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Fixed point theorems of generalised
S − β − ψ contractive type mappings
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Abstract. In this paper, we introduce the concept of generalised S −
β − ψ contractive type mappings. For these mappings we prove some
fixed point theorems in the setting of S-metric space.

1. Introduction

Banach contraction mapping principle is one of the most important result
for finding fixed point. There are various generalisations and extensions of
this theorem. One of the important generalisation is the result obtained
by Samet et. al [2]. They introduced the concept of α-admissible mapping
and defined the notion of α − ψ contractive mappings. Sedghi et. al [9]
generalised the concept of metric space to S-metric space. The concept of
S-metric is also further extended by many researcher. These generalisations
can be seen in [6, 10, 7, 8] and references therein.

In this paper, we extend the notion of α − ψ contractive mapping to
S − β − ψ contractive type mappings in the setting of S-metric space.

Berinde [1] defined (c)-comparison function as follows:
Let Ψ be a family of functions ψ : [0,∞)→ [0,∞) satisfying the following

conditions.
(i) ψ is nondecreasing;
(ii) There exists k0 ∈ N and a ∈ (0, 1) and a convergent series of non

negative terms
∑∞

k=1 vk such that
ψk+1(t) ≤ aψk(t) + vk,

for k ≥ k0 and any t ∈ R+, where R+ = [0,∞).

Lemma 1.1. [1] If ψ ∈ Ψ, then the following hold:
(i) (ψn(t))n∈N converges to 0 as n→∞ for all t ∈ R+;
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(ii) ψ(t) < t for any t ∈ R+;
(iii) ψ is continuous at 0;
(iv) the series

∑∞
k=1 ψ

k(t) converges for any t ∈ R+.

Samet et. al. [2] defined α-admissible as follows.

Definition 1.1. [2] Let T : X → X and α : X × X → [0,∞). Then T is
said to be α-admissible if for all x, y ∈ X,

α(x, y) ≥ 1⇒ α(Tx, Ty) ≥ 1.

Karapinar and Samet [3] introduced the following contractive condition.

Definition 1.2. [3] Let (X, d) be a metric space and T : X → X be a given
mapping. We say that T is a generalised α−ψ contractive mapping if there
exist two functions α : X ×X → [0,∞) and ψ ∈ Ψ such that

α(x, y)d(Tx, Ty) ≤ ψ(M(x, y)),

for all x, y ∈ X, where

M(x, y) = max

{
d(x, y),

d(x, Tx) + d(y, Ty)

2
,
d(x, Ty) + d(y, Tx)

2

}
.

The concept of β-admissible mapping is introduced by Alghamdi and
Karapinar [4].

Definition 1.3. [4] Let T : X → X and β : X ×X ×X → [0,∞), then T
is said to be β-admissible if for all x, y, z ∈ X,

β(x, y, z) ≥ 1⇒ β(Tx, Ty, Tz) ≥ 1.

Example 1.1. [4] Let X = [0,∞) and T : X → X. Define β(x, y, z) :
X ×X ×X → [0,∞) by Tx = log(1 + x) and

β(x, y, z) =

{
e, if x ≥ y ≥ z,
0, otherwise.

Then T is called β-admissible.

The definition of S-metric space is as follows.

Definition 1.4. [9] Let X be a nonempty set. An S-metric on X is a
function S : X3 → [0,∞) that satisfies the following conditions.

(S1) S(x, y, z) = 0 if and only if x = y = z,
(S2) S(x, y, z) ≤ S(x, x, a) + S(y, y, a) + S(z, z, a),

for each x, y, z, a ∈ X.
The pair (X,S) is called S-metric space.

Lemma 1.2. [9] Let (X,S) be an S-metric space. Then

S(x, x, z) ≤ 2S(x, x, y) + S(y, y, z)

and S(x, x, z) ≤ 2S(x, x, y) + S(z, z, y),
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for all x, y, z ∈ X.
Also, S(x, x, y) = S(y, y, x) for all x, y ∈ X.

Definition 1.5. [9] Let (X,S) be an S-metric space.
(i) A sequence {xn} in X converges to x if and only if S(xn, xn, x)→ 0

as n → ∞. That is for each ε > 0 there exists n0 ∈ N such that
S(xn, xn, x) < ε whenever n ≥ n0 and we denote this limn→∞ xn =
x.

(ii) A sequence {xn} in X is called Cauchy sequence if for each ε > 0,
there exists n0 ∈ N such that S(xn, xn, xm) < ε for each n,m ≥ n0.

(iii) The S-metric space (X,S) is said to be complete if every Cauchy
sequence is convergent.

Definition 1.6. [5] A mapping T : X → X is said to be S-continuous
if {Txn} is S-convergent to Tx, where {xn} is an S-convergent sequence
converging to x.

2. Main results

Now we introduce the concept of generalised S − β − ψ contractive map-
pings by generalising the concept of α−ψ contractive mapping in the setting
of S-metric space.

Definition 2.1. Let (X,S) be a S-metric space and let T : X → X be
a given mapping. We say that T is a generalised S − β − ψ contractive
mapping of type I if there exist two functions β : X ×X ×X → [0,∞) and
ψ ∈ Ψ such that for all x, y, z ∈ X, we have

(1) β(x, y, z)S(Tx, Ty, Tz) ≤ ψ(M(x, y, z)),

where

M(x, y, z) = max{S(x, y, z), S(x, x, Tx), S(y, y, Ty), S(z, z, Tz),

1

4
(S(x, x, Ty) + S(y, y, Tz) + S(z, z, Tx))}.

Definition 2.2. Let (X,S) be a S-metric space and let T : X → X be a
given mapping. We say that T is a generalised S−β−ψ contractive mapping
of type II if there exist two functions β : X ×X ×X → [0,∞) and ψ ∈ Ψ
such that for all x, y ∈ X, we have

β(x, x, y)S(Tx, Tx, Ty) ≤ ψ(M(x, x, y)),

where

M(x, x, y) = max{S(x, x, y), S(x, x, Tx), S(y, y, Ty),

1

4
(S(x, x, Tx) + S(x, x, Ty) + S(y, y, Tx))}.
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Theorem 2.1. Let (X,S) be a complete S-metric space. Suppose that T :
X → X is a generalised S−β−ψ contractive mapping of type I and satisfies
the following conditions.

(i) T is β-admissible;
(ii) There exists x0 ∈ X such that β(x0, x0, Tx0) ≥ 1;
(iii) T is S-continuous.

Then there exists u ∈ X such that Tu = u.

Proof. Let x0 ∈ X be such that β(x0, x0, Tx0) ≥ 1 (such a point exists from
the condition (ii)). Define the sequence {xn} in X by xn+1 = Txn for all
n ≥ 0. If xn0 = xn0+1 for some n0, then u = xn0 is a fixed point of T . So,
we can assume that xn 6= xn+1 for all n. Since T is β-admissible, we have

β(x0, x0, x1) = β(x0, x0, Tx0) ≥ 1⇒ β(Tx0, Tx0, Tx1) = β(x1, x1, x2) ≥ 1.

Inductively, we have

(2) β(xn, xn, xn+1) ≥ 1,

for all n = 0, 1, ....

From (1) and (2), it follows that for all n ≥ 1, we have

S(xn, xn, xn+1) = S(Txn−1, Txn−1, Txn)

≤ β(xn−1, xn−1, xn)S(Txn−1, Txn−1, Txn)

≤ ψ(M(xn−1, xn−1, xn)).

On the other hand, we have

M(xn−1, xn−1, xn) = max{S(xn−1, xn−1, xn), S(xn−1, xn−1, Txn−1),

S(xn, xn, Txn),
1

4
(S(xn−1, xn−1, Txn−1)

+S(xn−1, xn−1, Txn) + S(xn, xn, Txn−1))

= max{S(xn−1, xn−1, xn), S(xn−1, xn−1, xn),

S(xn, xn, xn+1),
1

4
(S(xn−1, xn−1, xn)

+S(xn−1, xn−1, xn+1) + S(xn, xn, xn))}
≤ max{S(xn−1, xn−1, xn), S(xn, xn, xn+1),

1

4
(S(xn−1, xn−1, xn) + 2S(xn−1, xn−1, xn)

+S(xn, xn, xn+1))}
= max{S(xn−1, xn−1, xn), S(xn, xn, xn+1),

1

4
(3S(xn−1, xn−1, xn) + S(xn, xn, xn+1))}
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= max{S(xn−1, xn−1, xn), S(xn, xn, xn+1)}.

Thus, we have

S(xn, xn, xn+1) ≤ ψ(max{S(xn−1, xn−1, xn), S(xn, xn, xn+1)}).

We consider the following two cases:

Case I: If max{S(xn−1, xn−1, xn), S(xn, xn, xn+1)} = S(xn−1, xn−1, xn)
for some n, then

S(xn, xn, xn+1) ≤ ψ(S(xn, xn, xn+1))

< S(xn, xn, xn+1),

which is a contradiction.

Case II: If max{S(xn−1, xn−1, xn), S(xn, xn, xn+1)} = S(xn−1, xn−1, xn),
then

S(xn, xn, xn+1) ≤ ψ(S(xn−1, xn−1, xn)),

for all n ≥ 1. Since ψ is nondecreasing by induction, we get

(3) S(xn, xn, xn+1) ≤ ψn(S(x0, x0, x1),

for all n ≥ 1.

Using (S2) of Definition (1.4) and (3), we have

S(xn, xn, xm) ≤ 2S(xn, xn, xn+1) + S(xn+1, xn+1, xm)

≤ 2S(xn, xn, xn+1) + 2S(xn+1, xn+1, xn+2)

+S(xn+2, xn+2, xm)

≤ 2{S(xn, xn, xn+1) + S(xn+1, xn+1, xn+2) + ...

...+ S(xm−2, xm−2, xm−1)}+ S(xm−1, xm−1, xm)

< 2{S(xn, xn, xn+1) + S(xn+1, xn+1, xn+2) + ...

...+ S(xm−2, xm−2, xm−1) + S(xm−1, xm−1, xm)

= 2

m−1∑
k=n

S(xk, xk, xk+1)

≤ 2
m−1∑
k=n

ψk(S(x0, x0, x1)).

Since ψ ∈ Ψ and S(x0, x0, x1) > 0, by Lemma (1.1), we get that∑∞
k=0 ψ

k(S(x0, x0, x1)) <∞.
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Thus, we have
lim

n,m→∞
S(xn, xn, xm) = 0.

This implies that {xn} is a S-Cauchy sequence in the S-metric space
(X,S). Since (X,S) is complete, there exists u ∈ X such that {xn} is
S-convergent to u. Since T is S-continuous, it follows that {Txn} is S-
convergent to Tu. By the uniqueness of the limit, we get u = Tu, that is u
is a fixed point of T . �

Definition 2.3. Let (X,S) be a S-metric space and T : X → X be a given
mapping. We say that T is a S − β − ψ contractive mapping of type I if
there exist two functions β : X ×X ×X → [0,∞) and ψ ∈ Ψ such that for
all x, y, z ∈ X, we have

β(x, y, z)S(Tx, Ty, Tz) ≤ ψ(S(x, y, z)).

Corollary 2.1. Let (X,S) be a complete S-metric space. Suppose that T :
X → X is a S − β − ψ contractive mapping of type I and satisfies the
following conditions.

(i) T is β-admissible;
(ii) there exists x0 ∈ X such that β(x0, x0, Tx0) ≥ 1;
(iii) T is S-continuous.

Then there exists u ∈ X such that Tu = u.

Example 2.1. Let X = [0,∞) be endowed with the S-metric

S(x, y, z) = |x+ y − 2z| for all x, y ∈ X.
Define T : X → X by Tx = 3x for all x ∈ X. We define β : X×X×X →

[0,∞) in the following way. β(x, y, z) =

{
1
9 , if (x, y, z) /∈ (0, 0, 0);
1, otherwise.

One can easily show that

β(x, y, z)S(Tx, Ty, Tz) ≤ 1

9
S(x, y, z) for all x, y ∈ X.

Then T is a S − β −ψ contractive mapping of the type I with ψ(t) = 1
9 t for

all t ∈ [0,∞). Take x, y, z ∈ X such that β(x, y, z) ≥ 1. By the definition
of T , this implies that x = y = z = 0. Then we have β(Tx, Ty, Tz) =
β(0, 0, 0) = 1, and so T is β-admissible. All the condition of Corollary (2.1)
are satisfied. Here, 0 is the fixed point of T .

The following results can be easily concluded from Theorem (2.1).

Corollary 2.2. Let (X,S) be a complete S-metric space. Suppose that T :
X → X is a generalised S−β−ψ contractive mapping of type II and satisfies
the following conditions.

(i) T is β-admissible;
(ii) there exists x0 ∈ X such that β(x0, x0, Tx0) ≥ 1;
(iii) T is S-continuous.
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Then there exists u ∈ X such that Tu = u.

The next theorem does not require the continuity of T .

Theorem 2.2. Let (X,S) be a complete S-metric space. Suppose that T :
X → X is a generalised S − β − ψ contractive mapping of type I such that
ψ is continuous and satisfies the following conditions.

(i) T is β-admissible;
(ii) there exists x0 ∈ X such that β(x0, x0, Tx0) ≥ 1;
(iii) if {xn} is a sequence in X such that β(xn, xn, xn+1) ≥ 1 for all n

and {xn} is a S-convergent to x ∈ X, then β(xn, xn, x) ≥ 1 for all
n.

Then there exists u ∈ X such that Tu = u.

Proof. Following the proof of Theorem (2.1), we know that the sequence
{xn} defined by xn+1 = Txn for all n ≥ 0, is a S-Cauchy sequence in the
complete S-metric space (X,S) that is S-convergent to u ∈ X. From (2)
and (iii) we have

(4) β(xn, xn, u) ≥ 1,

for all n ≥ 0.

Using (4), we have

S(xn+1, xn+1, Tu) = S(Txn, Txn, Tu)

≤ β(xn, xn, u)S(Txn, Txn, Tu)

≤ ψ(M(xn, xn, u)),

where

M(xn, xn, u) = max{S(xn, xn, u), S(xn, xn, Txn), S(u, u, Tu),

1

4
(S(xn, xn, Txn) + S(xn, xn, Tu) + S(u, u, Txn))

= max{S(xn, xn, u), S(xn, xn, xn+1), S(u, u, Tu)}
1

4
(S(xn, xn, xn+1) + S(xn, xn, Tu) + S(u, u, xn+1)).

Letting n→∞ in the following inequality

S(xn+1, xn+1, Tu) ≤ ψ(M(xn, xn, u)).

It follows that
S(u, u, Tu) ≤ ψ(S(u, u, Tu)),

which is a contradiction. Thus, we obtain S(u, u, Tu) = 0 and hence u =
Tu. �

The following corollary can be easily derived from Theorem (2.2).
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Corollary 2.3. Let (X,S) be a complete S-metric space. Suppose that T :
X → X is a generalised S − β −ψ contractive mapping of type II such that
ψ is continuous and satisfies the following condition.

(i) T is β-admissible;
(ii) there exists x0 ∈ X such that β(x0, x0, Tx0) ≥ 1;
(iii) If {xn} is a sequence in X such that β(xn, xn, xn+1) ≥ 1 for all n

and {xn} is a S-convergent to x ∈ X, then β(xn, xn, x) ≥ 1 for all
n.

Then there exists u ∈ X such that Tu = u.

Theorem 2.3. Adding the following condition to the hypotheses of Theorem
(2.1) (resp. Theorem (2.2), Corollary (2.2), Corollary (2.3)), we obtain the
uniqueness of the fixed point of T .

(iv) For x ∈ Fix(T ), β(x, x, z) ≥ 1 for all z ∈ X.

Proof. Let u, v ∈ Fix(T ) be two fixed points of T . By (iv), we derive
β(u, u, v) ≥ 1. Notice that β(Tu, Tu, Tv) = β(u, u, v) since u and v are
fixed points of T . Consequently, we have

S(u, u, v) = S(Tu, Tu, Tv)

≤ β(u, u, v)S(Tu, Tu, Tv) ≤ ψ(M(u, u, v)),

where

M(u, u, v) = max{S(u, u, v), S(u, u, Tu), S(v, v, Tv),

1

4
(S(u, u, Tu) + S(u, u, Tv) + S(v, v, Tu))}

= max{S(u, u, v),
1

4
(S(u, u, v) + S(v, v, u))}

= S(u, u, v).

Thus, we get that

S(u, u, v) ≤ ψ(M(u, u, v))

≤ ψ(S(u, u, v))

< S(u, u, v),

which is a contradiction. Therefore, u = v, that is, the fixed point of T is
unique. �

Corollary 2.4. Let (X,S) be a complete S-metric space and T : X → X
be a given mapping. Suppose that there exists a continuous function ψ ∈ Ψ
such that

S(Tx, Ty, Tz) ≤ ψ(M(x, y, z)),

for all x, y, z ∈ X. Then T has a unique fixed point.
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Corollary 2.5. Let (X,S) be a complete S-metric space and T : X → X
be a given mapping. Suppose that there exists a continuous function ψ ∈ Ψ
such that

S(Tx, Ty, Tz) ≤ ψ(S(x, y, z)),

for all x, y, z ∈ X. Then T has a unique fixed point.

Corollary 2.6. Let (X,S) be a complete S-metric space and T : X → X
be a given mapping. Suppose that there exists λ ∈ [0, 1) such that

S(Tx, Ty, Tz) ≤ λmax{S(x, y, z), S(x, x, Tx), S(y, y, Ty),

S(z, z, Tz),
1

4
(S(x, x, Ty) + S(y, y, Tz) + S(z, z, Tx))},

for all x, y, z ∈ X. Then T has a unique fixed point.

Corollary 2.7. Let (X,S) be a complete S-metric space and let T : X →
X be a given mapping. Suppose that there exist nonnegative real numbers
a, b, c, d, e with a+ b+ c+ d+ e < 1 such that

S(Tx, Ty, Tz) ≤ aS(x, y, z) + bS(x, x, Tx)

+cS(y, y, Ty) + d(S(z, z, Tz))

+
e

4
(S(x, x, Ty) + S(y, y, Tz) + S(z, z, Tx)),

for all x, y, z ∈ X. Then T has a unique fixed point.

Corollary 2.8. Let (X,S) be a complete S-metric space and let T : X → X
be a given mapping. Suppose that there exists λ ∈ [0, 1) such that

S(Tx, Ty, Tz) ≤ λS(x, y, z),

for all x, y, z ∈ X. Then T has a unique fixed point.

3. Consequences

Fixed point theorems on metric spaces endowed with a partial order.

Definition 3.1. Let (X,�) be a partially ordered set and T : X → X be a
given mapping. We say that T is nondecreasing with respect to � if

x, y ∈ X, x � y ⇒ Tx � Ty.

Definition 3.2. Let (X,�) be a partially ordered set. A sequence {xn} ⊂ X
is said to be nondecreasing with respect to � if xn � xn+1 for all n.

Definition 3.3. Let (X,�) be a partially ordered set and S be a S-metric
space onX. We say (X,�, S) a S-regular if for every nondecreasing sequence
{xn} ⊂ X such that xn → x ∈ X as n→∞, xn � x for all n.

Theorem 3.1. Let (X,�) be a partially ordered set and � be a S-metric
on X such that (X,S) is a complete S-metric space. Let T : X → X
be a nondecreasing mapping with respect to �. Suppose that there exists a
function ψ ∈ Ψ such that
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(5) S(Tx, Tx, Ty) � ψ(M(x, x, y)),

for all x, y ∈ X with x � y. Suppose also that the following conditions hold.
(i) There exists x0 ∈ X such that x0 � Tx0;
(ii) T is S-continuous or (X,�, S) is S-regular and ψ is continuous.

Then there exists u ∈ X such that Tu = u. Moreover, if for x ∈ Fix(T ),
x � z for all z ∈ X, one has the uniqueness of the uniqueness of the fixed
point.

Proof. Define the mapping β : X ×X ×X → [0,∞) by

β(x, x, y) =

{
1, if x � y,
0, otherwise.

From (5), for all x, y ∈ X, we have

β(x, x, y)S(Tx, Tx, Ty) ≤ ψ(M(x, x, y)).

It follows that T is a generalised S − β −ψ contractive mapping of type II.
From the condition (ii), we have

β(x0, x0, Tx0) ≥ 1.

By the definition of β and since T is a nondecreasing mapping with respect
to �, we have

β(x, x, y) ≥ 1⇒ x � y ⇒ Tx � Ty ⇒ β(Tx, Tx, Ty) ≥ 1.

Thus T is β-admissible. Moreover, if T is S-continuous, by Theorem (2.1),
T has a fixed point.

Now, suppose that (X,�, S) is S-regular. Let {xn} be a sequence in X
such that β(xn, xn, xn+1) ≥ 1 for all n and xn is S-convergent to x ∈ X.
By Definition (3.3), xn � x for all n, which gives us β(xn, xn, x) ≥ 1 for all
k. Thus, all the hypothesis of Theorem (2.2) are satisfied and there exists
u ∈ X such that Tu = u. To prove the uniqueness, since u ∈ Fix(T ), we
have, u � z for all z ∈ X. By the definition of β, we get that β(u, u, z) ≥ 1
for all z ∈ X. Therefore, the hypothesis (iv) of Theorem (2.3) is satisfied
and deduce the uniqueness of the fixed point.

�

Corollary 3.1. Let (X,�) be a partially ordered set and S be a S-metric
on X such that (X,S) is a complete S-metric space. Let T : X → X
be a nondecreasing mapping with respect to �. Suppose that there exists a
function ψ ∈ Ψ such that

S(Tx, Tx, Ty) ≤ ψ(S(x, x, y)),

for all x, y ∈ X with x � y. Suppose also that the following conditions hold.
(i) There exists x0 ∈ X such that x0 � Tx0;
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(ii) T is S-continuous or (X,�, S) is S-regular.
Then there exists u ∈ X such that Tu = u. Moreover, if for x ∈ Fix(T ),
x � z for all z ∈ X, one has the uniqueness of the fixed point.

Corollary 3.2. Let (x,�) be a partially ordered set and S be a S-metric
space on X such that (X,S) is a complete S-metric space. Let T : X → X
be a nondecreasing mapping with respect to �. Suppose that there exist
nonnegative real numbers a, b, c, and d with a+ b+ c+ d < 1 such that

S(Tx, Tx, Ty) ≤ aS(x, x, y) + bS(x, x, Tx) + cS(y, y, Ty)

+
d

4
(S(x, x, Tx) + S(x, x, Ty) + S(y, y, Tx)),

for all x, y ∈ X with x � y. Suppose also that the following conditions hold.
(i) There exists x0 ∈ X such that x0 � Tx0;
(ii) T is S-continuous or (X,�, S) is S-regular.

Then there exists u ∈ X such that Tu = u. Moreover, if for x ∈ Fix(T ),
x � z for all z ∈ X, one has the uniqueness of the fixed point.

Corollary 3.3. Let (x,�) be a partially ordered set and S be a S-metric
space on X such that (X,S) is a complete S-metric space. Let T : X → X
is a nondecreasing mapping with respect to �. Suppose that there exist a
constant λ ∈ [0, 1) such that

S(Tx, Tx, Ty) ≤ λS(x, x, y),

for all x, y ∈ X with x � y. Suppose also that the following conditions hold.
(i) There exists x0 ∈ X such that x0 � Tx0;
(ii) T is S-continuous or (X,�, S) is S-regular.

Then there exists u ∈ X such that Tu = u. Moreover, if for x ∈ Fix(T ),
x � z for all z ∈ X, one has the uniqueness of the fixed point.
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