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An analytical approach for systems of fractional
differential equations by means of the innovative
homotopy perturbation method

RAHMAT DARZI AND BAHRAM AGHELI

ABSTRACT. We have applied the new approach of homotopy perturba-
tion method (NAHPM) for partial differential system equations featu-
ring time-fractional derivative. The Caputo-type of fractional derivative
is considered in this paper. A combination of NAHPM and multiple
fractional power series form has been used the first time to present ana-
lytical solution. In order to illustrate the simplicity and ability of the
suggested approach, some specific and clear examples have been given.
All numerical calculations in this manuscript have been carried out with
Mathematica.

1. INTRODUCTION

In this research work, it has been proposed that the new HPM based on
the multiple fractional power series can be engaged to solution of partial
differential system equations featuring time-fractional derivative (FPDSEs).

This system equation has frequently appeared in different fields of science
and engineering such as; physics, optics, plasma physics, superconductivity
and quantum mechanics [1].

There are some more books related to fractional calculus for interested
readers [2, 3]. It should be noted that there are no accurate analytical
solutions for most fractional differential equations. Consequently, for such
equations we have to employ some direct and iterative methods. Researchers
have used various methods to solve systems equations in recent years. Some
familiar methods are: Adomian’s decomposition method [4, 5, 6], homotopy
perturbation method |7, 8], homotopy analysis method |9, 10, 11] and so on
[12, 13, 14, 15, 16, 17, 18].

This paper is organized: in Section 2, fundamental idea of the new method
is presented. We explained convergence of this method in section 3. In
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Section 4, the application of innovative HPM to FPDSEs is illustrated,
and some numerical examples are presented. And conclusions are drawn in
Section 5.

2. FUNDAMENTAL IDEA OF THE NEW METHOD

In this part of the paper, we present and define Riemann-Liouville fracti-
onal integral and Caputo’s fractional derivative that are presented [2]. Then
the new approach of homotopy perturbation method (NAHPM) is introdu-
ced and explained in detail.

Definition 2.1. A real function f(x), z > 0, is considered to be in the space
Cy, (v € R), if there exists a real number n(> v), so that f(z) = 2" fi(z),
where fi(x) € C[0,00), and it is said to be in the space C¥ if and only if
f®ecC, keN.

Definition 2.2. The Riemann-Liouville fractional integral operator of order

of a > 0, of a function f € C), v > —1, is given by

I2£0) = e [ o= par

1°f(x) = I§ f(z), I'f(x) = f().
Definition 2.3. The Caputo’s fractional derivative of f is defined as

F(k:l— o) /OI(J: — T)k_o‘_lf(k)(r)dr, x> 0.

Where,feC’fl,k:—1<a§kandk€N.

Remark 2.1. Fork—1<a <k keN, fcCk v>—1and z > 0, the
following properties satisfy

0 DiIgf@) = f@), |
(i) T5Dgf (@) = £(2) = X fO(a) 522
P2

D f(x) = I"“D* f(z) =

To describe the fundamental ideas of the NAHPM method for partial
differential system equations featuring time-fractional derivative:

(1) Dﬁu’b +N’L (C17C27 .. ')Ck—17T7u17u2) .. 'auk) - hi(gl7€2) .. 'aCk—l?T)7

inwhichn—1<pu<mnandi=1,...,k, with the following initial conditions
for i=1,2,...;kand j=1,2,...,n— 1

(2) UEJ)(CM CQ? e 7Ck717 TO) = glj(Cla CQ? e 7(]&’71)'

where Np,..., N are nonlinear operators, which usually depend on the
functions u; and derivatives, D* denotes that Caputo fractional and hq, ..., hg,
are inhomogeneous term.

For the solution of (1), by using NAHPM, we make the under homotopy
fori=1,2,...,k:
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* (1 = q)(DFU; — wio)
+q (DRU; + N(C1,C2, - -+ 5 Go1, Ty UL, U2y - - 5 ug) — hy) =0,
or
(3) DEU; = ujo — p (uwio + N(C1,Coy v oy Com1, Ty UL, U2y« oy Ug) — hyg) .
Using the inverse operator, L=! = I#(.) to both sides of (3), then we gain
Ui(C1,62, -5 Ck—1,70) = Ui(C1,C25 - - -, Gr1, T0)
(4) + IHuio — pIF (wio(C1, G2, -+ -5 Ck—15 T0)
+ Ni(C1,Coy - ooy G,y Ty UL, U2y - .y ug) — hy),

where
n—1 j
T .
(5) Ui(CluCQv"'aCkflaTO):Zgijﬁa 7’:17"'7]{;'
7=0

Now assume we introduce the solution of (4) in the next form
(6) Ui=Uio+qUn +q" U + -

where Uj;, @ = 1,...,k, j = 0,1,2,3,... are functions which should be
calculated.

Definition 2.4. A series expansion of the next form
oo
Z Cn (T - T())nu =cCo + 61(7' - 7'0)“ + 02(7' — To)zu + -
n=0

for0 <n—1< pu<n,t <y, is called fractional power series around 7 = 7.

Definition 2.5. A series expansion of the below form
(oo}
S ha(Q(r—m)™, 0<n-1<p<n, t<m
n=0

is called multiple fractional power series around 7 = 7.

Assume that the initial approximation of the solution of relation (1) is in
the following form:

(7) uio(C17C27-~,Ck—1,T):Zazj(Cl,Cz,---7Ck—1)pj(7'), i=1,...,k
=0

where a;;(¢), i =1,...,k, j =0,1,2,3,..., are unfamiliar coefficients, and
pi(7), 7 =0,1,2,3,..., are particular functions.

It is deserving to consider that if A((, 7), and ug(¢, 7) are analytic around
7 = 0, then their Taylor series can be written as

(8) (¢, 7) =Y ar(Q) T
k=0
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With considering (4) and substituting (6) and (7) into that and equating
the coefficients of the same power ¢, for i = 1,... &k, with

Q" Uio(Gr, Gy vy Gty T)

=Ui(C1,¢2, -+, Ce—1,70) + Zaij(C)Iﬁ (p;(7))

§=0

¢ Un(G Gy Gomtn ) = = > aig(OIF (pj(7))
=0

9) — I (N; (C1, €2, -+ k=1, 7, U0, Unos - - -, Uko) — hi)
¢ Uin(Ci,Coy vy oo, 7)
- _Iql—L<Ni(C17C27 .. ‘7Ck—1,7’,a UlOv UQO) .. '7Uk0) Ulla U217 ey Ukl))v

¢ Uij(C1, Gy ooy Gomt, 7) = TH(Ni (G, G2y - Gt T
U0, U0, - - s Uko, Utj—ts - -, Uzj—1, ..., Ugj1)).

By solving these equations in such a manner that
Uin(¢,C2y oy o1, 7)) =0,i=1,...,k,
then relations (9) yield to
Uia(C1,Cay v oy Com1, 7) = Uys(C1, G2y oo oy Cpo1, T) = ... = 0.
Therefore, the numerical analytical solution may be gained as follows:

Ui(C15G25 -5 Ch—1, T) = Uin(C1, G2y -+ - Crm1, T)

(10) = Ui(ChCQ? . 'aCk—lv 7-0) + ZQU(C) Ig (pJ(T)) yi=1.. k.

J=0

It should be noted that if h;(¢1,C2, .-+, Ce1,7), ui((1,C2, - Ch1,T), are
analytic around 7 = 7g, then Taylor series can be written as

ui0(C1, G2y -+, o1, T) = Zaz‘j(Ch ooy Gom1) (T — 7o),
=0

o0
hi(Cb CQ? ceey Ck’—la 7_) = a;j(qlv C27 sy Ck—l)(T - TO)kua
§=0
can be used in relations (9), where a;;(¢1,C2,...,(k—1) are unknown coeffi-
cients which must be computed, and a;‘j(Cl,Cg, coy 1)yt =1,...,k, and

j=0,1,2,..., are known ones.
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3. CONVERGENCE ANALYSIS

A large number of problems can be treated by NAHPM through applying
the methodology that has been elaborated in the previous sections.

Theorem 3.1. Presume that S and T are Banach spaces and A: S — T is
a contractive nonlinear mapping which is

Voutes, [A@W) —AW)[ <Aflv o], 0<A<L

Then due to Banach’s fized point theorem A has a unique fixed point u,
which is A(u) = u.
Assume that the sequence provided by new HPM is stated that

k—1
wr = Alwg—1), wg_1 = Zvi, k=1,2,...,
i=0

assume that wy = vy € Br(v), where B.(v) = {v* € S; |v*—v| <r},
then we have

(1) Wk € BT(U)7
(i) lim wg =wv.
k—oo
Proof. (i) By inductive way featuring k = 1
[wr — vl = [[A(wo) — A(v) || < Allvo — o]
Allow that ||wg_1 —v| < A1 ||ug — v||, while induction hypothesis, hence
lwy, — ol = | A(wr—1) = A@)|| < Mvg-—1 = vl < w1 = vl| < A [lug =]

So
|lw — v < A\F lvo — v < \ep < T,

in this manner wy € B, (v).

(ii) Due to ||wr —v| < A |lug — v and lim A\* = 0, lim |Jwx —v| = 0,
k—ro00 k—o0
that is, lim wy = v. O
k—ro0

4. TEST EXAMPLES

Now, we apply NAHPM based on the multiple fractional power series to
solve FPDSEs. All of the plots and computations for this equations have
been done with Mathematica®.

Example 4.1. We purpose the following FPDSEs:

wo _ _ 3eTt2w 2tH sin(x)
(1) Diu—vugy — UVgg = Nem TG 1< pu<2,

M _ 9e2rdn 4+ sin?(z) 2# sin(z) 6eTtH
Dyv = vves + Ulaw = = T2 — Tepz. T TEn) . T Th
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() (v)

FIGURE 1. Approximate result of test example 4.1.

The estimate answers featuring p = 2 acquired for several amounts of
x and t applying NAHPM, is shown in Table 1. featuring the primary
conditions:

2

x
u(z,0) = =—, w(z,0) =0,
(1) I(p+1)
72
’U(CC,O) == m, ’Ut(CC,O) =0.
TABLE 1. Approximate result of test example 4.1.
t T | UNAHPM=UEzact | UNAHPM=VEzact
0.50 0.130000 0.065000
0.110.75 0.286250 0.143125
1.00 0.505000 0.252500
0.50 0.170000 0.085000
0.310.75 0.326250 0.163125
1.00 0.545000 0.272500
0.50 0.250000 0.125000
0.510.75 0.406250 0.203125
1.00 0.625000 0.312500
Assume
u0(1:7t) = Zak(.’l’:)tk“, U(IL',O) :g(l’)
k=0
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Solving equations (11)-(12) for Ui(x,t), Vi(z,t) guidance to the following
conclusion:

o 1 a(2)
ila ) =t (uf(u) MF(M)>+

2 N ao(z) _ Vr2Pa(e)
pPC(wI(2p)  pPTEp+1) T (p+3)
(13) v?ag(x) 2?0 () bo(x) )
AT ()l (2p) - pF(@Ip+1)  p?T(p)(2p)

- 1 bo(x)
Vi(z,t) = t# <2MF(M) - MOF(M)> i

2u ( 3 _ ao(x) + bo(l’)
4T (WI(2p)  p?T(w)l(2p)  pl(p)l(2p+1)

(14)

__ Pag(z) 2?bg (x) VT2 (2) N
p()2p+1)  4p2T()T(2p) T (p+3)

When U (z,t) and V) (x, t) are vanished, the coefficients ay(z), k = 1,2,3, ...,
will be gained is state as:

ap(z) =1, ai(z)=0, az(x)=0,...

and )
bo(l‘) = 5, bl(ib) = 0, bz(l‘) = 0,
This outcomes that
tH 4 2
1 t) = )= ——
th 4+ 12
16 t) = t) = ————.

In Figure 4.1, we may view the estimate answers featuring p = 2 which
is concluded for several amounts of ¢t and x utilizing NAHPM.

Example 4.2. Next, we consider the system of coupled fractional equations

[19]:
(22° 4 1) 12 2+

2
(17) P tee e () = NS R ES) BN
Di'v — vy + 00, — (uv), = (?13 1) - 2t + 1
o ‘ T(p+1) »T(p+1) 2’
along with:

(18) u(z,0) =0, wv(x,0)=0.
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With considering Uy (z,t) and Vi(z,t), the result shows
(19)
2

B x _ ao(fL‘)
U(a,t) = t* <u1“(u) MF(M)) !

m< VA2 Mal(a) A2 Way(x)  Jm2l )

pC)C (p+3)  T(u+l)  ul(l (p+ 1)
3 ( 2T (2p1) 42T (2p)  ag(x)T(2u+1)
IN(Z

T(Bu+1)  T(wWlBu+1) T(3u+1)
ao(z)l'(2p + Dag(z)  I'(2p + 1)bo(z)ap(x)
P2 ()T (3p + 1) p?L ()T (3p + 1)
ao(z)l'(2p + 1by(z) | T'(p+ 1)@3’(?6))
P2 ()T (3p + 1) F3u+1)

(20)
1 bo(z
o0 =¥ (wa(u) - MOF((M))) i
20 ( VA (@) 2 Mb(e) )
pPT (p+3)  T(e+s)  p’T(WL (p+3)
3u ( 2T (2p) 2I'(2p) I'(2p + 1)bo(z)
L(p

T(Br+1) 3T Bu+1) T(3u+1)
I'(2p+ 1)bo(z)ag(z)  ag(x)T'(2p + 1)bp(z)
2T ()T (3 + 1) 2T ()T (3 + 1)
L2 + Dbo(@)bp(x) | Tp+ 1)b’1’($)>
2T ()T (3 + 1) I'(3u+1)

L]

FIGURE 2. The estimate solution for y = 1.
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Considering the hypothesis U;(z,t) = 0, Vi(x,t) = 0, coefficients ag(z),
bi(x), k=1,2,3,..., will be determined as follows:
ao(r) = 2%, a1(z) =0, az(x)=0, ...,
and
bo(z) = %, bi(z) =0, ba(z)=0,
Therefore we provide the solution of (17) which that comes next:

@1 @0 =2l e = =
1 u(x,t) = ——, v(r,t) = ——.
I (1) al'(p+1)
In Figure 2, we can view the approximate answers featuring p = 1.
In Table 2, we may view the approximate answers featuring u = 1, which
is concluded for several amounts of ¢t and z applying NAHPM.

TABLE 2. Approximate result of test example 4.2.

t T | UNAHPM—UEzact | UNAHPM —VEzact
0.50 0.02500 0.200000
0.11]0.75 0.05625 0.133333
1.00 0.10000 0.100000
0.50 0.07500 0.600000
0.3 0.75 0.16875 0.400000
1.00 0.30000 0.300000
0.50 0.12500 1.000000
0.51]0.75 0.28125 0.666667
1.00 0.50000 0.500000

Example 4.3. We choose the non-linear system of inhomogeneous FPDFEs:

(22)

Mo 1 o 2utt 42 2z
-Dt u Wg Vg Qwa,’uafm - F(U+1) F(QM)2 F(2ﬂ)27 0 < ,u’ S 17
Py — — 2ptt 4w
Div = Wallew = Fu1y ~ Taum??
2 2utt 4>

Koy _ — _ _ _
Diw = Uae = UpWs = ~ (g5 ~ T(urD) ~ TR

with the primary conditions:
1+ 22 242 32

, x .
I'(2p)

(23) u(z,0) =

Assume

m m

up(x,t) = Zak(x)tk“, vo(z,t) = Zbk(:c)tk“, wo(z,t) = Z e ()t

k=0 k=0 k=0
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and U(z,0) = g(x), V(z,0) = h(z), W(z,0) = k(x). With considering
Ui(z,t), Vi(x,t) and Wi (z,t), we have
Q@) (VR mr )
) P (p+3)  T(e+s)
V22t (2) VT2 (@)
pL(CET (p+3)  pLE)TET (1 + 5)
VA2 Maal(x) /w2 ac(a) )
pL (T (p+3)  pL()T T (1 + 3)

Ul(a?,t) =

+

Vi(z,t) = — bol@)t” | (F(ﬁ212“ /a2 % (x)

pT (1) pwl(p+3)  T(utsy)
V2 aal(e) A2 d(a) ) .
PP (u+3) " aD(WTET (p+ 1)

o)t T(2u+ 1)2T(6 + 1)tTHb) (z)ch ()
puL (k) I(3u+1)*T(Tp+1)
20 (_ VR mra(n) /R ab(a)
Pl (p+35) T(e+s)  pT@TEWL (p+3)
VA2 ag(x) /w2 (a) ) .
pL()T (p+3)  pD()TET (1 + 3)

Accordingly, by vanishing of Uy (z,t), Vi(z,t) and Wi(z,t)the coefficients
ag(x), bp(z) and cx(x), k =1,2,..., will be gained:

Wl(l’, t) =

2
ap(r) =0, ai(x)=——=—, ao(x)=0, ...,
(x) @) =5 @)
and
2
ng :0, blx = = bz:L’ :0, ceey
(«) @) = g P
and
2
colx) =0, ci(x)=——=—, c2(x)=0,
(x) @) =—f @@
Therefore we obtain approximate solution of Eq.(22)
1 N e z?
u(xz,t) = Up(x,t) = — + ,
(20 = 00le: D) = 5,5 ~ P(yT (it ) Tem)
2 V2l z?

o) = Vo) =t Fr (p e 1) T T
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L
B 777 7
e 7 7T 7

L W)

FIGURE 3. The estimate solution for =1 .

and
3 2l —2ug2n x?
w(z, t) = Wy(z,t) = - + .
() )T T T (e ) e
We can see the analytical answers toward g = 1, in figure 3.
The analytical answers featuring p = 1 acquired for several amounts of z,
and t applying NAHPM, can be seen in Table 3.

TABLE 3. Approximate result of test example 4.3.

t € UNAHPM—UEzact | UNAHPM —VEzact | WNAHPM —WEzact

0.50 1.2400 2.2600 3.2400
0.1]0.75 1.5525 2.5725 3.5525

1.00 1.9900 3.0100 3.9900

0.50 1.1600 2.3400 3.1600
0.3]0.75 1.4725 2.6525 3.4725

1.00 1.9100 3.0900 3.9100

0.50 1.0000 2.5000 3.0000
0.5]0.75 1.4725 2.6525 3.4725

1.00 1.7500 3.2500 3.7500




104 AN ANALYTICAL APPROACH FOR SYSTEMS OF FRACTIONAL. . .

5. CONCLUSION

In this paper, we have successfully applied NAHPM to obtain series so-
lution of partial differential system equations featuring time-fractional de-
rivative. The result indicated that a few iteration of NAHPM will result in
some solution.

Finally, it should be added that the suggested approach has the poten-
tials to be applied in solving other similar nonlinear problems in partial
differential equations of fractional order.
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