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Abstract 

This paper presents a discrete-time robust control for electrically driven robot manipulators in the task space. 

A novel discrete-time model-free control law is proposed by employing an adaptive fuzzy estimator for the 

compensation of the uncertainty including model uncertainty, external disturbances and discretization error. 

Parameters of the fuzzy estimator are adapted to minimize the estimation error using a gradient descent 

algorithm. The proposed discrete control is robust against all uncertainties as verified by stability analysis. 

The proposed robust control law is simulated on a SCARA robot driven by permanent magnet dc motors. 

Simulation results show the effectiveness of the control approach. 

 

Keywords: Discrete Control, Uncertainty Estimator, Free-model Control, Adaptive Fuzzy Estimator, Task-

space, SCARA Robot. 

1. Introduction 

The Advantages of digital systems to analogue 

systems lead us to pay more attention on 

developing the discrete control theory and using 

digital controllers. Digital control systems are 

superior to continuous time control systems from 

different points of view. For instance, digital 

systems are more flexible to changes, more 

immune to environmental noises and less 

computational [1]. The stability analysis of 

discrete control system has been rigorously 

studied. Stability analysis of discrete-time fuzzy-

model-based control systems with time delays has 

been introduced in [2].was presented [2]. Stability 

analysis and stabilization of discrete-time T-S 

fuzzy time-varying delay systems has been 

studied in [3]. A model reference adaptive control 

approach for the synchronization of a discrete-

time chaotic system is using output tracking 

control has been performed [4]. The important 

purposes in these researches are the improvement 

of the control performance and to ensure the 

system stability at the presence of problems such 

as uncertainties, nonlinearities, sampling period 

and discretizing errors. Discrete control of robot 

manipulators has achieved a great deal of research 

in various forms of control algorithms. The 

discrete repetitive linear controls namely Q-filter, 

convolution, learning and basis function were 

offered and compared in [5]. Among them, the Q-

filter algorithm as an internal control shows the 

fastest execution speed, the lowest computational 

complexity, and ease of design and 

implementation. However, tracking errors cannot 

converge to zero due to nonlinearity of the robotic 

system. Many research efforts have paid attention 

to the model-based control. However, a precise 

model is not available in practice. In addition, 

complex models may not be used in the control 

laws for avoiding computational burden and 

practical difficulties. Therefore, a simpler model 

such as nominal model is preferred to design a 

controller. As a result, the control system faces 

uncertainty raised from differences between the 

nominal model and actual system. Generally, the 

uncertainty may include the parametric 

uncertainty, unmodeled dynamics, external 

disturbances and discretization error. The control 

performance is thus dependent on how well the 

uncertainty can be estimated and compensated. In 

order to overcome model uncertainties, a discrete 

sliding-mode control was developed for robot 

manipulators [6]. Another approaches model-free 
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discrete control for uncertain robot manipulators 

was presented using a fuzzy estimator [7]. 

Alternatively, this paper presents a model-free 

control by estimation of the uncertainty. In the last 

few decades, adaptive and robust control of robot 

manipulators in the task-space [8-9] and joint-

space [10] have been extensively studied. The 

task-space control is much complicated than the 

joint-space control in the presence of 

uncertainties. Among the control strategies used 

for the robot manipulators, the torque control 

strategy is more complicated than the voltage 

control strategy [11]. Position control of flexible 

joint robots using torque control strategy is a 

challenging task, while voltage control strategy 

has considerably simplified this problem [12-13].   

Nowadays, various fuzzy systems are widely used 

in adaptive and robust control of robot 

manipulators [14-15] due to their universal 

approximation property [16]. These researches 

can be considered as different efforts made 

towards a common objective which is estimation 

and compensation of uncertainty. For example, 

using the T–S model of discrete-time chaotic 

systems, an adaptive control algorithm was 

presented based on some conventional adaptive 

control methods [17]. Another approach based on 

adaptive fuzzy sliding mode control has been 

presented for the position control of robotic 

manipulators [18]. Most learning algorithms such 

as the gradient descent algorithm require some 

training data for estimation a function as a fuzzy 

system or a neural network for example. In 

estimation of uncertainty, the problem with this 

procedure is that the training data is not available 

unknown. To solve this problem, this paper finds 

a relationship between the tracking error and the 

estimation error to perform the gradient descent 

algorithm. Thus, the need for providing training 

data will be eliminated. One of the most 

challenging problems in designing a robust 

controller is to employ an uncertainty bound 

parameter which should be known in advance or 

estimated [19-20]. The value of uncertainty bound 

parameter is very crucial. Overestimation of this 

parameter will result in saturation of input and 

higher frequency of chattering in the switching 

control laws, while underestimation will increase 

the tracking error [21]. By estimation the 

uncertainty, a new robust control approach is 

proposed which is free from the uncertainty bound 

parameter. In this paper, a discrete-time robust 

adaptive fuzzy control has been proposed for 

position control of a robot manipulator using 

voltage control strategy in task space. In the 

proposed method, the consequence parts of fuzzy 

rules are tuned via adaptive laws using a gradient 

descent algorithm. Most of robust control 

approaches are based on linear parameterization 

property of the manipulator dynamic equation. 

Consequently, the regressor matrix should be 

identified which requires a tedious procedure. 

However, the model free control approach 

presented in this paper does not need the regressor 

analysis. As result, it is much simpler and less 

computational. This paper is organized as follows: 

Section 2 introduces modeling of the electrical 

robot manipulator driven by geared permanent 

magnet dc motors. Section 3 presents the 

proposed discrete control law. Section 4 describes 

the discrete adaptive fuzzy method to estimate and 

compensate the uncertainties. Section 5 deals with 

stability analysis and performance evaluation. 

Section 6 presents the simulation results and 

finally, section 7 concludes the paper. 

 

2. Modeling   

Consider an electrical robot driven by geared 

permanent magnet dc motors. The dynamics of 

robot manipulator [22] is expressed as 

τG(q)q)qC(q,qD(q)    (1) 

where, 
nRq  is the vector of joint positions, 

n nR D(q)  the inertia matrix of manipulator, 

nRq)qC(q,   the vector of centrifugal and 

Coriolis torques, 
nRG(q)  the vector of 

gravitational torques, and 
nRτ  the vector of 

joint torques.  The vectors and matrices are shown 

bold for clarity. We assume that the mechanical 

system is perfectly rigid. The electric motors 

provide the joint torques τ  by 

mmm τrτθBθJ  
 

(2) 

where, 
nRmτ  is the torque vector of motors, 

nRmθ  
the position vector of motors, and 

, , n nR J B r
 

the diagonal matrices for inertia, 

damping, and reduction gear of motors, 

respectively. The vector of joint velocities q  is 

obtained by the vector of motor velocities mθ


 
through the gears as 

qθr m
   (3) 

Note that vectors and matrices are represented in 

the bold form for clarity. In order to obtain the 

motor voltages as the inputs of system, consider 

the electrical equation of geared permanent 

magnet dc motors in the matrix form as  
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v  1

a a bRI LI K r q
 

(4) 

where, 
nv R  is the vector of motor voltages, 

and 
nRaI  the vector of motor currents. 

, , n nR bR L K
 
represent the diagonal matrices for 

the armature resistance, inductance, and back-emf 

constant of the motors, respectively. The motor 

torque vector mτ  as the input for the dynamic (2) 

is produced by the motor current vector 

mam τIK 
 

(5) 

where, mK  is the diagonal matrix of the torque 

constants. A model for the electrically driven 

robot in the state space is introduced by the use of 

(1)–(5) as 

bvf(x)x 
 

(6) 

Where 

1 1

1 1

1

( ) ( ( )) ( ( ( )) ( ) ) ,

( )

, (7)

  

 



 
 

      
 

  

   
   

    
     

2

1
1 1 2 2 1 m 3

b 2 3

a

x

f x Jr rD x Br rC x ,x x rG x K x

L K r x Rx

0 q

b 0 x q

IL

 

The state space (6) is a nonlinear multivariable 

multi-input/multi-output system. The complexity 

of the model (6) faces serious challenges in the 

field of robot control. In order to consider the 

actuator dynamics, the voltages of motors denoted 

by v  were considered as the inputs of the robotic 

system (6). To simplify the control problem, the 

majority of the control approaches have not 

considered the actuator dynamics by using the 

joint torques τ  as the inputs of the system. 

However, the control performance will be 

degraded in the high-speed application. Another 

issue is that the previous control approaches 

presented for robot manipulators have been based 

on the second order dynamics of the robot 

manipulator in a companion form whereas the 

model (6) is neither the second order nor the 

companion form. 
 

3. Proposed discrete robust adaptive fuzzy 

control 

From the matrix (4), the voltage equation for the 

ith motor can be written in the scalar form as 
1

a a bRI LI K r q v     (8) 

The variable   denotes the external disturbance. 

Equation (8) includes both the input v  and the 

joint velocity q , thus can be considered for 

position control of the robot manipulator. With the 

advantage of simplicity, it is preferred for control 

purposes compared to the complex system (6). 

The task space velocity ( )X t  is related to joint 

space velocity ( )q t  as [9]  

( )X J q q  (9) 

where, ( ) n nJ q R   is the Jacobian matrix from 

joint space to task space. The derivative of (9) 

respect to time can be written as 

( ) ( )X J q q J q q   
(10) 

( )J q exists if the desired path is smooth. 

Assuming there are no singular points in the 

desired path in task space such that the Jacobian 

matrix is of full rank. One can easily obtain from 

(9) that 1( )q J q X  . 

 In this paper, it us assumed that the manipulator 

operates in a region where 1( )J q  is nonsingular. 

Thus, the voltage (8) can be rewritten as 

1 1( )a a bRI LI K r J q X v      (11) 

Equation (11) can be rewritten as 

1Ĵ X g v    
(12) 

where, 1Ĵ   is an estimate and inverse of J , and g  

is expressed as 

1 1 1ˆ
a a bg RI LI K r J X J X      

 
(13) 

In order to propose a model-free controller, one 

can consider the system (12) in which g  is 

referred to as the uncertainty. One can obtain from 

(12) a linear discrete system using a sampling 

period T  that is a small positive constant. 

Substituting kT  into t  for ( 1)kT t k T   and 

1,2,k   the discrete time model of the system 

can be given by 

1
1

ˆ
k k kJ X g v     

(14) 

 

where, ( )kX X kT , 1 1ˆ ˆ ( )kJ J kT   and 

( )kg g kT  and the discretizing error 1  is 

expressed as 

1 1
1

ˆ ˆ
k k kJ X J X g g       (15) 
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A discrete adaptive fuzzy control law is proposed 

as 

1
,

ˆ ( )k d k d k p k kJ X k e k e f v      (16) 

where, v  is the output of the controller which is 

given to the voltage input of the motor. 

,k d k ke X X   is defined as the tracking error, 

,k d k ke X X 
 
is derivative the tracking error of 

ke ,  and pk  and dk  are the control design 

parameters. The term kf  is an adaptive fuzzy 

system for compensating uncertainty. ,d kX  

denotes the discrete-time value of the desired joint 

acceleration ( )dX t  using a zero order hold 

converter defined as 

, ( )    for  ( 1)

 and  0,1,2...

d k dX X kT kT t k T

k

   


 

 

(17) 

 

4. Discrete adaptive fuzzy estimation of the 

uncertainty 

Applying control law (16) to the discrete-time 

model of the system (14) obtains the closed loop 

system, 
1

1
ˆ ( )k k d k p k k kJ e k e k e g f       (18) 

where, ,d k k kX X e  , (18) can be written as 

1ˆ ( )k k d k p k k kJ e k e k e G f    
 

(19) 

where, 

1k kG g    
(20) 

Suppose that  kf  is the output of an adaptive fuzzy 

system with inputs of ke , ke  and ke . If two fuzzy 

sets are given to each fuzzy input, the whole 

control space will be covered by eight fuzzy rules. 

The linguistic fuzzy rules are proposed in the 

Mamdani type of the form 

1 2 3: l l l
l k k k

k l

FR if e is A and e is A and e is A

then f C  

 

(21) 

where, lFR  denotes the lth  fuzzy rule for 

1, ,8l   . In the lth rule 1
lA  , 2

lA , 3
lA  and lC   

are the fuzzy membership functions belonging to 

the fuzzy variables ke , ke , ke and kf  

respectively. Two Gaussian membership functions 

named as Positive (P) and Negative (N) are 

defined for the input ke  in the operating range of 

manipulator as shown in figure 1. The same 

membership functions as for ke  are assigned to 

ke  and ke . Eight symmetric Gaussian 

membership functions are defined for kf  in the 

form of 

2

( ) exp 1, ,9
l

k k
l k

f y
f for l



           

 

 

(22) 

where,   and l
ky  are the design parameters.   is 

constant whereas  l
ky  is adjusted by an adaptive 

law. 

The fuzzy rules should be defined such that the 

tracking control system goes to the equilibrium 

point. We may use an expert’s knowledge, the 

trial and error method, or an optimization 

algorithm to design the fuzzy controller. The 

obtained fuzzy rules are given in table 1 in [7]. In 

this paper, kf  is adapted using a gradient descent 

algorithm to minimize the tracking error. 

 

Figure 1. Membership functions of the input ke .  

 

If we use the product inference engine, singleton 

fuzzifier, center average defuzzifier, and Gaussian 

membership functions, the fuzzy system [23] is of 

the form 
8

1

8

1

( , , )

l l
k kL

k k k k
l
kL

y z
f e e e

z









 

 

(23) 

where, 

1 2 3

( ) ( ) ( )l l l

l
k k k kA A A

z e e e    (24) 

where,  
1

( ) 0,1l kA
e  ,  

2

( ) 0,1l kA
e   and 

 
3

( ) 0,1l kA
e   are the membership functions for 

the fuzzy sets 
1
lA

 , 
2
lA

  and 
3
lA

  respectively, and 

l
ky  is the center of fuzzy set lC .  The objective is 

to design a fuzzy system kf  so that the estimation 

error is minimized. 
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21
( )

2
k k kE G f   

 

(25) 

The parameter which should be adjusted online is 
l
ky . The adaptation law in the gradient descent 

algorithm is given by [26] 

1
l l k
k k l

k

E
y y

y



 


 

 

(26) 

where,   is a positive constant which determines 

the speed of convergence and k

l
k

E

y




 is calculated 

as 

9

1

( )l
k k k k

l l
k kL

E z G f

y z


 
 

 
 

 

(27) 

Note that kG  is an unknown function. So it is 

unavailable and cannot be used in the adaptation 

law. To solve the problem, this paper proposes a 

novel technique. Substituting (19) into (27) yields 

to 

1

9

1

ˆ( ( ))l
k k k d k p kk

l l
k kL

z J e k e k eE

y z





 
 

 
 

 

(28) 

The proposed model (14) is purposeful. The used 

technique for calculating k

l
k

E

y




 in (28) for the 

gradient descent algorithm implies that the 

algorithm does not require data as input-output 

pairs for the unknown function. Substituting (28) 

into (26) yields to adaptive rule 

1

1 9

1

ˆ( ( ))l
k k k d k p kl l

k k
l
kL

z J e k e k e
y y

z








 
 


 

 

(29) 

 

5. Stability 

A proof for the boundedness of the state variables 

q , q  and a
I  is given by stability analysis. In 

order to analyze the stability, the following 

assumptions are made:  

Assumption 1 The desired trajectory ,d kX  must 

be smooth in the sense that ,d kX  and its 

derivatives up to a necessary order are available 

and all uniformly bounded [22].  

As a necessary condition to design a robust 

control, the external disturbance must be bounded. 

Thus, the following assumption is made: 

Assumption 2 The external disturbance   is 

bounded as max| ( ) |t  . 

Assumption 3 we assume that the robot is 

operating in a finite task space such that the 

Jacobian matrix is full rank. Assuming there are 

no singular points in the desired path in task space 

such that the inverse of Jacobian matrix , 1ˆ
kJ   is 

bounded. 

The closed loop system (19) can be represented as 
1ˆ ( )k k d k p kJ e k e k e w     (30) 

where, k kw G f  . The linear second order 

differential (30) with 0pk  , 0dk  and the 

boundedness of 1ˆ
kJ   is stable based on the Routh-

Horwitz criteria. The output ke  is bounded if the 

input w  be bounded. The gradient descent 

algorithm obtains the reduction of error expressed 

by 21
( )

2
k k kE G f   in (25). Therefore, 

k kw G f   is bounded. In the system (30), the 

boundedness of input w  implies that 

Result 1. ke , ke  and ke  are bounded. 

We have ,k d k kX X e  . According to the 

Assumption 1,
 ,d kX

 
is bounded. Thus,  

Result 2. The task space position kX
 
is bounded. 

Since 
1 2 3

, , [0 1]l l lA A A
    , thus according to (24) 

one can imply that 1l
kz  . Thus, 

Result 3.  The function 
 

l
kz

 
 is bounded.                           

                               
 

Parameter 1
l
ky   was expressed as (29), in which, 

parameters pk  and dk  are constant, and 1ˆ
kJ   is 

bounded. As expressed in Result 1, ke , ke and ke  

are bounded. The boundedness of l
kz  was given in 

Result 3. Therefore, 

Result 4. The parameter 1
l
ky   is bounded. 

From (23), Result 3 and Result 4, it can be 

concluded that 

Result 5. Function kf  is bounded. 

Considering control law (16) and using 

Assumption 1 and 3 for boundedness of ,d kX  and 

1ˆ
kJ  , Result 5 for boundedness of kf , and Result 1 

for boundedness of  ke
 
and

 ke
 
verifies that 

Result 6. Motor voltage v  is bounded. 

According to [13], in an electrically driven robot 

when the motor voltage is bounded, it is proven 

that 

Result 7. The motor velocity q , and the motor 

current aI  are bounded. 

Since 
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0

t

q q dt   
 

(31) 

As expressed in Result 7, q is bounded, and 

according to boundedness t , Therefore 

Result 8. , The joint position q  is bounded. 

As a result, the joint position q  in Result 8, the 

joint velocity q , and the motor current aI  in 

Result 7 are bounded. Applying this reasoning for 

all joints imply that 

Result 9. The state vectors q  , q , and aI  are 

bounded. 

Therefore, the stability is proven. 

 

6. Simulation results 

The control law (16) is simulated using a three link 

SCARA robot driven by permanent magnet dc 

motors presented by [24]. The parameters of 

motors are given in table 2 in [7]. In the 

simulations, the arm which consists of the first 

three joints is used to perform the proposed task-

space control law. The fourth joint is locked. The 

maximum voltage of each motor is set to 

max 40v  .  

Simulation 1 In this simulation, the desired 

trajectory in the task-space is defined as 

0.75 0.1cos( );0.65 0.1sin( );0
3 3

T

d

kT kT  
   
 

X

 

 
(33) 

To consider the kinematical uncertainties, ˆ( )J q  is 

selected as ˆ( ) 0.8 ( )J q J q . The adaptation rule 

(29) is set to  (0) 0l
ky  , 0.285  , 108dk   and 

388pk  . The external disturbance is given zero.  

 

        Figure 2. The control efforts in simulation 1. 

 

Figure 2 illustrates the control efforts which are 

satisfactory. The motor voltages are smooth and 

under the maximum permitted voltage. The 

tracking performance in the xy  plane and along 

the z axis are shown in figure 3 and figure 4, 

respectively. The tracking performance confirm 

that the parameters are well adapted as shown in 

figure 5. 

 

      Figure 3.  The tracking performance in the xy plane.  

 

         Figure 4. The tracking performance along the z
axis. 

 

Simulation 2: In this simulation, the desired 

trajectory in the task-space is defined as (33). To 

consider the kinematical uncertainties, ˆ( )J q  is 

selected as ˆ( ) 0.8 ( )J q J q . The adaptation rule 

(29) is set to (0) 0l
ky  , 0.29  , 100dk   and 

380pk  . The external disturbance is inserted to 

the input of each motor as a periodic pulse 

function with a period of 2 S, amplitude of 2 V, 

time delay of 0.7 S, and pulse width 30% of 

period.  

The motor voltages behave well under the 

maximum permitted value of 40V as shown in 

figure 6. The effects of disturbances in tracking 

performance are represented in figure 7.  

0 1 2 3 4 5 6
-20

-15

-10

-5

0

5

time(sec)

m
o
to

r 
v
o
lt
a
g
e
(v

)

Control efforts in simulation 1

 

 

V1

V2

V3

0.7 0.8 0.9 1
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

X(m)

Y
(m

)

The tracking performance in X-Y plane in simulation 1

 

 

desired trajectory

robot path

0 1 2 3 4 5 6
-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5
x 10

-3

time(sec)

z
(m

)

Position of the end effector along the z axis



Fateh & Azargoshasb / Journal of AI and Data Mining, Vol 3, No 1, 2015 
 

119 

 

 

     Figure 5. Adaptation of parameters. 

 

Figure 6. Control efforts in simulation 2 for disturbance 

rejection. 

 

 

Figure 7.  The tracking performance in the xy plane in 

simulation2 for disturbance rejection. 

 

7. Conclusion 

This paper has developed a discrete-time model-

free robust control for electrically driven robot 

manipulators in task space. The adaptive fuzzy 

system has estimated the lumped uncertainty very 

well. The proposed gradient descent algorithm has 

been able to minimize the estimation error without 

using any data for the lumped uncertainty. The 

gradient descent algorithm has performed 

adaptively to reduce the tracking error in the 

presence of uncertainties. The proposed method 

has shown a very good performance such that the 

value of tracking error are ultimately bounded to 

small values. The proposed control algorithm has 

guaranteed the stability analysis and simulation 

results have shown the effectiveness of the 

method. The control approach is robust with a 

very good tracking performance. 
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 فازی تطبیقی گر با استفاده ازتخمین در فضای کاربازوی مکانیکی ربات  گسسته زمانمقاوم کنترل 

 

 سیامک آذرگشسب و *محمدمهدی فاتح

  .ایران، شاهرود، دانشگاه صنعتی شاهرود، گروه کنترل، دانشکده مهندسی برق

 40/70/4702 ؛ پذیرش70/70/4702 ارسال

 چکیده:

زمدان   کنتدرل جدیدد  قانون نماید. زمان گسسته را برای بازوهای مکانیکی ربات مبنی بر راهبرد کنترل ولتاژ در فضای کار ارائه می مقاوم کنترل مقالهاین 

گدر فدازی بدرای قدداقل     پیشنهاد شده است. پارامترهای تخمدین گر فازی تطبیقی برای جبران عدم قطعیت گسسته مستقل از مدل با استفاده از تخمین

شوند. روش جدیدی برای الگوریتم گرادیان نزولی استفاده شده است به طدوری کده   کردن خطای تخمین با استفاده از الگوریتم گرادیان نزولی تطبیق می

خروجی برای تابع نامعلوم نیاز ندارد و به جای آن از خطا و مشتقات آن استفاده شده است. پایدداری سیسدتم   -ودیهای وراین الگوریتم به اطلاعات جفت

سازی، دینامیک مدل نشده، اغتشاش خدارجی  ها که شامل خطای گسستهشود. کنترل کننده پیشنهادی در برابر نامعینیکنترل نیز بررسی و تضمین می

سدازی کارامددی ایدن    سازی شده است. نتایج شبیهشبیه اسکاراد، مقاوم است. قانون کنترل مقاوم پیشنهادی برروی یک ربات باشو نامعینی پارامترها می

 دهد.روش کنترلی را نشان می

 ، کنترل فازی تطبیقی، کنترل مقاوم، بازوی ماهر رباتیک.فضای کارگسسته،  راهبرد کنترل ولتاژ، کنترل زمان :کلمات کلیدی

 




