
ABSTRACT

A major problem connected with planning the organiza-
tion of trains on a railway network is the optimization of the 
scheme of movement, which determines the routing and the 
number of trains. In this paper, an integrated approach of 
fuzzy linear programming method and multi-criteria analysis 
including three steps is proposed. In the first step, we de-
fined the schemes of transportation of intercity trains and 
optimized each scheme in terms of direct operating costs by 
taking into account the uncertainty of passenger flows and 
utilization of train capacity using the fuzzy linear program-
ming method. In the second step we determined the addi-
tional technological criteria to assess the variant schemes. 
The Fuzzy AHP method was applied to determine the weights 
of criteria. Using the results obtained from Fuzzy AHP, we 
prioritized the variant schemes of transportation by applying 
the PROMETHEE method. The third step presents the opti-
mal choice of transportation of trains on a railway network 
based on minimum ratio of normalized costs and normal-
ized PROMETHEE net outranking flow. In this step, the model 
uses the results obtained in the first and second steps. The 
practicability of the integrated approach is demonstrated 
through the case study of Bulgaria’s railway network, and 
nine schemes were investigated. The model results and the 
real situation were compared. It was found out that the op-
timal scheme of intercity train transportation improves the 
service and reduces direct operating costs.
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1. INTRODUCTION  
An intercity transport scheme on a railway network 

includes the train routes, number of trains on each 
route, and composition of the trains. A train route is the 
organization of train movement between the first sta-
tion and the final station. An optimal scheme of trans-
portation is necessary to satisfy the possibilities of the 
railway operator and the needs of the passengers. On 
the one hand, it is important for railway operators to 
determine the optimal parameters of the organization 
of intercity trains taking into consideration the operat-
ing costs. However, realization of such services does 
not always satisfy the needs and requirements of pas-
sengers. On the other hand, for passengers, the main 
factors for the transport service quality are speed, 

direct journey, service frequency, and ticket price. An 
important task for passenger transport organization in 
a railway network is to determine the optimal scheme 
of movement of intercity trains. To satisfy passenger 
requirements and utilize the capacity of the rail op-
erator for organization of intercity rail transport, it is 
necessary to examine the different quantitative and 
qualitative criteria which affect the choice of transport 
scheme for intercity trains on a railway network. Devel-
opment of an optimal transport scheme is related to 
preliminary study of passenger flow, utilization of train 
capacity, and transport demand. Usually, passenger 
flows are determined by sold tickets or by counting. To 
deal with the variability of passenger flows and train 
capacity utilization, they can be presented as fuzzy 
variables.

The fuzzy sets theory allows for description of real 
situations, taking into account the uncertainty of the 
processes. The fuzzy linear programming approach 
(FLP) allows compiling a mathematical model to in-
crease the adequacy of the optimization and finding 
solutions which are more satisfactory for the real prob-
lem, and it can be represented by fuzzy sets. Many 
researchers have considered various types of FLP 
problems and proposed several approaches for solv-
ing them [1,2].

In railway transport, fuzzy linear optimization is 
used for rescheduling a high-speed railway timeta-
ble under unexpected interferences [3]; solving the 
train pathing problem; determining the admissible 
maximum tonnage of trains in the planning stage [4]; 
optimal allocation of passenger train services on an 
intercity high-speed rail line, including the train stop 
schedule, service frequency, and fleet size [5]. Fuzzy 
linear programming is applied also to carry out re-
search in transport to solve transportation problems 
[6], as well as in transport planning [7].

A multi-criteria analysis allows for the evaluation of 
different alternatives based on both quantitative and 
qualitative indicators. Multi-criteria analysis methods 
such as Analytic Hierarchy Process (AHP), Fuzzy AHP 
(FAHP), and Preference Ranking Organization Method 
for Enrichment Evaluations (PROMETHEE) are applied 
in many areas of scientific research, including logis-
tics and transportation. The Fuzzy AHP (FAHP) method 
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on a railway network is based on the selection of a 
scheme with a minimum ratio of normalized direct op-
erating costs to the normalized PROMETHEE score.

2.1 Step 1: Fuzzy linear optimization model

The model has been developed with the following 
assumptions: there is no limit to the number of roll-
ing stock; the necessary staff for train service is not a 
subject of the research; the number of compositions 
required to service the timetable is not a subject of 
the research.

The objective function is:
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where: Rf is the direct operating costs for scheme f, 
BGN/day. f is the number of variant scheme, f=1,…,F; 
q=1,…,n is the number of train category; iqf=1,…,Iqf is 
the number of routes for train category q for variant 
scheme f; riqf  are the direct operational costs for trains 
on route i, category q, and variant scheme f, BGN/km; 
xiqf is the number of trains on route i, category q, and 
variant scheme f.

Objective function 1 defines the optimal plan that 
provides the realization of the required passenger 
transportation with minimal direct operational costs.

The restrictive conditions are:
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where: iqfaM – passenger train capacity utilization coef-
ficient; aiqf – the number of seats on a train; cjk – the 
coefficients that take into account the possibility of a 
passenger train on route i to serve the section formed 
between two adjacent stations j and k; P ,jk qL – fuzzy 
quantities of passenger flow in a section formed be-
tween the two adjacent stations j and k, which will use 
the trains on route i, category q, that are modeled by 
fuzzy numbers of the highest and lowest acceptable 
levels, pass./day; Njk,max – the maximum capacity of 
the railway line between the two adjacent stations j 
and k which are being examined, train/day; Miqf – the 
minimal number of trains for route i, category q, and 
variant scheme f, train/day.

Condition 3 means ensuring a seat for each pas-
senger on any section of the railway network. Con-
dition 4 means that the number of trains must not 
exceed the maximum capacity of the railway line. Con-
dition 5 means that, for some routes, serving major  

makes it possible to take into account uncertainties 
using fuzzy numbers to compare the importance of al-
ternatives or criteria.

In transportation, the Fuzzy AHP and PROMETH-
EE methods have been used for transportation mode 
determination, transport project evaluation, route 
selection [8,11,13], and logistics systems [9,10]. In 
[12], the Fuzzy AHP method was used to assess three 
timetables for train services on the Iran rail network. 
The speed, reliability, capacity, cost, and safety factors 
are prioritized. The timetable alternatives chosen were 
the sum of weighted waiting times, the average of unit 
waiting time, and the maximum ratio of waiting time 
to journey time. In [14], theindicators (no ') safety, ra-
pidity, time, and comfort are used to analyze the qual-
itative factors which impact the operation efficiency 
of highway passenger transport enterprises. In [15], a 
questionnaire with 23 questions was applied to inves-
tigate the passengers’ satisfaction.

The present paper aims to propose an integrat-
ed approach based on the fuzzy linear programming 
method and the combined multi-criteria method. The 
fuzzy linear programming method is applied to opti-
mize the transportation scheme of intercity trains in 
terms of direct operating costs. The fuzzy numbers are 
applied for passenger flows and utilization of train ca-
pacity. The multi-criteria combined modelling is used 
to determine the weights of quantitative and qualita-
tive criteria related to the transport process and to pri-
oritize the variant schemes. The decision for optimal 
scheme selection is taken based on of the results of 
both fuzzy linear programming and multi-criteria meth-
ods. This approach makes it possible to take into con-
sideration the railway operator’s capabilities and pas-
sengers’ needs. The object of the study is the railway 
network of Bulgaria.

2. RESEARCH METHODOLOGY
The methodology includes three steps. The first 

step presents the criterion of minimum direct oper-
ating costs to determine the number of trains for the 
railway network transportation scheme. This step is 
aimed at satisfying the need of the railway operator 
to determine the optimal parameters of intercity train 
organization by taking into consideration the operating 
costs. In the second step, the assessment criteria for 
the variant schemes are determined, and a combina-
tion of multi-criteria analysis methods is applied. This 
step is aimed at satisfying the passengers’ needs. The 
Fuzzy AHP method is used to define the weights of the 
criteria. Using the results, the PROMETHEE method is 
applied for ranking the variants schemes. In the third 
step, the results obtained from the fuzzy linear optimi-
zation model and combined Fuzzy AHP-PROMETHEE 
method are applied to select an optimal transport 
plan. The optimal choice of transportation of trains 
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qf qf qfa a a are respectively the lower limit, 
fuzzy mode, and upper limit of the triangular fuzzy 
numbers.

The membership function for triangular fuzzy num-
bers is:
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The following formula is used for defuzzification, 
which transforms triangular fuzzy numbers into crisp 
numbers:

3i
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2.2 Step 2

2.2.1 Determination of the additional criteria to 
assess variant schemes

The second step of the methodology determines 
the additional criteria to assess variant schemes of in-
tercity train transportation. These criteria are related 
to the benefits to the passenger. The following quan-
titative and qualitative criteria are applied in the re-
search: 
K1 – Transport satisfaction, trains/day. This factor in-
dicates the number of trains for the variant scheme 
and is a measure of the frequency of service. The fre-
quency of trains attracts more passengers and creates 
convenience when choosing a trip at the desired time 
of day.
K2 – Average number of train stops. This factor indi-
cates the frequency of service to the settlements for 
the variant scheme. Express intercity (direct) trains 
with reduced stops attract passengers over long dis-
tances and reduce travel time. Large railway junctions 
are serviced by all categories of passenger trains.
K3 – Average distance traveled, km. This factor indi-
cates the average length of itineraries for the variant 
scheme. Increase of average distance traveled for the 
variant scheme indicates the presence of express (di-
rect) transport services.
K4 – Average speed, km/h. This factor indicates the 
speed of transport services for the variant scheme. It 
takes into account the time spent by passengers on 
traveling considering the categories of trains.
K5 – Reliability. In the study, reliability is given by aver-
age train delays. The delays are investigated with the 
duration up to 30 minutes. Reducing this coefficient 
leads to increased reliability.

transportation hubs, which are regional administrative 
centers, it is necessary to achieve a certain frequency 
of transport links. Condition 6 means that the number 
of trains must be positive and integer.

The fuzzy linear programming method assumes 
that objectives and constraints in an imprecise and 
uncertain situation can be represented by fuzzy sets in 
fuzzy programming. The fuzziness of available resourc-
es is represented by the membership functions over 
the tolerance range. This present research uses linear 
membership functions. 

For the objective function Rf it can be expressed as:
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where: Rf,U, Rf,L – highest and lowest acceptable levels 
of the objective that can be obtained with individual 
optimization.

For Constraint 3 the membership functions are:
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where: Pjk,q,U, Pjk,q,L are the highest and lowest accept-
able levels of the fuzzy quantities of passenger flow in 
a section formed between the two adjacent stations j 
and k, that will use trains on route i, category q; pass./
day.

The fuzzy linear programming model is solved by 
introducing a new variable, m. The mathematical mod-
el for the fuzzy linear programming approach which is 
solved by using membership functions for the investi-
gated problem is:

maxm   (9)
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for each fuzzy constraint 3

0 1# #m  (12)

and Constraints 4-6.
Triangular fuzzy numbers for the passenger train 

capacity utilization coefficient are set for each route.
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relevant to the overall objective using the linguistic 
variables and triangular fuzzy numbers – they are the 
least possible value (l), the most possible value (m), 
and the largest possible value (u).

Table 1 – Triangular fuzzy scale

Linguistic scale for  
importance

Fuzzy 
number

Triangular 
fuzzy scale 

(l,m,u)
Just equal 1 (1,1,1)
Equally important 1 (1,1,3)
Intermediate 2 (1,2,4
Weakly important 3 (1,3,5)
Essential or Strongly 
important 5 (3,5,7)

Very strongly important 7 (5,7,9)
Extremely preferred 9 (7,9,9)
Reciprocal value (1/u,1/m,1/l)

Stage 3. In this stage, an extent analysis is made 
using the extent analysis method in order to obtain 
priority weights by using synthetic extent values. The 
extent analysis can be expressed as follows:
Step 1: Determining any matrix relative weight.
Step 2: Making a comparison between two triangular 
fuzzy numbers. 
Step 3: Determining the degree of possibility for a con-
vex fuzzy number.

After this step, the consistency ratio is calculated, 
and its value is checked. The consistency ratio is found 
with the following formula:

.CR RI
CI 0 1#=  (18)

where: CR is the consistency ratio; CI is the consisten-
cy index; RI is a random index. The random index is 
given by Saaty [18]. 

If the CR is much greater than 0.1, the judgments 
are unreliable, the pairwise comparison is valueless, 
and it must be repeated. The consistency index is:  

CI n
n

1
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where: mmax is the maximum eigenvalue of the priority 
matrix, n is the number of elements in the matrix. 
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The fuzzy eigenvalue ml, mm, mu corresponds to the 
maximum eigenvalue of the priority matrix mmax by AHP 
method. They are determined separately using crisp 
matrices Al, Am, Au and weights Wl, Wm, Vu by 20 and 
21.  
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where: ki is the coefficient representing the delay of 
trains from itinerary i; Nd

i is the number of delayed 
trains from itinerary i, trains /day; Ni is the number of 
trains from itinerary i, trains /day.
K6 – Availability of direct transport service. Direct 
transport means direct train service (without interme-
diate stops) between large cities (over 100 thousand 
inhabitants). This criterion is expressed by an index. If 
the variant scheme offers such service, K6=1, other-
wise K6=0. The availability of direct transport satisfies 
the rapid transport needs of passengers from major 
transport hubs.
K7 – Transport capacity. This indicates the number 
of seats offered by the variant scheme per day. The 
number of seats depends on the number of cars in the 
train composition. Therefore, at the same frequency of 
trains, the number of seats is different. The number of 
seats is important for meeting passengers’ transport 
needs.

2.2.2 Fuzzy Analytic Hierarchy Process (FAHP)

The study uses the FAHP methodology to deter-
mine the weights of the criteria. This method has been 
designed for decision-making and selecting the best 
alternatives by integrating the concept of fuzzy set the-
ory and hierarchical structure analysis. The consisten-
cy ratio in the AHP and FAHP methods for assessing ex-
pert answers and a sensitivity analysis of the solutions 
allow using the mathematical approach to verify the 
obtained results. The advantage of the FAHP method 
is that experts provide three assessments according 
to the triangular fuzzy scale, which reduces subjectiv-
ity. This research adopts Chang’s extent approach to 
FAHP [17] for evaluation, which uses a pairwise com-
parison scale based on triangular fuzzy numbers and 
the method of extent analysis. This method is relatively 
easier and can be presented in several stages [17]. 

Stage 1. Define the problem, the overall goal that 
has to be attained, criteria, sub-criteria, if necessary 
alternatives too. Define the hierarchy structure from 
the top level through the intermediate levels, which 
contain the criteria and sub-criteria, to the lowest level, 
which is related to the alternatives. 

Stage 2. Utilization of triangular fuzzy numbers 
(TFN) for pairwise comparison using the FAHP scale 
presented in Table 1. The fuzzy evaluation matrix of 
the criteria A a ,ij n n= ^ hM K  for i,j=1,…,n; i≠j is constructed 
through pairwise comparison of different attributes 
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where: j=1,…,m is the number of alternatives.
Step 4: This step is the second phase of determining 
the ranking of the criteria for each of the alternatives. 
The outranking flows are used to establish a complete 
ranking between the possible decisions. The net out-
ranking flow {(aj) of aj in the alternatives set m of a 
possible decision is computed as a difference between 
{+(aj) and {-(aj). 

( ) ( ) ( )a a aj j j{{ {= -+ -  (26)

For net outranking flow, the following conditions 
are valid:
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The highest value of the net outranking flow shows 
the best decision.

2.3 Step 3: Method for selecting the optimal 
transport plan

The final phase of the methodology includes 
scheme selection. In the study, the full impact of all ad-
ditional criteria is seen as a benefit to passengers. Thus, 
the costs are not introduced into the PROMETHEE mod-
el with a separate weight defined by the FAHP method. 
Their impact is examined separately, i.e., this research 
takes into account on the one hand the complex im-
pact of the costs, and on the other hand the complex 
effect of the benefits. The optimal scheme is selected 
by the criterion minimum value of ratio rf of the nor-
malized costs (received from direct operating costs 
given by fuzzy linear programming model) and the 
normalized scores corresponding to the PROMETHEE 
priority. The minimal value of this ratio presents the 
optimal scheme.

minr a
c

f f

f
"=  (29)

where: cf is the direct operating normalized costs for 
variant scheme f; af is the  normalized net outrank-
ing flow by PROMETHEE method for variant scheme f; 
f=1,…,F is the number of variant schemes. To normal-
ize each of the values of net outranking flow {f ob-
tained by PROMETHEE method, value M is added, as 
the values of {f are positive and negative.
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In this research, the eigenvalue is calculated for 
the weighted mean method. The TFN can be defuzzied 
to a crisp number through the weight mean method 
with the following equation:

A 6
4

maxcrisp
l m um
m m m= = + +M   (22)

2.2.3 PROMETHEE method for ranking variant 
schemes

After determining the weights of the criteria, the 
PROMETHEE methodology is applied for ranking the 
investigated countries. The weights of the criteria deter-
mined by means of FAHP are used in the PROMETHEE 
method to estimate the alternatives. This method is 
based on a pairwise comparison of possible decisions 
along each criterion. Possible decisions are evalu-
ated according to different criteria, which have to be 
maximized or minimized. The use of the PROMETHEE 
method requires two additional types of information 
for each criterion i: a weight wi and a preference func-
tion Pi(a,b). Preference function Pi(a,b) depends on 
a pairwise difference between the evaluations fi(a) 
and fi(b) of the alternatives a and b for criterion i. The 
preference function characterizes the difference for a 
criterion between the evaluations obtained by two pos-
sible decisions into a preference degree ranging from 
0 to 1. To facilitate the definition of these functions, six 
basic preference functions have been proposed – usu-
al criterion; quasi criterion; criterion with linear prefer-
ence; level criterion; criterion with linear preference and 
indifference area; Gaussian criterion. The explanation 
and mathematical calculation steps of the PROMETHEE 
method are summarized below [14, 16, 19]:
Step 1: This step computes, for each pair of possible 
decisions and each criterion, the value of the prefer-
ence degree.
Step 2: This step consists of aggregating the prefer-
ence degrees of all criteria for each pair of possible 
decisions. For each pair of possible decisions, a global 
preference index r(a,b) has to be calculated.
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where: i=1,…,n is the number of criteria.
Step 3: This step is the first phase in determining the 
ranking of the criteria for each of the alternatives. It 
concerns the ranking of the possible decisions and in-
cludes the computing of the outranking flows. For each 
possible decision, the positive outranking flow {+(a) 
and the negative outranking flow {-(a) are computed. 
The positive outranking flow expresses how much each 
alternative is outranking all the others. The negative 
outranking flow expresses how much each alternative 
is outranked by all the others.
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(TC3) and accelerated fast (express) trains (TC2) – we 
have studied another category of intercity trains – the 
so called direct (TC1) trains. Accelerated fast trains 
require a reservation and serve large intermediate 
stations between cities, big transport and important 
administrative centers. Direct trains also require reser-
vation but operate between big transport and import-
ant administrative centers. The variants of the number 
of cars in a train composition are elaborated in terms 
of the size of passenger flow and the existing transport 
organization. Figure 1 presents the scheme of investi-
gated itineraries marked from x1 to x27. The starting 
and final stations as well as the sections that are ex-
amined in the methodology are shown in this figure.

Scheme 1, Scheme 2, and Scheme 3 include three 
categories of intercity trains: direct fast trains (TC1) – 
3 itineraries, accelerated fast trains (TC2) – 7 itiner-
aries, and fast trains (TC3) – 17 itineraries. The direct 
train service was studied for the Sofia-Burgas and So-
fia-Varna railway stations, which are characterized by 
large passenger flows and transport centers. The total 
number of itineraries is 27 (from x1 to x27). Scheme 
4, Scheme 5, and Scheme 6 comprise service with two 
categories of intercity trains: TC1 – 3 itineraries, and 
TC3 – 17 itineraries. The total number of itineraries is 
20 (from x1 to x3 for direct fast trains and from x11 to 
x27 for fast trains.

Scheme 7, Scheme 8, and Scheme 9 include ser-
vice with two categories of intercity trains: TC2 – 7 itin-
eraries and TC3 – 17 itineraries. The total number of 
itineraries is 24 (from x4 to x27 for accelerated fast 
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where: M is an integer and positive value that should 
make all net outranking flows {f positive; {f![-1;1]. 
For example, if the maximal negative value of {f=-0.9, 
the value of M is M=1, and if the maximal negative 
value of {f=-1, the value of M is M=2.

This integrated approach of multi-criteria decision 
technique and fuzzy linear programming method for 
choosing the optimal transport plan allows for the eval-
uation of the variant schemes according to the criteri-
on of minimum direct operating costs and the complex 
criterion of the predefined indicators – the maximum 
PROMETHEE score. It enables reducing subjectivism 
when making a decision, i.e., it is a combination of an 
expert and optimization method, taking into account 
the economic and technological factors in choosing a 
transport plan. The sensitivity analysis of the method-
ology depends on the limits of variation of the criteria 
weights in which the optimal solution is retained.

3. EXPERIMENTAL WORK AND RESULTS
This integrated approach is applied to the railway 

network of Bulgaria in order to investigate the trans-
port scheme of intercity trains. The present research 
examines nine schemes of organization of intercity 
passenger trains according to train categories and 
number of cars in the trains. In addition to the existing 
two categories of intercity trains in Bulgaria – faster 
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model (for the highest and lowest acceptable levels 
of the fuzzy quantities of passenger flow presented in 
Table 2), and those obtained with fuzzy linear optimiza-
tion. It can be seen that the results for the number of 
trains with fuzzy optimization are between the results 
received with individual optimization. This optimiza-
tion approach takes into account the uncertainty of 
the processes and enables accounting for fluctuations 
in passenger flows. 
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Figure 2 – Comparison of results by individual and fuzzy 
optimization

The second step of the methodology includes de-
termination of the criteria values and prioritization of 
the criteria and variant schemes. The values of the 
criteria defined in 2.2.1 have been determined after 
optimization for each variant scheme. Table 4 presents 
the results. The value of criterion К1 is given by fuzzy 
optimization model; the values of other criteria are cal-
culated according to the parameters of the optimized 
variant scheme. To calculate the coefficient given in 

trains and fast trains). The number of cars in a train 
composition for schemes 1, 4, and 7 is 4; for schemes 
2, 5, and 8 it is 3 cars. The number of cars for Scheme 
3 is 3 for TC1 and 4 for TC2 and TC3; the number of 
cars for Scheme 6 is 3 for TC1 and 4 for TC3; the num-
ber of cars for Scheme 9 is 3 for TC2 and 4 for TC3.

In the first methodology step for each of the defined 
variant schemes, the fuzzy linear optimization model 
according to 2.1 is applied. The fuzzy numbers for pas-
senger train capacity utilization coefficient are set tak-
ing into account the real utilization of trains by routes. 
For example, the fuzzy numbers are: for  x1, x2,x3 – 
(0.55;0.65;0.8); from x4 to x10 – (0.5;0.6;0.8);  for 
x15 and x26 – (0.6;0.75;0.9); for x11, x19, x23, and 
x25 – (0.6;0.85;0.9); for all others – (0.6;0.8;0.9).

Table 2 presents the highest and lowest acceptable 
levels of the fuzzy quantities of passenger flows by 
investigated section. These levels are set separately 
by categories of trains which serve the sections. The 
upper and lower limits of change in passenger flows 
are set expertly after an analysis of a census of pas-
sengers for a period of one week in March, July, and 
October.

Table 3 shows the value of objective Function 9 and 
the number of trains in one direction for each variant 
scheme obtained by the fuzzy optimization model 
9-12. The last row of the table presents the value of di-
rect operating costs. Figure 2 shows the comparison of 
results obtained with individual optimization by linear 

Table 2 – Highest and lowest levels of fuzzy quantities of passenger flows 

Section 1 2 3 4 5 6 7 8 9 10 11

TC1 Pjk,q,U, pass./day 327 159 159 159 185 185 185 185    

Pjk,q,L, pass./day 277 122 122 122 150 150 150 150    

TC2 Pjk,q,U, pass./day 225 128 128 128 560 375 189 189 165 165  

Pjk,q,L, pass./day 195 108 108 108 487 323 166 166 137 137  

TC3 Pjk,q,U, pass./day 982 1176 620 774 1420 763 568 941 368 368 425

Pjk,q,L, pass./day 870 1046 540 680 1257 665 495 831 316 316 365

Section 12 13 14 15 16 17 18 19 20 21 22

TC2 Pjk,q,U, pass./day 105 182 182   139  139   

Pjk,q,L, pass./day 85 159 159   117  117   

TC3 Pjk,q,U, pass./day 372 759 557 99 371 845 325  845 190 381

Pjk,q,L, pass./day 320 669 487 76 323 745 275  745  329

Table 3 – Results by fuzzy linear optimization model

Scheme 1 2 3 4 5 6 7 8 9

m 0.528 0.414 0.485 0 0 0 0 0 0
TC1, train/day 3 5 5 7 8 9 0 0 0
TC2, train/day 8 10 8 0 0 0 9 13 11
TC3, train/day 27 33 27 28 35 29 28 33 28
Total, train/day 38 48 40 35 43 38 37 46 39

Rf, BGN/day 51,583 57,234 52,615 48,772 53,639 51,159 49,716 54,073 50,232
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selected. The number of experts can be reduced from 
11 to 7 with the confidence level of 90% if they have 
high competency [20]. It is accepted that the optimal 
number of experts is in the range of 7 to 20 [20]. For 
this purpose, 7 experts, professionals from "BDZ - Pas-
senger Transport" Ltd and Technical University Sofia 
with more than 20 years of experience in passenger 
railway transport, were asked to perform pairwise 
comparisons of all factors using the triangular fuzzy 
scale given in Table 1.

The pairwise comparison of the criteria is present-
ed in Table 5. 

Formula 17, data for train delays up to 30 minutes over 
a three-year period was used. The criterion K5 is de-
termined by Formula 16 using the predetermined coef-
ficient from Formula 16 and the results of the optimiza-
tion model from Step 1.

The criteria weights are obtained using the Fuzzy 
AHP method according to 2.2.2. Several studies re-
ported AHP findings with different numbers of experts: 
38 experts for 25 factors [7]; 7 experts for 31 factors 
[11], 20 experts for 43 factors [17]. Increasing the 
number of experts generally leads to increased re-
liability of expertise. The number of experts may be 
reduced if specialists with higher competence are  

Table 5 – Fuzzy evaluation – pairwise comparison matrix for criteria

Criterion Triangular fuzzy numbers Weight

K1

l 1 0.39 0.32 1.27 1.00 1.08 0.37
0.15m 1 0.70 0.64 1.87 1.27 1.87 0.70

u 1 1.00 1.00 3.50 3.11 3.65 1.00

K2

l 1 1 0.41 1.40 1.00 1.00 0.37
0.08m 1.43 1 0.78 3.00 1.27 1.27 0.70

u 2.57 1 1.00 5.12 1.87 1.87 1.00

K3

l 1.00 1.00 1 1.08 1.00 1.08 1.00
0.07m 1.57 1.29 1 2.15 1.40 2.15 1.27

u 3.14 2.43 1 4.20 2.33 4.20 2.71

K4

l 0.29 0.20 0.24 1 0.39 0.44 0.23
0.22m 0.54 0.33 0.46 1 0.70 0.70 0.41

u 0.79 0.71 0.93 1 1.00 1.00 0.78

K5

l 0.32 0.54 0.43 1.00 1 1.00 0.30
0.17m 0.79 0.79 0.71 1.43 1 1.17 0.64

u 1.00 1.00 1.00 2.57 1 1.75 1.00

K6

l 0.27 0.26 0.24 1.00 0.57 1 0.29
0.22m 0.54 0.50 0.46 1.43 0.86 1 0.64

u 0.93 0.86 0.93 2.29 1.00 1 1.00

K7

l 1.00 1.00 0.37 1.29 1.00 1.00 1
0.10m 1.43 1.43 0.79 2.43 1.57 1.57 1

u 2.71 2.71 1.00 4.29 3.29 3.43 1

Table 4 – Criteria values

Scheme K1
[pair trains/day]

K2
[stops/day]

K3
[km]

K4
[km/h] K5 K6

K7
[seats/day]

1 38 15.45 336.47 63 0.1315 1 10,640
2 48 14.94 342.10 64 0.1347 1 10,080
3 40 14.68 333.88 63 0.1336 1 10,850
4 35 16.17 347.17 63 0.1329 1 9,800
5 43 16.79 357.63 63 0.1424 1 9,030
6 38 15.55 349.16 63 0.1323 1 10,010
7 37 16.19 330.14 63 0.1248 0 10,360
8 46 15.72 333.72 63 0.1296 0 9,660
9 39 15.62 330.82 63 0.1235 0 10,150
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The results show that, in terms of minimum direct 
operating costs, the optimal variant scheme is num-
ber 4 (TC1 and TC3 with 4 cars); in terms of maximum  
PROMETHEE score, the optimal variant scheme is 
number 3 (TC1 – 3 cars; TC2 – 4 cars; TC3 – 4 cars). 
The optimal variant scheme using a ratio of normalized 
costs/normalized net outranking flow by PROMETHEE 
scores is once again Scheme 3, where direct trains are 
composed of 3 cars, while accelerated fast and fast 
trains are composed of 4 cars.  

A sensitivity analysis of the optimal solution was 
conducted. The research shows that the more sen-
sitive criteria are those of transport satisfaction K1, 
average distance traveled K3, and transport capacity 
K7. The percentages of criteria variation at which the 
decision is unchanged are respectively: K1–[6.53%-
16.7%]; K3–[3.95%-24.14%] and K7–[8.12%-22.54%]. 
All other criteria have limits of change from 0% to 
100%. Figure 4 presents a sensitivity analysis of the 
optimization criterion rf. The results are obtained de-
pending on the limits of variation of the weights of the 
criteria given above. It can be seen that the optimal 
scheme is the third one, i.e., the optimal solution re-
mains unchanged.
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Figure 4 – Sensitivity analysis of the optimization criterion

Table 6 presents a comparison of the results for 
main train routes. The optimal solution proposes ser-
vice with three categories of intercity passenger trains. 
The number of trains for the routes Sofia-Plovdiv and 
Sofia-Plovdiv-Burgas is increased. The number of 
trains for the route Sofia-Plovdiv-Burgas is increased 
by offering additional direct trains. The number of 
trains for the route Sofia-G. Oryahovitsa-Varna is re-
tained, but the categories are different. 

Figure 5 shows a comparison of results and real sit-
uation for main routes with the largest passenger flow. 
The section from Sofia to Plovdiv serves train routes 

The consistency ratio value is 0.1, which shows 
that the experts’ assessments are reliable. The val-
ues of each of the triangular fuzzy numbers (the least 
possible value l, the most possible value m, and the 
largest possible value u) have been determined as av-
erage values obtained from the estimates made by the 
experts.

The average speed and availability of service with 
direct transport criteria have the greatest weight. The 
criteria of transport satisfaction and reliability are also 
of great importance. Table 4 shows that the average 
speed criterion values for all variant schemes are simi-
lar. This is due to the small number of direct trains. The 
average speed value for the variant scheme increases 
with increased number of direct trains.

The prioritization of variant schemes is made using 
the PROMETHEE method according to 2.2.3. The type 
of optimization is: maximum for the criteria K1 (trans-
port capacity), K3 (average vehicle distance), K4 (av-
erage speed), K6 (presence of direct transport), and 
K7 (transport capacity); minimum for the criteria K2 
(average number of stops), and K5 (reliability factor by 
Formulas 16 and 17). The type of preference functions 
is: for criterion K6 – Usual; for all other criteria – Lin-
ear. The usual function is best suited for quality criteria 
that are set to "Yes" and "No". Linear functions are typi-
cally used for quantitative criteria.

The third step of the methodology includes scheme 
selection. The Visual PROMETHEE software was used 
to rank the variant schemes. Figure 3 presents normal-
ized costs, normalized PROMETHEE net outranking 
flow, and the criterion of optimization – value of the 
ratio of normalized costs/normalized PROMETHEE 
scores given by Formulas 29-31 of all variant schemes 
when changing passenger flows.
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Table 6 – Comparison of results for main train’s routes

Train route
Train category [pair trains/day] 

Optimal variant scheme Timetable
TC1 TC2 TC3 Total TC1 TC2 TC3 Total

Sofia-Plovdiv 1 1 2 4 0 0 3 3
Sofia-Plovdiv-Burgas 2 1 2 5 0 1 3 4
Sofia-G. Oryahovitsa-Varna 2 1 2 5 0 1 4 5
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additional criteria. The ratio of normalized costs and 
normalized PROMETHEE net outranking flow has been 
applied as a criterion for choosing the optimal scheme 
of transportation.

The proposed methodology can facilitate deci-
sion-making in route and schedule planning and ad-
ditional routing related to increased passenger traffic 
due to extraordinary situations in stations. 
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ИНТЕГРИРАН ПОДХОД ЗА ИЗБОР НА СХЕМА ЗА 
ПРЕВОЗ НА ВЛАКОВЕ В ЖЕЛЕЗОПЪТНАТА МРЕЖА

РЕЗЮМЕ

Основен проблем, свързан с планирането на 
организацията на влаковете в железопътната мрежа, е 
оптимизацията на схемата на движение, която определя 
маршрута и броя на влаковете. В тази статия се предлага 
интегриран подход от размит линеен оптимизационен 
модел и многокритериален анализ, включващ три стъпки. 
В първата стъпка са определени схеми за превоз на 
междуградски влакове, и е оптимизирана всяка схема 
по отношение на преките експлоатационни разходи, 
като е отчетена неопределеността на пътникопотоците и 
използването на капацитета на влаковете, чрез прилагане 
на размито линейно оптимиране. Във втората стъпка 
са определени допълнителни технологични критерии за 
оценка на вариантните схеми. За определяне на теглата 
на критериите е приложен методът Fuzzy AHP. Използвайки 
резултатите, получени от Fuzzy AHP, са приоритизирани 
различните варианти чрез прилагане на метода PRO-
METHEE. Третата стъпка представя оптималния избор 
на схема за превоз на влаковете в железопътната 
мрежа, по критерий минимум на съотношението 
на нормализираните разходи и нормализираните 
аутранкиращи потоци по метода PROMETHEE. В тази 
стъпка моделът използва резултатите, получени в първата 
и втората стъпка. Приложимостта на интегрирания подход 
е показана чрез пример за железопътната мрежа на 
България, като са изследвани девет схеми. Резултатите 
от модела са сравнени със съществуващото положение. 
Установено е, че оптималната схема за превоз на 
междуградските влакове предлага увеличаване на 

Sofia-Plovdiv and Sofia-Plovdiv-Burgas. Figure 5 pres-
ents the total number of trains from both destinations. 
The maximum capacity for all categories of passenger 
trains including ordinary passenger trains and subur-
ban trains for these routes are: Sofia-Plovdiv – 42 pair 
trains/day; Sofia-Plovdiv-Burgas – 34 pair trains/day; 
Sofia-G. Oryahovitsa-Varna – 34 pair trains/day. These 
destinations are also served by freight trains.

The optimal variant scheme offers an increase in 
the train transport service, thus reducing the direct 
operating costs as compared to the existing situation. 
The proposed number of trains is 80 trains/day versus 
75 trains/day in the current situation. This number of 
trains corresponds to the available rolling stock. The 
proposed scheme differs by category and composition 
from the existing train timetable.

4. CONCLUSIONS
In this research, we have elaborated an integrated 

approach based on the fuzzy optimization and com-
bined multi-criteria methods for determining the op-
timal scheme of movement of intercity trains on the 
railway network. This approach makes it possible to 
take into account not only economic criteria, such as 
direct operating costs, but also additional technologi-
cal factors related to the transportation process. The 
fuzzy linear programming method has been applied to 
optimize the transportation scheme for intercity trains 
in terms of direct operating costs taking into account 
the uncertainty of the process through the highest and 
lowest levels of the fuzzy quantities of passenger flows 
and triangular fuzzy numbers for utilization of train ca-
pacity. In the research, additional criteria have been 
determined to assess the schemes of transportation. 
They have been evaluated using the Fuzzy AHP meth-
od. The study shows that average speed (0.22), avail-
ability of service with direct transport (0.22), reliability 
(0.17), and transport satisfaction (0.15) are the most 
important criteria when determining the transport 
scheme. Nine schemes of transportation by intercity 
passenger trains have been investigated according to 
train category and number of cars in a train composi-
tion. A combined method of Fuzzy AHP and PROMETH-
EE has been applied to evaluate variant schemes by 
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