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Abstract: A mathematical model of a dynamic process in a loaded beam on an elastic Winkler base with the 

sudden formation of a defect in the form of a change in the boundary conditions is constructed. The solution of 

the static problem of bending of the beam fixed at the ends serves as the initial condition for the process of 

forced vibrations hinged supported at the ends of the beam, which arose after a sudden break in the bonds that 

prevented the rotation of the end sections. Dynamic increments of stresses in the beam for various combinations 

of beam and foundation parameters are determined. determined. 
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Аннотация: Построена математическая модель динамического процесса в нагруженной балке на упругом ос-

новании Винклера при внезапном образовании дефекта в виде изменения граничных условий. Решение стати-

ческой задачи изгиба защемленной по концам балки служит начальным условием процесса вынужденных коле-

баний шарнирно опертой по концам балки, возникшего после внезапного обрыва связей, препятствующих по-

вороту концевых сечений. Определены динамические приращения напряжений в балке при различных сочета-

ниях параметров балки и основания. 
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An important problem of Structural Mechanics 

is the analysis of the sensitivity of load-bearing 

structures to structural transformations under 

load, such as sudden connections’ removal, 

cracks formation, partial destruction, etc. Ob-

taining such information for real structures re-

quires the development of special methods, 

since this problem cannot be solved by ordinary 

methods. In accordance with structural me-

chanic’s provisions to solve these tasks, it be-

comes necessary to calculate such systems as 

structurally non-linear, changing the design 

scheme under loads, including dynamic load-

ings caused by sudden overlimit impacts [1-5]. 

And if the ordinary design situations are well 

analyzed and exactly are regulated in the rele-

vant documents, the overlimit situations are not 

classified and the response of structural ele-

ments to such impacts is not sufficiently inves-

tigated. 

There is only a few number of engineering 

methods to design and calculate structures at 

such impacts, which take into account sudden 

transformation and damage of structural sys-

tems, and it is not perfect. The dearth of 

knowledge about the deformation and stress 

state of structural elements during dynamic 

processes, initiated by sudden damage, restrains 

the development of the theory and design 

methods that take into account the possibility 

and potential consequences of overlimit im-

pacts and ensure a high level of structural safe-

ty at its operating. As an example of investiga-

tions, performed in this direction, it should be 

noted a number of scientific publications [6–

11] containing the simulation results of transi-

ent dynamic processes performing in loaded 

beams at sudden damage of supports, delamina-

tion, transverse or longitudinal cracks for-

mation, partial destruction, change of connec-

tion conditions of structural elements, etc. All 

these investigations were performed for beams 

supported only at the edges that is, there is sol-

id ground under the beams. There is theoretical 

and practical interest to extend similar ap-

proaches to beams on an elastic ground. 

In the present paper, the problem of constructing a 

mathematical model of transient dynamic pro-

cesses in a beam on an elastic foundation at the 

sudden changing of boundary conditions is de-

scribed. Before the formation of a defect, the reac-

tion of the structure is determined by a static im-

pact. The sudden formation of a defect leads to a 

decrease in the overall rigidity of the structure, 

which does not ensure the static balance of the 

system. The arising inertial forces cause a dynam-

ic reaction, redistribution and growth of defor-

mations and stresses. As a result, there may be a 

violation of the normal operating of the structure 

or loss of bearing capacity and destruction. 

Currently, in the scientific literature related with 

the problem of the dynamics of the "beam-

ground" systems, there are many solved prob-

lems. The majority of researches on the dynam-

ics of interaction between a beam and a founda-

tion are devoted to the analysis of natural oscil-

lations. At the same time, in these researches, 

natural and forced oscillations of beams on elas-

tic ground are considered only for cases when 

the design scheme of the beam-ground system 

in the loaded state does not change. Appearance 

of constructive nonlinearity, i.e. changing in the 

design scheme of a loaded beam on an elastic 

foundation and it consequences are described 

only in a few papers [12–18], in which the sud-

den partial or complete destruction of the foun-

dation was considered. 

The paper [19] presents the results of the com-

putational analysis of the long-term defor-

mation of the building-foundation system of 

one of the nuclear power facilities — the com-

plex of nuclear waste storage buildings, includ-

ing the nuclear waste storage facility of nuclear 

power plants (Fig. 1 a, b). To study the dynam-

ic effects in buildings and structures of this 

type, a second level design scheme - beams on 

an elastic foundation as an element of such a 

structural system [1] is considered (Fig. 1 c). 

The following formulation of the problem is 

formulated. 

An elastic beam with flexural stiffness EI, rig-

idly clamped at the ends rests along the entire 

length l on an elastic Winkler foundation with 

stiffness coefficient k (Figure 1c). 
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Figure 1. The design scheme of static bending of the beam on an elastic foundation.
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On the outer layers of the beam acts even dis-

tributed load of q intensity and the reaction of 

the foundation. It is assumed that at some point 

in time t = 0 of the statically deforming of the 

beam, the connections, which impede the rota-

tion of the end sections in the supports, sudden-

ly collapses, forming hinges at the before 

clamped points. The static equilibrium of the 

loaded beam is interrupted and the beam begin 

motion ( , ),x t , during of which the defor-

mation and stress in the beam receive dynamic 

increments. 

The solution to the problem is carried out in 

Cartesian coordinates x, y. Linear dimensions 

and transverse displacements are related with 

the length of the beam. The sought parameters 

are static and dynamic deflections, the frequen-

cies and modes of the natural flexural vibrations 

of a hinged beam, internal bending moments. 

Taking into account the practical significance of 

the problem of ensuring the strength and sur-

vivability of structures on elastic grounds and 

the dearth of well-known papers by this prob-

lem, the described problems seems to be actual. 

The solution to the problem is constructed in 

the following sequence: 

1) determination of a static deflection of the 

beam clamped at the ends (“intact”) on an elas-

tic foundation. These parameters will be used 

later as the initial condition of a dynamic pro-

cess initiated in the system by a sudden trans-

formation of boundary conditions; 

2) determination of the frequencies and forms of 

natural flexural oscillations of hinged at the ends 

of the (“damaged”) beam on an elastic base; 

3) investigation of forced bending vibrations of 

a loaded beam. In this case, the load, the static 

deflection of the "intact" beam and the un-

known dynamic deflection are arranged in rows 

according to the natural vibration forms of the 

"damaged" beam. 

 

 

PROBLEM SOLUTION 
 

1. Static bending of clamped at the edges beam 

on an elastic Winkler foundation is described by 

equation with dimensionless parameters [20, 21] 
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General solution to the equation (1) for the 

case, when edges are clamped [20, 21] 
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where    1 4ik i   – Krylov function, 

that takes the following form 
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– initial parameters, dimensionless 

bending moment and shear force in a cross sec-

tion at the point 0   
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Figure 2. Diagrams of bending moments at the initial static state, depending on the stiffness indica-

tor of the beam-foundation system . 

  

Dimensionless bending moment at static state 

is determined by function  

 

     2 0 4 0 3 .стw qk w k w k        (3) 

 

In figure 2, diagrams of bending moments in 

the beam with clamped edges at different val-

ues of generalized stiffness 
44 .   of 

“beam-foundation” system are presented. It 

should be noted the “extraordinary” [22] view 

of diagrams of bending moments at growing of 

stiffness of the system. Bending moments in 

the middle of the beam is significantly lower, 

than in the quarters of the span. This is result of 

complex action of external load and reaction of 

an elasti foundation to the beam.  

2. Appeared motion  ,дин x t   after sud-

den transformation of clamped supports of the 

beam to hinges is described by equation [10] 
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is parameter, that has frequency dimension, and 

called as “conventional” frequency. 

Equation (4) describes forced vibrations of the 

loaded beam. Winkler model does not suppose 

dynamic effects in an elastic foundation. Nec-

essary for the further calculation eigen func-

tions can be obtained from the equation (4) 

with zero padded right part. After parameters 

division by performance  
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takes the form 
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is dimensionless natural frequency of vibration 

of the beam on an elastic foundation. 

Using “conventional” frequency 0,  character-

izing stiffness and insertional properties of the 

system “beam – foundation”, and known the 

basic frequency of flexural oscillations of the 

beam with the same support at the edges, but 

without an elastic foundation  
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We transform equation (6) to the form  
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is relative “conventional” frequency; 

 

1св



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is relative finding frequency. 

Using Euler substitution   

 

,rW Ae                         (8) 

 

we obtain characteristic equation for differen-

tial equation (7), 
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0 0,r                    (9) 

 

The roots of which can be represented in both 

forms in accordance with frequencies ratio 0  

and  : 

– if 0,   then roots of the equation (9) are 

real and imaginary 

2 24
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In this case a deflection function (8) takes the 

form 
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– if 0,   then roots of the equation (9) are 

complex 
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and a deflection function takes the form  

 

1 2 2sinW A sh      

2 2 2cosA sh      

3 2 2sinA ch      

4 2 2cos .A ch                      (13) 

 

In the papers [23, 24] it is shown that for a 

beam fully supported on the elastic Winkler 

foundation, in the case of canonical symmetric 

boundary conditions: clamping-clamping, 

hinge-hinge, free ends, only option (10) is real-

ized. 

The principally possible case of fourfold root  

 

1,2,3,4 0,r                      (14) 

 

when 0   and deflection function takes the 

form 

 
2 3

1 2 3 4 sin
2 6
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          (15) 

 

in the case of limiting the deflections of the 

ends of the beam, as it is in our case with the 

hinged supports, also is not implemented. Let 

us note that with partial support of the beam on 

an elastic foundation and at various boundary 
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conditions, all three modes of oscillations (11), 

(13) and (15) are possible.  

Using initial parameters  
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instead constants of integration  1 4 ,iA i    

let us write relationships, characterizing state of 

arbitrary section  of the beam, using variant 

(10), (11). The deflection function in this case 

takes the form  
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where  1 4iR i    is Krylov function, that 

takes the form 
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The state of an arbitrary section of the beam is 

described by equation in the matrix form  
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where  W   is vector of the state of an arbi-

trary section  
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 0W   is vector of initial parametrs 
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affecting of initial parameters to state of a sec-

tion  
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3. Let us perform an analysis of the natural fre-

quencies and modes of bending oscillations of 

the beam on an elastic foundation with hinged 

ends. In this case, the boundary conditions and 

the deflection function are  
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Satisfying the second pair of boundary condi-

tions (18), from function (19) and its second 

derivative, we obtain a system of algebraic 

equations for the unknown initial parameters 

0W   and 0W    
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The condition for the existence of nonzero so-

lutions of a given homogeneous system is the 

equality to zero of the determinant of the coef-

ficient matrix of this system  
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Expanding the determinant, we obtain the fre-

quency equation 

 

1 14sin 0,sh    

From where follows 

 

 
1

1

sin 0

1, 2,3,... .n n n



 



 
 

Taking in account the formula (10), we obtain 

frequencies spectrum 

 

2 4
0 .n n                    (22) 

 

From any equation of the system (20) when 

n n   follows 

 

 
20

0

,
W

n
W



 


 

 

then, in accordance with (19), п-th mode with 

frequency ,n  takes the form 

 

  sin ,n nW A n                  (23) 

 

where п is a number of half-waves of sinusoid 

along the beam length l; nA  is unknown ampli-

tude of oscillations for п-th mode. 

Thus, the forms of natural oscillations of a 

beam on an elastic foundation remain the same 

as that of a free beam, but with frequencies ,n  

greater than the corresponding frequencies of a 

free beam 
nсв  in 2 4

0 n   times, i.e. in ac-

cordance with (22) 

 

2 4
0 .

nn свn     

 

4. The solution of the differential equation of 

forced oscillations (4) can be obtained by ex-

panding the function  ,динw    in a series in 

eigenfunctions  nW   (23) with coefficients in 

the form of unknown functions of time  nQ   

 

   
1

.дин n n
n

w Q W 




             (24) 

 

The functions  nQ   can be found, applying 

the following procedures: substituting series 

(24) and expression (7) into equation (4), mul-

tiplying both sides of this equation by   ,nW   

integrating both sides by  from 0 to 1 and, us-

ing the orthogonality property of the natural 

vibration forms   ,nW   we obtain the differ-

ential equation for function  nQ   

 
2

2

2
,n

n n n
d Q

Q S
d




                 (25) 

 

where  

 

2

4 2
0

sin
2 2 .

2

n

n
q

S
n



 
  

 

General solution of inhomogeneous equation (25) 

 

1 2 2
0 0

cos sinn n n
n n n

n

S
Q D D

 
 

  
      (26) 

 

is a sum of relative homogeneous solution (first 

and second additives) and partial solution, cor-

responding to the right part of (25) (third addi-

tive). 

Now, according to (24), the dynamic deflection 

function takes the form  

 

1 2 2
0 01

cos sin sin .

дин

n n n
n n

n n

w

S
D D n







 
   

 
 


 

  
  

 

     

(27) 
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Integration constants 1nD  and 2nD  is deter-

mined from initial condition 

 

   

,0

,0

0.

дин ст

дин

w w

w



 










             (28) 

 

From the second condition (28) we define one 

constant 

 

2 0.nD 
                       

(29) 

 

Multiplying both sides of the first condition 

(28) in accordance with (27) and (29) to 

sin n  and integrating by  from 0 to 1, we 

obtain another constant  

 

1 2
,n

n n

n

S
D B


                  (30) 

 

where  

 

 
1

0

2 sin .n стB w n d     

 

Substituting (29) and (30) into (27) and taking 

into account the trigonometric identity 

 

2

0 0

1 cos 2sin ,
2

n n 
 

 
   

 

we obtain 

 

2

0 01

cos sin sin ,
2

дин

n n
n n

n

w

B C n






 
  

 


 
  

 

   

(31) 

where  

2

4 2

sin
4 2 .

2

n

n

n
q

C
n



 


 
The dimensionless bending moment is obtained 

by twice differentiating the series (31) 

 






























nCBn

w

n

n

n

n

n

дин

sin
2

~
sin

~
cos

0

2

01

22
 

        (32) 

 

5. Numerical example. 

Using the Maple software package, we calcu-

lated the dimensionless deflections w() and 

bending moments ( )w   in the beam loaded 

with a even distributed load of 1q  intensity 

on an elastic Winkler foundation 

– in the initial static state with clamping of its 

ends: wст(), ( )стw  ; 

– in the static state, formed after quasi-static 

transformation of clamping to hinges wкв(),

( )квw  ; 

– in the dynamic process that occurs at a sud-

den transformation of clamping to hinges: 

wдин(, ), ( )динw  . 

In practical calculations, 20 members of the 

series (31) and (32) were taken into account. In 

this case, we obtain a practical coincidence of 

the diagrams of dynamic deflections wдин(, 0) 

and static deflection wст(), that is 

 

)(sin
20

1

 ст
n

n wnB 


. 

 

The calculation results are shown in figures 3 

and 4, as well as in table 1. In figures 3 and 4 

are shown respectively: diagrams of bending 

moments ( )квw 
 
in the beam after quasi-static 

transformation of clamped points into hinges 

and during oscillations 0( , )динw  
 
after sudden 

transformation of clamped points into hinges at 

the moment 0  of reaching the highest values. 
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Figure 3. Diagrams of bending moments after quasistatic transformation of the boundary condi-

tions depending on the stiffness indicator of the “beam-foundation” system . 

 

Table 1. Affecting of stiffness of the “beam – foundation” system to the increment  

of bending moments. 

 

max
.стw   max

.квw   Кст 
max

.динw   Кдин 

0 0.083 0.125 1.506 0.3 3.614 

10 0.082 0.112 1.366 0.269 3.28 

10
1.5 

0.079 0.093 1.177 0.225 2.848 

10
2 

0.071 0.06 0.845 1.156 2.197 

10
2.5 

0.0544 0.0265 0.487 0.07 1.287 

10
3 

0.0334 0.0104 0.311 0.0346 1.036 

10
3.5 

0.018 0.0055 0.305 0.0186 1.033 

10
4 

0.01 0.003 0.3 0.01 1 

 

Diagrams are constructed for different values of 

the stiffness parameter of the “beam-

foundation” system . 

Table 1 contains the values of the largest bend-

ing moments (dimensionless stresses) in three 

states 
max

.
max

.
max

. ,, динквст www   with different parame-

ters of the stiffness of the “beam-foundation” 

system , as well as the coefficients 

max
.

max
.

max
.

max
.

;
ст

дин

дин

ст

кв

ст
w

w

K
w

w

K









 , 

 

characterizing increasing (decreasing) order of 

the maximum bending moment at quasi-static 

(Кст) and dynamic (Кдин) changing of boundary 

conditions. 
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Figure 4. Bending moment diagrams after a sudden transformation of the boundary conditions  

at the time of reaching the highest values depending on the rigidity indicator of  

“beam – foundation” systems  . 

 

CONCLUSION 
 

If we consider the transformation of the bounda-

ry conditions in this “beam-foundation” system 

under load caused by a damage, then the pro-

vided study shows that quasi-static defect for-

mation, that is, a decrease in the stiffness of the 

end supports, leads to an insignificant increase 

in the stresses in the beam (Кст > 1) when there 

is not foundation ( = 0) and low indicator val-

ues of the “beam-foundation” system (0<  ≤ 

10
1,79

). For beams based on more rigid bases ( 

> 10
1,79

), the formation of the same defect, on 

the contrary, leads to a decrease in the greatest 

stresses (Кст < 1). 

The sudden formation of a defect gives a more 

than threefold (Кдин = 3,614) increase in the 

greatest stress in the free beam ( = 0). For sys-

tems with higher stiffness, the effect of trans-

forming the boundary conditions is reduced. 

There is a redistribution of stresses along the 

span, but the greatest stress at  >10
4
 does not 

exceed the value of the initial static one( 

Кдин= 1). In addition, regardless of the speed of 

formation of a defect, with the increase in the 

rigidity of the system, the greatest stresses move 

from the center of the beam to the periphery of 

the span. 
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