α ∈ Γ.

3. (f, g)-derivation of ordered Γ−semirings

In this section we introduce the concept of (f, g)-derivation of ordered
Γ-semirings and we study some of their properties.

Definition 3.1. Let M be an ordered Γ-semiring. A mapping d : M →M
is called a derivation if it satisfies:

(i) d(x+ y) = d(x) + d(y),
(ii) d(xαy) = d(x)αy + xαd(y),

for all x, y ∈M and α ∈ Γ.

Definition 3.2. LetM be an ordered Γ-semiring and f be an endomorphism
on M. A mapping d : M →M is called an f -derivation if it satisfies:

(i) d(x+ y) = d(x) + d(y),
(ii) d(xαy) = d(x)αf(y) + f(x)αd(y),

for all x, y ∈M and α ∈ Γ.

Definition 3.3. Let M be an ordered Γ-semiring and f, g be two endomor-
phisms on M . A mapping d : M → M is called an (f, g)-derivation if it
satisfies:

(i) d(x+ y) = d(x) + d(y),
(ii) d(xαy) = d(x)αf(y) + g(x)αd(y),

for all x, y ∈M and α ∈ Γ.
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Example 3.1. M =

{(
a b
0 c

)
| a, b, c ∈ N ∪ {0}

}
be an additive semi-

group and Γ =

{(
a a
0 a

)
| a ∈ N

}
be an additive semigroup and ternary

operation defined as usual matrix multiplication.
Let A = (aij), B = (bij) ∈ M and let A ≤ B if and only if aij ≤ bij , for

all i, j ∈ {1, 2}.
Define d : M →M, f : M →M and g : M →M by

d

(
a b
0 c

)
=

(
0 b
0 0

)
; f

(
a b
0 c

)
=

(
a 0
0 c

)
; g

(
a b
0 c

)
=

(
a b
0 c

)
.

Then d is a (f, g)−derivation of an ordered Γ−semiring M.

Remark 3.1. Let d be a (f, g)-derivation of an ordered Γ-semiring M. If
f(x) = x and g(x) = x, for all x ∈ M then d is a derivation of M. Indeed,
let x, y ∈M and α ∈ Γ. Then

d(xαy) = d(x)αf(y) + g(x)αd(y) = d(x)αy + xαd(y).

Hence d is a derivation of M. Therefore (f, g)-derivation d of M is a gene-
ralization of derivation d of M.

Theorem 3.1. Let d be a (f, g)-derivation of an idempotent commutative
ordered Γ-semiring M in which Γ semigroup M is negatively ordered and
semigroup (M,+) is positively ordered .
If f(x) ≤ g(x), for all x ∈M then d(x) ≤ g(x), for all x ∈M .

Proof. Suppose f(x) ≤ g(x), for all x ∈M . Then f(x)+g(x) ≤ g(x)+g(x),
and therefore f(x) + g(x) ≤ g(x) ≤ f(x) + g(x), so, f(x) + g(x) = g(x).

Let x ∈M . Then there exists α ∈ Γ such that x = xαx, so we have

d(x) = d(xαx) = d(x)αf(x) + g(x)αd(x) = d(x)α[f(x) + g(x)]

= d(x)α[g(x)] ≤ g(x).

Thus, d(x) ≤ g(x), for all x ∈M . �

Theorem 3.2. Let d be a (f, g)-derivation of an ordered Γ-semiring M. If
f(0) = g(0) = 0 then d(0) = 0.

Proof. Suppose d is a (f, g)-derivation of M . Then

d(0) = d(0α0) = d(0)αf(0) + g(0)αd(0) = d(0)α0 + 0αd(0) = 0 + 0 = 0,

and therefore holds d(0) = 0. �

Theorem 3.3. Let f, g be two endomorphisms on idempotent commutative
ordered Γ-semiring M in which Γ− semigroup M is negatively ordered, se-
migroup (M,+) is positively ordered and g(x) ≤ f(x), for all x ∈M . Then
f is a (f, g)-derivation of M.
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Proof. Let x, y ∈M and α ∈ Γ. Then
f(xαy) = f(x)αf(y) = f(x)αf(y) + f(x)αf(y)

= f(x)αf(y) + [g(x) + f(x)]αf(y)

= f(x)αf(y) + g(x)αf(y) + f(x)αf(y)

= f(x)αf(y) + g(x)αf(y).

Also, we have f(x+y) = f(x) +f(y), since f is endomorphism of M. Hence
f is a derivation of M. �

Theorem 3.4. Let I be a nonzero ideal of an integral ordered Γ-semiring
M in which Γ-semigroup M is negatively ordered. If d is a nonzero (f, g)−
derivation and an isotone mapping on M , where g is a nonzero function on
I then d is a nonzero (f, g)− derivation on I.

Proof. Let d be a (f, g)− derivation on I and g be a nonzero function on I.
Suppose that x ∈ I such that g(x) 6= 0 d(x) = 0 and y ∈M and α ∈ Γ. We
have xαy ≤ x and d(xαy) ≤ d(x), which implies d(xαy) = 0, so we have
d(x)αf(y) + g(x)αd(y) = 0, i.e., g(x)αd(y) = 0. Therefore d(y) = 0, since
M is an integral ordered Γ-semiring. This contradicts that d is a nonzero
(f, g)- derivation on M . Hence, d is a nonzero (f, g)-derivation on I. �

Theorem 3.5. LetM be an idempotent ordered Γ-semiring and d be a (f, g)-
derivation on M. If d◦d = d and f ◦d = f , then for each x ∈M there exists
α ∈ Γ such that d(xαd(x)) = d(x).

Proof. Let x ∈M . Then there exists α ∈ Γ such that x = xαx, and

d(xαd(x)) = d(x)αf(d(x)) + g(x)αd(d(x))

= d(x)αf(x) + g(x)αd(x) = d(xαx) = d(x).

Thus, d(xαd(x)) = d(x). �

Definition 3.4. An ordered Γ−semiringM is called a prime ordered Γ−semi-
ring if aΓMΓb = 0 implies a = 0 or b = 0, for all a, b ∈M .

Definition 3.5. An ordered Γ−semiring M is called a 2−torsion free if
2a = 0 implies a = 0, for all a ∈M .

Theorem 3.6. Let M be a prime ordered Γ-semiring and I be a nonzero
ideal of M. If there exists (f, g)- derivation d on M such that g(x) = x, for
all x ∈M , and d(I)αx = 0 then x = 0.

Proof. Suppose d(I)αx = 0, α ∈ Γ. Then, for all γ ∈ I, a, b ∈ M and α ∈ Γ
holds d(γαa)αx = 0. From this we have

[d(γ)αf(a) + g(γ)αd(a)]αx = 0,

d(γ)αf(a)αx+ g(γ)αd(a)αx = 0,
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d(γ)αf(a)αx+ γαd(a)αx = 0,

0 + γαd(a)αx = γαd(a)αx = 0.

Further, if we replace a by γαb, we will obtain

γαd(γαb)αx = γα[d(γ)αf(b) + g(γ)αd(b)]αx = 0,

γαγαd(b)αx = d(b)αx = 0,

and since d 6= 0, we have x = 0. �

Theorem 3.7. Let M be a 2−torsion free prime ordered Γ-semiring, d be
an (f, g)- derivation on M such that f ◦ d = d ◦ f and g(x) = x, for all
x ∈M . If d2 = 0 then d = 0.

Proof. Suppose d2 = 0, x, y ∈ M and α ∈ Γ. Then d2(xαy) = 0, and the
following holds

d[d(x)αf(y) + g(x)αd(y)] = 0,

d2(x)αf(f(y)) + g(d(x))αd(f(y))d(g(x))αf(d(y)) + g(g(x))αd(d(y)) = 0,

d(x)αd(f(y)) + d(x)αf(d(y)) = d(x)α[d(f(y)) + f(d(y))] = 0,

d(x)α[2d(f(y))] = 0.

Therefore d(x) = 0, for all x ∈M . Hence d = 0. �

Theorem 3.8. Let d be a (f, g)- derivation on a prime ordered Γ-semiring
M and g(x) = x, for all x ∈ M . If a ∈ M , α ∈ Γ such that aαd(x) = 0 or
d(x)αa = 0 then a = 0 or d = 0.

Proof. Let x, y ∈M , α ∈ Γ. Suppose that aαd(x) = 0, for all x ∈M . Then
aαd(xαy) = 0. So,

aα[d(x)αf(y) + g(x)αd(y)] = 0,

and therefore

aαd(x)αf(y) + aαg(x)αd(y) = aαd(x)αf(y) + aαxαd(y)] = 0,

so we obtain aαxαd(y) = 0. Hence a = 0 or d = 0.
Similarly, d(x)αa = 0 implies a = 0 or d = 0. �

Theorem 3.9. Let d be a (f, g)- derivation of an ordered idempotent Γ-
semiring M . If d ◦ d = d and f ◦ d = f then for each x ∈ M there exist
α ∈ Γ such that d(xαd(x)) = d(x).

Proof. Suppose d is a (f, g)- derivation of ordered idempotent Γ-semiringM
such that d ◦ d = d, f ◦ d = f and x ∈M. Then there exists α ∈ Γ such that
xαx = x. Now,

d(xαd(x)) = d(x)αf(d(x)) + g(x)αd(d(x))

= d(x)αf(x) + g(x)αd(x) = d(xαx) = d(x).

Therefore holds d(xαd(x)) = d(x). �
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Theorem 3.10. Let M be an ordered Γ-semiring in which (M,+) is can-
cellative. Let d be a (f, g)- derivation of M , g(x) = x, for all x ∈ M, letI
be a Γ-subsemiring of M such that f(I) = I and d(xαy) = d(x)αd(y), for
all x, y ∈ I, α ∈ Γ. Then d(x)αyαf(x) = xαyαd(x) = d(x)αyαd(x), for all
x, y ∈ I.

Proof. Let x, y ∈ I and α ∈ Γ. Then

d(xαyαx) = d(x)αf(yαx) + xαd(yαx)

= d(x)αf(y)αf(x) + xαd(y)αd(x),(1)

d(xαyαx) = [d(x)αf(y) + xαd(y)]αd(x)

= d(x)αf(y)αd(x) + xαd(y)αd(x).(2)

From (1) and (2), we have d(x)αf(y)αf(x) = d(x)αf(y)αd(x).
Hence d(x)αzαf(x) = d(x)αzαd(x), for all x, z ∈ I.

Now,

d(yαxαy) = d(yαx)αf(y) + g(yαx)αd(y)

= d(y)αd(x)αf(y) + yαxαd(y),(3)

d(yαxαy) = d(y)αd(xαy)

= d(y)α[d(x)αf(y) + g(x)αd(y)]

= d(y)αd(x)αf(y) + d(y)αg(x)αd(y)

= d(y)αd(x)αf(y) + d(y)αxαd(y).(4)

From (3) and (4), we get d(y)αxαd(y) = yαxαd(y), for all y ∈ I, and
therefore d(x)αyαd(x) = xαyαd(x), for all y ∈ I, α ∈ Γ.

Hence
d(x)αyαd(x) = xαyαd(x) = d(x)αyαf(x),

for all x, y ∈ I. �

Theorem 3.11. Let M be a commutative ordered Γ-semiring and d1, d2 be
(f, g)-derivations of M, where g ◦ d2 = g ◦ d1, d1 ◦ g = d2 ◦ g, f ◦ d2 = f ◦ d1
d1 ◦ f = d2 ◦ f , f ◦ f = f and g ◦ g = g. Define d1d2(x) = d1(d2(x)), for all
x ∈M . If d1d2 = 0 then d2d1 is a (f, g)-derivation of M .

Proof. Suppose d1d2 = 0,x, y ∈M and α ∈ Γ. Then
d1d2(xαy) = d1[d2(x)αf(y) + g(x)αd2(y)] = 0,

d1(d2(x)αf(y)) + d1(g(x)αd2(y)) = 0,

d1d2(x)αf(f(y)) + g(d2(x))αd1(f(y))

+ (d1(g(x)))αf(d2(y)) + g(g(x))αd1d2(y) = 0.

Therefore
g(d2(x))αd1(f(y) + d1(g(x))αf(d2(y)) = 0,
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and hence
g(d1(x))αd2(f(y)) + d2(g(x))αf(d1(y)) = 0.

Now, we have

d2d1(xαy) = d2[d1(xαy)] = d2[d1(x)αf(y) + g(x)αd1(y)]

= d2[d1(x)αf(y)] + d2[g(x)αd1(y)]

= d2d1(x)αf(f(y)) + g(d1(x))αd2(f(y))

+ d2(g(x))αf(d1(y)) + g(g(x))αd2(d1(y))

= d2d1(x)αf(f(y)) + g(g(x))αd2d1(y),

= d2d1(x)αf(y) + g(x)αd2d1(y).

Hence, d2d1 is a (f, g)-derivation of M. �

Theorem 3.12. Let M be an ordered Γ-semiring with unity in which semi-
group (M,+) is positively ordered and Γ-semigroup M is negatively ordered
and d be a (f, g)-derivation such that g(x) = x, for all x ∈ M . If d(1) = 1
then x ≤ d(x) for all x ∈M.

Proof. Let x ∈M. Then there exists α ∈ Γ such that xα1 = x. Therefore

d(x) = d(xα1) = d(x)αf(1) + g(x)αd(1)

≥ g(x)αd(1) = xαd(1).

Suppose d(1) = 1. Then xα1 ≤ d(x), and hence x ≤ d(x). �

Theorem 3.13. Let M be an idempotent ordered Γ-semiring in which semi-
group (M,+) is positively ordered and Γ-semigroup M is negatively ordered
and d be a (f, g)-derivation such that f(x) ≤ x and g(x) ≤ x, for all x ∈M .
Then d(x) ≤ x.

Proof. Let x ∈ M . Then there exists α ∈ Γ such that x = xαx, and the
following holds

d(x) = d(xαx) = d(x)αf(x) + g(x)αd(x) ≤ f(x) + g(x)

≤ x+ x = x.

Therefore d(x) ≤ x. �

Theorem 3.14. Let d be a (f, g)-derivation of idempotent ordered Γ-semiring
M. If d(1) = 1, g(x) ≤ x. Then the following hold for all x, y ∈M , α ∈ Γ:

(i) d(xαy) ≤ d(x),
(ii) d(xαy) ≤ d(y),
(iii) d is an isotone derivation.

Proof. Let x, y ∈M and α ∈ Γ.
(i) If d(xαy) ≤ d(x), then the following holds.

d(xαy) = d(x)αf(y) + g(x)αd(y) ≤ d(x)αf(y) + xαd(y) ≤ d(x) + x

≤ d(x) + d(x) = d(x).
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(ii) Proof of (ii) is similar to (i).
(iii) Let x ≤ y. Then x+ y = y implies d(x) + d(y) = d(y), and therefore

d(x) ≤ d(y). �

Theorem 3.15. Let M be an idempotent ordered Γ-semiring with unity in
which semigroup (M,+) is positively ordered and Γ-semigroup M is nega-
tively ordered and d be a (f, g)-derivation of M such that f(x) ≤ x and
g(x) = x, for all x ∈M. Then d(1) = 1 if and only if d(x) = x.

Proof. Suppose d(1) = 1. By Theorem 3.12, we have x ≤ d(x) and by
Theorem 3.13, we have d(x) ≤ x. Therefore d(x) = x.

The converse statement can be easily obtained. �

Corollary 3.1. Let M be an idempotent ordered Γ-semiring in which semi-
group (M,+) is positively ordered and Γ-semigroup M is negatively ordered
and d(1) = 1. Then d is a (f, g)-derivation such that f(x) ≤ x and g(x) = x,
for x ∈M if and only if d(x) = x.

Proof. Suppose d is a (f, g)− derivation of ordered Γ−semiringM such that
f(x) ≤ x and g(x) ≤ x, for all x ∈M. By Theorem 3.15, we have d(x) = x.

Conversely, suppose that d(x) = x, for x ∈ M. Then there exists α ∈ Γ
such that xαx = x.

Now, d(x) = d(xαx) impies x = xαf(x) + g(x)αx. So, x ≤ f(x) + x ≤
f(x).

On the other hand, we have x ≥ xαf(x) and then xαx ≥ xαf(x), and
therefore x ≥ f(x).

Hence f(x) = x. Similarly we can prove g(x) = x. �

Theorem 3.16. Let d be a (f, g)- derivation of an ordered Γ-semiring M
with zero and x ≤ y implies x + y = y, for all x, y ∈ M. Then ker d is a
k−ideal of M.

Proof. Let x, y ∈ ker d and α ∈ Γ. Then d(x) = d(y) = 0.

d(x+ y) = d(x) + d(y) = 0 + 0 = 0,

d(xαy) = d(x)αf(y) + g(x)αd(y)

= 0αf(y) + g(x)α0

= 0 + 0 = 0.

Therefore xαy, x+ y ∈M . Hence ker d is Γ-subsemiring of M.
Suppose x ≤ y and y ∈ ker d. Now, x + y = y implies d(x + y) = d(y),

i.e., d(x) + d(y) = d(y), so d(x) + 0 = 0. Hence x ∈ ker d.
Suppose x + y ∈ ker d, x ∈ ker d. Then d(x + y) = 0 and d(x) = 0 then

d(y) = 0, therefore y ∈ ker d. Hence ker d is a k−ideal. �

Definition 3.6. An ideal I of an ordered Γ-semiring M is said to be m −
k−ideal if xαy ∈ I, x ∈ I, 1 6= y ∈M and α ∈ Γ then y ∈ I.
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Theorem 3.17. Let d be a (f, g)−derivation of an ordered integral Γ-semi-
ring M , x ≤ y implies x + y = y, for all x, y ∈ M , and g is a non zero
endomorphism of M. Then ker d is a m− k− ideal of M.

Proof. By Theorem 3.16, ker d is an ideal of M. Suppose xαy ∈ ker d, x ∈
ker d, y ∈M , and α ∈ Γ. Then

d(xαy) = d(x)αf(y) + g(x)αd(y),

0 = 0αf(y) + g(x)αd(y),

0 = g(x)αd(y).

Therefore d(y) = 0, since g is a nonzero endomorphism of M , so y ∈ ker d.
Hence ker d is a m− k−ideal of ordered integral Γ-semiring M. �

Theorem 3.18. Let M be an idempotent cancellative ordered Γ-semiring in
which semigroup (M,+) is positively ordered and Γ-semigroup M is negati-
vely ordered. Let d be a (f, g)- derivation of M. Define a set {x ∈M/f(x) ≤
x and g(x) = x)} and let it be denoted by Fixd(M). Then Fixd(M) is a
m− k−ideal of M.

Proof. Let x, y ∈ Fixd(M) and α ∈ Γ. Then f(x) ≤ x, g(x) = x, f(y) ≤ y
and g(y) = y. Therefore

f(xαy) = f(x)αf(y) ≤ xαy,
g(xαy) = g(x)αg(y) = xαy.

f(x+ y) = f(x) + f(y) ≤ x+ y,

g(x+ y) = g(x) + g(y) = x+ y.

Therefore xαy, x+ y ∈ Fixd(M).
Suppose x ≤ y and y ∈ Fixd(M) and α ∈ Γ. Then by Corollary 3.1,
d(y) = y. Now, from x ≤ y, we have

x+ y ≤ y + y = y ≤ x+ y,

x+ y = y,

d(x+ y) = d(y),

d(x) + d(y) = d(y),

d(x) + y = y = x+ y,

d(x) = x.

Hence x ∈ Fixd(M).
Suppose x+ y ∈ Fixd(M) and y ∈ Fixd(M). Then d(x+ y) = x+ y and

d(y) = y. So, d(x)+d(y) = x+y, which implies d(x)+y = x+y. Therefore
d(x) = x. Hence Fixd(M) is a k−ideal of M.
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Suppose xαy ∈ Fixd(M), α ∈ Γ and x ∈ Fixd(M). Then

f(xαy) ≤ xαy and g(xαy) = xαy,

f(x) ≤ x and g(x) = x,

f(x)αf(y) + xαy = xαy and f(x) + x = x,

f(x)αf(y) + (f(x) + x)αy = (f(x) + x)αy,

f(x)αf(y) + f(x)αy + xαy = f(x)αy + xαy,

f(x)αf(y) + f(x)αy = f(x)αy,

f(x)α(f(y) + y) = f(x)αy,

f(x) + y = y.

Therefore f(y) ≤ y. Further, we have

g(xαy) = xαy,

g(x)αg(y) = xαy,

xαg(y) = xαy,

g(y) = y.

Hence y ∈ Fixd(M). Thus Fixd(M) is a m− k−ideal of M. �

4. conclusion

In this paper, we introduced the concept of (f, g)-derivation, which is a
generalization of f -derivation and derivation of ordered Γ-semiring and stu-
died some properties of (f, g)-derivation of ordered Γ-semirings. We proved,
if d is a (f, g)-derivation of an ordered integra Γ-semiring M then ker d is a
m− k−ideal of M and we characterized m− k−ideal using (f, g)-derivation
of ordered Γ-semiring M.
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