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Abstract - This paper aims to discuss the 
requirements of safe and smooth trajectory 
planning of transporter mobile robots to perform 
non-prehensile object manipulation task. In non-
prehensile approach, the robot and the object must 
keep their grasp-less contact during manipulation 
task. To this end, dynamic grasp concept is employed 
for a box manipulation task and corresponding 
conditions are obtained and are represented 
as a bound on robot acceleration. A trajectory 
optimization problem is defined for general motion 
where dynamic grasp conditions are regarded as 
constraint on acceleration. The optimal trajectory 
planning for linear, circular and curve motions are 
discussed. Optimization problems for linear and 
circular trajectories were analytically solved by 
previous studies and here we focused with curve 
trajectory where Genetic Algorithm is employed 
as a solver tool. Motion simulations showed that 
the resulted trajectories satisfy the acceleration 
constraint as well as velocity boundary condition 
that is needed to accomplish non-prehensile box 
manipulation task .

Index Terms - Non-prehensile Manipulation, 
Mobile Robots, Trajectory Planning, Dynamic 
Grasp, Genetic Algorithm.

I. INTRODUCTION

MANIPULATOR hands encounter with high 
complexities to accomplishing stable object 

grasping. Recently a new manipulation mode has 
launched known as non-prehensile manipulation. 
This mode mentions to manipulation without 
grasping object and facilitates using simpler 
mechanisms increases flexibility and workspace 
[1]. In non-prehensile manipulation task both 
robot’s and the object’s geometries used to model 
the dynamics of the task and then, there is no 
need to dexterous mechanisms in manipulation 
system [2]. The geometry of the object and 
the kinematics of the robot are vital to design 
appropriate motion controller [3]. In quasi-static 
non-prehensile manipulation the object should 
keep its contact with the manipulation surface all 
time [4].

In one of the earliest works, a mobile 
manipulator proposed where the desired task was 
to manipulate a paper or a cylinder using robot 
wheels [5]. Pushing and pulling objects by means 
of a stick and string [6], picking up a box from 
the floor in a corner [7], cooperatively carrying 
an object without grasping [8], presenting a 
tracked mobile robot where it has the ability of 
box-pushing [9], and moving an object by lifting 
and pulling against vertical horizontal edges 
[10] are some distinct studies have concurrently 
published in the non-prehensile manipulation 
field.

Among the non-prehensile manipulation 
tasks, one can refer to carrying a box or 
generally an object on a surface. For long 
distance manipulations, where manipulators 
are inapplicable, conveyors and vehicles 
conventionally employed. In transport of goods 
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where objects loaded on a vehicle, it is necessary 
that the motion of the vehicle is appropriately 
planned to preserve immovability of the 
object relative to the surface. This referrers to 
dynamic grasp, which is a concept in the quasi-
static manipulation category. To perform the 
manipulation task precisely, dynamic grasp 
should be considered in motion planning of the 
conveyors or material transporter mobile robots.

In motion planning, the robot follows a planned 
path from its initial point to the target. Trajectory 
planning deals with robot position, velocity and 
acceleration in time. However, when a mobile 
robot should traverse along a given path, there 
are infinite possible trajectories that the robot 
can run. Although, only finite numbers of them 
are appropriate to run in applications. Generally 
these suitable trajectories are generated based on 
optimality criteria related with time and vehicle 
dynamic-kinematic constraints. Namely some 
related works include time minimizing in the 
spline curve path [11], polynomial s-curve motion 
planning [12], straight-line, circular segments, 
and continuous-curvature path planning [13], 
optimizing trajectory based on dynamic potential 
function [14]. In [15] time-optimal trajectories 
for car-like robots are obtained after solving a 
formulated dynamic optimization problem. In 
[16] to steer agricultural machinery automatically, 
the paper applied continuous-curvature path 
planning known from mobile robotics to generate 
feasible headland turn manoeuvres trajectories. 
In [17] motion planning of autonomous on-road 
driving is considered in order to determining the 
most feasible trajectory in motion time. Among 
the various types of geometric curves are usually 
employed in mobile robots path planning, Bezier 
curves are known methods to generate trajectories 
for curvature path [18-21]. 

This paper aims to discuss about suitable 
and possibly optimal trajectories to run in the 
mentioned box manipulation task. A safe and 
suitable trajectory requires fulfilling dynamic 
grasp related acceleration constraint at all time 
of motion [22]. The desired trajectory can be 
determined via an optimization problem. A 
third degree polynomial is used as the objective 
function to formulate of a trajectory optimization 
problem. The problem constraint is dynamic 
grasp required limitation on acceleration. Also, 
the boundary conditions are defined as zero 
velocity at initial and final time of motion. Three 
trajectory optimization problems are established 

for linear, circular and curve motions such that 
the constraints are related to observe acceleration 
limitation due to non-prehensile box manipulation 
task.  The problems are under velocity boundary 
conditions as making zero velocity at starting 
and ending. Optimization problems for linear and 
circular trajectories were analytically solved by 
previous studies and here we presented a solution 
for curve trajectory using Genetic Algorithm 
(GA).

The rest of this paper organized as the sequel. 
The next section describes dynamic grasp 
requirements and contact modelling. In the third 
section, optimization problems are formulated 
and the solutions of them are discussed to find 
suitable trajectories to the transporter robot. The 
simulation results and discussions are provided 
in the Fourth Section. The last section includes 
conclusions.

II. CONTACT MODELING AND 
MANIPULATION

   A contact model is required to describe how 
relative motions of the contacting bodies can be 
avoided. It could be determined by the geometry 
of the contacting surfaces and the friction. We 
assume a simple Coulomb friction model with 
a single friction coefficient μ as it is usual in 
robotics for hard and dry materials [23]. Assume 
that an irregularly shaped object with mass m 
rested on the upper flat surface of a mobile robot 
as shown in Fig.1. It assumed that the center of 
gravity (CoG) of the object is located in height l 
from the surface. As it is shown in Fig.1, dl and dr 
are distances between the vertices of the resting 
edge and the projection point of the CoG.
The robot moves in a planned linear trajectory 
from an initial position to a goal position. The 
friction between the robot’s wheels and the 
ground is neglected. During motion, dynamic 
grasp should be preserved i.e. there should be no 
relative motion between the robot and the object 
[1]. Therefore no slippage and no rotating around 
vertices should be occurred. The friction force 
must be bounded by ±μg ([11], [23]); however 
the free diagram of the contacting bodies (Fig. 
1) implies that the robot horizontal acceleration 
must be bounded by same value as next.

           .max ga µ≤                   (1)
where g is earth’s gravitational acceleration, and 
µ is the static friction coefficient.
To obtain no rotation condition, we borrow the 
Zero Moment Point (ZMP) concept from the 
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literature related to the balance of the robots. 
ZMP defined as a point on the support surface 
where the resultant tipping moment is zero [24]. 
In the case considered here, where the object has 
only one segment, ZMP defined is the intersection 
point of ga


+  vector and the upper surface of the 

mobile robot (Fig. 1 (b)). To prevent the object 
from the rotation, the ZMP point should locate 
between the left and right vertices of the resting 
edge of the object. To this aim, from Fig. 1, for 
the right vertex, we can write
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Similarly, for the left vertex, we obtain as follows
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In summary, mentioned limited acceleration 
constraints are the requirements of dynamic 
grasp condition. Therefore, these conditions can 
be unified as follows
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where the direction of the acceleration vector 
at motion time is taken in account. Now, if the 
absolute value of the acceleration of the robot is 
less than the positive threshold Δ, the stability of 
the object (i.e. dynamic grasp) is guaranteed for 
whole motion.
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Fig. 1. (a) Manipulation task, (b) free diagram of the 
object.

III.OPTIMAL TRAJECTORY PLANNING

   Using polynomial trajectories are common in 
robotics. Given initial and final positions and 
velocities, the trajectory equation at least has four 
parameters. To achieve smooth and continuous 
motions, we use a third-order polynomial. Here, 
the trajectory problem can be determine the 
polynomial coefficients to get optimal motions 
consider the velocity and acceleration limits. 
In this section, three trajectory optimization 
problems will be defined by taking into account 
acceleration constraint and velocity boundary 
conditions. Acceleration limit caused by the 
contact friction force between the robot and the 
object should be considered to keep dynamic 
grasp manipulation requirements. In other 
word our aim is to find motion strategies for 
the robot that would give suitable and possibly 
optimal trajectories to move from a start point 
and rest state to an end point and into rest state 
again, where the motion should stay inside the 
acceleration limit all the time.
To devise trajectory of the manipulation system, 
it is assumed that the robot travels along a 
predefined linear, circular or curve path. The 
follow third-order polynomial can be used to 
describe trajectory.

( ) .43
2

2
3

1 λλλλ +++= ttttq           (5)

To obtain trajectories based on the polynomial 
shown in (5) such that fulfilling the velocity 
boundaries and the acceleration constraint, 
an optimization problem can be defined and 
mathematically established as the following.
Optimization Problem: Assume that the final 
time of the motion tf is fixed, it is desired to find 
suitable  ‘s such that the robot will cover possible 
maximum distance when the acceleration 
constraint as well as the velocities boundary 
conditions are fulfilled. Therefore, this problem 
can be formulated as next.

( ) .2
2

3
1max tttq λλ

λ
+=  

                              (6)
subjected to

  ( ) .00 =q                                                    (6a)

  ( ) ( ) .000 == vq                                     (6b)
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  ( ) .0=ftv                                                   (6c)

( ) [ ].,0, fttta ∈∆≤                                 (6d)

where q(t) is the objective function that shows 
travelled distance at time t, v is velocity and tf is 
a given final time for motion. (6a) shows that the 
robot initially is located in the origin, (6b) and 
(6c) show the boundary conditions which imply 
zero velocity at the beginning and end of the 
trajectory, respectively. Inequality (6d) specifies 
the acceleration constraint or dynamic grasp 
required condition. Here, the trajectory planning 
is reduced to the problem of determining the 
polynomial coefficients to get suitable motions 
satisfying velocity boundary and acceleration 
constraint.
With deriving of q(t) with respect to time variable, 
the velocity function of v(t) can be obtained. 
However, second derivation of q(t) will not leads 
to acceleration function a(t) at non-straight paths. 
From (6a) and (6b), 3λ   and 4λ    obtain as zero. 

Then, the optimization problem can be expressed 
as below in compact form.

  ( ) .2
2

3
1max tttq λλ

λ
+=                                (7)

subjected to

( ) .0230 21 =+→= λλ ff ttv                          (7a)

( ) [ ].,0, fttta ∈∆≤                            (7b)

[25] declares an analytically solving procedure 
for the polynomial trajectory optimization 
problem, where the closed form solutions for 
linear and circular arc trajectories are obtained as 
(8) and (9), respectively.
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Here we focus on the trajectory optimization 
problem for curve path. Considering optimization 
problem of (7) for curve path, acceleration 
constraint of (7b) here should be expressed. Total 
acceleration in a curvature path is composed of 
two vectors which are centripetal ( ca  ) and 

tangential ( ta  ). Therefore, the acceleration 

constraint in inequality (7b) for non-straight 
motion must be written as

  .∆≤+ tc aa
                                              (10)

   For circular and curve motions, inequality (10) 
can be rearranging in terms of vehicle velocity v 
and radius of curvature c as the following

.
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Inequality (11) can be expressed in terms of q(t) 
as bellows
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In circular motion, c is constant value. For the 
third-order polynomial curve, the radius of 
curvature can be defined as next [26].
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Substituting c in inequality (12), the acceleration 
constraint can be rewritten in terms of first and 
second derivate of q(t) as bellows
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                              (14)

with substituting polynomial forms of first and 
second derivate of q(t) into (14), the acceleration 
constraint finally can be obtained as inequality 
(15) for curve motion.
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Therefore, curve path trajectory optimization 
problem can be rewrite as next.

( ) .2
2

3
1max tttq λλ

λ
+=                                (16)

subjected to (7a) and (15).
This constrained problem is highly complex 
and cannot be tracked analytically. Here, we use 
GA to optimize the parameters of the trajectory 
optimization (16), i.e. the objective polynomial’s 
coefficients (λ1, λ2). An outline of GA algorithm 
is as below [27][28]. A random initial population 
is created. For each individual of the current 
population, a fitness value is assigned. A 
selection method is used to selects individual 
with better fitness values, called parents. Childs 
of these parents are produced either by mutation 
or crossover operators. Current population is 
replaced with the children. The procedure runs 
until a termination criterion is reached.
GA starts with randomly generation of individual’s 
population represented as a chromosome that 
encodes a binary value for (λ1, λ2) as candidate 
solution. To produce the next generation, each 
chromosome is rated by the problem fitness 
function q(t) in (16). Chromosomes are subject 
to crossover and mutation as basic operators. The 
GA used for solving (16) is summarized as the 
sequel:
1. Create an initial population for (λ1, λ2) 
randomly,
2. Compute the fitness value q(t) of all individuals 
of population, 
3. Scale the individual’s fitness values and choose 
the best subset of the population of (λ1, λ2) as 
parents,
4. Generate children of the parents by crossover 
and mutation operators,
5. Cross out the genomes those do not satisfy 
constrains (16b) and replace them by new strings 
re-generated using step 4,  
6. Verify the fitness value of the new population 
individuals,
7. Repeat 3 to 6 until a fixed amount of fitness is 

attained. 

IV. RESULTS AND DISCUSSIONS
To see how the trajectories precisely 

observes the acceleration constraint and velocity 
boundaries, a manipulation task with follow 
parameters is considered. Without loss of 
generality, for a square object model parameters 
chosen as µ=0.1, m=0.1kg. Earth’s gravitational 
acceleration is set to g=10m/s2. In the object, 
CoG parameters computed as dr=d1=l=5cm. 
Therefore, the acceleration safety range for 
guaranteeing dynamic grasp manipulation based 
equation (1) should be bounded by (-1, 1) m/
s2 for avoiding the slippage. Also to avoid the 
rotation, by (3) the acceleration must be bounded 
to (-7.85, 7.85)m/s2. In fact, due to the object 
symmetrical geometry absolute limit values for 
not rotating around right and left vertices are the 
same. It is easy to argue that in this experimental 
setup if the acceleration constraint is satisfied for 
avoiding the slippage, then the rotation is avoided 
too. The trajectory optimization problem for 
curve path defined in (16). Here, the acceleration 
constraint is nonlinear and highly complicated. 
After multiple running of the GA for tf=5 
seconds, the polynomial’s coefficients optimal 
values are obtained as λ1=−0.0667, λ2=0.5010. 
Maximum value for the fitness function obtains 
as q(5)=4.1833.

The GA solution for the curve problem is near 
to the closed-form solution of the linear problem. 
Trajectory plots for curve path example shown in 
Fig. 2. The robot travelled distance, its velocity 
and its acceleration during of motion is illustrated 
in this figure. It is clear that the problem boundary 
conditions for velocity and the problem constraint 
for acceleration is satisfied. In other words, the 
trajectory guarantees a safe manipulation. 
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Fig. 2. (a) Traveled curve-length, (b) Robot’s velocity, (c) 

Robot’s total acceleration.

V. CONCLUSION
In this paper, a box manipulation task with a 

mobile robot is introduced. It was shown that to 
successfully carry out the manipulation task and 
preserving dynamic grasp between the object and 
the robot, acceleration of the robot has to remain 
in specified bounds. This fact was explained 
theoretically as constraint and optimal motion 
of the robot was described by an optimization 
problem. The simulation showed that the obtained 
trajectories can be used in proposed quasi-static 
box manipulation model to achieve a reliable 
motion towards in indoor environments. 
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