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FE Modeling of Circular, Elliptic, and
Triangular Isolated Slabs With a
Continuous Damage Model
Gelacio Juárez-Luna* and Omar Caballero-Garatachea

Departamento de Materiales, Universidad Autónoma Metropolitana, México City, Mexico

The non-linear behavior of reinforced concrete circular, elliptic, and triangular isolated

slabs was studied using computational mechanics. Concrete was modeled with a

damage model which includes softening, while the behavior of the reinforcing steel

was modeled with a 1D bilinear plasticity model. The constitutive models and the finite

element method were validated by comparing the computed numerical results with

the experimental results of a rectangular slab reported in the scientific literature. The

coefficient method is proposed for its simplicity to calculate design bending moments in

slabs with circular, elliptic, and triangular geometries. These coefficients were computed

from the FE analysis. The layout of steel reinforcement is proposed, particularly lengths

of zones for positive and negative moments, respectively. The crack paths are showed,

which are depending on the boundary conditions, acting loads, and geometry of

the slabs.

Keywords: slabs, damage model, finite elements, cracking, coefficient method, moment design

INTRODUCTION

A floor is a flat structural member whose primary function is to support transverse and in plane
loads and carry them to its supports. Generally, floor systems are an arrangement of panels
with rectangular geometries; however, some architectural designs need slabs with other kinds of
geometries. In the current provisions of the design codes, there are detailedmethods for the analysis
and design of slabs with rectangular geometries, including methods such as: equivalent frame,
direct, coefficient method, among others. However, slabs without rectangular geometry do not
have common forms of structuration neither analysis methodologies in the current design codes.
Although, there are slabs with other geometries, this paper only considers circular, elliptic and
triangular isolated reinforced concrete slabs.

There are mainly three models for modeling cracking: (1) fracture mechanics, which localizes
the cracks, either in a line or a surface, the disadvantages of this model is that it is mainly
applicable for brittle materials, where initial cracks as well as a costly re-meshing process are
necessary; (2) smeared crack model, cracks occur in any point of a finite element; in this model
initial cracks and re-meshing are no needed, but it may show problems of stress locking or spurious
kinematic modes; (3) the embedded discontinuities model, which takes the advantages of the first
two models, since it introduces the discontinuities (cracks) at any place and direction within the
finite elements. These discontinuities (cracks) are not observed, but there are zones with high
displacement gradients where damage is concentrated.
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In the modeling of the reinforced concrete slabs, de Borst
and Nauta (1985) applied the smeared crack model to study
an axisymmetric slab under shear penetration, showing that
cracking initiated at the bottom face of the slab and the
corresponding cracking paths. Then, Kwak and Filippou (1990)
modeled a square slab supported on its corners with a
concentrated load at the center of the span, obtained the load
vs. displacement curve, which was congruent with experimental
results reported by Jofriet and McNeice (1971) and McNeice
(1967); in the reported results by Kwak and Filippou (1990),
neither the first crack load nor the cracking pattern was given.
There were other proposals for modeling reinforced concrete
slabs, such as Gilbert and Warner (1978), Hand et al. (1973),
Hinton et al. (1981), Lin and Scordelis (1975), Wang et al. (2013)
among others, most of them used the smeared crack model.
Juárez-Luna and Caballero-Garatachea (2014) provides flexural
design moments and cracking paths in circular, triangular and
elliptic slabs, but they also used the smeared crack model for
modeling cracking in concrete in the academic version of the
software ANSYS (2010). Shu et al. (2015) studied the response
of slabs subjected to bending with non-linear finite element
analysis in the software DIANA, modeling the concrete with
3D elements and the steel reinforcement with bar elements.
Juárez-Luna et al. (2015) investigates the cracking process of
reinforced concrete slabs subject to vertical load. Concrete
was modeled with hexahedral finite elements with embedded
discontinuities; whereas steel reinforcement was modeled by
3D bar elements, placed along the edges of the solid elements.
Genikomsou and Polak (2015) investigated the failures modes
of reinforced concrete slab-column connections under static
and pseudo-dynamic loadings by 3D non-linear finite element
analyses. The comparison between experimental and numerical
results, computed in ABAQUS, shows that the calibrated model
properly predicts the punching shear response of the slabs.
Wosatko et al. (2015) carried out numerical simulations of
punching shear in a reinforced concrete slab-column, loaded as
monotonically increasing imposed displacement at the column.
Two regularized plastic-damage models were applied. The first
model, implemented in FEAP, was refined by an additional
averaging equation where gradient enhancement involves an
internal length scale. In the second model, from ABAQUS, a
viscoplastic strain rate was introduced. These models properly
predicted punching shear behavior. Genikomsou and Polak
(2017) performed finite element analyses to investigate the effect
of the compressive membrane action in flat concrete slabs.
Numerical results showed that the punching shear capacity of
a continuous slab is higher than the capacity of a conventional
isolated slab. Navarro et al. (2018) carried out a parametric
study of the punching shear phenomenon in a reinforced
concrete slab by non-linear numerical models based on finite
elements. The slab was simulated in ABAQUS software and
the model was calibrated with experimental results reported
in literature. The studied parameters were: yield strength of
steel reinforcement, compressive strength of concrete, flexural
reinforcement, relationship between column width and slab
width and slab thickness.

In this paper, reinforced concrete slabs with circular, elliptic
and triangular geometries are studied by means of computer

simulations to make predictions of these slabs under vertical
loading and different support conditions. As it is well-known,
computational methods are computer-based methods used to
numerically solve mathematical models that describe physical
phenomena (Plevris and Tsiatas, 2018). Firstly, linear elastic
analyses of slabs with these three geometries were carried out to
know the negative and positive moment zones and, consequently,
the placement of negative and positive reinforcement. Then,
non-linear analyses were carried out to obtain the load-
displacement capacity curve as well as cracking paths. The
linear elastic analyses were carried out with the software for
structural analysis and design SAP2000 (CSI, 2009) and the
non-linear analyses were carried out with the finite element
analysis program (FEAP), developed by Taylor (2008). In the
former software, the slabs were modeled with 2D shell finite
elements, but in the latter software, the slabs were modeled with
solid and bar finite elements in 3D. The concrete constitutive
behavior was modeled with a continuous damage model, which
includes different threshold values in tension and compression
and also includes strain softening. The steel reinforcement
constitutive behavior is modeled with a 1D rate independent
plasticity model, including isotropic hardening model. It is
important to point out that this damage model with different
failure surface in tension and compression was formulated
and validated by Juárez-Luna et al. (2014), which was also
implemented by these authors in FEAP. The developed damage
model does not exhibit the problem of stress locking as the
smeared cracking model does; this guaranties an adequate
energy release as the material fails. An experimental test of
a rectangular slab, reported in the literature, was modeled
to validate both constitutive models. The computed force
vs. displacement curves at the midspan of the slab as well
as cracking paths seem to be in good agreement with the
experimental results. Taking avantage of the computed FE
results, design suggestions for circular, elliptic and triangular
slabs were included. The coefficient method is proposed for
its simplicity to calculate design bending moments in these
slabs. These coefficients were computed from the FE models.
Steel reinforcement layout is proposed, particularly lengths of
zones with only bottom reinforcement for positive moments
and lengths of zones with top and bottom reinforcement for
negative moments.

The outline of this paper is as follows. Section Finite
Element Model gives a description of the specimens and
shows the concrete and steel constitutive models used in the
non-linear analyses. The section Validation shows a validation
between the finite element method and the constitutive models
through numerical modeling based on a laboratory experiment
reported in the literature. Section Results shows linear elastic
analyses with finite element method to compute the the steel
reinforcement layout and non-linear analyses to compute
the force-displacement curves at the midspan of the slabs;
additionally, this section shows the grown of cracking on the
surfaces of the slabs with simple and clamped supports. Section
Design Recommendations provides design recommendations
for circular, elliptic and triangular slabs. Finally, in
section Conclusions, conclusions derived from this work
are given.
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FINITE ELEMENT MODEL

Description of the Specimens
The modeled reinforced concrete slabs with circular geometry
has a diameter d = 4.0m. Elliptic slab models had values of ratio
of minor axis to major axis, b/a, equal to 0.5, 0.6, 0.7, 0.8, and 0.9,
respectively, considering a constant value a = 4 m for the major
axis. The triangular slab model has a height h = 4m and base
2h/

√
3. The studied slabs with three different geometries have a

thickness of 10 cm, which satisfied the minimum thickness of the
Mexican guidelines for concrete structures NTCC-17 (2017).

Initially, elastic analyses were carried out for the study of
the slabs in the software SAP2000 (CSI, 2009). These models
were modeled with plate finite elements, which have three
degrees of freedom in each node: one translational and two
rotational. Subsequently, non-linear analyses were carried out
in FEAP, but these models were modeled with hexahedral solid
elements and bar elements, which have three degrees of freedom
in each one of their nodes. The moment distributions were
computed with elastic analyses, which were used to place the steel
reinforcement at the top and at the bottom zones of the slabs. On
the other hand, cracking and propagation were computed with
non-linear analyses.

Constitutive Models
A continuous damage model, developed by Juárez-Luna et al.
(2014), was used for modeling the constitutive behavior of
concrete, congruent with the experimental behavior reported
in the literature, e.g., Kupfer and Gerstle (1973), as shown
in Figure 1A. The proposed damage model uses the failure
surface proposed by Oliver et al. (1990). Nevertheless, the
tangent constitutive tensor developed by Juárez-Luna et al.
(2014) is different to the one developed by Linero (2006).
This concrete constitutive model considers strain softening after
reaching the ultimate stress strength. On the other hand, the steel
reinforcement was modeled with a 1D rate independent plasticity
model, which has an elastic bounded space shown in Figure 1B,
considering a bilinear curve with isotropic hardening.

The continuous damage model, developed by Juárez-Luna
et al. (2014), has different failure surface in tension and
compression, which is defined by the following equations:

a) Free energy density 9 (ǫ, r) =
(

1− d(r)
)

90

b) Constitutive equation σ = ∂9
∂ε

= (1− d)C : ε

c) Damage variable d (r) = 1− q
r ; q ∈ [r0, 0] d ∈ [0, 1]

d) Evolution law ṙ = γ

{

r ∈ [r0,∞]

r0 = r|t=0 =
σy√
E

e) Damage criterion f (τσ , q) = χτσ − q

= χ
√

σ :C
−1

: σ − r;
{

q ∈ [0, r0]
q
∣

∣

t=0
= r0

(1)

f) Hardening rule q̇ = Hd (r) ṙ; Hd (r) = q
′
(r) ≤ 0

g)
Loading-unloading
conditions

f < 0; γ ≥ 0; γ f = 0;
γ ḟ = 0 (consistency)

where Ψ is the free energy density, ε is the strain tensor, σ is the
stress tensor and C is the elastic tensor. The damage variable, d,
is defined in terms of hardening/softening variable q, which is

dependent on the hardening/softening parameter,H. The damage
multiplier γ determine the loading-unloading condition, the
function, f(τσ ,q), bounds the elastic domain defining the damage
surface in the stress space. The value, ro, is the threshold that
determines the limit of the initial elastic domain, i.e, q = ro. In
this damage surface, any stress state is transformed to a norm,
bounded by ro, where every stress state outside of this surface is
inelastic as shown in Figure 2.

The tangent constitutive equation, in terms of rates, from the
model in Equation (1) is:

σ̇ = C
T
: ε̇ (2)

Where CT is the continuum tangent constitutive operator,
relating the stress and the strains rates, of the non-linear loading
interval, which is defined by

CT = (1− d)C−
q−Hr

r3
χ2(C : ε ⊗ ε :C) (3)

and for the elastic loading and unloading interval (ḋ = 0):

CT =
(

1− d
)

C (4)

The parameter χ in Equation (3)

χ = φ + (
1− φ

n
) (5)

where ϕ a is weight factor, depending on the principal stresses, σi,
given by:

φ =

3
∑

i=1
〈σi〉

3
∑

i=1
|σi|

(6)

where the Maclauy operator <> and the symbol || consider,
respectively, the positive and the absolute magnitudes of the
principal stresses. The interval of φ is [0,1], bounded by 0 for a
triaxial compression (σ3 ≤ σ2 ≤ σ1 ≤ 0) and 1 for triaxial tension
(0 ≤ σ3 ≤ σ2 ≤ σ1). Consequently, the corresponding interval of
χ is [1/n,1], bounded by 1/n for a triaxial compression and 1 for
triaxial tension.

The parameter χ scales down 1/n times the norm, as shown in
Figure 2, in such a way it is compared with the elastic interval
[0, ro]. The value of ro = σut/

√
E depends on the threshold

value of σut and the Young’s modulus E. Note that the initial
elastic interval is the same for 1D, 2D, and 3D problems, all
with a limit point ro, and that for a 2D principal stress state,
the parameter χ takes the value of 1 in the first quadrant, 1/n
in the third quadrant and the interval [1/n,1] in the second and
fourth quadrants.

The non-linear analyses were carried out with the software
FEAP. The concrete was modeled with hexahedral elements,
using the constitutive continuous damage model with
different threshold value in tension and compression. The
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FIGURE 1 | Constitutive behavior of (A) plain concrete and (B) steel reinforcement (adapted from Juárez-Luna et al., 2014).

FIGURE 2 | Transformation of the stresses to a norm. (adapted from

Juárez-Luna et al., 2014).

steel reinforcement was modeled with the one-dimensional
bar element, which was assigned with a 1D constitutive rate
independent plasticity model. Both elements have three degree of
freedom per node and large deformations. The 1D elements were
placed along the edges of the solid elements and joined at the
same nodes to guarantee continuity. In the presented examples
hereafter, modeled with bar and solid elements, perfect bond
between both elements was considered.

VALIDATION

One of the six specimens tested by Girolami et al. (1970)
was modeled to validate the constitutive models of concrete
and steel reinforcement. The test slab was 1.829m square and
0.044m deep, as shown in Figure 3A. Vertical loads were
applied on the top surface through 16 plates, which were
0.2038m square and 0.0254m thick, as shown in Figure 3B.
Additionally, eight loads were applied at cantilever extensions
of the beams to maintain a certain amount of restraint at
the corners. The mechanical properties of the concrete are:
Young’s modulus Ec = 19.90 GPa and ultimate compressive
strength σuc= 31.026MPa. Themechanical properties of the steel
reinforcement are: Young’s modulus Ea= 206 GPa, Poisson ratio
υ = 0.3, yield stress σy= 330.95 MPa and hardening modulus
H = 2.871 GPa.

The steel reinforcement was placed at top and at the bottom
of the slab to support a uniform design load of 7.182 kPa. The

top and bottom reinforcement used in the slab consisted of
3.66mm diameter steel bars cut from No.7 gage wire, which
were spaced 10.954 cm in both orthogonal directions, as shown
in Figure 3C. Also, the stirrups were bent from the No.7 gage
steel wire as shown in Figure 3D. The edge beams have over-
reinforced bars because other five of six specimens tested by
Girolami et al. (1970) were also loaded in-plane, in addition to
vertical load, perpendicular to the surface slab; the reason of the
shear reinforcing in the beams is to avoid damage and to transfer
the loads to the slab.

The slab geometry and the load have two axes of symmetry,
so only a quarter of the slab specimen was modeled, which saves
computational cost in the non-linear analysis. In the model,
the degrees of freedom perpendicular to the respectively axis
of symmetry were restrained. The slab was modeled with two
kinds of element, the steel reinforcement was modeled with bar
elements as shown in Figure 4A; whereas the plain concrete was
modeled with hexahedral solid elements as shown in Figure 4B.

The experimental and numerical load-displacement curves at
the midspan of the slab are compared, as shown in Figure 5. It is
seen that both curves in the a-b trajectory are the same; however,
in the b-c trajectory a backward motion in the experimental
displacement curve was reported, attributed to the loads applied
at the ends of the beams to provide restraint. Finally, both curves
have the same path in the trajectory d-e. On the other hand, the
cracking grown is shown in Figure 6, where cracks started at the
corner on the top of the slab. Subsequently, cracking propagates
overall the edges to the center, which is in agreement with the
experimental results reported by Girolami et al. (1970). This
example was also modeled with finite elements with embedded
discontinuities by Juárez-Luna et al. (2015), where damage is
localized on a surface discontinuity placed at the geometrical
center of a solid element.

RESULTS

Linear Elastic Analyses for Steel
Reinforcement Distribution
The computed moments of circular, elliptic and triangular slabs
were carried out with linear elastic analyses using plate finite
elements, as shown respectively in Figure 7. In these models,
the reinforced concrete was modeled as an isotropic material
with a Young’s modulus of E = 21.673 GPa and Poisson’s
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FIGURE 3 | Experimental test: (A) geometry in cm, (B) applied loads, (C) reinforcement of one quarter of the slab and (D) reinforcement of one half of a beam

(adapted from Girolami et al., 1970).

FIGURE 4 | Meshing: (A) steel reinforcement and (B) reinforced concrete.

ratio ν = 0.25. In the analyses of these models, only clamped
supports were considered, yielding negative moments at the
edges and positive moments at the center; simple support slabs
were not analyzed because this condition provides only positive
moments, which needs only steel reinforcement at the bottom of
the slab.

Flexural moments in the circular geometry was computed
from a slab modeled with quadrilateral plate elements, avoiding
triangular elements at the center of the model, which could
generate numerical instability for the large element aspect ratio.
According to Figure 7A, negative moments occurred from the
edge to the dotted line, in an external ring with an approximated
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FIGURE 5 | Load vs. displacement curves.

width of one quarter of the diameter, i.e., Lneg= d/4. This length,
where negative moments occurs, is analogous to the width of the
external band in rectangular slabs, where the steel reinforcement
is mainly placed at the top. The steel reinforcement layout was
proposed as shown in Figure 8A, where the steel reinforcement
is placed at top and bottom faces for negative and positive
moments, respectively.

Flexural moments in elliptic slabs were computed from
numerical models with ratio of minor axis to major axis, b/a,
equal to 0.5, 0.6, 0.7, 0.8, and 0.9, respectively, but the major
axis length was kept constant, a = 4m. Quadrilateral plate
elements were used for modeling the elliptic slab. According to
the moment distribution in Figures 7B,C, the negative moment
zones were identified from the edge to the center, having a length
of lneg= a/3 for the major axis and a length of lneg= b/3 for
the minor axis. A typical the steel reinforcement layout was
proposed as shown in Figure 8B, in which the central zone has
steel reinforcement only at the bottom, but at the edges, there is
steel reinforcement at the top and at the bottom of the slab.

Flexural moments in the triangular geometry were computed
from a slab modeled with quadrilateral plate elements, which
has a height h = 4m and base 2h/

√
3. Figures 7D,E shows the

lengths, which mark out the zones of negative moment at both
directions: horizontal with a length of h/3 and vertical with a
length h/7 at the bottom and h/2 at the top. The proposed steel
reinforcement layout is shown in Figure 8C, in which the central
zone has steel reinforcement only at the bottom, but at the edges,
there is steel reinforcement at the top and bottom of the slab.

Non-linear Analyses
In the non-linear analyses of the slabs with FEAP, 3D solid
elements were used for modeling the concrete, which has the
following mechanical properties: Young’s modulus Ec= 17 GPa,
Poisson ratio ν = 0.20, ultimate tensile strength σut= 5 MPa
and an ultimate compressive strength σuc= 25 MPa. The steel
reinforcement has the following mechanical properties: Young’s

modulus of Ea= 2.05× 105 MPa, Poisson’s ratio of ν = 0.30 and
yield strength σy= 410MPa. Top and bottom steel reinforcement
have 0.025m of covering. The models were analyzed under two
support conditions at the edges: simply supported and clamped,
loaded on the surface under distributed load increments. To save
computational cost in the analyses, only a quarter of the slabs
were modeled, considering the two symmetry axes. The load-
displacement curves computed with FEAP are compared with
the curves computed in the software ANSYS (2010) reported by
Juárez-Luna and Caballero-Garatachea (2014).

In the non-linear analysis of the circular slab, a model with
diameter d = 4m was carried out. The slab was reinforced with
number 3 bars, which were spaced 0.20m in both orthogonal
directions. The steel reinforcement meshing was embedded into
the solid elements as shown in Figure 9A, where the nodes of
both kinds of elements were joined. Figure 10 shows the load-
displacement curves at the center of the span, where distributed
loads of 17 and 98 kPa were needed on the slabs with simple and
clamped supports, respectively, to reach a displacement of 5 cm.

The non-linear analyses of elliptic slabs were carried out
considering minor axis to major axis ratios b/a = 0.5, 0.6,
0.7, 0.8, and 0.9. The steel reinforcement consisted of 3/8 in
diameter steel bars placed at the top and at the bottom, which
were spaced 0.20m in both orthogonal directions. The steel
reinforcement was modeled with bar elements. The meshing of
both concrete and the embedded steel reinforcement is shown
in Figure 9B, which were joined at the nodes. The distributed
load-displacement at the center of the span curves is shown in
Figure 11, where it is observed that the needed loading to develop
a displacement at the center of the span is in inverse proportion
to the ratio, b/a, for both support conditions. Furthermore, it
is observed that the applied distributed load magnitude in the
simple supported slab is∼20% of the distributed load magnitude
in the clamped supported slab to reach the same displacement.

Concerning to the non-linear analysis of the triangular slab,
the steel reinforcement consisted of bar size of number 3 placed
at the top and at the bottom and spaced 0.20m in both orthogonal
directions, which was modeled with bar elements. The concrete
meshing with the embedded steel reinforcement is shown in
Figure 9C. Taking advantage of the symmetry, only one half of
the model was analyzed. The distributed load vs. displacement
at the center of the span curves are shown in Figure 12, where
it is observed again that the support conditions have influence
in the global behavior, in such a way that the simple supported
triangular slab only needs ∼20% of the distributed load in
the clamped supported slab to reach the same displacement at
the center.

Cracking Paths
Cracking paths are important to identify the tension stress
concentration zones, which qualitatively point out the zone
where the steel reinforcement must be placed. In this paper,
cracking was modeled with a damage model, associated to
a stresses state at the Gaussian integration points of each
element, where the material reaches a failure surface. Therefore,
large displacements and as consequence, strain concentration
are observed where the material is damaged. In this section,
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FIGURE 6 | Cracking propagation on the top surface at the: (A) beginning and (B) end.

FIGURE 7 | Moment distribution in: (A) circular slab, (B) elliptic slab along horizontal strip (C) elliptic slab along vertical strip, (D) triangular slab along horizontal strip,

and (E) triangular slab along vertical strip.

the bottom and top surfaces of the slabs show those zones
where the integration points are damaged. The cracking
zones caused by tension stresses are shown in red color, but
crashing zones, dominated by compressive stresses, are shown in
blue color.

In the clamped circular reinforced concrete slabs, cracking
started along the edges on the top surface because of
his axisymmetric characteristic, as shown in Figure 13A.
Then, cracking occurs at the center of the slab on the
bottom surface, see Figure 13B. After that, cracking grows
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FIGURE 8 | Steel reinforcement layout in: (A) circular slab, (B) elliptic slab, and (C) triangular slab.

FIGURE 9 | Finite element meshing of steel reinforcement and plain concrete of: (A) circular slab, (B) elliptic slab, and (C) triangular slab.

FIGURE 10 | Load vs. displacement curve at the midspan of circular slab: (A) clamped and (B) simple supported.

from the edges to the center and crushing occurs at the
center on the top surface, while at the bottom surface,
cracking grows from the central zone to the edges. On the
other hand, in the simply supported circular slabs, cracking

starts at the central zone on the bottom surface and it
propagates to the edges as shown in Figure 13D. On the
top surface, neither cracking nor crushing occurs as shown
in Figure 13C.
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FIGURE 11 | Load vs. displacement curves at the midspan of elliptic slab: (A) clamped and (B) simple supported.

FIGURE 12 | Load vs. displacement curve at the midspan of triangular slab with a = 4 m: (A) clamped and (B) simple supported.

In the reinforced concrete clamped elliptic slab, cracking starts
along the edges on the top surface, which are approximately
perpendicular to the major axis, as shown in Figure 14A. Then,
cracking occurs at center of the slab on the bottom surface,
see Figure 14B. On the top surface, cracking propagation is
analogous to the circular slab, since it grows from the edges to
the central zone; however, at the center, crushing occurs, but on
the bottom surface, cracking grows from the central zone to the
edges. In the reinforced concrete simple supported elliptic slab,
cracking starts on the bottom surface, as shown in Figure 14D.
Then, it propagates from the central zone to the edges. On
the top surface, neither cracking nor crushing occurs as shown
in Figure 14C.

In the reinforced concrete clamped triangular slab, cracking
starts along the three edges on the top surface, as shown in
Figure 15A, where tension stresses are developed. Then, cracking
occurs on the bottom surface at the central zone, as shown in
Figure 15B. On the top surface, cracking propagation starts from
the center of the edges to the vertexes, but on the bottom surface,
it propagates from the central zone to the vertexes. On the
contrary, in the reinforce concrete simple supported triangular
slab, cracking starts on the bottom surface in the central zone and
it propagates to the vertexes as shown in Figure 15D. At the same
time, cracking occurs on the top surface as shown in Figure 15C.

In general, in reinforce concrete clamped slabs, cracking starts
along the edges on the top surface. Then, it occurs at center of
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FIGURE 13 | Cracking propagation of a circular slab on the: (A) top-clamped,

(B) bottom-clamped, (C) top-simple supported, and (D) bottom-simple

supported.

the slab on the bottom surface. On the other hand, in reinforced
concrete simple supported slabs, cracking occurs on the bottom
surface in the central zone and it propagates to the overall surface.
After that, an incipient cracking occurs at the central zone on
the top surface. The fact that cracking is larger than crushing in
the slab is due to the stress re-distributions and to the ultimate
tensile strength, which varies from 5 to 20% of the ultimate
compressive strength.

DESIGN RECOMMENDATIONS

The steel reinforcement layout for circular, elliptic and triangular
slabs is proposed as shown in Figures 7, 8, respectively. Top
and bottom reinforcement is placed outside of the dotted line
for negative moments, but only bottom reinforcement is placed
inside of the dotted line for positive moments.

In this paper, the coefficient method is proposed for its
simplicity to calculate design bending moments in slabs. This
method to design two-way slabs supported on all sides by walls
and deep beams was included in the ACI-318-63 (1963) code. The
coefficient method uses a moment coefficient table for a variety
of types of panels. In the coefficient method, moments for the
middle strips of the slab are computed by the general formula:

M = αwa21 (7)

FIGURE 14 | Cracking propagation of an elliptic slab on the: (A) top-clamped,

(B) bottom-clamped, (C) top-simple supported, and (D) bottom-simple

supported.

whereM is the design moment at the critical section considered,
w is the total uniform load per square meter acting on the panel
and a1 is the short span length. The slabs meshed with solid
and bar elements provided stresses at the nodes; however, the
design of reinforced concrete slabs is based on moments per
unit width, so moments were computed by integrating the stress
function along eight elements of the overall thickness, using a
linear interpolation, as shown in Supplementary Figure 1.

In Supplementary Tables 1–3, design coefficients are given
for circular, elliptic and triangular geometry, respectively. These
coefficients must be multiplied by 10−4 wl2 to obtain the flexural
design moments per unit width. l is the reference length (r,
b, and h for circular, elliptic and triangular slabs, respectively).
Two types of construction were considered: case I, slabs built
monolithically with their supports and case II, slabs not built
monolithically with their supports. In the last one, negative
coefficients have zero values at the edges because there are only
positive moments in the slab due to the support condition. These
coefficients are negative in the edges of the three geometries, but
they are positive in the centre of three geometries and in point B
of the triangular geometry, as shown in Supplementary Figure 2.
The variations of the computed coefficients in the circular, elliptic
and triangular slabs are shown in Supplementary Figures 3–9.
The variations of their magnitudes are attributed to cracking in
concrete and to hardening in steel reinforcement in the nonlinear
range at the zones with maximum stresses of the slabs.
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FIGURE 15 | Cracking propagation of a triangular slab on the:

(A) top-clamped, (B) bottom-clamped, (C) top-simple supported, and

(D) bottom-simple supported.

CONCLUSIONS

The load-displacement curves of the numerical and the
experimental test reported from literature, respectively, showed
a good agreement. Nevertheless, a backward motion in the
experimental displacement was reported, attributed to the loads
applied at the ends of the beams to provide restraint.

The yielding linemethodwas not considered in the calculation
of cracking paths or ultimate load because this method provides
only values of the ultimate load, but it does not provide the
cracking paths. Moreover, the aforementioned ultimate load
can be greater or smaller than the ultimate load. Therefore,
the computational mechanics was used because it provides the
starting and the growing of damage.

The steel reinforcement layout in each slab, based on linear
elastic analyses of homogenous plate elements, was adequate

because there was a good approximation in the moment
distribution as well as in the location and initiation of cracking
in the slabs. The lengths of the steel reinforcement (positive and
negative) are recommended to the design and construction of
slabs with the geometries presented in this paper.

The load-displacement curves at the central zone of the slabs
with the three studied geometries show that the distributed
loading in the simply supported slabs was ∼20% of the
distributed loading in the clamped slabs with the same
displacement. The load-displacement curves computed with
FEAP show good agreement with those curves computed with
ANSYS (2010) byJuárez-Luna and Caballero-Garatachea (2014).

The coefficient method is proposed for its simplicity to
calculate design bending moments in circular, elliptic and
triangular slabs, respectively. These coefficients are tabulated,
considering two types of construction: case I, slabs built
monolithically with their supports and case II, slabs not built
monolithically with their supports.

In general, cracking in clamped slabs occurs at the edges on the

bottom surface; subsequently, it is propagated from the central

zone to the edges. On the other hand, in the simply supported
slabs, cracking occurs in the central zone on the bottom surface

and it is propagated to the edges.
In general, the study of these complex slabs under

vertical loading by computer simulations does not
substitute experimental results, but it provides reasonably
good approximations.
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