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Abstract—The paper deals with an assessment of the influence 

of finite conductivity to the current induced along the horizontal 
grounding electrode. Analysis is performed in frequency and time 
domain, respectively. Current distribution along the grounding 
electrode buried in a lossy half-space is determined via analytical 
solution of the corresponding Pocklington equation in the 
frequency domain. The corresponding time domain response is 
obtained by means of Inverse Fast Fourier Transform (IFFT). 
The electrode is excited via an equivalent current source. 
Presence of the earth-air interface is taken into account via the 
simplified reflection coefficient arising from the Modified Image 
Theory (MIT). The electrode current is calculated for the case of 
perfectly conducting (PEC) electrode and for the electrodes made 
of copper and aluminum. Comparison of results shows no 
significant discrepancy between these electrodes, justifying the 
use of a PEC electrode approximation. 

 
Index Terms—Grounding electrode, finite conductivity, 

induced current, analytical solution 
 

I. INTRODUCTION 

ESIGNof an adequate lightning protection system (LPS) 
is one of primary concerns in the field of wind power 

generation. Since wind turbines are very susceptible to 
lightning strikes, the appropriate model of a LPS is necessary 
[1] –[3]. The horizontal electrode is a fundamental part of 
almost every grounding system and its model represents a 
starting point in the analysis of more complex structures. The 
current induced along the electrode is a basic parameter in the 
electromagnetic analysis of the grounding systems [4]. 
Grounding electrodes are usually made of copper or aluminum 
[5], so it is important to determine the influence of the material 
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conductivity on the induced current distribution, since 
introduction of this parameter further complicates the model 
and subsequent calculations. 

Transient current induced along the grounding electrode, 
represented as a thin wire, can be obtained using direct or 
indirect approach. Direct approach implies modeling of the 
electromagnetic coupling to thin wire directly in time domain 
[6]. The indirect approach, used in this paper, implies 
formulation and solution in the frequency domain, where time 
domain solution is obtained using certain inverse transform 
procedures [6], [7]. 

Current induced along the grounding electrode is governed 
by some variant of integral or integro-differential equation 
(Hallen or Pocklington type), respectively. Solution of these 
equations is, in most cases, undertaken using numerical 
methods. On the other hand, analytical solution can be 
obtained when dealing with canonical problems [8]–[10]. 
Analytical solutions, as opposed to numerical ones, can be 
used for quick estimation of the observed phenomenon. 
Valuable contributions in the area of analytical solutions of 
integral equations in the antenna theory are given by R. W. P. 
King et al.[11] –[14] who gave expressions for different 
parameters of the antenna, primarily in the frequency domain. 
The analytical solution for the current induced along the 
grounding electrode in the frequency domain has been 
reported by the authors in [15]. 

In section II, a Pocklington integro-differential equation for 
the current induced along the grounding electrode buried into 
a lossy half-space, excited with an equivalent current source is 
derived. The influence of the earth-air interface is taken into 
account via simplified reflection coefficient arising from the 
Modified Image Theory (MIT). In section III, the analytical 
solution of the corresponding Pocklington equation is given 
and the influence of the electrode conductivity is clarified. 
Section IV contains comparison of numerical results for the 
current distribution along the perfectly conducting (PEC) 
electrode and the electrodes with finite conductivity. 

 

II. ANTENNA OF A GROUNDING ELECTRODE 
Grounding electrode of length L and radius a is horizontally 

buried at depth d into a lossy medium with electrical 
permittivity ε and conductivity σ, as shown in Figure 1.
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Fig. 1.  Horizontal grounding electrode. 
 

Grounding electrode is excited with an equivalent current 
source representing a lightning strike current. Governing 
equation for the current induced along the electrode can be 
derived by imposing the continuity condition for the tangential 
component of the total electric field, being expressed as a sum 
of the incident incE


 and scattered field sctE


, at the surface of 

the electrode [4], [15] 

 ( ) ( ) ( )inc sct
x Le E E Z I xω⋅ + =

  , (1) 

where ( )I x  represents current induced along the electrode 

and ( )LZ ω  internal per-unit-length impedance of the 
electrode given as [16] 
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whereεw and σw represent permittivity and conductivity of 
the electrode, respectively, and γw is propagation constant of 
the material given with 

 2
0 0w w wjγ ωµ σ ω µ ε= − . (3) 

( )0 wI aγ and ( )1 wI aγ  are modified Bessel functions of zero 
and first order, respectively, with complex argument γwa. 

In case of high conductivity material, when 2w wfσ π ε , 
internal impedance (2) can be written as [16] 
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where ( )0 wJ aγ  and ( )1 wJ aγ  represent Bessel functions of 
zero and first order, respectively. Propagation constant can be 
expressed with [16] 

 0w wjγ ωµ σ= . (5) 
Furthermore, taking into account the thin wire 

approximation, the axial component of a scattered field can be 
expressed in terms of magnetic vector and electric scalar 
potential, as [7], [17] 

 sct
x xE j A

x
ϕω ∂

= − −
∂

. (6) 

Vector and scalar potentials are given by particular integrals 
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where ( )'q x  denotes charge distribution along the 
electrode. 

Complex permittivity of the medium is given with 

 eff jσε ε
ω

= − . (9) 

Green’s function ( ), 'g x x  can be expressed in terms of [18] 

 ( ) ( ) ( )0, ' , ' , 'ref ig x x g x x g x x= −Γ , (10) 

where ( )0 , 'g x x  denotes the lossy medium Green’s function 
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and ( ), 'ig x x  is a Green’s function according to the image 
theory 
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Propagation constant of the medium is defined as 

 2jγ ωµσ ω µε= − . (13) 
and distances R1 and R2 correspond to distances from the 

source and the image to the observation point, respectively 

 
( )

( )

2 2
1

2 2
2

'

' 4

R x x a

R x x d

= − +

= − +
. (14) 

Influence of the earth-air interface can be taken into account 
via the Sommerfeld theory involving analytically unsolvable 
integrals [19]. Simpler approximation involves an application 
of the Fresnel reflection coefficients, which ensures accuracy 
within 10% of the results obtained using rigorous Sommerfeld 
theory [20], [21]. However, in this paper, the influence of the 
interface is taken into account via the reflection coefficient 
arising from the Modified Image Theory and is given as [22] 
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. (15) 

The validity of this approach has been thoroughly 
investigated in [23]. 

Since the grounding electrode is excited via equivalent 
current source, the incident electric field is equal to zero. 
Taking into account (1) and (6)– (8), the following integro-
differential equation is obtained 

 
( ) ( )

( ) ( ) ( ) ( )

0

0

0

' , ' '
4

'1 , ' ' 0
4 '

L

L

L
eff

j I x g x x dx

I x
g x x dx Z I x

j x x

µ
ω

π

ω
πωε

∂∂
− + =

∂ ∂

∫

∫
. (16) 

Equation (16) represents governing Pocklington integro-
differential equation in the frequency domain for the current 
distribution along the horizontal electrode. 
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III. ANALYTICAL SOLUTION FORTHE INDUCED CURRENT 
The current distribution along the electrode is obtained as 

solution of (16) by implementing an appropriate numerical 
method, e.g. Galerkin-Bubnov Boundary Element Method 
(GB-IBEM) as reported in [18]. However, an analytical 
solution can be derived using certain approximations. First, it 
is convenient to rewrite (16) in a following manner 
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which yields [15],[24] 
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Second integral on the right hand side can be neglected and 
integral over Green’s function approximated as follows[25] 
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Approximation given in (18) partially neglects loss of 
energy due to radiation which can be significant for shorter 
electrodes (less than 1 m). However, in the medium with 
higher values of conductivity (around 10 mS/m), the dominant 
factor in the loss of energy is the conductivity of the medium 
itself, as the energy is dissipated primarily through the 
conduction and not radiation, so this approximation can be 
used. 

Combining (17)–(19)leads to 
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The solution of differential equation (20) is readily given 
with [15] 
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where the equivalent propagation constant takes into 
account per-unit-length impedance of the electrode and is 
given as 
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Current distribution described with (21) represents current 
induced along the grounding electrode in the frequency 
domain. It is important to point out that the equivalent 
propagation constant in the case of PEC electrode is equal to 
the propagation constant of the medium, since ( ) 0LZ ω = . 

Equivalent current generator function is defined with 
( )gI ω  in the frequency domain. To obtain transient response 

to double exponential pulse excitation, which can be used to 
describe lightning strike current, its frequency domain 
counterpart is considered [18] 
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Discrete frequency response is obtained by sampling (21) 
with 
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Transient current induced at the center of the electrode is 
calculated using Inverse Fast Fourier Transform (IFFT) 
procedure by applying the following scheme 
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After extensive numerical testing, it has been found that 
optimal parameters for performing discrete sampling and 
subsequent IFFT include 216 samples and maximum frequency 
of 500 MHz. When these parameters are considered, accurate 
results are obtained in a reasonable time frame. 

 

IV. NUMERICAL RESULTS 
In this section, some illustrative numerical examples are 

given. All calculations are performed for the grounding 
electrode of radius a=5 mm, buried at depth d=1 m into a lossy 
ground with relative permittivity εr=10. The electrode 
conductivities are taken as the conductivities of the materials 
used for the grounding systems, namely copper (σw=55 MS/m) 
and aluminum (σw=37 MS/m) [5]. In addition, the calculations 
are made for the electrode of infinite conductivity. Electrode 
length, ground conductivity and the parameters of the current 
generator (frequency, pulse duration) are varied. 

The first set of results, presented in Figures 2, 3, 4 and 5, 
shows comparison of the real and imaginary part of the 
induced current as well as absolute value of the current 
distribution along the electrode for different parameters of 
ground conductivity and source frequency. Magnitude of the 
current source at a given frequency is ( ) 1gI Aω = , while 
length of the electrode is L=10 m. It can be seen that the 
values of current distribution for different electrode 
conductivities agree rather satisfactorily. Furthermore, current 
distribution for the electrode with extremely low conductivity 
σw=370 S/m is calculated to stress out the discrepancy of the 
results. In addition, it can be observed that the value of current 
monotonously falls from the current source to the end of the 
electrodeat frequency f=1 MHz. On the other hand, at the 
frequency f=10 MHz, the oscillatory behavior of the current 
distribution is shown. 
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Fig. 2.  Real, imaginary part and absolute value of the current induced 
along the electrode, σ=1 mS/m, f=1 MHz. 

 
Fig. 3.  Real, imaginary part and absolute value of the current induced 
along the electrode, σ=10 mS/m, f=1 MHz. 

 
Fig. 4.  Real, imaginary part and absolute value of the current induced 
along the electrode, σ=1 mS/m, f=10 MHz. 

 
Fig. 5.  Real, imaginary part and absolute value of the current induced 
along the electrode, σ=10 mS/m, f=10 MHz. 
 
 
 

In addition, it is interesting to determine the frequency 
spectrum of the current induced at the center of the grounding 
electrode for various values of electrode length and ground 
conductivity. The set of results presented in Figures 6, 7, 8 and 
9 show frequency spectrum of the absolute value of induced 
current. The results show no discrepancy betweeninduced 
currents for various conductivities of the grounding electrode. 
The induced current along the electrode with extremely low 
conductivity, σw=370 S/m, is calculated to demonstrate the 
discrepancy. 

As it can be seen from Figures 6 and 7, resonant frequency 
for electrode length L=1 m is around f=50 MHz and is almost 
independent of ground conductivity. 

 
 

 
Fig. 6.  Frequency spectrum of the current induced at the center of the 
grounding electrode, L=1 m, σ=1 mS/m. 
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Fig. 7.  Frequency spectrum of the current induced at the center of the 
grounding electrode, L=1 m, σ=10 mS/m. 

On the other hand, Figures 8 and 9 show frequency 
spectrum for the electrode length L=10 m. For the ground 
conductivity σ=1 mS/m, resonant frequencies of the grounding 
electrode are observed to be odd multiplicities of f=5 MHz. 
However, Figure 9 shows no resonant frequency to exist for 
ground conductivity of σ=10 mS/m. This effect can be 
explained considering the denominator of (21). 

 
Fig. 8.  Frequency spectrum of the current induced at the center of the 
grounding electrode, L=10 m, σ=1 mS/m. 

 
Fig. 9.  Frequency spectrum of the current induced at the center of the 
grounding electrode, L=10 m, σ=10 mS/m. 

Final computational examples take into account transient 
behavior of the current induced at the center of the grounding 
electrodes. The following set of results is calculated for the 
case of lightning pulse with parameters α=0.07924∙106 1/s and 
β=4.0011∙106 1/s, which represent the 1/10 μs pulse [18]. The 
calculations are performed for the electrode length L=1 m and 
L=10 m, respectively and for the medium conductivity 
σ=1 mS/m and σ=10 mS/m, respectively. As it can be seen 
from Figures 10, 11 and 12, the results for the transient 
currents induced along the PEC electrode or the realistic 
electrodes, made of copper or aluminum, agree perfectly. An 
additional calculation has been done for the electrode with 
conductivity σw=37 S/m or σw=370 S/m to point out that for 
extremely low conducting materials the transient current 
differs. 

 
 
 

 
Fig. 10.  Transient current at the center of the electrode, L=1 m,  
σ=1 mS/m, 1/10 μs pulse. 

 
 
 

 
Fig. 11.  Transient current at the center of the electrode, L=1 m,  
σ=10 mS/m, 1/10 μs pulse. 
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Fig. 12.  Transient current at the center of the electrode, L=10 m,  
σ=1 mS/m, 1/10 μs pulse. 
 
 
 

The following set of results, shown in Figures 13, 14, 15 
and 16, are calculated for the current pulse with 
parametersα=0.07924∙107 1/s, and β=4.0011∙107 1/s, which 
represent the 0.1/1 μs pulse. The length of the electrode is 
varied as L=5 m and L=10 m, respectively, while the 
conductivity of the medium is taken as σ=1 mS/m and σ=10 
mS/m, respectively. The same, previously observed, behavior 
can be seen. The results for PEC electrode and realistic 
electrodes agree perfectly. The discrepancy can be seen only 
for extremely low conducting electrode with σw=370 S/m. 

 
 

 
Fig. 13.  Transient current at the center of the electrode, L=5 m,  
σ=1 mS/m, 0.1/1 μs pulse. 

 
Fig. 14.  Transient current at the center of the electrode, L=5 m,  
σ=10 mS/m, 0.1/1μs pulse. 

 
Fig. 15.  Transient current at the center of the electrode, L=10 m,  
σ=1 mS/m, 0.1/1 μs pulse. 

Considering the results shown in Figures 2 - 15, it can be 
concluded that the approximation of the perfectly conducting 
grounding electrode is an acceptable one when dealing with 
the calculation of the induced current distribution along the 
electrode as well as the transient response. Incorporating finite 
conductivity of the electrode in the electromagnetic model 
makes the model more complex while not improving its 
accuracy. 

V. CONCLUSION 
In this paper, the influence of the finite conductivity of the 

grounding electrode to the frequency and time domain analysis 
of the current distribution has been investigated. The 
governing Pocklington integro-differential equation for the 
induced current is posed in the frequency domain. The 
solution is undertaken analytically and is subsequently 
transformed in the time domain using IFFT. The electrode 
conductivity is taken into account via the concept of per-unit-
length impedance. The results for the frequency domain 
current distribution and induced transient current show the 
influence of the conductivity, for electrodes made of copper or 
aluminum, to be rather negligible. 
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