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Abstract. Aiming at the motion track controlling of the semi-active magnetorheological damper based above-knee 
prosthesis (MRAKP), according to the LaSalle’s invariant set theorem, a kind of nonlinear compute torque (NCT) 
control law for the track controlling of the AKMR, is proposed to promote the robustness and performance of the 
intelligent above-knee prosthesis. The proposed NCT controller includes the feedforward control and the feedback 
control. The former one is used to compensate the nonlinear terms in the dynamic model of the MRAKP, such as the 
Coriolis force, the centripetal force, and the gravity. The feedback control, utilizing a nonlinear PD controller, 
adaptively adjusts the control gain coefficients and reduces the system error. On these bases, numerical simulations 
on the MRAKPare carried out to analyze the performance of the proposed NCT controller in ADAMS and simulink. 
For comparing, the track controlling performance of the PD controller and the CT+PD controller are also presented in 
the paper. Simulation results indicate that the proposed NCT controller for the MRAKP is able to adaptively adjust 
the control gain coefficients with lower track error and higher robustness than the conventional PD controller and the 
CT+PD controller. 

1 Introduction 

For an amputee, the above-knee prosthesis (AKP) is an 
irreplaceable rehabilitation appliance due to its 
incomparable rehabilitation functionality for the patients 
with trans-femoral amputation. Because of the low 
energy consumption, high precision and continuous 
reversible changeable yield stress, magnetorheological 
(MR) dampers are widely applied for AKPs [1,2].  

In the recently decades, there are several researches 
about the MR damper based above-knee prosthesis 
(MRAKP) in the world [3-6]. Hugh Herr and Ari 
Wilkenfeld proposed an intelligent prosthetic knee with a 
MR damper and the adaptive controlling base on the 
finite-state machine (FSM) for the prosthetic knee [7]. 
The proposed control method based on the FSM, which is 
not need the dynamic of the AKP, is a simple method for 
the AKP controlling, but is not expert in trajectory 
tracking. And the torque produced by the proposed 
controller for the AKP is discontinuous, but the 
continuous changeable yield stress is precisely the 
advantage of the MR. Jung-Hoon Kim and Jun-Ho Oh 
utilized the compute torque (CT) plus proportional 
derivative (PD) controller to control a MRAKP, and 
utilized the additional learning control method to reduce 
the control error[8]. Generally speaking, the close-loop 
system using the CT+PD controller comprises two 
channels. Nevertheless, the MRAKP is a strong-
nonlinearity system in which a small disturbance may 

cause huge oscillation. So the conventional control 
methods with fixed parameters are bad at robustness for 
the MRAKPs in practice [9-13]. 

In order to improve the motion control for the 
MRAKP, especially promote the robustness of the 
controller, a nonlinear control law is proposed according 
to the theory of the stability analysis. Compared with the 
conventional PD control law with the fixed control gains, 
the control gains of the promoted nonlinear control law 
are adjusted according to the tracking error of the close-
loop system. 

2 Model 

2.1 Dynamical modeling of the AKP 

Figure 1 shows the simplified structural model. As shown 
in the figure 1, the lower limb is modeled as a two-rigid 
body with two DOFs in the sagittal plane. The hip and 
knee joints are simplified as two hinges with variable 
damping attached on the two ends of the thigh, which is 
modeled as a link with the mass of mଵ. And the shank 
and the foot are modeled as an integrated link with the 
mass of mଶ connected with the knee joint. Signals θଵ and 
θଶ are the anglers of the thigh and the shank relative to 
direction of the gravity. 

According to the Lagrange kinetic, the dynamic of the 
lower lib can be expressed as [14] 
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ቊ
τଵ − τଶ = Mଵଵθ̈ଵ + Mଵଶθ̈ଶ + Cଵ൫θ, θ̇൯ + Gଵ(θ)

τଶ = Mଶଵθ̈ଵ + Mଶଶθ̈ଶ + Cଶ൫θ, θ̇൯ + Gଶ(θ)
   (1) 

where θ = [θଵ θଶ]୘ denote the generalized state vector, 

M = ൤
Mଵଵ Mଵଶ

Mଶଵ Mଶଶ
൨ is the inertia matrix, C = [Cଵ Cଶ]୘ is 

the Coriolis/centripetal vector, G = [Gଵ Gଶ]୘  is the 
gravity vector, τ = [τଵ τଶ]୘  is the generalized torque 
matrix, in which the τଵ and τଶ is the torque applied to the 
hip joint and the knee joint respectively. 

2.2 Force model of the MR damper 

In this paper, a MR damper based on the sheer mode is 
used because of the lower damping coefficient and the 
simpler force model. 

 
Figure 1. Simplifiedmodel of the lower limb. 

The yield stress of the MR damper based on the sheer 
mode can be expressed as [15] 

F୤୧ୣ୪ୢ =
ଵଶ஗୐୵

୥
v଴ + H(I)Lw                         (2) 

where F୤୧ୣ୪ୢ denotes the yield stress of the MR damper; η, 
L, w, and g are the structure size of the MR damper; v଴ 
denotes the velocity of the piston of the damper without 
the drive current; H(I) is the yield stress produced by MR 
damper with the drive current I. 

There for, the force model of a MR damper based on 
the sheer mode is given by 

𝐹 = 𝐹ୱ୮୰୧୬୥ + 𝐹୤୧ୣ୪ୢ = 𝐾𝑥 + ൬
12𝜂𝐿𝑤

𝑔
+ 𝐶൰ 𝑥̇ + 𝐻(𝐼)𝐿𝑤 

(3) 

where the x ， ẋ  is for the relative displacement and 
velocity respectively of the piston; K，C is the stiffness 
and damping coefficient respectively. According to the 
work present in [15], the yield stress H(I)  can be 
expressed by 

𝐻(𝐼) = 𝛼𝐼ఉsign(𝑥̇)                            (4) 

2.3 Control system of the AKP 

Figure 2 shows the system diagram of the MRAKP. As 
shown in figure 2, a MRAKP system includes the gait 
planner, the controller, and the MRAKP which is 
composed of the artificial knee joint and the MR damper. 
The gait planner generates the desired trajectory 
([θୢ θ̇ୢ]୘ ) for the MRAKP according to the practice 
moving state ([θଵ θ̇ଵ]୘) of the prosthesis. The controller 
includes the NCT controller to produce the desired torque 
τ୒  according to the error [e ė]୘  between the desired 
trajectory [θୢ θ̇ୢ]୘ and practice swing angle of the knee 
joint [θ θ̇]୘ , and the inverse MR damper Model to 
produce the driving current I for the MR damper. The 
integrated MR damper of the MRAKP produces the 
damping force F, and the artificial knee joint generates 
the swing angle [θଵ θ̇ଵ]୘ driven by damping force of F. 

 
Figure 2. System Diagram of the MRAKP. 

2.4 Non-linear computer torque controller 

The compute torque controller, a kind of linear controller 
which is widely used for the automatic controlling, is 
defined as 

τ୐ = Mଶଵθ̈ଵ + Mଶଶ൫θ̈ୢ + k୮e + kୢė൯ + Cଶ൫θ, θ̇൯ +

Gଶ(θ)                                                            (5) 
where the θୢ is the desired trajectory of the knee joint, k୮ 
and kୢ  are the control gains, Cଶ  and Gଶ  are the 
Coriolis/centripetal terms and gravity term in the 
dynamic equation respectively. 

The nonlinear computer torque control law, as shown 
in figure 3, whose control gains are adjustable according 
to the track error, is defined as: 

τ୒ = Mଶଵθ̈ଵ + Mଶଶ൫θ̈ଶୢ + KP(e)e + KD(e)ė൯ +

Cଶ൫θ, θ̇൯ + Gଶ(θ)                                       (6) 

൜
KP(e) = k୮ ⋅ f(e)

KD(e) = kୢ ⋅ f(e)
                             (7) 

where f(e) is the function about the control error, KP(e) 
and KD(e) are the variable control gains. 

Substituting equation (6) into (1), the dynamical error 
of the controlled MRAKP system is given by 

ë  + KD(e)ė + KP(e)e = 0                         (8) 

The Lyapunov function is defined as 

V =
ଵ

ଶ
ė୘ė + ∫ |φ|୘KP(φ)dφ

ୣ

଴
                        (9) 

Deviating equation (9), we have 

V̇ = ė୘ë + e୘KP(e)ė                          (10) 
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Substituting equation (8) into (10), we have, 

V̇ = −ė୘KD(ė)ė                            (11) 

Figure 3. Control diagram of the nonlinear compute torque 
controller. 

Defining f(e) as 

f(e) = cosh(k଴e)                            (12) 

Substituting equation (12) into (7), then KP(e)  and 
KD(e)  are positive definite, continuous and bounded 
when k୮ and kୢ are positive. 

From (8) to (11), it is shown that V > 0, and V̇ ≤ 0 

for any e , and the equilibrium point ቂ
e∗

ė∗ቃ = ቂ
0
0

ቃ  is the 

largest invariant set of  Ψ = ቄቂ
e
ė

ቃ ቚV̇ = 0ቅ. So according 

to the LaSalle’s invariant set theory, ൤
e(t)
ė(t)

൨ → ቂ
e∗

ė∗ቃ = ቂ
0
0

ቃ 

with t → ∞. Consequently, if the control law is given by 
(6), the non-linear feedback system as (8) is globally 
asymptotical stable. 

2.5 Inverse MR damper model 

Combining equation (3) and (4), the force model of the 
MR damper is given as                        

Fୢୟ୫୮ୣ୰ = Kx + ቀ
ଵଶ஗୐୵

୥
+ Cቁ ẋ + Lwαsign(ẋ)Iஒ             (13) 

where the first and second terms in the right side are 
uncontrollable terms, and the third term is a controllable 
term. So the driving current applied on the MR damper 
can be given by equation (13) 

I =
୊ౚି୏୶ିେ෡୶̇

ஓୱ୧୥୬(୶̇)
                                (14) 

Because of the character of the MR damper that the 
direct of the damping force is the direct of the velocity of 
the piston [15], as shown in figure 4, so that ẋ > 0 due 
that only the extend of the MRAKP in the swing phase 
are controllable. As a result, equation (14) can be rewrite 
as  

I =
தొ⋅ந(஘భ,஘మ)ି୏୶ିେ෡୶̇

ஓ
                               (15) 

where C෠  (=
ଵଶ஗୐୵

୥
+ C) and γ (= Lwα) are constants, x 

(= Φ(θଵ, θଶ)) denotes the displace of the piston of the 
damper, and ψ(θଵ, θଶ) is the arm of force. 

 
Figure 4. Character of the yield stress of the semi-active MR 
damper [15]. 

 

Figure 5. Relation between the distance of the piston and the 
knee angle 

Analyzing the relation between the stroke of the MR 
damper and the knee angle, as shown in figure 5, the 
stroke of the MR damper can be approximately consider 
as the linear function of the knee angle and expressed as 

x = 0.5507 ⋅ ቀ
஠

ଶ
− θଶ + θଵቁ + 148.3                 (16) 

3 Simulation and analysis 

In order to analyze the performance and robustness of the 
promoted non-linear computer torque controller of the 
MRAKP, the co-simulation model of the MRAKP are 
established in ADAMS and simulink shown in figure 6. 

Figure 7(a) and 7(b) show the simulated controlled 
angles and control errors of the MRAKP controlled by 
the PD, CT+PD and proposed NCT controllers. The 
results shown in figure 7 illustrate that the swing angles 
of the MRAKP with controllers match to the reference 
angle more accurately thanthe MRAKP without a 
controller does. However, the tracking error of the PD 
controller, which is a linear controller, is larger than the 
errors of others. Compared with the PD controller, the 
CT+PD controller is more effective because of the feed-
forward control for compensating the non-linear terms in 
the dynamic model of the MRAKP. What the most worth 
for mention is that, the proposed NCT controller has the 
lowest control error compared with other controllers 
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because of adaptive variable control gains, which are 
shown in figure 8. 

The result of the co-simulation of the AKP with 
variable frequency is shown in figure 9. As figure 9 
shows, the MRAKP walked at three different frequencies, 
0.5HZ, 1.0HZ and 2HZ (Natural frequency of normal 
human walking is about 1.5HZ [16]). The result indicates 
that the tracking error of the conventional controller (PD, 
CT+PD) and proposed NCT controller larger and larger 
with the increasement of the frequency, nevertheless, the 
increasement of the NCT controller is smaller than those 
of others. As shown in figure 9-b, the tracking error of 
NCT controller is 60% lower than that of PD controller, 
and just half of the track error of the CT+PD controller. 
In conclusion, the proposed NCT controller is more 
precise and robust if the frequency of motion of AKP 
changes widely.  

 

Figure 6. Co-simulation model of the MRAKP. 

 
(a) 

 
(b) 

Figure 7. Tracking control with the invariable frequency (a) 
knee angle tracking (b) tracking error. 

 

Figure 8. Control gain of the nonlinear compute torque 
controller. 

 
(a) 

 
(b) 

Figure 9. Tracking control with the variable frequency (a) knee 
angle tracking (b) tracking error. 

4 Discussion and conclusion 

In order to improve the motion control for the MRAKP, 
especially promote the robustness of the controller, a 
nonlinear control law is proposed according to the theory 
of the stability analysis. Compared with the conventional 
PD control law with the fixed control gains, the control 
gains of the promoted nonlinear control law are adjusted 
according to the tracking error of the close-loop system. 
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On these bases, numerical simulations on the MRAKPare 
carried out to analyze the performance of the proposed 
NCT controller in ADAMS and simulink. For comparing, 
the track controlling performance of the PD controller 
and the CT+PD controller are also presented in the paper. 
Simulation results indicate that the proposed non-linear 
compute torque controller is more accuracy than the 
conventional PD controller and CT+PD controller. And 
the NCT controller is more robust due to the adaptive 
adjustable control gains. Furthermore, according to the 
LaSalle’s invariable set theory, the NCT is a kind of 
globally asymptotical stable controller. 
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