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We show how optical free-electron lasers and enhanced incoherent Thomson scattering
radiation sources can be realized with Traveling-Wave Thomson-Scattering (TWTS)
today. Emphasis is put on the realization of optical free-electron lasers (OFELs) with
existing state-of-the-art technology for laser systems and electron accelerators. The
conceptual design of optical setups for the preparation of laser pulses suitable for TWTS
OFELs and enhanced Thomson sources is presented. We further provide expressions
to estimate the acceptable alignment tolerances of optical components for TWTS OFEL
operation. Examples of TWTS OFELs radiating at 100 nm, 13.5 nm and 1.5Å as well as
an incoherent source producing 30 keV photons highlight the feasibility of the concept
and detail the procedure to determine the optical components parameters of a TWTS
setup.

Keywords: optical FEL, traveling-wave, Thomson scattering, pulse-front tilt, out-of-focus interaction

1. INTRODUCTION

With the availability of high-power laser pulses compact ultraviolet to γ -ray radiation sources
based on Thomson scattering came into focus of research [1–12]. Most of these Thomson sources
produce radiation by scattering high-power laser pulses off relativistic electron bunches in head-
on collisions. In the laser field, the oscillatory electron motion is similar to their motion in
conventional magnetic undulators employed in synchrotron light sources and free-electron lasers
today. Therefore, laser pulses are often referred to as optical undulators in Thomson scattering.
While conventional magnetic undulators have undulator periods on the centimeter scale, optical
undulators have orders of magnitude smaller periods λu since these are determined by the laser
wavelength λLaser which is typically on the micrometer scale. Therefore, Thomson sources can
provide hundreds to thousands of undulator periods on submeter interaction distances. Since
smaller undulator periods allow for smaller electron energy Eel to produce radiation at a target
wavelength

λ ∝ λu

E2el
,

the footprint of light sources utilizing optical undulators is substantially smaller than those of
conventional light sources due to their reduced accelerator length. By additionally utilizing laser
wakefield accelerators [13–17] “table-top” all-optical sources were realized with centimeter scale
dimensions for electron acceleration and radiation production [18–26].
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FIGURE 1 | Depicts the Traveling-Wave Thomson-Scattering (TWTS)
geometry where electron direction of motion and laser propagation direction
enclose the interaction angle φ. The laser pulse-front tilt about the angle αtilt
ensures continuous overlap of electrons and laser pulse. The combination of
side-scattering and laser pulse-front tilt in TWTS allows for the realization of
optical undulators where the number of undulator periods Nundulator is not
limited by the laser pulse duration τ0 but instead by the laser pulse width. With
current petawatt class laser systems interaction distances long enough for
microbunching of the electron pulse and thus coherent amplification of emitted
radiation can be realized allowing for compact optical free-electron lasers
(OFEL).

Maintaining interaction between electrons and laser pulse
over hundreds to thousands of undulator periods can induce
microbunching of the electron beam allowing for the realization
of optical free-electron lasers (OFELs) [27, 28]. Traveling-Wave
Thomson-Scattering (TWTS) [29–31] is able to provide these
interaction distances utilizing high-power laser pulses with
durations in the femtosecond range. TWTS is scalable from
ultraviolet TWTS OFEL realizations to hard X-ray TWTS OFEL
realizations.

While in head-on Thomson scattering schemes laser pulse
defocusing limits the maximum available interaction distance,
TWTS defeats this defocusing limit by exploiting a side-
scattering geometry, where laser and electron direction of
propagation enclose an interaction angle φ as depicted in
Figure 1. Together with a tilt of the laser pulse-front, the side
scattering geometry of TWTS optimizes the overlap between
laser pulses and electron bunches during interaction resulting in
an increase of monoenergetic scattered photon flux [32] while
utilizing the same laser system and electron accelerator as a
head-on Thomson geometry (φ = 180◦). This enables the
realization of TWTS OFELs with existing high-power, short-
pulse laser systems and electron accelerator technology [31,
32]. In contrast, proposed OFELs in head-on geometries have
extremely challenging requirements on lasers and electron beams
[33–35].

Several versions of TWTS OFEL geometries were proposed
using either one laser pulse [31, 36, 37] or two laser pulses
forming an optical lattice [38–40]. The methods for TWTS pulse
preparation presented by Lawler et al. [36], Chang et al. [37, 40]
are, however, not suitable for high power laser pulses which
are required for TWTS OFEL operation as it is pointed out by
Steiniger et al. [31] by analyzing the TWTS OFEL scaling laws

for electron bunch and laser pulse requirements. Moreover, the
setups of Lawler et al. [36], Chang et al. [37, 40] do not take care
of laser pulse dispersion compensation during the electron-laser
interaction. Yet, dispersion originates from the laser pulse-front
tilt and can inhibit TWTS OFEL operation due to the tight limit
on acceptable undulator amplitude variation.

The optical setups presented in this work provide dispersion
compensation during the interaction by exploiting the plane of
optimum compression. Furthermore, they are suitable for high
power laser pulses by utilizing only reflective optics and can be
realized with currently available technology for laser systems.

We introduce two designs which are both suitable for the
realization of incoherent, large interaction angle, hard X-ray
TWTS sources and coherent, small interaction angle, ultraviolet
to X-ray TWTS OFELs. These designs utilize only a grating
pair, planar and cylindrical mirrors. They differ by the ability
to focus the laser pulse within the interaction plane, spanned by
the electron bunch and laser pulse propagation directions, which
may be necessary to reach a target optical undulator strength.
In order to design TWTS sources for any target wavelength,
we provide extensive scaling formulas to determine optical
component parameters and alignment tolerances for both optical
setups. Moreover, the latter formulas are generally applicable for
the evaluation of acceptable limits on the variation of laser pulse
properties to operate a TWTS OFEL. The provided relations are
independent of a particular method to generate laser pulses for
TWTS and thus can be applied to other possible methods of
TWTS OFEL laser pulse generation. Examples accompanying
each setup demonstrate their feasibility and exemplify usage of
the relations.

2. TRAVELING-WAVE
THOMSON-SCATTERING (TWTS)

2.1. TWTS Geometry
Traveling-Wave Thomson Scattering (TWTS) can realize
interaction distances much longer than the laser pulse duration
and long enough for FEL amplification if the pulse front of the
laser is tilted by half the interaction angle αtilt = φ/2 with respect
to the wavefronts. As depicted in Figure 1, the pulse-front tilt
ensures continuous overlap of electrons and laser pulse allowing
to exploit every photon in the laser pulse for scattering. With
TWTS the interaction duration is controlled by the laser pulse
width. That is, the number of undulator periods Nundulator of a
TWTS optical undulator depends on the laser pulse width wyz,
which is only limited by the available laser power and size of
optics, and the laser wavelength λLaser

Nundulator =
wyz

λLaser
tanαtilt .

The TWTS OFEL radiation wavelength λFEL depends on the
interaction angle φ. It can be used to control λFEL independent
of electron energy Eel = γmc2 and laser wavelength [41]

λFEL = λLaser(1+ a2/2)

2γ 2(1− β cosφ) , (1)
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where β = vel/c is the electron velocity normalized to
the speed of light and a = λLaser

√
ILaser/13.7GW is the

dimensionless optical undulator strength. It corresponds to the
undulator strength parameter K of planar magnetic undulators.
The interaction angle φ allows to tune λFEL over orders of
magnitude, e.g. from 116 nm at φ = 2◦ to 0.04 nm at φ = 170◦

for a 40MeV electron beam and 1µm laser wavelength.
In TWTS scenarios with large interaction angles, laser pulse

dispersion can significantly diminish scattering output. Angular
dispersion is naturally present in TWTS through the pulse-front
tilt [42]. With angular dispersion (AD) each frequency in the
laser pulse propagates in a different direction causing frequency
separation in the transverse direction (spatial dispersion) and
longitudinal direction (group delay dispersion). Group delay
dispersion (GDD) can significantly increase the laser pulse
duration which reduces its amplitude and thus photon scattering
efficiency. Pulse elongation scales with pulse-front tilt angle αtilt,
propagation distance Lprop and laser pulse duration τ0 [42, 43].
Neglecting pulse elongation due to spatial dispersion (SD), the
relative change of pulse duration due to GDD is (cf. Equation
(47) in Appendix A)

τ ′

τ0
=
[

1+
L2propλ

2
Laser tan

4 αtilt

π2(cτ0)4

]
1
2

. (2)

Pulse elongation through group delay dispersion can be
significant for large scattering angles (αtilt = φ/2) and short
laser pulses. On the other hand, it can be negligible for small
angles and longer pulses and thus does not affect the photon
yield in these setups. Consider as an example two setups, one at
φ = 160◦, τ0 = 30 fs and the other at φ = 10◦, τ0 = 150 fs,
respectively. For a laser wavelength of λLaser = 1µm and an
interaction distance of Lprop = 25 cm the short pulse with large
tilt elongates to 31000τ0 whereas the long pulse with small tilt
elongates to 1.04τ0. That implies one generally needs to take care
of laser pulse dispersion, but laser pulse dispersion compensation
during the interaction may be omitted when longer laser pulses
are applied at small interaction angles.

The two optical setups for TWTS laser pulse preparation
presented in sections 3.1 and 3.2 are both capable of fully
compensating group delay dispersion during the interaction.
Both setups utilize gratings to introduce a pulse-front tilt and
provide dispersion compensation during the interaction. They
differ by the ability to focus within the interaction plane being
spanned by the laser and electron bunch propagation directions.
Ideally, dispersion control achieves interaction of the electrons
in a bunch with a plane wave laser field. This is important
since undulator amplitude and frequency variations must not
be too large for OFEL operation. With large variations the FEL
instability will not develop. Section 2.3 explains this in more
detail and provides limits.

2.2. Pulse-Front Tilt and Dispersion
Compensation in TWTS Geometries
TWTS uses high-power laser pulses which require reflective
optics for pulse-front tilt generation. That is, setups utilize

reflective gratings which introduce angular dispersion. As a
consequence, spatial dispersion (SD) and group delay dispersion
(GDD) continuously grow in laser pulses for TWTS through
frequency separation during propagation and it becomes
impossible to create a pulse being free of GDD during the
entire interaction. However, it is possible to create a laser pulse
being locally free of GDD by exploiting the plane of optimum
compression being an inherent feature of diffraction at a grating
[44]. During propagation the laser pulse crosses this plane part by
part where the laser pulse slice currently in the plane of optimum
compression is GDD-free while the rest outside the plane is not.
As depicted in Figure 2A, the plane of optimum compression is
oriented obliquely with respect to the laser propagation direction
and can be aligned with the electron trajectory.

In TWTS a pair of gratings, similar to a laser pulse compressor,
is used to generate and align pulse-front tilt and plane of
optimum compression. Both orientations are controlled by the
parameters of the grating pair: first and second grating line
density, n1 and n2 respectively, laser pulse angle of incidence at
the first grating ψin,1 and the second grating rotation angle ǫ
enclosed by the grating surfaces to allow for non-parallel grating
alignment in the setup by rotating the second grating within the
horizontal laser plane, see Figure 2C.

The position of the plane of optimum compression along
the laser propagation path is controlled by a preconditioned
group delay dispersion in the incoming pulse. This GDD has
the same magnitude but opposite sign as the GDD generated by
the passage through the grating pair and subsequent propagation
of the tilted pulse to the interaction point. Thus GDD of the
incoming pulse can precompensate GDD generated in the setup.

Relations for the orientation of pulse-front tilt αtilt and plane
of optimum compression αpoc are obtained by expanding the
phase ϕ(�) of an angularly dispersed laser pulse with central
frequency �0. A frequency � within a laser pulse which is
subject to angular dispersion, due to diffraction at the first
and second grating, propagates in a different direction than the
central laser frequency �0, where θ(�) is the angle enclosed
by both propagation directions. Assuming the central frequency
propagates along the z-axis, the phase of frequency � at a
position r = (y, z) can be written as

ϕ(�, r) = k(�)r = �

c
(z cos θ(�)− y sin θ(�)) .

Expanding in powers of (�−�0) up to second order

ϕ(�) ≈ �0

c
z + (z − y tanαtilt)

(�−�0)

c

+1

2
(y tanαpoc − z) tan2 αtilt

(�−�0)2

�0c
, (3)

yields relations for αtilt and αpoc

tanαtilt = �0θ
′ tanαpoc = −2θ ′ +�0θ

′′

�0θ ′2
, (4)

where θ ′ = dθ
d�

∣

∣

∣

�=�0
is the frequency derivative of the deviation

angle evaluated at the central frequency. Note that there are
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FIGURE 2 | (A) Visualization of the plane of optimum compression. The electric field of a laser pulse traveling upwards is shown three times during Traveling-Wave
Thomson-Scattering. Where the laser pulse overlaps with the electron trajectory, it is locally GDD-free manifesting in the shortest possible pulse duration in this region.
Away from the electron trajectory, the laser pulse has GDD which increases its duration. (B) Shows the angles important when searching for grating setups to form
laser pulses for TWTS. As the plane of optimum compression only needs to be aligned with the electron trajectory, there are two possible angles αpoc for its
orientation. (C) Grating pair arrangement for the generation and orientation of pulse-front tilt and plane of optimum compression in TWTS geometries. Parameters
controlling pulse-front tilt and plane of optimum compression alignment are first and second grating line density, n1 and n2 respectively, laser pulse angle of incidence
at the first grating ψin,1 and the second grating rotation angle ǫ measuring its rotation out of parallel alignment to the first grating. The angle θ quantifies the angular
deviation of a laser frequency’s propagation direction relative to the central laser frequency (green).

always two possible orientations for the plane of optimum
compression, but only one possible orientation for the pulse-
front tilt.

The phase expansion shows that first order dispersion
vanishes along the plane z = y tanαtilt defining the pulse-front
of the laser. Second order dispersion vanishes along the plane
z = y tanαpoc defining the plane of optimum compression
where the pulse duration is transform limited. Expanding the
phase to higher orders allows determining the orientation of
planes within which these contributions vanish. For example,
third order dispersion vanishes along the plane z = y tanαtod
with tanαtod = (�0θ

′3 − 3θ ′′ − �0θ
′′′)/(θ ′2 + �0θ

′θ ′′). By
aligning these planes with the electron trajectory, too, higher
order dispersions can be compensated during the interaction,
too.

The correct values of pulse-front tilt and plane of optimum
compression orientation for TWTS can be identified from
Figure 2B :

αpoc = φ ± π/2 αtilt = φ/2 (5)

Relations (4) and (5) are used to determine parameters of the
optical components in the following designs. These relations
further express the necessity of a grating pair rather than a single
grating since usage of only one grating implies a laser incidence
angle of 90◦ [31].

There is a limitation to this technique as it is only applicable
in the case of negligible spatial dispersion during the interaction.
This can be estimated by evaluating the pulse elongation due to
spatial dispersion during propagation [42, 43]. Neglecting pulse
elongation due to GDD, the relative change of pulse duration due

to SD is (cf. Equation (47) in Appendix A)

τ

τ0
=
(

1+
L2propλ

2
Laser tan

2 αtilt

π2c2τ 20w
2
yz

)1/2

, (6)

where the second term on the right-hand side needs to be small
compared to one for spatial dispersion to be negligible. In all
practical cases of TWTS this limit is fulfilled, as we aim for
long interaction distances requiring pulse width w0,yz on the
centimeter scale. The increase in pulse duration from spatial
dispersion in the previous long pulse, small interaction angle
example is 1.0001τ0. In cases where compensation of spatial
dispersion is required, a combination of two varied line-space
gratings can be used [30].

2.3. Requirements on Laser Stability for
TWTS OFELs
Laser intensity variation, as well as undulator frequency
variation, result in a radiation frequency detuning according to
the Thomson Formula (1) during interaction. Since the amplified
radiation wave advances exactly one wavelength per undulator
period with respect to an electron, the detuning must be very
small to ensure continuous amplification of the wavelengths
within the gain bandwidth around the target OFEL radiation
wavelength. Until the TWTS OFEL reaches saturation, the total
emission wavelength detuning should be smaller than the FEL
gain bandwidth [45], being given by the Pierce parameter ρ
[46–48],

1λFEL

λFEL
< 2ρ ,
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where for TWTS OFELs [31]

ρ =
[

1

16γ 3

Ip

IA

(

λLaserafB

2πσel(1− β cosφ)

)2
]1/3

with Ip being the electron bunch peak current, σel the electron
bunch rms cross-sectional radius, IA ≈ 17 kA the Alfvén current,
fB = [J0(χ) − J1(χ)] the Bessel function factor with Jn(χ) being
the nth Bessel function of the first kind and χ = a2/(2+ a2).

The variation 1λFEL/λFEL due to laser intensity variation 1I
and laser undulator frequency variation 1�̃ is found from error
propagation of the Thomson formula yielding the limits [31]

1I

I
= 4ρ

1+ a2/2

a2
,

1�̃

�̃
= 2ρ .

(7)

In order to derive limits on alignment stability in the setups, we
will relate variations of setup and optical component parameters
to laser amplitude and frequency variations along the electron
trajectory and compare these to the above expressions.

3. DESIGN OF OPTICAL SETUPS FOR
TWTS

3.1. TWTS Setups Without Focusing Within
the Interaction Plane
In TWTS geometries the laser pulse is always focused vertically,
i.e., in the plane normal to the interaction plane. Vertical focusing
by a cylindrical mirror ensures optimum overlap of laser and
electrons in the focus by matching the vertical laser pulse
diameter to the electron bunch diameter. Depending on the
interaction parameters, e.g., required optical undulator strength
and interaction distance, it may be necessary to employ focusing
within the interaction plane as well. The design of such setups is
presented later.

In the following, we present the design of setups where
focusing within the interaction plane can be omitted. Typically,
these setups are usable for incoherent hard X-ray Thomson
sources and X-ray TWTS OFELs. For example, X-ray TWTS
OFELs commonly have gain lengths on the centimeter scale and
accordingly require interaction distances on the ten-centimeter
scale which are provided by wide laser pulses having widths on
the centimeter scale in the interaction plane. The need for pulse
widths on the centimeter scale removes the necessity of focusing.
Several ten centimeter long interaction distances may be needed
for X-ray TWTS OFEL operation since they require thousands of
optical undulator periods for a long lasting back reaction of the
radiation on the electron bunch which enables coherent radiation
amplification through the induced microbunching.

Furthermore, the realization of incoherent yield-enhanced
Thomson sources featuring a harmonic-free spectrumwith ultra-
low bandwidth becomes possible with TWTS offering interaction
distances of several ten centimeter. The long interaction distances
provided by wide laser pulses allow for large photon yields

FIGURE 3 | An optical setup for generating TWTS laser pulses with full control
over laser pulse dispersion along the electron trajectory. The laser pulse enters
the compressor-like grating arrangement from the top left and is incident on
the first grating at the angle ψin,1. The two gratings have different line density,
n1 and n2 respectively, and the second grating is rotated by an angle ǫ with
respect to the first grating. The values ψin,1, ǫ, n1, n2 are chosen to realize a
pulse-front tilt of half the interaction angle αtilt = φ/2 and to align the plane of
optimum compression with the electron trajectory αpoc = φ − π/2. The
cylindrical mirror provides focusing of the laser pulse in the plane normal to the
interaction plane which is spanned by the laser and electron propagation
directions. The interaction between electrons and laser takes place after
reflection of the laser at the cylindrical mirror. The incoming laser pulse has a
non-zero group delay dispersion (GDD) to compensate for GDD arising during
propagation to the interaction region after diffraction at the gratings.

and enable sub per mille radiation bandwidths since photon
yield scales proportionally to the number of undulator periods
and bandwidth inversely proportional to it. The sub-relativistic
intensity of a wide laser pulse ensures the harmonic-free
spectrum. Thus, spectral photon densities of yield-enhanced
Thomson sources by TWTS can overtop those of comparable
head-on Thomson sources by orders of magnitude [31].

The basic design of a setup omitting to focus within the
interaction plane is shown in Figure 3. An uncompressed laser
pulse with residual group delay dispersion (GDD) from a high-
power chirped-pulse amplification system enters the grating pair
from the top left. The first grating introduces a pulse-front
tilt which is corrected and aligned together with the plane of
optimum compression according to the Requirements (5) at the
second grating. After the second grating, the pulse is redirected
at a planar mirror toward the final optical element which is a
cylindrical mirror. It provides focusing within the plane normal
to the interaction plane, i.e., in the vertical direction, for optimum
overlap of laser pulse and electron bunch. The focal line of this
cylindrical mirror coincides with the electron bunch trajectory
and encloses the angle φ with the laser propagation direction.
An alternative setup presented later replaces the planar mirror
by a cylindrical mirror in order to provide focusing within the
interaction plane, i.e., the horizontal direction, too.

Temporal compression of the laser pulse begins after
diffraction at the first grating since it introduces angular
dispersion to the pulse which is only modified but not removed
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by upstream optical elements. Full compression at the interaction
point is therefore ensured by attuning group delay dispersion
of the incident laser to group delay dispersion acquired during
propagation from the first grating to the interaction point.

3.1.1. Laser Pulse Preparation by the Grating Pair
For high diffraction efficiency, high line density gratings with
groove spacing . 1.25λLaser are used which ensure diffraction
only into a single order [49]. These gratings are arranged similarly
to the layout of a laser compressor. They face each other but
the second grating is rotated out of parallel orientation to the
first grating by the angle ǫ. In these compressor-like setups the
diffraction angle ψout,2 at the second grating depends on first
grating incidence angle ψin,1, line densities of first and second
grating, n1 and n2 respectively, diffraction order at first and
second grating,m1 andm2 respectively, as well as second grating
rotation angle ǫ.

The orientations of pulse-front tilt and plane of optimum
compression after diffraction at the second grating are obtained
from the angular deviation θ(�) between the propagation
directions of the central laser frequency �0 and a frequency �,
as specified by Equation (4), which is given by

θ = ψout,2(�)− ψout,2(�0) ,

where sinψout,2(�) = m2n2
2πc

�
+ sin(ǫ − ψout,1(�)) ,

sinψout,1(�) = m1n1
2πc

�
+ sinψin,1 .

(8)

The respective derivatives of θ can be calculated analytically,
yielding

tanαtilt,2 =
sin(ǫ − ψout,1)− sinψout,2

cosψout,2
− cos(ǫ − ψout,1)

cosψout,2
tanαtilt,1 , (9)

tanαpoc,2 = − tanψout,2

+
[

sin(ǫ − ψout,1)+ cos(ǫ − ψout,1) tanψout,1
]

cosψout,2

tan2 αtilt,1
tan2 αtilt,2

,

(10)

for the orientations of pulse-front tilt and plane of optimum
compression after the second grating, respectively. The first
term in (9) is in its structure equal to the pulse-front tilt after
diffraction at a single grating, but the angular dispersion from
diffraction at the first grating induces an additional pulse-front
rotation expressed by the second term. Similarly, the first term in
the expression for the plane of optimum compression orientation
(10) is equal to the value after diffraction at a single grating and
the second term modifies this value due to angular dispersion
from diffraction at the first grating.

Examples demonstrating the achievable range in pulse-front
tilt and plane of optimum compression orientation angles for
several grating combinations are presented in Figure 4. Graphs
in the left column refer to a setup where the first grating has a
line density of 800 l/mm and the incidence angle at this grating
is 18◦. Graphs in the right column refer to a setup where the

first grating has a line density of 1600 l/mm and the incidence
angle at this grating is 61◦. In both setups the first grating
incidence angle is chosen close to the grating’s Littrow angle for
high diffraction efficiency. In each column, the first plot shows
the scaling of pulse front tilt with second grating rotation angle
for three different second gratings which differ in line density.
These are 1000, 1200, and 1400 l/mm. The second plot in each
column shows the corresponding scaling of plane of optimum
compression orientation. These scalings show that in both cases,
lowest and highest line density at the first grating, the difference
in line density between the two gratingsmainly allows controlling
the pulse-front tilt, while the second grating rotation angle ǫ
mainly controls the plane of optimum compression orientation.

As in TWTS both αtilt and αpoc depend on the interaction
angle φ, their scalings must be seen in combination. According
to Figure 2B and Equation (5) the condition for a well-designed
TWTS geometry can be expressed as

αpoc − 2αtilt = ±π
2
. (11)

The last plot in each column shows which values of second
grating rotation angle ǫ fulfill this condition for the different
gratings setups. In the case of a higher line density at the first
grating (right column) more parameter sets for TWTS are found
resulting from larger control over plane of optimum compression
orientation compared to the case with a lower line density at the
first grating (left column).

On the other hand, larger control comes on the cost of more
sensitive alignment since variations have a larger impact on
the orientations of plane of optimum compression and pulse-
front tilt. Later, we derive limits for alignment tolerances in
TWTS OFEL setups, which connect misalignment to intensity
and frequency variations during the interaction, since too large
variations can inhibit lasing of an FEL.

3.1.2. Determining Grating Parameters
In order to determine the grating parameters for a target
interaction geometry with preset interaction angle φ, the
analytical solutions for pulse-front tilt and plane of optimum
compression, Equations (9) and (10) respectively, can be utilized.
In a first iteration step, some values for the first grating incidence
angle ψin,1 and line density n1 are assumed allowing to recast
the analytic solutions into defining equations for second grating
line density n2 and incidence angle ψin,2 = ǫ − ψout,1.
These defining equations are obtained by first deriving an
expression for the sine of the second grating incidence angle
si = si(so,ψin,1, n1,φ) = sin(ǫ − ψout,1) by rearranging (9) into
an equation for sinψin,2 − cosψin,2 tanαtilt,1, multiplying it by
tanψout,1 and adding to it the equation obtained by rearranging
(10) for sinψin,2 + cosψin,2 tanψout,1 which is multiplied by
tanαtilt,1. The equation for si depends on the sine of the
second grating diffraction angle, so = so(si,ψin,1, n1,φ) =
sinψout,2, for which an equation is found in a similar manner
to si,

si =
tan2(φ/2)
tanαtilt,1

(

so −
√

1− s2o cotφ
)

+
(

so +
√

1− s2o tan(φ/2)
)

tanψout,1

tanαtilt,1 + tanψout,1
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FIGURE 4 | Scaling of pulse-front tilt angle αtilt (A,B), plane of optimum
compression angle αpoc (C,D) and Condition (11) for correct alignment of αtilt
and αpoc for TWTS in dependence of the rotation angle ǫ of the second
grating (E,F), compare Figure 3. In scalings (A,C,E) the line density n1 of the
first grating is smaller than that of the second grating n2 while in (B,D,F)
n1 > n2. In all scalings diffraction is into −1st order at both gratings. For
setups fulfilling the TWTS condition, the interaction angle is given in (E,F). The
first grating incidence angles ψin,1 are chosen close to the respective Littrow
angles for optimum diffraction efficiency.

so =
tan2 αtilt,1
tan(φ/2)

(

si +
√

1− s2i tanψout,1

)

+
(

si −
√

1− s2i tanαtilt,1

)

cotφ

tan(φ/2)+ cotφ
,

(12)

using the Conditions (5) and where the diffraction angle ψout,1

and the pulse-front tilt angle αtilt,1 after the first grating are given
by

sinψout,1(�) = m1n1
2πc

�
+ sinψin,1 (13)

tanαtilt,1 =
sinψin,1 − sinψout,1

cosψout,1
. (14)

From Equation (12) the second grating parameters (ψin,2, n2) are
determined from the first grating parameters (ψin,1, n1) and the

interaction angle φ by solving the implicit equation for si which
is obtained by inserting the expression for so into the expression
for si. The solution si,sol is related to the second grating rotation
angle ǫ by

ǫ = ψin,2 − ψout,1 = arcsin si,sol − ψout,1 . (15)

The second grating line density is determined from this
solution, too, and from the corresponding solution so,sol =
so(si,sol,ψin,1, n1,φ) by

n2 =
so,sol − si,sol

λLaserm2
. (16)

The order of diffraction at the second gratingm2 is determined by
the sign of so,sol−si,sol in this expression through the requirement
of a positive n2.

This procedure of second grating parameter determination
may be repeated for a different set of first grating parameters
(ψin,1, n1) in order to optimize the second grating parameters
for a target interaction geometry at interaction angle φ. In this
way, the parameters of both gratings can be optimized for e.g.,
diffraction efficiency, standard line densities or a target laser pulse
width after passing the grating pair.

The fact that there is a range of grating parameters resulting
in the same orientation of pulse-front tilt and plane of optimum
compression has an important implication on the variability of
a TWTS light source with respect to the radiation wavelength
created. This variability implies that a range of TWTS sources
operating at different interaction angles can be built with a single
grating pair combination, where only alignment angles change.
Figure 5 illustrates that a grating pair with first grating line
density n1 = 800 l/mm and second grating line density n2 =
1000 l/mm can be used to operate TWTS sources at interaction
angles from 22◦ to 42◦ while ensuring diffraction at the gratings
only into−1st order.

3.1.3. Limits on Variations in Laser Pulse Properties

and Optical Setup Parameters for TWTS OFEL

Realization
One important aspect in building an FEL is providing an
undulator field as close to a plane wave as possible, cf. section
2.3. Variations in laser intensity and frequency along the electron
trajectory translate to distortions of the optical undulator field.
These variations can originate from potentially present higher-
order dispersions as well as misalignment of pulse-front tilt and
plane of optimum compression. These misalignments can be
caused by misalignments of gratings (1ψin,1, 1ǫ) or laser and
electron beam pointing (1φ).

Estimates for intensity and frequency variations during the
interaction due to variations in pulse-front tilt and plane of
optimum compression are obtained from an expression for the
electric field of a Gaussian laser pulse with dispersions. This
expression is obtained by an inverse Fourier transform of an
electric field with a phase term equal to Equation (3)

E(z, y, t) = 1

2π

∫

d� ei�tÊ0e
−(�−�0)2τ 20 /4e−iϕ(�)
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FIGURE 5 | Possible combinations of first grating incidence angle ψin,1 and
second grating rotation angle ǫ yielding a well-designed TWTS setup with
correct orientation of pulse-front tilt and plane of optimum compression for a
single grating pair (black line). The first and second grating line densities are
n1 = 800 l/mm and n2 = 1000 l/mm, respectively. The laser wavelength is
λLaser = 1.035µm. Colored solid lines connect combinations (ψin,1, ǫ) which
keep a pulse-front tilt orientation constant. Colored dashed lines connect
combinations (ψin,1, ǫ) which keep a plane of optimum compression
orientation constant. Pulse-front tilt and plane of optimum compression
orientation for curves of equal color are chosen as required for a well-designed
TWTS setup at some interaction angle φ. A pair of first grating incidence angle
and second grating rotation angle belonging to a well-designed TWTS setup is
given by an intersection point of two equal colored lines, i.e., Condition (11) is
fulfilled at the intersection. All graphs together demonstrate a variability in
interaction angle from 22◦ to 42◦ for this particular grating pair. The radiation
wavelength of a TWTS light source operated by this grating pair can be
reduced by a factor of 3.5 by changing the interaction angle from 22◦ to 42◦

without replacing optical components or changing the electron energy.

= E0

[1+ D2]1/4
e−L2/(1+D2)ei

�0
c (ct−z)e−i 12 arctanD

eiDL
2/(1+D2) . (17)

Therein

L(y, z) = ct − z + y tanαtilt
cτ0

and

D(y, z) =
2(y tanαpoc − z) tan2 αtilt

�0cτ
2
0

(18)

quantify the distance of some point (y, z) to the laser pulse-front
along its propagation direction z and to the plane of optimum
compression, respectively. When evaluating the field along the
electron trajectory (yel(t), zel(t)), D(yel, zel) becomes a measure of
laser dispersion and L(yel, zel) of electron and laser overlap. The
laser field will resemble a plane wave (D = const, L = const), if
pulse-front tilt and plane of optimum compression are optimally
aligned. That is, they need to be oriented according to (5) for
electrons traveling along the trajectory

zel = (ct + u) cosφ + v sinφ yel = −(ct + u) sinφ + v cosφ ,
(19)

where u = v = 0 corresponds to the electron bunch center
trajectory with u and v representing a longitudinal and transverse
offset of a single electron from the bunch center, respectively.

Ideally, the laser field resembles a plane wave over the whole
electron bunch, while in reality the laser intensity, as well as
undulator frequency, can vary within the bunch or during the
interaction due to non-optimum overlap or dispersion. These
variations will occur if electrons are located far from the bunch
center or optics are not ideally aligned, respectively. Therefore,
on the one hand, the laser pulse duration must be large enough
in order to provide good overlap. On the other hand, alignment
errors must be kept within the tolerance limits to prevent loss
of overlap and optical undulator frequency detuning to achieve
OFEL operation.

According to standard rules for maximum error estimation,
a variation of laser intensity I and optical undulator frequency
�̃ = �0/(1 − cosφ) is related to variations 1D, 1Ḋ and 1L of
the dispersion term D, its temporal derivative Ḋ and the overlap
term L, respectively, by

∣

∣

∣

∣

1I

I

∣

∣

∣

∣

= 1D2

2
+ 21L2 , (20)

∣

∣

∣

∣

∣

1�̃

�̃

∣

∣

∣

∣

∣

= λLaser

4πc(1− cosφ)
1Ḋ (21)

which are limited by Relations (7).
For optimum alignment, there is no frequency variation

within the electron bunch and during the interaction, i.e.,1�̃ =
0 for all (u, v), but there is an intensity variation within the
bunch. Relation (20) together with its Limit (7) provide an
approximation for the electron bunch duration and width, i.e.,
maximum values of u and v respectively, that result in acceptable
intensity variation within the electron bunch for a given laser
pulse duration. In this case of optimum alignment, the dispersion
and overlap terms for electrons at the rim of the bunch (u ≈
cτel, v ≈ σel) become

1D = λLaser tan2(φ/2)

π(cτ0)2
σel (22)

1L = cτel + σel tan(φ/2)
cτ0

(23)

1

[

dD

dt

]

= 0 (24)

which is obtained by inserting the electron trajectory as well as
Equation (5) into the expressions for D and L.

Alignment errors in pulse-front tilt 1 tanαtilt, plane of
optimum compression 1 tanαpoc and interaction angle 1φ
result in dispersion, reduced overlap and optical undulator
frequency drift until the end of interaction (tend = Lint/2c).
Accordingly, the dispersion term, its time derivative and the
overlap term evolve to

1D = λLaser

πc2τ 20

{[

−Lint

2
sinφ + σel cosφ

]

tan2(φ/2)1 tanαpoc

−2σel
tan(φ/2)

sinφ
1 tanαtilt + tan2(φ/2)

Lint

2 sinφ
1φ

}
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1L = 1

cτ0

[(

Lint

2
sinφ − σel cosφ

)

1 tanαtilt

−
(

Lint

2
tan(φ/2)− σel

)

1φ

]

(25)

1

[

dD

dt

]

= λLaser tan2(φ/2)

πcτ 20

(

1φ

sinφ
− sinφ1 tanαpoc

)

by then. These expressions are again an estimate for the
maximum variation obtained by error propagation.

In order to find upper limits for the grating alignment
tolerances of first grating incidence angle 1ψin,1 and second
grating rotation angle 1ǫ, it is practical to begin by slightly
varying the parameters of a well-designed TWTS setup and
recording the resulting changes in pulse-front tilt, as well as plane
of optimum compression, via (4). These are used to evaluate
variations in laser intensity (20) and laser undulator frequency
(21) which are calculated via (25) and compared to the allowed
Limits (7).

3.2. TWTS Setups Providing Focusing
Within the Interaction Plane
TWTS OFEL operation may require laser pulse focusing within
the interaction plane, spanned by the electron and laser
propagation direction, in order to achieve optical undulator
strengths a on the order of unity. Focusing spatially dispersed
laser pulses with a parabolic mirror is a convenient method to
simultaneously generate the pulse-front tilt while keeping the
intensity on optics below their damage threshold [50]. Laser
pulses for TWTS OFELs, which require pulse widths on the
centimeter scale at the interaction point, have Rayleigh length on
the one hundred meter scale. This will result in focal distances of
many hundred meters for petawatt-class lasers, if the interaction
point had to coincide with the focus.

However, the propagation distance can be significantly
reduced by an out-of-focus interaction geometry as depicted in
Figure 6. In the out-of-focus geometry, the interaction point
of electron bunch and laser pulse is not in the focus but
rather outside the focus between the focal point and the off-
axis cylindrical mirror providing focusing within the interaction
plane. Since the interaction takes place before the focus where the
laser pulse width is still large, this geometry allows to strongly
focus the laser pulse to a focal width smaller than required to
operate the TWTS OFEL. Thus, a significant reduction of the
Rayleigh length and focal distance can be achieved.

3.2.1. Pulse-Front Tilt Generation at an Off-Axis

Cylindrical Mirror
In order to simultaneously focus a laser and tilt its pulse front, the
pulse is spatially dispersed first and then focused by an off-axis
cylindrical mirror. Focusing a spatially dispersed laser pulse by an
off-axis cylindrical mirror introduces angular dispersion which
translates to a pulse-front tilt, cf. Equation (4). Subsequently,
focusing reduces spatial dispersion and ensures spatial overlap
of the frequencies while the pulse propagates to the interaction
point. Figure 7 depicts this principle and shows that the position
where the frequencies completely overlap, i.e., spatial dispersion

FIGURE 6 | An optical setup to generate focused TWTS laser pulses where
pulse-front tilt arises from spatial dispersion in the pulse before focusing. A
chirped laser pulse enters from the top left a two grating setup under the angle
ψin,1 in order to transversely separate its frequencies by angular dispersion
and propagation about the distance Lgrating. Rotating the second grating by
an angle ǫ out of parallel orientation to the second grating, removes most of
the angular dispersion, but leaves a small residual pulse-front tilt. The laser
pulse exits the two grating setup under the angle ψout,2. Focusing the laser
pulse in both transverse dimensions is achieved in two steps. First, focusing in
the horizontal direction, i.e., in the interaction plane spanned by the electron
trajectory and the laser propagation direction, is provided by an off-axis
cylindrical mirror of effective focal length feff. It turns spatial dispersion into
angular dispersion thereby generating the required pulse-front tilt φ/2 of half
the interaction angle φ. Second, optimum overlap of laser and electrons is
ensured by the second cylindrical mirror focusing in the vertical direction, i.e.
normal to the interaction plane. Interaction takes place a distance 1f before
the actual focus of the off-axis cylindrical mirror. Vanishing spatial dispersion at
the interaction point, and not at the actual focus of the off-axis cylindrical
mirror, is ensured by the residual pulse-front tilt after the second grating.

vanishes, can be controlled by an initial angular dispersion of
the pulse introduced prior to deflection at the off-axis cylindrical
mirror.

In this out-of-focus interaction geometry, initial angular and
spatial dispersion are provided by a grating pair just as it is
utilized in the setup without focusing. Accordingly, the analytical
results for pulse-front tilt and plane of optimum compression
orientation after diffraction at the second grating, Equations
(9) and (10) respectively, are reused for this setup providing
focusing to obtain analytical relations for their orientation at the
interaction point.

3.2.2. Orientation of Pulse-Front Tilt and Plane of

Compression
After deflection at the focusingmirror, a frequency’s propagation
angle θ(�) relative to the central laser frequency’s propagation
direction is given by the angle θin(�), which is enclosed by both
propagation directions before deflection at the mirror, as well as
the frequency’s incidence point on the mirror surface yin(�) and
the deflection angle of the central frequency ψdefl(�0)

θ(�) = ψdefl(�)− θin(�)− ψdefl(�0) . (26)
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FIGURE 7 | Coordinate system used for the calculation of pulse-front tilt from
focusing a spatially dispersed laser pulse at an off-axis cylindrical mirror with
parent focal distance f . Spatial dispersion of the incident laser pulse results in
an individual incidence position yin(�) of each frequency � on the mirror
surface. Each frequency is therefor deflected by a different angle ψdefl(�)
determining the angular deviation θ (�) = ψdefl(�)− θin(�)− ψdefl(�0). The
individual incidence angle of each frequency θin determines the distance 1f
from the actual focus of the off-axis cylindrical mirror after which spatial
dispersion vanishes. For the TWTS OFEL out-of-focus setup, θin is controlled
by the grating setup θin(�) = ψout,2(�)− ψout,2(�0).

The deflection angle of frequency� is

ψdefl(�) = 2 arctan(yin(�)/2f ) ,

and its incidence position on the mirror surface is

yin(�) = yin(�0)− y0(�) ,

where y0 is the distance of a frequency’s spatial distribution center
from the laser pulse axis. Deflection angle and incidence position
both depend on this distance which quantifies spatial dispersion
of the pulse generated during propagation from first to second
grating and from second grating to off-axis cylindrical mirror

y0(�) = Lgrating tan θ1(�)− Lmirror tan θ2(�) ,

with θ1(�) and θ2(�) being the angles enclosed by the
propagation directions of frequency � and the central laser
frequency after diffraction at the first and second grating,
respectively. Further, Lgrating is the distance between the gratings
and Lmirror the distance from the second grating to the off-axis
cylindrical mirror. The deviation in propagation direction before
deflection at the focusing mirror θin(�) is related to angular
dispersion from the grating pair

θin(�) = ψout,2(�)− ψout,2(�0) = θ2(�) ,

where ψout,2 is the diffraction angle at the second grating, as
before in the setup without focusing. In the relation for the
deflection angle, the quantity f is the parent focal distance of the
off-axis cylindrical mirror. Its effective focal distance, which is the
distance traveled by the central laser frequency to the focal line, is

feff = f

cos2(ψdefl(�0)/2)
.

From the expression for the frequency specific propagation angle
26, the orientation of pulse-front tilt and plane of optimum
compression at the interaction point can be derived analytically,
c.f. Equation (4). These are

tanαtilt = cosψout,2

cosψin,2

Lgrating

feff
tanαtilt,1 −

(

Lmirror

feff
− 1

)

tanαtilt,2

tanαpoc = cosψout,2

cosψin,2

Lgrating

feff

[

2

(

tanψout,2
tanαtilt,2
tanαtilt,1

+ tanψin,2

)

− tanψout,1

]

tan2 αtilt,1
tan2 αtilt

(27)

−
(

Lmirror

feff
− 1

)

tan2 αtilt,2
tan2 αtilt

tanαpoc,2

− tan

(

ψdefl(�0)

2

)

1

f 2eff

[

cosψout,2

cosψin,2
Lgrating

tanαtilt,1
tanαtilt

−Lmirror
tanαtilt,2
tanαtilt

]2

.

and already take into account the flip of orientation at the
cylindrical mirror which focuses the laser pulse on the electron
trajectory.

3.2.3. Choosing Out-of-Focus Distance and Focusing

Distances of the Cylindrical Mirrors
The distance 1f of the interaction point from the focus of the
off-axis cylindrical mirror, i.e., the out-of-focus distance, cannot
be chosen arbitrarily. Since the interaction point is ahead of
the focus the phase fronts of the laser pulse are not plane but
bent which leads to a variation of optical undulator frequency
during the interaction. This variation must not be too large for
TWTS OFEL operation, c.f. Equation (7), and thus there is a
minimum out-of-focus distance for TWTS OFELs since phase
front curvature reduces with increasing distance from the focus.
This assumes1f is larger than the Rayleigh length of the focused
laser pulse which is consistent with the design goal of compact
setups. A setup becomes more compact the larger the ratio
between laser width at the interaction point and focal width,
i.e., the more Rayleigh lengths are between the interaction point
and the focus since smaller focal widths allow for shorter focal
distances.

The smallest possible 1f can be estimated by approximating
the variation in optical undulator frequency 1�̃ due to phase-
front curvature between start and end of the interaction,
which directly depends on 1f , and applying the Limits (7) for
TWTS OFEL operation. The variation in undulator frequency is
approximated from the instantaneous frequency of a propagating
pulse-front tilted laser pulse which is evaluated along the
electron trajectory. The electric field of the laser pulse and
its instantaneous frequency is derived in Appendix A. For the
optical undulator frequency variation during the interaction we
obtain

1�̃

�̃
= − Lint

Ryz(1f )

sin2 φ

(1− β cosφ)+
cosφ

4π2 sin2 φ(1− β cosφ)
λ2Laser

L2int
,

where Ryz(1f ) = 1f
(

1+ z2R,yz/1f 2
)

∼ 1f is the phase

front curvature of the pulse at the interaction point, zR,yz the
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Rayleigh length of the focused pulse and Lint the interaction
distance. This approximation assumes a laser pulse width larger
than the electron bunch cross-sectional radius σel and negligibly
small group delay dispersion during the interaction which
can be accomplished in experiments by precompensation in
combination with small interaction angles or exploitation of
the plane of optimum compression. The first term in the
above expression originates from phase-front curvature and will
overshadow the second term originating from the Gouy phase
shift in typical TWTS OFEL scenarios with centimeter to meter
range interaction distances. The limit for total optical undulator
frequency variation is therefore approximated by

∣

∣

∣

∣

∣

1�̃

�̃

∣

∣

∣

∣

∣

= Lint

Ryz(1f )

sin2 φ

(1− β cosφ) . 2ρ . (28)

After rearranging for Ryz(1f ) and using that the radius of phase-
front curvature is always larger than 1f , a condition on the
minimum out-of-focus distance is obtained

∣

∣1f
∣

∣ &
Lint

2ρ

sin2 φ

(1− β cosφ) ≈
λLaser sin2 φ

2ρ2(1− β cosφ)2 = L2int sin
2 φ

2λLaser
,

(29)
where the last relation on the right-hand side follows from the
well-established approximation of the FEL saturation length by
about twenty gain length Lint ≈ λu/ρ [45].

Generally, the most compact setups will use the minimum
value of 1f since reaching a target laser width wyz , being
determined by the required TWTS OFEL interaction length
wyz = Lint sinφ, as close as possible to the actual focus requires a
large beam divergence and thus short focal distances. Assuming a
linear increase in laser pulse width with distance z from the focus
wyz ≈ w0,yzz/zR,yz , which is valid for z ≫ zR,yz = πw2

0,yz/λLaser,
the laser focal width w0,yz can be approximated by

w0,yz =
λlaser sinφ

2πnw(1− β cosφ)ρ
, (30)

where nw is a positive number quantifying an increased laser
width at the interaction point over the required minimum
Lint sinφ, i.e., wyz = nwLint sinφ, which allows for more compact
setups, yet at an increased laser power requirement.

The focusing distances of both cylindrical mirrors in the setup,
feff for the horizontal and fel for the vertical focus, are determined
by the respective required widths of the laser pulse,w0,yz andw0,x.
We use again the linear approximation for pulse width decrease,
i.e., for focusing within the interaction plane

Dinw0,yz = λLaserfeff (31)

and for focusing in the vertical direction

Dinw0,x = λLaserfel (32)

where Din is the laser pulse clear aperture before focusing which
encloses 99% of the laser pulse power for Gaussian transverse
profiles [51].

The focusing distance of the off-axis cylindrical mirror feff is
given by Equations (30) and (31)

feff = Din sinφ

2πnw(1− β cosφ)ρ
. (33)

The vertical focal width w0,x of the cylindrical mirror, which
focuses on the electron trajectory, must match the electron bunch
diameter. Assuming a rectangular and uniform transverse laser
profile, which allows for a more uniform intensity distribution at
the interaction point than a round profile, the focal width needs
to bew0,x =

√
2πσel where σel is the rms cross-sectional radius of

the electron bunch. Thus, using Equation (32), the focal distance
is

fel =
√
2πDinσel

λlaser
. (34)

For a Gaussian transverse intensity distribution the focal width
would be w0,x = 2σel which overlaps the laser intensity
distribution with the electron bunch profile.

3.2.4. Compensating Dispersion at the Interaction

Point
The point where spatial dispersion vanishes within the laser path
between the off-axis cylindrical mirror, which provides focusing
within the interaction plane, and its focal point, is controlled
by the residual angular dispersion after the pulse has passed the
grating pair. The combination of angular and spatial dispersion
before deflection at the off-axis cylindrical mirror provides full
control over each frequency’s propagation angle and starting
position after deflection. This provides full control over pulse-
front tilt and spatial dispersion along the propagation path to the
focus.

For TWTS OFEL operation spatial dispersion must vanish at
the interaction point which is a distance zprop = feff + 1f away
from the off-axis cylindrical mirror. For an interaction ahead
of the focus, the out-of-focus distance 1f is negative. Spatial
dispersion is defined as the slope of the linearly approximated
distance y0(�) between a frequency’s spatial distribution center
and the laser pulse axis

SD = dy0
d�

∣

∣

∣

∣

�=�0

.

After deflection at the off-axis cylindrical mirror, it evolves as

SD(z) = − z + feff

�0
tanαtilt + SDin , (35)

where z = 0 marks the off-axis cylindrical mirror focus. This
expression takes reflection at the second cylindrical mirror, and
the corresponding change of sign, already into account. Spatial
dispersion of the pulse before deflection at the off-axis cylindrical
mirror is

SDin = cosψout,2

cosψin,2

Lgrating

�0
tanαtilt,1 −

Lmirror

�0
tanαtilt,2 . (36)
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SDin and the pulse-front tilt αtilt,2 after the grating pair must
be adjusted with the grating pair and the propagation distance
Lmirror to the off-axis cylindrical mirror in order to ensure both
correct pulse-front tilt αtilt = φ/2 of half the interaction angle
and vanishing spatial dispersion SD(1f ) = 0 at the interaction
point. Using Equation (35) the latter requirement sets the target
value for spatial dispersion before deflection at the off-axis
cylindrical mirror

SDin,target =
1f + feff

�0
tan(φ/2) . (37)

The target value for pulse-front tilt after the second grating
is obtained by recasting Equation (27) for pulse-front tilt at
the interaction point into an expression for αtilt,2, additionally
making use of (36) and inserting (37)

tanαtilt,2,target = − tan(φ/2)
1f

feff
. (38)

If Lmirror and Lgrating,eff = (cosψout,2/ cosψin,2)Lgrating shall
remain free parameters such that they can be adjusted to fit
specific lab conditions, the desired design value for pulse-front
tilt after the first grating αtilt,1 is predetermined as well

tanαtilt,1,target =
1f

(

1− Lmirror/feff
)

+ feff

Lgrating,eff
tan(φ/2) , (39)

which is obtained again from the first equation in (27).
Vanishing group delay dispersion GDD at the interaction

point is accomplished by providing an input pulse with
negative group delay dispersion, i.e., a laser pulse being either
uncompressed or not fully compressed by the laser compressor.
The absolute GDD value of the input pulse must match GDD0

which is introduced by the grating pair and propagation with
pulse-front tilt

GDD0 = 1

�0c

(

Lgrating tan
2 αtilt,1 + Lmirror tan

2 αtilt,2

+(feff +1f ) tan2(φ/2)
)

, (40)

where again 1f < 0 for an interaction before the focus, as in all
of the above equations.

Moreover, the requirement of an aberration-free pulse
demands a large f-number f /# = f /Din ≫ 1 at the off-axis
cylindrical mirror as otherwise angular dispersion of the incident
pulse results in coma.

3.2.5. Obtaining Parameters of the Out-of-Focus

Interaction Setup
By now all fixed parameters of out-of-focusing setups are
determined. These are pulse-front tilt after first and second
grating, tanαtilt,1,target and tanαtilt,2,target respectively, the
effective focal distance of the off-axis cylindrical mirror feff, the
focal distance of the cylindrical mirror fel, and the out-of-focus
distance1f .

The parameters left to be determined are first grating
incidence angle ψin,1 and line density n1, effective distance

between the gratings Lgrating,eff, second grating rotation angle ǫ
and line density n2, the distance between second grating and off-
axis cylindrical mirror Lmirror as well as the off-axis cylindrical
mirror deflection angle ψdefl.

Out of these the first grating parameters (ψin,1, n1) can be
determined in dependence of the other parameters which can
be chosen to accommodate with e.g., lab space or components
available on-stock. The defining equations for first grating
parameters are

tanψout,1 =
{

2
Lgrating,eff

feff

(

tanψout,2
tanαtilt,2,target
tan(φ/2)

+ tanψin,2
tan2 αtilt,1,target
tan2(φ/2)

)

− tan

(

ψdefl(�0)

2

)

1

f 2eff

[

Lgrating,eff
tanαtilt,1,target
tan(φ/2)

−Lmirror
tanαtilt,2,target
tan(φ/2)

]2

+ cotanφ (41)

−
(

Lmirror

feff
− 1

)

(

sinψin,2

cosψout,2

tan2 αtilt,1,target
tan2(φ/2)

− tanψout,2
tan2 αtilt,2,target
tan2(φ/2)

)}

/[

Lgrating,eff

feff

tan2 αtilt,1,target
tan2(φ/2)

+
(

Lmirror

feff
− 1

)

tan2 αtilt,1,target
tan2(φ/2)

cosψin,2

cosψout,2

]

sinψin,1 = cosψout,1 tanαtilt,1,target + sinψout,1 , (42)

where the equation for first grating diffraction angle (42) is
obtained by rearranging the relation for plane of optimum
compression orientation in Equation (27). The equation for
first grating incidence angle (42) ensures correct pulse-front tilt
αtilt,1 = αtilt,1,1target after the first grating. In order to ensure
correct pulse-front tilt αtilt,2 = αtilt,2,target after the second
grating, the second grating incidence and diffraction angles,ψin,2

and ψout,2 respectively, need to fulfill the condition

0 = sinψin,2 − sinψout,2

cosψout,2
− cosψin,2

cosψout,2
tanαtilt,1,target

− tanαtilt,2,target . (43)

An initial choice of second grating parameters may be driven
by the requirement of high diffraction efficiency. However, this
initial choice may need to be refined in order to accommodate
resultant requirements on the setup, e.g., to attain a feasible
distance between the gratings or to adapt the first grating
parameters to those of on-stock available gratings.

In general, the first grating parameters will be equal or similar
to those of the second grating since the pulse-front tilt after
the second grating tanαtilt,2,target is proportional to 1f /feff =
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πw0,yz/Din ≪ 1 which is a small quantity. If it were not small,
focusing would be omitted, since in this case w0,yz ∼ Din, and the
setup without focusing within the interaction plane may be used.

3.2.6. Limits on Variations in Laser Pulse Properties

and Optical Setup Parameters for TWTS OFEL

Operation
As before, misalignment of the optical components leads
to optical undulator amplitude and frequency variations
during the interaction due to the deviation of plane of
optimum compression and pulse-front tilt orientation. For
the setup including focusing within the interaction plane,
these are induced by a variation in one of the parameters
(ψin,1, ǫ, Lgrating, Lmirror, feff,1f ) via Relations (27). Variations in
plane of optimum compression and pulse-front tilt orientation,
1 tanαpoc and 1 tanαtilt respectively, are connected to optical
undulator amplitude and frequency variations via Relations (20),
(21), and (25) again, which assumes the pulse is dispersion free
along the electron trajectory for exact alignment.

The out-of-focus interaction may also induce variations
of optical undulator amplitude due to pulse-front curvature.
This variation can be estimated from the term including the
expression describing overlap of electrons and laser pulse L̃′

in the normalized intensity distribution of the defocusing laser
pulse, cf. Equation (47),

I(y, z, t)

I(0, 0, 0)
= e−2L̃′2 ,

where

L̃′ = ct +1f − z + y tanαtilt − y2/(2R)

cτ0
.

In order to obtain the estimate, this expression is evaluated along
the electron trajectory (19) which needs to be relocated to z = 1f
at t = 0. At the end of the interaction (tend = Lint/2c), the
intensity variation due to pulse-front curvature can be estimated
by

∣

∣

∣

∣

1I

I

∣

∣

∣

∣

= 1L̃′
2 =

(

L2int sin
2 φ

8cτ01f

)2

,

which is limited by the first of Equation (7) for TWTS OFEL
operation. Since percent level laser intensity variations are
typically acceptable for TWTS OFEL operation, this constraint
on the setup parameters is not as strict as the constraint set by
undulator frequency variation caused by phase-front curvature
(28), which was used to derive the minimum out-of-focus
distance. Thus the influence of pulse-front curvature will be
usually negligible. In case it is not, the out-of-focus distance 1f
needs to be increased.

4. EXAMPLES OF A HIGH-YIELD
INCOHERENT TWTS SOURCE AND TWTS
OFELs

Here, we present examples of a yield-enhanced Thomson X-
ray source by TWTS as well as TWTS OFELs emitting at

vacuum ultraviolet (VUV), extreme ultraviolet (EUV) and X-
ray wavelengths. Their electron and laser pulse requirements
are provided and parameters of the optical setups as well as
alignment tolerances are determined. Thereby we demonstrate
the usage of the formulas derived in the last two sections.
The examples show that the requirements and optical setup
parameters of enhanced Thomson sources and VUV TWTS
OFELs are technically feasible such that these sources can be
realized today.

In order to complement our analytical approach for the
determination of setup parameters, we also modeled the optical
setup of the first example in ZEMAX which traces rays through it
without approximations [52]. It allows validating the correctness
of the orientations of pulse front and plane of optimum
compression at the interaction point. According to Equation (3),
time delay (TD) and group delay dispersion (GDD) are constant
within these planes, respectively, where

TD = dϕ

d�

∣

∣

∣

∣

�=�0

GDD = d2ϕ

d�2

∣

∣

∣

∣

�=�0

.

With ZEMAX TD and GDD can be sampled along planes which
are expected to overlap with the pulse-front or the plane of
optimum compression, with the expected orientations given by
the analytical Relations (9) and (10). Time delay and group delay
dispersion are calculated in ZEMAX from the optical path lengths
of three different wavelengths λi propagating through the setup,
where λ2 < λ1 = λLaser < λ3 and (λ3 − λ2)/(2λ1) ≪ 1. The
optical path length OPTH of a wavelength is provided by the
equally named function of the ZEMAX Programming Language
ZPL. The optical path lengths OPTHi of wavelengths λi (i =
1, 2, 3) are used to calculate the phases ϕi = 2π

λi
OPTHi from

which time delay and group delay dispersion are computed by
numerical differentiation

TD = ϕ3 − ϕ2
2(λ1 − λ2)

(

−2πc

�2
0

)

GDD = ϕ3 − 2ϕ1 + ϕ2
(λ1 − λ2)2

(

2πc

�2
0

)2

− 2

�0
TD . (44)

The macro calculating TD and GDD is presented in Appendix B.

4.1. Incoherent Hard X-Ray TWTS Source
In Steiniger et al. [31], it is shown that a hard X-ray source
radiating 30 keV photons reaches about a fifty-times higher
spectral photon density when realized in a φ = 120◦ TWTS
geometry instead of a head-on Thomson scattering geometry.
While both setups utilize the same laser system and electron
source, the optimized overlap of electrons and laser pulse in the
TWTS geometry provides for an increase of optical undulator
length and a reduction of optical undulator strength compared
to the head-on geometry resulting in this significant increase of
spectral photon density. In these setups, the laser is a typical
Ti:sapphire system with λLaser = 800 nm, τFWHM,I = 25 fs full
duration at half maximum of the intensity profile and 1 J pulse
energy. It provides a total interaction distance of 42mm at an
undulator strength a = 0.03 in the φ = 120◦ TWTS geometry.
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The large interaction angle and the correspondingly large
pulse-front tilt αtilt = 60◦ require dispersion compensation
during the interaction as the pulse would otherwise elongate to
116τFWHM,I during the interaction, if optimum compression is
ensured only in the middle of the interaction. In accordance with
Figure 2B the orientation of the plane of optimum compression
is αpoc = 30◦. The procedure described in paragraph 3.1.2 is used
to determine the grating parameters.

In the following, we determine the parameters of the gratings
which are used to operate this incoherent hard X-ray TWTS
light source. In essence, second grating parameters (ψin,2, n2)
ensuring correct orientation of pulse-front tilt and plane of
optimum compression are determined for a range of first grating
parameters (ψin,1, n1) using the coupled Equation (12). Then the
grating pair promising best diffraction efficiency is chosen.

In detail, the equations

sinψin,2 = si(so,ψin,1, n1,φ) sinψout,2 = so(si,ψin,1, n1,φ) ,

which stem from (12), form a system of implicit equations
for the second grating parameters (ψin,2,ψout,2). A solution to
this system ensures correct orientation of plane of optimum
compression and pulse-front tilt for a first grating parameter pair
and an interaction angle φ. A second grating incidence angle,
which is a solution to the system, is a root of the implicit function
sinψin,2 − si(so(sinψin,2,ψin,1, n1,φ),ψin,1, n1,φ) = 0 , and is
found by scanning through the range ψin,2 ∈ [−90◦, 90◦] for
some arbitrarily chosen first grating parameters and the given
interaction angle. The range of possible first grating parameters
is defined by the existence of a root to this implicit function
and the requirement of diffraction only into −1st order. For
this example, the usable range of first grating line densities is
about n1 ∈ [1200 l/mm, 1500 l/mm] with angles close to normal
incidence.

Out of this range of possible first grating line densities,
the largest n1 = 1500 l/mm is chosen for a first iteration
in order to maximize the generation of spatial dispersion
during propagation between the gratings. This spatial dispersion
is a precompensation for spatial dispersion generated during
propagation from the second grating to the interaction region.
The scaling of second grating line density and incidence angle
with first grating incidence angle for this first grating line density
is shown in Figures 8A,B, respectively. In order to ensure a
high diffraction efficiency for the second grating, a line density
n2 = 2300 l/mm is chosen since it allows for a second grating
incidence angle close to the grating’s Littrow angle. The exact
angles of first grating incidence ψin,1 and second grating rotation
ǫ belonging to this set of chosen line densities are determined
from the scaling of required pulse-front tilt αtilt = 60◦ and plane
of optimum compression αpoc = 30◦ depicted in Figure 8C. At
(ψin,1 = 16.635◦, ǫ = −7.043◦) both pulse-front tilt and plane
of optimum compression have correct orientation for TWTS
ensuring continuous overlap of electrons and laser pulse as well
as full dispersion compensation.

An optical setup utilizing these gratings to realize a 120◦

TWTS source is shown in Figure 9. A laser pulse of 50mm
diameter enters the grating arrangement, diffracts twice and

propagates to a planar mirror where it is redirected to the
cylindrical mirror. It focuses the pulse vertically to 50µm full
width at half maximum of the intensity profile corresponding to
the electron bunch width. The laser propagation distance Lprop
from the first grating to the interaction point is 3.3m. Thereby the
propagation distances between first and second grating, second
grating and planarmirror, as well as planar and cylindrical mirror
are kept small in order to obtain a compact setup. Most of the
propagation distance is required for vertical focusing. Reducing
the vertical laser pulse diameter from 50mm to 50µm requires a
cylindrical mirror of 2.5m focal distance. The laser pulse actually
travels a distance of 2.9m to the line focus since the laser pulse
direction of propagation and the mirror’s surface normal enclose
an angle of 30◦.

During propagation from the second grating to the interaction
point, the laser pulse width increases significantly due to spatial
dispersion. It becomes large due to large angular dispersion
which is necessary to provide the large pulse-front tilt. Spatial
dispersion can be countervailed by increasing the propagation
distance between first and second grating, by passing through an
additional upstream grating pair of two equal gratings or by using
varied line-space gratings [30].

With ZEMAX first and second order dispersion, TD and GDD
respectively, are sampled multiple times in planes oriented along
the expected orientations of pulse-front and plane of optimum
compression, respectively. Expectations stem from our respective
analytic Relations (9) and (10). The sampling shows excellent
agreement between the analytic formulas and ray tracing in
ZEMAX, (cf. Table 1), which validates our analytic model. The
difference in time delay of 1.5 fs amounts to a deviation of
the pulse-front tilt angle by 30µrad resulting in a 1% intensity
fluctuation during the interaction, according to Equations (17),
(18) and assuming full pulse compression in the middle of the
interaction. The difference in group delay dispersion of 8 fs2

amounts to a prolongation of the pulse duration by 0.04 per
mill during the interaction, assuming spatial and group delay
dispersion are fully compensated in the middle of the interaction.
The GDD value obtained from ZEMAX thereby represents the
required amount of precompensation.

This example of an enhanced Thomson source by TWTS
proves the feasibility of the Traveling-Wave Thomson-Scattering
geometry as well as the applicability of the analytic equations
derived to determine the grating parameters. The optical
components of this setup are available allowing for the realization
of this or similar enhanced Thomson sources today. Important
aspects in a successful implementation of an enhanced Thomson
source are sufficient synchronization of electron bunch and laser
pulse on the level of the longer of the two pulse durations
as well as the development of diagnostics to analyze plane
of optimum compression and pulse-front tilt orientation in
the line focus. Synchronization on the sub-100 fs level has
been demonstrated already [53] and can be sufficient for
conventionally accelerated electrons. Laser wakefield acceleration
of electrons offers inherent synchronization when a single laser
pulse is split in twowhere one drives the electron acceleration and
the other provides the optical undulator. Developing diagnostics
is especially relevant when an enhanced Thomson source
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FIGURE 8 | Scaling of (A) second grating line density n2 and (B) incidence angle ψin,2 to ensure correct orientation of plane of optimum compression and pulse front
tilt in dependence of first grating incidence angle ψin,1 at line density n1 = 1500 l/mm for the φ = 120◦ incoherent TWTS source. The incidence angle at the second
grating is measured relative to its Littrow angle ψLittrow. (C) Determining second grating rotation angle and first grating incidence angle for a second grating line
density of n2 = 2300 l/mm. Solid lines connect pairs (ψin,1, ǫ) which leave the orientation of pulse-front tilt (blue) or plane of optimum compression (orange) constant.
Both gratings diffract into −1st order, i.e., m1 = m2 = −1.

FIGURE 9 | Optical setup of an incoherent, hard X-ray TWTS source operating
at φ = 120◦ interaction angle. Rays of different color represent paths taken by
different wavelengths of the 80 nm wide laser pulse spectrum, where blue,
green and red correspond to wavelengths of 760 , 800, and 840 nm,
respectively. A laser pulse of 50mm width enters the setup from the left and
first passes a grating pair to adjust its angular dispersion and group delay
dispersion according to the requirements for correct pulse front tilt αtilt = 60◦

and plane of optimum compression orientation αpoc = 30◦. After subsequent
reflection at the planar mirror and focusing in the vertical direction to a width of
50µm by the cylindrical mirror, the laser pulse interacts with the electrons.

represents an intermediate step toward the realization of a TWTS
OFEL where overlap and good optical undulator quality must
be established, controlled and maintained over centimeter scale

TABLE 1 | ZEMAX calculation of time delay and group delay dispersion for the
φ = 120◦ incoherent TWTS source in the setup without focusing within the
interaction plane.

Time delay TD sampled along Absolute Relative

pulse front [ps] to center [fs]

Left edge 17801.4909 +1.5

Center 17801.4894 0

Right edge 17801.4879 –1.5

Group delay dispersion GDD sampled during Absolute Relative

interaction [ps2] to middle [fs2]

Begin –15.401934 –8

Middle –15.401926 0

End –15.401918 +8

Time delay and group delay dispersion are sampled at three different positions along the
pulse-front and electron trajectory, respectively. Time delay is nearly constant at left edge,
center and right edge along the plane z = tan(60◦ )y agreeing with the expected pulse-
front tilt of αtilt = 60◦. Group delay dispersion is almost constant at begin, middle and end
of the interaction along the electron trajectory z = tan(30◦ )y agreeing with the expected
orientation of plane of optimum compression αpoc = 30◦. The absolute value of GDD in
the middle of the interaction represents the required precompensation for optimum laser
pulse duration during the interaction.

interaction distances to drive the FEL instability. Setups for a
VUV, an EUV, and an X-ray TWTS OFEL are presented in the
following.

4.2. VUV and EUV TWTS OFELs
A vacuum ultraviolet (VUV) TWTS OFEL providing intense and
ultrashort radiation pulses at 100 nm wavelength is realizable
today. Laser systems and electron accelerators providing laser
pulses and electron bunches of necessary quality exist already.
Besides serving as a demonstrator for TWTS OFEL operation,
a VUV TWTS OFEL has applications e.g., to the study of
ionization dynamics in nonlinear, high-intensity laser interaction
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with matter [54], to observe reaction kinetics at surfaces [55,
56], to study ablation from materials surfaces [57] or to seed
shorter wavelengths FELs. EUV TWTS OFELs providing ultra-
short coherent radiation pulses at an extreme ultraviolet (EUV)
wavelength of 13.5 nm have applications for example in 3D
structure determination of nanoscale objects [58] or in imaging
ultra-fast transient, nanoscale dynamics [59]. High yield EUV
sources are also applied in materials science [60, 61] and are
demanded by the semiconductor industry [62]. Compared to
existing large scale conventional FEL facilities such as FLASH
[63] or FERMI@Elletra [64] a TWTS OFEL is a potentially more
compact source due to the lower electron energy and shorter
interaction distance. As a consequence thereof, TWTS OFELs
produce fewer photons than these large-scale machines. Yet
they can achieve orders of magnitude higher photon yield and
brilliance than incoherent sources [32].

Determining laser, electron and setup parameters of VUV and
EUV TWTS OFELs requires to combine the scaling laws for the
setup including focusing within the interaction plane given in
section 3.2 and the scaling laws for electron bunch and laser pulse
requirements for TWTS OFELs given by Steiniger et al. [31].
Usage of the out-of-focus setup is explained after the discussion
of the OFEL parameters.

4.2.1. Choosing Electron and Laser Parameters
In these examples the optical undulator is provided by a petawatt
laser system operating at 1035 nm central wavelength and
electrons are assumed to have an energy of 15 and 22MeV(EUV)
as well as a peak current of 0.8 and 1.5 kA(EUV) for the VUV and
EUV TWTS OFEL, respectively. The interaction angles are set to
φ = 10.1◦(VUV) and φ = 12.1◦(EUV).

The choice of electron energies and interaction angles
represent a trade-off between several opposed scalings. For
example, while the acceptable relative electron bunch energy
spread increases with smaller interaction angles for a target
wavelength, as represented by the scaling of the Pierce parameter

ρ ∝ (1− β cosφ)−1/6λ
1/2
FEL , (45)

at the same time smaller interaction angles increase the size of the
setup, as is seen from the scaling of the laser propagation distance
from the off-axis cylindrical mirror to the interaction point

zprop = feff −
∣

∣1f
∣

∣ ≈ feff ∝ sinφ

(1− β cosφ)5/6 λ
−1/2
FEL .

Furthermore, the interaction angle should not become too
small, typically larger than about 3◦, since smaller interaction
angles increase the projected size of the laser pulse on the
cylindrical mirror, which focuses in the vertical direction, into
themeter scale requiringmeter scale cylindrical mirrors. Another
example is the requirement on normalized electron bunch
emittance originating from electron bunch divergence. Electron
divergence results, on the one hand, in a loss of overlap with
the laser pulse during the interaction. On the other, in radiation
bandwidth increase from the difference in interaction angles
between electrons. Upper limits on acceptable emittance derived

TABLE 2 | Parameters and requirements of electrons and laser pulse for TWTS
OFELs radiating at 100 nm, 13.5 nm and 1.5Å.

Electron and optical VUV TWTS EUV TWTS Å TWTS

undulator OFEL OFEL OFEL

parameters w/ focusing w/ focusing w/o focusing

Resonant wavelength λFEL
[nm]

100 13.5 0.15

Interaction angle φ [◦] 10.1 12.1 7

Undulator wavelength λu
[µm]

65 46 139

Electron energy Eel [MeV] 15 22 349

Peak current Ip [kA] 0.8 1.5 5

Electron bunch charge [pC] 350 350 350

Electron bunch duration
(rms) σt,b [fs]

175 93 28

Electron bunch rms radius
σb [µm]

7 10 10

Norm. transv. emittance ǫn
[mmmrad]

0.5 0.5 0.2

Rel. energy spread σE/Eel 0.8% 0.2% 0.02%

Undulator parameter a 2 0.5 0.17

Minimum laser peak power
for OFEL [TW]

890 283 576

Transv. intensity profile
stability

2.5% 3.6% 2.8%

Gain length [mm] 0.35 1 32

Interaction distance Lint [cm] 0.57 1.68 51.0

Peak radiation power [MW] 104 68 350

Number of Photons 2× 1013 1× 1012 2× 1010

The 1.5Å TWTS OFEL uses the setup without focusing within the interaction plane,
Figure 6, while the VUV and EUV TWTS OFEL use the setup providing focusing within
the interaction plane, Figure 3.

from loss of overlap and bandwidth increase, respectively, show
opposed scaling. For TWTS OFEL operation the stronger of the
limits needs to be fulfilled and thus parameters of the OFEL
need to be chosen carefully to stay within today achievable
requirements. Further trade-offs need to made when choosing,
for example, optical undulator strength a or electron bunch
rms cross-sectional radius which will be mostly influenced by
balancing the requirements on laser power and intensity stability.
The final choice of electron and laser parameters is shown in
Table 2.

High brilliance electron bunches with parameters suitable
for VUV TWTS OFEL operation can be provided by state-
of-the-art conventional thermionic- or photoinjectors [65–71].
These routinely provide electron bunches of 0.5–1mmmrad
normalized transverse emittance and 20 keV ps-level longitudinal
emittance at a few hundred picocoulomb charge. This is in
agreement with the emittance requirements of the example
of ǫn = 0.5mmmrad and ǫlong ∝ σEσt,b = 21 keV ps.
Well established techniques allow to maintain these low
emittances during acceleration to gigaelectronvolt final energies
and compression to kiloampere currents [63, 66, 72]. For the
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EUV TWTS OFEL the increased energy spread of the bunch
after acceleration and compression can be reduced again by e.g.,
corrugated structures [73, 74] to meet the requirements.

4.2.2. Choosing Optical Setup Parameters
In view of the centimeter-scale interaction distances the
advantage of using the out-of-focus setup becomes clear. With
Lint = 16.8mm for the EUV TWTS OFEL a millimeter-scale
laser pulse width of w = Lint sinφ = 3.5mm is required at
the interaction point. For example, assuming a laser system
with τFWHM,I = 120 fs pulse duration, which provides good
longitudinal overlap of electrons and laser pulse, the required
pulse energy is 34 J to reach the target laser power of 283 TW
corresponding to an optical undulator strength of a = 0.5. This
requires a pulse diameter ofDin = 9.5 cm before focusing to keep
the areal energy density of the pulse below 0.4 J/cm2 in order to
avoid damage on optics. If an in-focus interaction geometry is
used, the focusing distance would be 324m.

Utilizing the out-of-focus geometry, the effective focal
distance for horizontal focusing within the interaction plane is
reduced to 70m and the out of focus distance is −8.2m, which
is obtained by Equations (31) and (29) respectively. But the
focusing distance can be further reduced by a factor of two by
employing a one petawatt laser system with 120 J energy per
pulse. The higher power allows to let the pulse interact with the
electrons at a distance from the focus where its width is still
larger than required to provide the interaction distance. Using
such an oversized pulse at the interaction point allows employing
stronger focusing which reduces the effective focal distance. For
the EUV TWTS OFEL the oversize factor can be nw = 3.6
with a petawatt laser pulse which decreases the effective focal
distance to feff = 35.854m. The out of focus distance becomes
1f = −8.170m resulting in a total propagation distance
of zprop ≈ 28m from the off-axis cylindrical mirror to the
interaction point. This is a significant size reduction compared
to the 324m focusing distance of an in-focus interaction setup at
equal interaction angle.

In order to keep the energy fluence on optics below 0.4 J/cm2

the higher-power laser pulse is assumed to have a larger diameter
of Din = 175mm.

Before the laser pulse is focused it passes through the grating
setup and covers the distance to the off-axis cylindrical mirror.
During this propagation, the required spatial dispersion and
pulse-front tilt need to be generated. We assume the effective
grating separation distance is set to Leff = 2.5m, the distance
between second grating and off-axis cylindrical mirror is set to
Lmirror = 2m and the deflection angle at the mirror is set to
ψdefl = 15◦ for the EUV TWTS OFEL. Then, the required pulse-
front tilt after first and second grating is αtilt,1 = 50.029◦ and
αtilt,2 = 1.383◦, respectively, which is obtained by Equations (39)
and (38). The corresponding grating parameters are determined
in the following.

First, initial values for second grating line density n2
and incidence angle ψin,2 are determined by Equation (43),
which ensures correct pulse-front tilt after the second grating.
Comparing the required incidence angle with the grating’s
Littrow angle for several line densities shows that a feasible line

density, where the required incidence angle is close but not too
close to the Littrow angle ψLittrow, is n2 = 1040 l/mm with
ψin,2 = 27.59◦ and ψLittrow = 32.56◦.

Second, Equations (41) and (42) are used to determine an
initial value for first grating incidence angle and line density of
ψin,1 = 25.77◦ and n1 = 957.7 l/mm, respectively.

Third, the first grating line density is rounded to a practical
value of n1 = 960 l/mm. In order to yield the correct pulse-
front tilt after first and second grating the incidence angles have
to be determined again using Equation (9) and its counterpart
for diffraction at a single grating. The new incidence angles are
ψin,1 = 26.36◦ and ψin,2 = 27.263◦.

All parameters of the setup are determined by now. If they
are not satisfactory, e.g., the incidence angle at the first grating
could be too far from its Littrow angle resulting in low diffraction
efficiency, or the initially chosen grating separation distance is too
short such that parts of the setup block the beam path, another
iteration of the above steps can be done with different choices for
Lgrating,eff, Lmirror, ψdefl or n2. None of the above reasons applies
to this EUV TWTS OFEL setup. Table 3 lists the complete set of
optical setup parameters and alignment tolerances for the VUV
and EUV TWTS OFELs.

The alignment tolerances are all reachable with current
technical standards. The smaller acceptable tolerances of the
EUV TWTS OFEL originate from its longer interaction distance
due to which an alignment error results in a larger separation
of electrons and laser pulse at the end of interaction. The
most delicate aspect is the first grating incidence angle with an
acceptable variation of 1ψin,1 = 2.8mrad for the EUV TWTS
OFEL, if all other components are optimally aligned. However,
this should not be an obstacle as for high power laser systems
microradian grating alignment accuracy has been achieved [75–
77]. The acceptable variation in distance between the second
grating and the off-axis cylindrical mirror is on the meter scale
since the pulse-front tilt after the grating pair is only about 1◦

and thus the change in spatial dispersion during propagation is
very small.

These designs show that TWTS OFELs can be realized
today by currently available accelerators and laser systems.
They are able to reduce the size of free-electron lasers to
the scale of a lab hosting a petawatt-class laser since the
optical undulator periods and interaction lengths for TWTS
OFELs are orders of magnitude smaller than at conventional
free-electron lasers. The final focusing of the laser pulse to
a millimeter scale width takes most of the space on a scale
equal to the total length of a magnetic undulator section
at a conventional EUV free-electron laser. Yet this space
is only in-vacuum laser propagation distance without any
laser optics inside and independent of the electron beam
transport system. Together with the smaller electron energy
and thus smaller accelerator, this will still result in an
order of magnitude reduction of facility size compared to
conventional free-electron lasers utilizing magnetic undulators.
A further reduction of the setup size becomes possible by
using an asymmetric transverse pulse profile with large aspect
ratio allowing to equalize the horizontal and vertical focusing
distances.
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TABLE 3 | Optical components parameters for the 100 and 13.5 nm TWTS OFEL
in the setup providing focusing within the interaction plane visualized in Figure 6.

Optical setup parameters VUV TWTS OFEL EUV TWTS OFEL

w/ focusing w/ focusing

Laser wavelength λLaser [µm] 1.035 1.035

Laser pulse duration as FWHM of
intensity τFWHM,I [fs]

120 120

Laser peak power P0 [TW] 997 1016

Laser oversize at interaction point nw 1.12 3.6

Laser incident diameter Din [mm] 175 175

1st grating line density n1 [l/mm] 1000 960

1st grating incidence angle ψin,1 [◦] 40.56 26.36

1st grating incidence angle variation
1ψin,1 [mrad]

14 2.8

Distance between gratings Lgrating
[mm]

3603 2828

Distance between gratings variation
1Lgrating [mm]

290 75

2nd grating rotation angle ǫ [◦] −4.343 −6.076

2nd grating rotation angle variation
1ǫ [mrad]

14 3.7

2nd grating line density n2 [l/mm] 1030 1040

Distance between 2nd grating and
off-axis cylindrical mirror Lmirror [mm]

2000 2000

Distance between 2nd grating and
off-axis cyl. mirr. variation 1Lmirror [m]

many many

Off-axis cyl. mirror deflection angle
ψdefl [

◦]
15 15

Off-axis cyl. mirror effective focal dist.
feff [mm]

32429 35854

Effective focal dist. variation 1feff
[mm]

2400 1000

2nd cyl. mirror focusing dist. fel [mm] 2967 4238

Out-of-focus distance 1f [mm] -647 -8170

Propagation distance from off-axis
cyl. mirror to interaction point zprop
[m]

31.8 27.7

Interaction angle variation 1φ [mrad] 14 4.6

The acceptable angle and distance variations originate solely from the variation of optical
undulator amplitude due to loss of overlap, c. f. Equation (20). The undulator frequency
variation is negligible within this acceptance range.

4.3. Ångström TWTS OFEL
The shorter wavelength of an Ångström TWTS OFEL allows to
penetrate through thicker samples and resolve smaller structures
while providing femtosecond scale temporal resolution due to
its short pulse duration following from the requirement of
kiloampere currents. This allows for example to determine the
structure of biological specimen which can not be grown in large
crystals [78] or to analyze the ultrafast dynamics of explosively
driven materials at nanometer length scales [79, 80].

This example gives an outlook on the compactness of hard X-
ray OFEL setups achievable with TWTS. It furthermore provides
an impression on required electron and laser parameters for hard
X-ray TWTS OFEL realization.

X-ray TWTS OFELs can make use of the simpler optical
setup without focusing, depicted in Figure 3, since interaction
distances and thus laser widths can be large enough to render
focusing of the laser pulse unnecessary. Naturally, the electron
bunch quality requirements for free-electron laser operation
become stronger at shorter radiation wavelengths due to the
decreased effect of radiation on the electron bunch, which is
expressed by the scaling of the Pierce parameter ρ ∝ γ 1/3λ

2/3
FEL

[81]. At the same time, this scaling indicates that compact
FEL schemes, utilizing electron bunches of lower energy than
conventional magnet undulator based FELs radiating at the same
wavelength, additionally have increased absolute electron bunch
quality requirements compared to conventional FELs.

The Ångström TWTS OFEL of this example radiates at
0.15 nm wavelength where the optical undulator with a period of
139µm is again provided by a laser pulse of 1.035µmwavelength
and τFWHM,I = 120 fs but of 576 TW peak power. It is traversed
by an electron bunch at an interaction angle of 7◦ and an energy
of about 350MeV which is more than an order of magnitude
lower than at conventional X-ray free-electrons lasers using
magnetic undulators, such as LCLS [82] or SACLA [72]. Lasing
is achieved with a relative electron energy spread of 1γ/γ =
0.02%, i.e., a longitudinal emittance of 2 keV ps, and normalized
transverse emittance ǫn = 0.2mmmrad at Ip = 5 kA peak
current. As expected from the scaling of the Pierce parameter,
the electron requirements are higher than those of conventional
X-ray FELs and can not be met by present-day accelerators. For
example, LCLS runs at 0.1% relative energy spread, 0.5 norm.
transv. emittance and 3 kA peak current [83]. The complete
parameters set of this Ångström TWTS OFEL is given in Table 2.

Its optical setup is depicted in Figure 10. The two long
propagation distances, between the gratings and for focusing
in the vertical direction, are set up side-by-side to save space.
The long propagation distance between the gratings generates
spatial dispersion which countervails spatial dispersion generated
during propagation from the second grating to the interaction
point. The spatial dispersion precompensation significantly
increases the laser pulse width until it reaches the second grating.
This grating is thus larger than the first one and has a width of
92 cm.

The choice of grating line densities is based on the
requirement on laser horizontal width reduction. It needs to be
decreased by almost 50% from its initial value Din = 120mm,
which ensures a low energy density on optics, tow0,yz = 62.2mm
which is required to achieve the target optical undulator strength
over the interaction length. The relation between incident and
outgoing pulse width after passing the grating pair is given
by w0,yz = Din cosψout,2 cosψout,1/(cosψin,2 cosψin,1). A first
grating line density of n1 = 1500 l/mm allows for a large angular
deviation between the incident and diffracted light, which is
necessary to achieve the pulse width reduction of about 50%.
It further provides for a large pulse-front tilt, which reduces
the propagation distance between the gratings where spatial
dispersion is countervailed, and permits first and second grating
incidence angles to be close to their Littrow angles.

The second grating line density n2 = 1505 l/mm is chosen
from scalings corresponding to Figure 8 by the requirement of
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FIGURE 10 | Setup for the realization of an ultra-compact X-ray free-electron laser radiating at a wavelength of 1.5 Å. The combination of Traveling-Wave
Thomson-Scattering and laser-wakefield acceleration reduces the footprint of this Ångström TWTS OFEL by orders of magnitude compared to a conventional X-ray
FEL. Short laser pulses from a petawatt-class laser system are prepared in a grating setup to provide the optical undulator for TWTS. The large grating separation
provides spatial dispersion precompensation which ensures vanishing spatial dispersion at the interaction point. Spatial dispersion of opposite sign develops while the
tilted laser pulse covers the focusing distance fvert of the vertically focusing cylindrical mirror. A terawatt-class laser system provides pulses for laser wakefield
acceleration of electrons to 350MeV. The laser systems are synchronized and a delay stage allows for fine-tuning of electron bunch and optical undulator arrival times
at the interaction point.

good diffraction efficiency, i.e., allowing for a second grating
incidence angle close to its Littrow angle while at the same time
allowing for the correct orientation of pulse-front tilt and plane
of optimum compression. Their correct orientation is ensured by
the choice of first grating incidence angle ψin,1 = 82.663◦ and
second grating rotation ǫ = −0.076◦. The complete set of optical
setup parameters and their tolerances is listed in Table 4.

Following the discussion on alignment tolerances of the EUV
TWTS OFEL, the limits set by this Ångström TWTS OFEL are
achievable today as well. The second grating rotation angle ǫ
is most sensitive to alignment errors this time. With variations
above 30µrad the resulting variation in pulse-front orientation
becomes large enough to reduce the overlap and induce a
significant intensity variation during the interaction. Thereby the
longer interaction distance of the Ångström TWTS OFEL causes
the increased demand on alignment accuracy compared to the
EUV TWTS OFEL.

While laser systems able to provide the optical undulator
exist, high brilliance electron bunches of necessary high quality
have not been realized yet. However, this setup demonstrates
the achievable compactness of a coherent high brightness
hard X-ray source realized by a TWTS OFEL. The facility
size for such a TWTS OFEL is an order of magnitude

smaller compared to conventional FEL facilities due to the
decreased interaction length and electron energy requirements.
For a TWTS OFEL both preparation of the optical undulator
and electron acceleration take place on a few ten meters, if
conventional electron accelerators are used, while the interaction
takes place on about a meter distance which results in an X-ray
FEL facility footprint of only some hundred square meters.

5. CONCLUSION

The presented setup strategies and accompanying examples
show that Traveling-Wave Thomson-Scattering (TWTS) setups
can realize optical free-electron lasers (OFELs) with today
available technology for electron accelerators and laser systems.
The required low transverse emittance and low energy spread
electron bunches can be produced by existing conventional
radio-frequency electron injectors. While the operation of TWTS
OFELs emitting ultraviolet radiation is feasible already, the
operation of TWTS OFELs in the X-ray range requires a further
increase in available electron bunch quality, e.g., by reducing the
electron bunch energy spread with corrugated structures [73, 74]
after acceleration.
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TABLE 4 | Optical components parameters for the 1.5 Å TWTS OFEL in the setup
without focusing within the interaction plane visualized in Figure 10.

Optical setup parameters Å TWTS OFEL

w/o focusing

Laser wavelength λLaser [µm] 1.035

Laser pulse duration as FWHM of intensity τFWHM,I [fs] 120

Laser peak power P0 [TW] 576

Laser incident diameter Din [mm] 120

1st grating line density n1 [l/mm] 1500

1st grating incidence angle ψin,1 [◦] 82.663

1st grating incidence angle variation 1ψin,1 [µrad] 60

Distance between gratings Lgrating [mm] 11.075× 103

2nd grating incidence angle ψin,2 [◦] 34.028

2nd grating rotation angle ǫ [◦] −0.076

2nd grating rotation angle variation 1ǫ [µrad] 29

2nd grating line density n2 [l/mm] 1505

2nd grating diffraction angle ψout,2 [◦] −86.452

Distance between 2nd grating and planar mirror [mm] 1500

Planar mirror deflection angle [◦] 82

Cylindrical mirror focusing dist. fel [mm] 2906

Propagation distance from cyl. mirror to interaction point [m] 23.8

Interaction angle variation 1φ [µrad] 245

Yield-enhanced Thomson sources by TWTS radiating at a
wavelength in the X- to γ -ray range are also feasible today. These
could deliver radiation pulses brighter than those of any other
today available source in this wavelength region. Yet they retain
the compactness of high peak-brightness, all-optical Thomson
sources demonstrated in the last decade since the size of both
geometries is essentially determined by the size of the high-power
laser system.

Regarding high peak-power laser systems, GIST [84], SIOM
Qiangguang [85], BELLA [86], XL-III [87] and DRACO [88]
already deliver femtosecond scale pulses of petawatt peak power
[89]. Novel diode-pumped laser systems such as PENELOPE [90]
and POLARIS [91] aim to offer the same power at a longer pulse
duration around 100 fs which facilitates the FEL process due to
reduced dispersion and better overlap with electron bunches. The

alignment accuracy required in the construction of these high-
power laser systems also suffices in generating TWTS pulses for
TWTS OFELs, as is shown in the examples.

In the near future, even multipetawatt lasers systems such
as Apollon [92], ELI [93] or SIOM OPCPA Qiangguang 10 PW
[94] would allow relaxing the electron beam requirements to
percent level energy spreads giving the opportunity to utilize laser
wakefield accelerated (LWFA) electrons [32]. Stable production
of high-quality electron beams from LWFA is an ongoing
effort [95], but the necessary properties for OFEL operation
were demonstrated individually already. Sub-percent level energy
spreads [96], normalized transverse emittances below 1mmmrad
[97–99], as well as kiloampere currents [100, 101] through
femtosecond pulse durations [102–104] and nanocoulomb-class
bunch charges [105] were reported.

The combination of TWTS and high-quality LWFA, where
a single high peak-power laser pulse is split and used in parts
to accelerate electrons and to provide the optical undulator
field, respectively, allows to operate ultra-compact, intrinsically
synchronized, high peak-brilliance TWTS light sources in the
ultraviolet and X-ray range. X-ray TWTS OFELs can become
light sources for compact coherent X-ray scattering experiments
resolving structures and processes at nanometer length and
femtosecond time scales.
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