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Abstract

In this dissertation, we present the first measurements of two-dimensional (2-D)

energy spectra of the streamwise velocity component (u) in high Reynolds number

turbulent boundary layers. The measurements in the logarithmic region of turbu-

lent boundary layers give new evidence supporting the self-similarity arguments

that are based on Townsend’s (1976) attached eddy hypothesis. The 2-D spectrum

is found to be able to isolate the range of self-similar scales from the broadband

turbulence, which is not possible with the measurement of a 1-D energy spectrum

alone.

High Reynolds number flows are characterized by large separation of scales. There-

fore, to obtain converged 2-D statistics while resolving the broad spectrum of

length and time scales, a novel experimental technique is required. To this end,

we devise a technique employing multiple hot-wire probes to measure the 2-D

energy spectra of u. Taylor’s frozen turbulence hypothesis is used to convert

temporal-spanwise information into a 2-D spatial spectrum which shows the con-

tribution of streamwise (λx) and spanwise (λy) length scales to the streamwise

variance at a given wall height (z). The validation of the measurement technique

is performed at low Reynolds number by comparing against the direct numerical

simulation (DNS) data of Sillero et al. (2014). Based on these comparisons, a

correction is introduced to account for the spatial resolution associated with the

initial separation of the hot-wires.

The proposed measurement technique is used to measure the 2-D spectra in the

logarithmic region for friction Reynolds numbers ranging from 2400 to 26000. At

low Reynolds numbers, the shape of the 2-D spectra at a constant energy level

shows λy/z ∼ (λx/z)1/2 behaviour at large scales, which is in agreement with the

existing literature. However, at high Reynolds numbers, it is observed that the

square-root relationship tends towards a linear relationship (λy ∼ λx) as required

for self-similarity and predicted by the attached eddy hypothesis.

Finally, we present a model for the logarithmic region of turbulent boundary layers,

which is based on the attached eddy framework and driven by the scaling of

experimental 2-D spectra of u. The conventional attached eddy model (AEM),

which comprises self-similar wall-attached eddies (Type A) alone, represent the

large scale motions at high Reynolds numbers reasonably well. However, the
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scales that are not represented by the conventional AEM are observed to carry

a significant proportion of the total kinetic energy. Therefore, in the present

study we propose an extended AEM, where in addition to Type A eddies, we

also incorporate Type CA and Type SS eddies. These represent the self-similar

but wall-detached low-Reynolds number features and the non-self-similar wall-

attached superstructures, respectively. The extended AEM is observed to predict

a greater range of energetic length scales and capture the low- and high-Reynolds

number scaling trends in the 2-D spectra of all three velocity components.
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Reτ = Uτ δ/ν

T sampling time

U mean streamwise velocity

U∞ freestream velocity

Uτ mean friction velocity

u, v, w streamwise, spanwise and wall-normal velocity fluctuations

vη Kolmogorov velocity scale

W width of the representative eddy

WA, WCA, WSS weightings of Type A, Type CA and Type SS eddies

x, y, z streamwise, spanwise and wall-normal directions

zR reference wall-normal location

Greek symbols

γL,2D 2-D linear coherence spectrum

δ boundary layer thickness

δ99 boundary layer thickness based on 99% of U∞



Nomenclature xviii

δE height of the largest eddy in the AEM

∆x, ∆y, ∆z streamwise, spanwise and wall-normal spacings

∆xp spacing between the hairpins in a representative eddy

∆ymax maximum spanwise spacing between the hot-wires

ǫ turbulent energy dissipation

η Kolmogorov length scale
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Chapter 1

Introduction

Turbulent boundary layers are characterized by energy-containing motions or ‘ed-

dies’ of varying length and time scales. A characteristic dimensionless parameter

that is indicative of the extent of such separation of scales is the friction Reynolds

number, defined as Reτ = δ/(ν/Uτ ). Here, δ denotes the thickness of the boundary

layer and ν/Uτ is the viscous length scale, where Uτ and ν are the friction velocity

and kinematic viscosity, respectively. Therefore, Reτ can be interpreted as the ra-

tio of the largest to the smallest turbulent length scale in the flow. Consequently,

high Reynolds number flows, that are often encountered in nature and many en-

gineering applications, are characterized by a large separation of the energetic

scales.

An important tool that is frequently used in turbulence research, to characterize

the coexisting range of scales based on their energy content, is the power spectral

density of velocity fluctuations, often known as the energy spectrum, φuu. The

energy spectrum statistically describes the contribution to the total kinetic energy

by the range of scales, from the viscosity- to the inertia-dominated subrange. In

wall bounded flows, the spectrum is representative of the contributions from the

dissipative scales, where the assumption of local isotropy is valid, to the large

anisotropic structures, which includes the large organized or ‘coherent’ motions.

In literature, almost all of the energy spectra discussed in high Reynolds number

wall-bounded flow studies (Reτ ∼ O(104)) are one-dimensional, where the energy

1



Introduction 2

decomposition is based on streamwise wavenumbers (kx) alone. However, in the

present study, we measure the two-dimensional (2-D) energy spectra of u, as a

function of both streamwise and spanwise (ky) wavenumbers. The integration of

the energy bounded by the 2-D spectrum of u, across the streamwise and spanwise

length scales, is equal to the streamwise turbulence intensity (u2), i.e.,

∫ ∫

φuu(kx, ky)dkxdky =
∫

φuu(kx)dkx =
∫

φuu(ky)dky = u2.

1.1 Motivation

A number of models for the inertial (logarithmic) region of wall-turbulence rely on

the assumption that the coherent and energy-containing motions (or eddies) are

self-similar. This self-similarity requires that the geometric length and velocity

of the turbulent structures scale with wall height (z) and friction velocity (Uτ )

respectively. Townsend’s (1976) attached eddy hypothesis is arguably the best

known of these models and further assumes a random arrangement of the self-

similar eddies that are attached to the wall and have a population density that is

inversely proportional to their size. Townsend’s conceptual model was extended

by Perry & Chong (1982), who specified shapes for the eddies to make more de-

tailed predictions. Further, on the basis of dimensional analysis, Perry & Chong

(1982) predicted a k−1
x scaling of the one-dimensional (1-D) streamwise spectra of

u. The k−1
x scaling, which later gained support through spectral overlap arguments

of Perry et al. (1986) and is commonly assumed in atmospheric boundary layer

research, suggests the existence of a range of length scales that contribute equally

to the turbulent kinetic energy. However, an observation of this k−1
x scaling of

the 1-D streamwise spectra has remained elusive even in high Reynolds number

experiments. While the lack of empirical support questions the existence of such

a scaling, Davidson et al. (2006) suggests that the 1-D energy spectra are not the

ideal tools to observe self-similarity. Their work showed that aliasing contaminates
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the 1-D streamwise spectra by artificially shifting the energy to lower wavenum-

bers, thereby distorting the spectrum and hiding the extent of the k−1
x spectral

scaling.

The aliasing problem arises because a 1-D spectrum is measured along a straight

line and the wave number vectors inclined to the line of measurement could be

misinterpreted as low wave number disturbances (Tennekes & Lumley, 1972). That

is, a streamwise 1-D spectrum lacks directional information along the spanwise

direction and is only the average energy contribution over the entire range of

spanwise wavelengths, λy (= 2π/ky), for a particular streamwise wavelength, λx

(= 2π/kx). Direct measurement of the 2-D spectrum, which is a function of

both kx and ky, avoids the aliasing problem (in the homogeneous directions).

However, analysis of the 2-D spectrum of wall-turbulence is rare. A dimensional

consideration of the 2-D spectrum in the inertial region was made by Chung et al.

(2015), who argued that in order to have a k−1
x behaviour in the 1-D spectrum,

a region of constant energy in the 2-D spectrum should be bounded by λy/z ∼

f1(λx/z) and λy/z ∼ f2(λx/z) where f1 and f2 are identical power laws. Further,

del Álamo et al. (2004) examined the 2-D spectra from direct numerical simulations

(DNS) of a channel flow at Reτ ≤ 1900 and showed empirically that such a region

of constant energy is bounded at larger scales by a square-root relationship of

the form λy/z ∼ (λx/z)1/2. This square-root relation between the lengths and

widths of the structures indicates a failure of self-similarity. According to the

attached eddy hypothesis of Townsend (1976), the geometrically self-similar scales

should follow a linear relationship λy ∼ λx. However, it is noted that Townsend’s

arguments are only expected to strictly hold at high Reynolds number (Marusic &

Monty, 2019). Therefore, to validate the assumption of self-similar eddies in the

attached eddy model, measurements of 2-D spectra at high Reynolds numbers are

required.
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1.2 Objectives and outline of thesis

The objectives of the present study are:

(i) To develop an experimental technique to measure the 2-D energy spectra of

u at high Reynolds numbers and to validate the measurement scheme with

the available high fidelity DNS data at low Reynolds numbers.

(ii) To measure the 2-D energy spectra of u in the logarithmic region of turbulent

boundary layers at high Reynolds numbers and examine any evidence for, or

against, the self-similarity arguments that is the basis for the attached eddy

hypothesis of Townsend (1976). Additionally, to investigate the scaling of

the 2-D energy spectra and hence characterize the Reynolds number trends

of different scales.

(iii) To investigate whether the attached eddy model of Perry & Chong (1982),

which is based on Townsend’s (1976) attached eddy hypothesis, can be for-

mulated to compute the 2-D energy spectra of all three velocity components

and predict their empirically observed trends in the logarithmic region. Fur-

ther, based on the 2-D energy spectra, we examine if the attached eddy model

can be extended to include a greater range of length scales, and consequently,

to improve its accuracy at low Reynolds numbers.

The outline of the thesis is as follows: Chapter 2 provides a brief review of the

studies relevant to the goals of the thesis, with an emphasis on Townsend’s (1976)

attached eddy hypothesis and the associated scaling arguments. Chapter 3 de-

scribes the experimental facilities and the measurement technique involving hot-

wire anemometry. Chapter 4 addresses objective (i), where, the calculation of

2-D energy spectra from the time series of u acquired synchronously with multiple

hot-wire probes is detailed. This Chapter also discusses a correction scheme based

on DNS, in order to improve the small-scale resolution of the 2-D energy spectra.

Chapter 5 addresses objective (ii) and presents the first measurements of the 2-D

energy spectra in high Reynolds number turbulent boundary layers. Chapter 6
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addresses objective (iii) and focuses on the modelling of the logarithmic region

in turbulent boundary layers based on the attached eddy framework. The devel-

opment of the model is driven by the observed scaling of the experimental 2-D

spectra of u. The thesis concludes with a summary of the key contributions from

the present study along with suggestions for possible extensions to the current

work.

It is noted that throughout this thesis, superscript ‘+’ indicates the normalization

using viscous length and velocity scales, which are ν/Uτ and Uτ , respectively.

The streamwise, spanwise and wall-normal directions are denoted by x, y and z

respectively, and u, v and w denote the streamwise, spanwise and wall-normal

fluctuating velocity components, respectively.



Chapter 2

Literature review

This literature review provides a brief overview of the studies relevant to the

goals of the thesis (§1.2), with an emphasis on Townsend’s (1976) attached eddy

hypothesis and the associated scaling arguments. This review is not intended to

be exhaustive but to provide sufficient foundation for the discussions in the thesis.

2.1 Logarithmic region in turbulent boundary

layers

In wall-bounded flows, based on classical scaling arguments, the turbulent bound-

ary layer anatomy comprises various layers (or regions) that are characterized by

their distance from the wall. An overview of these layers is provided in figure 2.1.

Based on the appropriate length scales, the boundary layer is thus classified into

the ‘inner layer’ and the ‘outer layer’ (von Kármán, 1930, Prandtl, 1904, 1925). In

the inner layer, dimensional analysis revealed that the turbulence statistics scale

with the friction velocity (Uτ =
√

τw/ρ) and the viscous length scale (ν/Uτ ). Here,

τw is the mean shear stress at the wall, ρ is the density of the fluid and ν is the

kinematic viscosity of the fluid. In the outer layer far from the wall, the character-

istic length scale is the thickness of the boundary layer (δ) while the characteristic

velocity scale remains the same (Uτ ). In pipe and channel flows, the characteristic

6
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Figure 2.1: Depiction of the various wall layers within the turbulent boundary
layer. Adapted from Pope (2000).

outer layer length scales are the pipe radius and the channel half-height, respec-

tively. The friction Reynolds number is the ratio of these characteristic length

scales in the outer and inner layers respectively, i.e., Reτ = δ+ = δ/(ν/Uτ ). Mil-

likan (1938) proposed the existence of an overlap region between the inner and

outer layers, where the profile of the mean velocity (U) can be scaled by either

the inner (U+ = f(z+)) or the outer (U+
∞ − U+ = F (z/δ)) variables. Here, U∞ is

the freestream velocity. From this, it was deduced that the mean velocity follows

a logarithmic variation (and hence the name ‘logarithmic region’ for the overlap

region, also known as the inertial region) with the distance from the wall as

U+ =
1

κ
log(z+) + A. (2.1)

Here, κ is the von Kármán constant and A is a parameter dependent on the details

of the wall and is a constant for smooth-walled flows. Apart from Millikan’s overlap

arguments, the logarithmic law has been derived using alternative approaches,

which includes the mixing length hypothesis of Prandtl (1925) and formulations

based on first principle consideration of the mean momentum equation (Fife et al.,

2005, Klewicki et al., 2009, Oberlack, 2001).

At high Reynolds numbers, the logarithmic region is arguably the most important
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region within the boundary layer, containing a multitude of energetic scales. Al-

though the local production of turbulence is highest close to the wall at z+ ≈ 12,

at high Reynolds numbers, the bulk production of turbulent kinetic energy takes

place within the logarithmic region (Marusic et al., 2010a) In the asymptotic

limit, the whole of the turbulence production and all of the velocity drop within

the boundary layer, is inside the logarithmic region (Jiménez, 2012).

The much contested idea of the universality of the logarithmic region (see reviews

by Jiménez, 2012, Klewicki, 2010, Marusic et al., 2010c, Smits et al., 2011), is

supported by Marusic et al. (2013), using high Reynolds number data at 2 ×

104 < Reτ < 6 × 105. Many of the controversies associated with the universality

of the logarithmic region originate from the inability to measure the wall shear

stress accurately. Additionally, the difficulty in discerning the exact bounds of

the logarithmic region leads to inconsistencies in estimating the value of κ. While

it is agreed that the outer bound of the logarithmic region is a fixed fraction of

boundary layer thickness (0.15 δ was chosen by Marusic et al., 2013 for the purposes

of curve fitting), the beginning of the logarithmic region is disputed owing to the

gradual deviation of U+ from equation 2.1. Even though classical descriptions

require the logarithmic region to start at a constant z+, so far studies have not

converged on a constant value, with the estimates from literature varying from

z+ = 30 (Tennekes & Lumley, 1972) to z+ = 600 (Zagarola & Smits, 1998). Refer

to Örlü et al. (2010) for a summary of the bounds of the logarithmic region as

reported by various studies. More recently, based on Townsend’s (1976) attached

eddy hypothesis, Marusic et al. (2013) argued that the inertial region should be

identified based on the logarithmic law in the profiles of both the mean velocity

U+ and the streamwise turbulence intensity u2+
. Using this argument, the authors

showed that the estimate of z+ = 2.6Re1/2
τ for the beginning of the logarithmic

region, as proposed by Klewicki et al. (2009), is reasonable for the high Reynolds

number range that they considered.
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2.1.1 Structures in the logarithmic region

Similarity arguments based on the flow statistics reflect the physical structure

of turbulence. Over the past years, numerous flow visualization and numerical

studies have revealed the existence of organized or ‘coherent’ motions that play

a crucial role in wall-bounded flows. Robinson (1991) defines a coherent motion

as “a three-dimensional region of the flow over which at least one fundamental

flow variable (velocity component, density, temperature, etc.) exhibits significant

correlation with itself or with another variable over a range of space and/or time

that is significantly larger than the smallest local scales of the flow.” One of the

earliest documented coherent structures is the near-wall cycle with an approximate

spanwise spacing of a 100 viscous units (Kline et al., 1967). Considering the

logarithmic region of the flow, Smits et al. (2011), in their review of high Reynolds

number wall turbulence, broadly classify the coherent motions in this region into

(i) hairpins or horseshoe vortices, (ii) large-scale motions (LSMs) and (iii) very-

large-scale motions (VLSMs), otherwise also called ‘superstructures’ in external

flows.

The first of these structures, the hairpin vortices, were proposed by Theodorsen in

1952. The flow visualization studies of Head & Bandyopadhyay (1981) established

their importance in wall-bounded flows, which lead to an extensive investigation of

these structures (Acarlar & Smith, 1987a,b, Perry & Chong, 1982). More recently,

Wu & Moin (2009) in their DNS study showed that a multitude of these hairpins

reside within boundary layer.

More recent work has shown that the spatial organization (or alignment) of many

of these hairpins form the LSMs, that are associated with approximate streamwise

lengths of 2 − 3δ (much larger than the characteristic lengths of hairpins) (Adrian

et al., 2000, Dennis & Nickels, 2011, Jiménez, 2012, Kim & Adrian, 1999, Zhou

et al., 1999). Such ‘vortex packets’ convecting at the same velocity give rise to

elongated regions of low streamwise momentum between their legs, that are flanked

on both sides in the spanwise direction by regions of high momentum (Adrian et al.,

2000, Brown & Thomas, 1977, Ganapathisubramani et al., 2003, Hutchins et al.,
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2005, Tomkins & Adrian, 2005). The heads of the individual hairpins within the

packet align along a line inclined at 15 − 20◦, which was found to be consistent

with the ramp-like features observed by Head & Bandyopadhyay (1981). Adrian

(2007) provides a detailed review on hairpins and their organization into packets.

Further, there are very long regions of low momentum called VLSMs (in internal

flows) or superstructures (in boundary layer flows), with a meander in the stream-

wise direction that becomes increasingly prominent away from the wall (Adrian

et al., 2000, Balakumar & Adrian, 2007, Guala et al., 2006, Hutchins & Marusic,

2007b, Kevin et al., 2019, Kim & Adrian, 1999, Monty et al., 2007, Smits et al.,

2011, Tomkins & Adrian, 2005, Vallikivi et al., 2015a, Wang & Zheng, 2016).

They have been reported to have length scales as long as 30 times the channel

half-height in internal flows Monty et al. (2007), while in boundary layer flows

they have been observed to extend to as much as 10 − 15 times the boundary

layer thickness Hutchins & Marusic (2007b). Hutchins & Marusic (2007a) noted

that the meander makes their detection hard when using 1-D spectral analysis.

Although Kim & Adrian (1999) and Adrian et al. (2000) speculate that LSMs

form the building blocks of VLSMs, this idea is contested in Smits et al. (2011)

based on the differences in the wall-coherence and the length-scales of the LSMs

and the VLSMs in different regions of the flow. The formation of these structures

is still a subject of investigation (Smits et al., 2011).

The LSMs and VLSMs are of particular interest in the logarithmic region at high

Reynolds numbers, as they contribute to the bulk of the turbulent kinetic energy

and the Reynolds shear stress, in comparison to the isotropic small-scales (Bal-

akumar & Adrian, 2007, Guala et al., 2006, Smits et al., 2011, Tomkins & Adrian,

2005) Apart from that, they also have a significant influence on the inner-layer of

the flow (Abe et al., 2004, Guala et al., 2011, Hoyas & Jiménez, 2006, Hutchins &

Marusic, 2007a,b, Liu et al., 2019). Hutchins & Marusic (2007b) explains that, al-

though these structures do not have a significant wall-normal velocity close to the

wall, hence being inactive in the way Townsend describes inactive motions, they

superimpose on, as well as modulate the near-wall structures, hence contributing

to the Reynolds shear stress in the near-wall region. Based on this, Mathis et al.
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(2009) and Marusic et al. (2010b) propose a predictive model of the inner-layer

of the flow based on measurements from the outer-layers of the flow, which was

later extended by Baars et al. (2016) using the concept of spectral linear stochastic

estimation. For some of the critical views on whether hairpin vortices are indeed

the dominant structures at high Reynolds numbers and on whether they spatially

organize to form larger structures, refer to Jiménez (2013, 2018), Schlatter et al.

(2014).

2.2 Attached eddy model of the logarithmic re-

gion

Townsend (1976) proposed the ‘attached eddy hypothesis’, which conceptualized

the boundary layer at very high Reynolds numbers as an assemblage of invis-

cid inertia-dominated ‘eddies’. These eddies are randomly distributed in space

and possess the following property: “the velocity fields of main eddies, regarded

as persistent, organized flow patterns, extend to the wall and, in a sense, they

are attached to the wall” (page 152, Townsend, 1976). Marusic & Monty (2019)

suggested that the phrase “in a sense” could imply that the velocity fields are

influenced by the wall, and are not necessarily physically connected to the wall.

The attached eddy hypothesis predicts the logarithmic laws of the streamwise and

spanwise turbulence intensities and a constant Reynolds shear stress (−uw+ ≈ 1)

within the logarithmic region, based on the following considerations: (i) the at-

tached eddies are self-similar and their heights are proportional to the distance of

their ‘centres’ from the wall, (ii) the probability density of the eddies within the

boundary layer vary inversely with their size (or distance from the wall) and (iii)

the eddies possess a constant characteristic velocity scale (Uτ ).

Townsend’s conceptual framework was extended by Perry & Chong (1982) to a

kinematic attached eddy model (AEM) of the logarithmic region by specifying geo-

metric shapes for the eddies. They further showed that the attached eddy hypoth-

esis lead to a logarithmic profile for the mean flow. Following the flow visualization
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studies of Head & Bandyopadhyay (1981), who observed the boundary layer at

low Reynolds numbers to consist of a ‘forest’ of hairpin vortices, Perry & Chong

(1982) chose self-similar ‘hierarchies’ of Λ-hairpins, with a shear-induced down-

stream inclination of 45◦, to represent the boundary layer. A hierarchy consisted

of hairpins with similar heights (and possibly at different stages of ‘stretching’)

and different discrete hierarchies existed due to the ‘vortex-pairing’ mechanism.

Across hierarchies, the size and the probability density of the hairpins varied as

directly and inversely proportional to their distance from the wall, respectively.

However, the characteristic velocity scale remains the same for all hierarchies and

is equal to the friction velocity. Perry & Chong (1982), with such an arrange-

ment of hairpins, derived statistics that were consistent with the attached eddy

hypothesis of Townsend (1976). More importantly, the authors obtained, for the

first time using a mechanistic model, a link between the mean flow, the Reynolds

shear stress, the turbulence intensities and the energy spectra. Another significant

outcome of their model was the prediction of a k−1
x scaling in the 1-D streamwise

energy spectra (consistent with the similarity arguments of Perry & Abell, 1977).

2.2.1 Similarity from spectral overlap arguments

Further to the work of Perry & Abell (1977) and Perry & Chong (1982), the

k−1
x scaling gained support through the spectral overlap arguments of Perry et al.

(1986). Unlike in Perry & Chong (1982), Perry et al. (1986) adopted a continuous

distribution for hierarchies, with the size of the smallest and the largest eddies

being 100 viscous units and δE , respectively, where δE is of the order of boundary

layer thickness. At z << δE (typical of the logarithmic region), the authors iden-

tified the energy spectra to be characterized by three spectral regimes: (i) the low-

wavenumber range with contributions from the inactive motions due to eddies of

scale O(δE), (ii) the moderate- to high-wavenumber range with contributions from

the active motions due to eddies of scale O(z) and (iii) the very-high-wavenumber

range where the contributions are from viscosity dependent motions. Using di-

mensional analysis with Uτ , kx, z and δE as the only variables, Perry et al. (1986)
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put forth scaling arguments for the spectra of the streamwise velocity component.

As per those arguments, at z << δE , in the low-wavenumber range, an ‘outer-flow’

scaling was expected, of the form,

φuu(kxδ)

U2
τ

=
φuu(kx)

δU2
τ

= g1(kxδ). (2.2)

Similarly, in the moderate- to high-wavenumber range, an ‘inner-flow’ scaling was

expected, of the form,

φuu(kxz)

U2
τ

=
φuu(kx)

zU2
τ

= g2(kxδ). (2.3)

In the viscosity-dependent very-high-wavenumber range, the motions were consid-

ered to be locally isotropic (Kolmogorov, 1941) with the important scales being

the Kolmogorov length (η = (ν3/ǫ)1/4) and velocity (vη = (νǫ)]1/4) scales. Here,

ǫ is the average turbulent energy dissipation. Therefore, the following classical

Kolmogorov (1941) scaling law was expected in the very-high-wavenumber range,

φuu(kxη)

v2
η

=
φuu(kx)

ηv2
η

= g3(kxη). (2.4)

Following Townsend’s equilibrium layer criterion (Townsend, 1961, 1976), Perry

et al. (1986) assumed the average turbulent energy production (P ) equals the

average turbulent energy dissipation in the logarithmic region, i.e.,

P = −uw
∂U

∂z
= ǫ. (2.5)

This, together with the relations, −uw ≈ U2
τ (from the ‘constant stress’ layer of

Townsend, 1976) and ∂U/∂z = Uτ /(κz) (alternatively from equation 2.1), can be

used to represent the Kolmogorov length and velocity scales as,

η =

(

ν3κz

U3
τ

)1/4

and vη =

(

νU3
τ

κz

)1/4

. (2.6)

Similar to the overlap arguments of Millikan (1938) for the mean flow, Perry et al.
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(1986) identified two spectral overlap regions for the three spectral ranges discussed

here, and as represented in figure 2.2. In the ‘Overlap region I’, the inner-flow and

outer-flow scalings (equations 2.2 and 2.3 respectively) are simultaneously valid,

leading to,

g1(kxδ) =
A1

kxδ
and g2(kxz) =

A1

kxz
. (2.7)

Consequently, the pre-multiplied energy spectra should follow the much debated

k−1
x scaling,

kxφuu(kx)

U2
τ

= A1, (2.8)

where A1 is a universal constant, also known as the Townsend-Perry constant

(Marusic et al., 2013). The expected k−1
x scaling, as sketched by Perry et al.

(1986), in the 1-D streamwise energy spectra is shown in figure 2.3.

Similarly, in the ‘Overlap region II’ (figure 2.2), the inner-flow scaling and Kol-

mogorov scaling (equations 2.2 and 2.4 respectively) are simultaneously valid. To-

gether with equation 2.6, the overlap argument yields,

g2(kxz) =
φuu(kxz)

U2
τ

=
1

κ2/3

K0

(kxz)5/3
, (2.9a)

g3(kxη) =
φuu(kxη)

v2
η

=
K0

(kxη)5/3
, (2.9b)

where K0 is the universal Kolmogorov constant. Equation 2.9 is commonly referred

to as the Kolmogorov k−5/3 scaling and the ‘Overlap region II’ is often called the

‘inertial subrange’.

At z << δ, the spectra of the spanwise velocity component, φvv, follows scaling

arguments similar to φuu, with the constant A1 in equation 2.8 replaced with a

different universal constant, A2. In the case of the spectra of the wall-normal

velocity component, φww, the overlap arguments are different. The contributions

to w approach zero due to the non-penetration boundary condition of the wall

and the (inactive) motions get restricted to the wall-parallel plane. Therefore,

at a particular wall-height z, only those eddies with heights O(z) contribute to
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Figure 2.2: An overview of various spectral regions in the 1-D streamwise
spectra of u and v in the logarithmic region. Adapted from Perry et al. (1986).

A1

kxz =
M(z+)

3

4

κ
1

4

kxz =
F z

δ

kxφuu

U2
τ

log P log N log (kxz)

(a)

A1

kzδ =
P δ

z

kxφuu

U2
τ

log F log (kxδ)
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Figure 2.3: Sketches of the expected distributions of the pre-multiplied spectra
of u with (a) inner-flow scaling and (b) outer-flow scaling. Adapted from Perry

et al. (1986).

φww (unlike in the case of φuu and φvv, where all eddies with sizes O(z) to O(δ)

contribute). Therefore, φww does not follow an outer-flow scaling, resulting in a

single region of overlap (as shown in figure 2.4) where,

φww(kxz)

U2
τ

= h2(kxz) and
φww(kxη)

v2
η

= h3(kxη) (2.10)

are simultaneously valid. The sketches of the expected scaling of φww, adapted

from Perry et al. (1986), are shown in figure 2.5.
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Figure 2.4: An overview of various spectral regions in the 1-D streamwise
spectra of w in the logarithmic region. Adapted from Perry et al. (1986).
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Figure 2.5: Sketches of the expected distributions of the pre-multiplied spectra
of w with (a) inner-flow scaling and (b) outer-flow scaling. Adapted from Perry

et al. (1986).

Integration of φuu, φvv and φww across the energetic-wavenumber range yields the

profile of u2+
, v2+

and w2+
, respectively, as given by,

u2+
= −A1log(z/δ) + B1, (2.11a)

v2
+

= −A2log(z/δ) + B2, (2.11b)

w2+
= B3, (2.11c)
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where, A1 and A2 are the universal constants defined above.

There has been a lot of effort put towards refining the AEM of Perry (1982) and

Perry et al. (1986) based on experimental observations, with the objective of using

the AEM to better predict the Reynolds stresses, energy spectra, structure func-

tions and higher-order moments (eg. Baidya et al., 2017, Marusic, 2001, Marusic

& Perry, 1995, de Silva et al., 2016, Woodcock & Marusic, 2015, Yang et al.,

2017). Many of these studies prescribed new shapes to the representative eddies,

as opposed to the basic Λ-type hairpins of Perry & Chong (1982). However, all

of these studies reinforced the underlying self-similarity assumptions of Townsend

(1976). A detailed review of the AEM, and the many empirical studies that tested

its self-similarity assumptions, is provided by Marusic & Monty (2019).

2.2.2 Spectral similarity from high-Re data

The similarity arguments discussed above are expected to hold only at high Reynolds

numbers, as they require sufficient separation of scales. The logarithmic law in

the mean velocity (as discussed in §2.1) and the trends of the Reynolds stresses as

shown in equation 2.11, have received much support from high Reynolds number

experiments (Baidya et al., 2017, Hultmark et al., 2012, Kunkel & Marusic, 2006,

Nickels et al., 2007, Talluru et al., 2014a) and recent DNS studies (Lee & Moser,

2015, Pirozzoli & Bernardini, 2013, Sillero et al., 2013). However, discerning the

similarity trends from the energy spectra has been challenging. While there has

been convincing experimental evidence for the Kolmogorov k−5/3
x scaling in the

inertial subrange (Saddoughi & Veeravalli, 1994, Samie et al., 2018, Sreenivasan,

1995), thereby validating the assumption of ‘local isotropy’ in the very-small-scales,

the existence of the k−1
x scaling is still debated.

The k−1
x scaling of the 1-D spectra of u is of specific interest in wall-bounded flows,

as it indicates the presence of geometrically self-similar structures whose sizes scale

with the distance from the wall (Perry & Chong, 1982). One of the first studies

to support k−1
x scaling, from high Reynolds number measurements in a controlled
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laboratory setting, was reported by Nickels et al. (2005). At Reτ ≈ 14000, they

observed a k−1
x scaling for z+ > 100 and z/δ < 0.019 in the wavelength range

of λx/z > 15.7 and λx/δ < 0.3. However, Baars & Marusic (2018a) argued that

the k−1
x plateau observed by Nickels et al. (2005) could be the ‘saddle-type topol-

ogy’ formed when the inner-spectral peak transitions to the outer-spectral peak.

Moreover, the value of the constant A1 obtained from the k−1
x scaling observed by

Nickels et al. (2005) was not consistent with the slope of the profile of u2+
within

the logarithmic region. No clear evidence of the k−1
x scaling was discernible even

from the measurements at higher Reynolds numbers (up to Reτ ∼ 105) that fol-

lowed (Baidya et al., 2017, Rosenberg et al., 2013, Vallikivi et al., 2015a), although

theory suggests that this scaling becomes more conspicuous with increasing Reτ .

Nevertheless, k−1
x scaling is commonly assumed in atmospheric boundary layer

research (Calaf et al., 2013, Högström et al., 2002, Hunt & Morrison, 2000). Katul

& Chu (1998) provides a comprehensive review of this. Kunkel & Marusic (2006)

point out that the large length and time scales involved in the atmospheric surface

layer flows often affect the convergence of low- to moderate-wavenumbers, and

consequently, discerning a k−1
x scaling from a pre-multiplied spectra is reportedly

difficult from such measurements. Interestingly, some of the recent high Reynolds

number DNS studies (up to Reτ ≈ 5200) suggests that the k−1 scaling becomes

more evident when the 1-D spectrum of u is measured as a function of spanwise

wavenumbers ky (Lee & Moser, 2015, Pirozzoli & Bernardini, 2013).

Possible reasons for an inconclusive k−1
x scaling

The k−1
x scaling in 1-D streamwise spectra is arguably the most popular tool

that has been put forth to probe geometric self-similarity in high Reynolds num-

ber turbulent boundary layers. While some of the previous studies suggest that

the measurement technique (Hutchins et al., 2009) and the geometry of the flow

(Chung et al., 2015) could affect the k−1
x scaling in the 1-D streamwise spectra,

some recent studies highlight the inherent limitations of single-point measure-

ments (and hence a 1-D spectrum) to isolate the self-similar scales. Synchronous

two-point measurements enabled Baars et al. (2017) to compute the 1-D linear
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coherence spectra (LCS) at high Reynolds numbers. The authors reported evi-

dences supporting self-similarity even when a k−1
x scaling was lacking in the 1-D

streamwise spectrum. Later, with similar coherence based filters, Baars & Marusic

(2018a) performed a triple decomposition of the 1-D energy spectrum and isolated

the energy contributions from wall-attached self-similar structures that are typical

of Townsend’s (1976) attached eddies or the ‘type-A’ eddies of Perry & Marusic

(1995) and Marusic & Perry (1995). Baars & Marusic (2018a) reported that the

energy contribution from such self-similar eddies often overlap with the energy

contributions of the non-self-similar very-large-scale motions and the energetic de-

tached structures (Jiménez & Hoyas, 2008, Marusic & Perry, 1995), consequently

masking a potential k−1
x scaling at least up to Reτ ≈ 80000.

As discussed in §1.1, another concern raised by Davidson et al. (2006) is that

‘aliasing’ contaminates the 1-D streamwise spectrum by artificially shifting energy

to lower wavenumbers (or larger wavelengths). Davidson (2015) defines aliasing

as the “tendency for one-dimensional spectra to give a misleading impression of

three-dimensional processes.” As illustrated in figure 2.6 (adapted from Tennekes &

Lumley, 1972), a 1-D spectrum obtained with a single-point measurement would

show a peak at λ1 for both the cases (a) and (b), because the shorter waves

(λ2 < λ1) are inclined to the direction of measurement.

2.2.3 Two-dimensional energy spectrum

In wall-bounded flows, a direct measurement of the 2-D energy spectrum, which

is a function of both kx and ky, avoids the aliasing problem, that was discussed

above, in the homogeneous directions (Tennekes & Lumley, 1972). While 2-D

energy spectra are more commonly used in numerical studies to gain structural

information of turbulence (for example, del Álamo et al., 2004, Jiménez & Hoyas,

2008, Kraheberger et al., 2018), its use in experimental studies is rare. One of

the earliest experiments was carried out by Morrison & Kronauer (1969) using

hot-wire anemometry and they investigated the 2-D frequency-transverse wave

number spectra in narrow frequency bands to report structural self-similarity in
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Figure 2.6: Depiction of aliasing in 1-D spectra: (a) wave propagates along
the direction of measurement and (b) wave propagates oblique to the direction

of measurement. Adapted from Tennekes & Lumley (1972).

the logarithmic region of a fully developed pipe flow. In turbulent boundary layers,

2-D spectral information at low to moderate Reynolds numbers were obtained by

Tomkins & Adrian (2005) using particle image velocimetry (PIV). They studied

the average growth of energetic motions throughout the logarithmic region by

considering the energy containing spanwise modes for various streamwise length

scales.

The 2-D spectra can also be used as a tool to observe self-similarity. Chung

et al. (2015) put forth a dimensional consideration of the 2-D spectrum in the

inertial region. They considered a constant-energy region in the 2-D spectrum to

be bounded by λy/z = λL/z ∼ f1(λx/z) and λy/z = λU/z ∼ f2(λx/z), as shown in

figure 2.7. Here, f1 and f2 are arbitrary power laws and [λL, λU ] represent the range

of spanwise wavelengths (eddy-widths) associated with a particular streamwise

wavelength λx (eddy-length). This 2-D spectrum is related to the 1-D streamwise

energy spectrum as,

kxφuu(kx)

U2
τ

=
∫ λU

λL

kxkyφuu(kx, ky)

U2
τ

d

(

log
λy

z

)

. (2.12)
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f 2
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z
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log(λx/z)

log(λy/z)

λx ∼ z λx ∼ δ

Figure 2.7: An illustration of the 2-D spectrum of u. The grey patch bounded
by [λL

z , λU

z ] indicates a region of constant energy. Adapted from Chung et al.

(2015).

If kxkyφuu(kx, ky)/U2
τ ≈ 1 is assumed for simplicity,

kxφuu(kx)

U2
τ

≈ log

(

λU

λL

)

. (2.13)

Based on this, the authors argued that in order to have a k−1
x behaviour in the 1-D

spectrum, equation 2.13 is required to be a constant (and equal to A1), and there-

fore the power laws f1 and f2 have to be identical. Based on Townsend’s (1976)

attached eddy hypothesis, to satisfy the assumption of geometric self-similarity, f1

and f2 should represent linear relationships. However, del Álamo et al. (2004) ex-

amined the 2-D spectra of u from direct numerical simulations (DNS) of a channel

flow at Reτ ≤ 1900 and showed that such a region of constant energy is bounded

at larger scales by a square-root relationship of the form λy/z ∼ (λx/z)1/2 (fig-

ure 2.8). The authors reported this square-root relation between the lengths and

widths of the structures to indicate a failure of self-similarity, which, based on the

arguments above, would require a λy ∼ λx relationship instead. To obtain further

clarification of these arguments and test the validity of Townsend’s (1976) self-

similarity assumptions, it is significant to obtain the 2-D spectra at high Reynolds
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Figure 2.8: Sketch of the organization of a region of constant energy in the
2-D spectrum of u at Reτ ≈ 2000. Adapted from del Álamo et al. (2004).

numbers and thereby identify the functional relationships f1 and f2 (figure 2.7)

proposed by Chung et al. (2015).



Chapter 3

Experiment setup

3.1 Low Reynolds number facility

The low Reynolds number experiments (Reτ = 2430 and 4210) are conducted in

the open return turbulent boundary layer wind tunnel (low-Re facility) located in

the Walter Bassett Aerodynamics Laboratory at The University of Melbourne. As

shown in figure 3.1, a centrifugal fan driven by a 19 kW DC motor, delivers the air

to the working section. The flow passes through the settling chamber, comprising

honeycombs and mesh screens and followed by a 8.9:1 contraction. The freestream

turbulence level is maintained below 0.2% in the working section, which is 6.7 m

long with a cross-sectional area of 0.94 × 0.375 m2. The fully adjustable roof of the

wind tunnel allows for conducting measurements at different streamwise pressure

gradients. However, in the present study, all the measurements are carried out at

zero pressure gradient (ZPG) and at a streamwise location of x = 3.8 m. A coarse

40 grit sand paper trip at the inlet of the working section trips the boundary

layer to a turbulent state (consistent with Kulandaivelu (2012)) resulting in a

boundary layer thickness of δ ∼ 7 cm at the measurement location. The boundary

layer thickness δ is computed by fitting the mean velocity profile to the composite

profile of Chauhan et al. (2009) and the friction velocity, Uτ , is obtained by a

Clauser chart method using the log law constants, κ = 0.4 and A = 5.

23
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Figure 3.1: A schematic of the Low-Re facility located in the Walter Bassett Aerodynamics Laboratory, The University of Melbourne.
Adapted from Nugroho (2015).
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The experimental technique at low-Re uses two single-wire hot-wire probes: HW1

and HW2. The details of the hot-wire anemometry, calibration of hot-wires and

data acquisition are provided in the following sections. While HW1 is stationed at

a fixed streamwise-spanwise location, HW2 is traversed in the spanwise direction

relative to HW1, while acquiring signals synchronously from both the hot-wires.

The hot-wires are sampled for ∼ 40 discrete spanwise separations, with the spac-

ing between the hot-wires increasing logarithmically from an initial separation of

∆y ≈ 0.025δ, up to a final spacing of ∆y ≈ 2.8δ. To this end, a fully auto-

mated 2-D traverse is used. The traverse is mounted on the roof of the tunnel

and the long cylindrical sting, which carries the sensor (HW2), moves along the

spanwise/wall-normal directions through sealed slots provided on the roof. Two

Vexta PKK266M-03A stepper-motors, connected to Velmex VXM-2 controllers,

drive the traverse along the wall-normal and spanwise directions. The wall-normal

traverse is equipped with an optical encoder with an accuracy of ±0.5 µm. The

distance from the wall of the stationary hot-wire (HW1) is adjusted using a Mellis

Griot linear translation stage, with a least count of 10 µm. Further details of the

facility can be found in Nugroho (2015) and the measurement technique is detailed

in chapter 4.

3.2 High Reynolds number facility

The high Reynolds number experiments (Reτ = 15100, 20250 and 26090) are con-

ducted in the High Reynolds Number Boundary Layer Wind Tunnel (HRNBLWT)

facility located in the Walter Bassett Aerodynamics Laboratory at The University

of Melbourne. Figure 3.2, adapted from Kulandaivelu (2012), shows a schematic

of the facility. The bell mouth entrance ensures the air passes in smoothly with

minimal separation and noise. A heat exchanger following the plenum maintains

the air temperature within ±0.1◦C. At the following chamber, the cross-section

smoothly transitions from rectangle to circle at the inlet of the fan. The mas-

sive axial fan, powered by a 250 kW DC motor, is capable of delivering, at its

full capacity, 45 m/s air flow in the working section (27 × 2 × 1 m). The motor
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can be remotely controlled and hence a full automation of the test procedure,

which includes hot-wire calibration at different air speeds, is possible. After the

fan assembly, the air expands into the chamber, comprising two guide vane cas-

cades, which gradually turns the flow by 180◦ into the settling chamber. The flow

straightener (honeycomb) and the series of fine meshes that follows, maintain the

freestream turbulence at the working section to be less that 0.3%, for the measured

range of velocities. After the mesh series, a 6.25:1 contraction accelerates the flow

into the working section. A coarse 40 grit sand paper, at the inlet of the working

section, trips the air flow to produce a ‘canonical’ turbulent boundary layer in the

working section (Marusic et al., 2015).

The 27 m long working section floor is constructed using polished aluminium plates

with a surface roughness less than 1.5 µm (Nickels et al., 2007) and the ceiling of

the working section comprises a series of medium-density fibre board panels with

embedded spanwise slots for bleeding air. A ZPG flow, with the pressure coefficient

Cp being a constant within ± 0.87%, is set up for all the present measurements

with an adjustable ceiling (Marusic et al., 2015).

As shown in figure 3.2, a 2.7 m long and 0.7 m wide drag balance is located at

a distance of 19.5 m downstream of the working section inlet. The floor at this

section is made of nine interchangeable aluminium plates, each with a dimension

of 0.3 m × 0.7 m. All the current measurements are carried out at this section of

the tunnel, at a streamwise distance of x ≈ 21 m from the inlet. Measurements

are conducted at freestream velocities of U∞ = 20, 30 and 40 m/s amounting to

a friction Reynolds number of Reτ = 15100, 20250 and 26090 respectively. The

boundary layer thickness (δ), defined by fitting the velocity profile to the composite

profile of Chauhan et al. (2009), varies subtly from δ = 0.37 m to 0.337 m with

increasing Reτ considered here. Since the smallest length scale is ν/Uτ = δ/Reτ ,

such a thick boundary layer at the measurement location (following the big and

slow approach) enables the smallest scales to be resolved using the conventional

measurement techniques. Here, Uτ is determined using a Clauser fit approach

with κ = 0.39 and A = 4.3 spanning the logarithmic region limits of Marusic et al.

(2013).
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Figure 3.2: A schematic of the High Reynolds Number Boundary Layer Wind Tunnel located in Walter Bassett Aerodynamics
Laboratory, The University of Melbourne. Adapted from Kulandaivelu (2012).
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3.2.1 Hot-wire arrangement

For the current measurements, one of the nine aluminium plates in the drag bal-

ance is replaced with a custom made instrument plate, which houses the traverse

systems, as shown in figure 3.3. Due to the space constraints in the tunnel and

also to reduce the duration of the experiment, the measurement setup employs four

hot-wire probes (1 to 4 as shown in the figure) that are carried by three traverse

mechanisms.

Traverse 2, which carries HW3, is the major traversing mechanism in HRNBLWT

and is identical to Kulandaivelu (2012). Traverse 2 allows fully automated move-

ment in the streamwise (possible with the streamwise slot provided in the ceiling)

and wall-normal directions. A linear optical encoder (Reinshaw RGH24) with a

feedback mechanism enforces a positional accuracy of ±0.5 µm in the wall-normal

movement. Any blockage effect is avoided by using a streamlined body (NACA

0016) for the traverse and a very long arm for the probe holder which enables mea-

surements sufficiently upstream of the traverse body (Kulandaivelu, 2012). The

flow-induced vibrations are significantly dampened by anchoring the traverse to

the floor using a retractable pneumatic foot.

Traverse 1 and Traverse 3 are attached to the custom made instrument plate (0.3

m × 0.7 m). Traverse 3, which carries HW4, moves only in the wall-normal direc-

tion and Traverse 1, carrying HW1 and HW2, moves both in the wall-normal and

spanwise directions. In order to reduce any blockage effects, most parts of the tra-

verse system exposed to the flow have airfoil cross-sections. The horizontal airfoil

in Traverse 1, which is custom made for the present measurements, is supported

by a pair of 8 mm diameter rods that slide inside the 10 mm wide spanwise slot

(brush sealed) provided in the instrument plate. The diameter of the rods and

the location of the support points in the airfoil are optimized so as to reduce the

blockage effect, to minimize the width of the slot in the instrument plate and to

minimize the flow-induced vibration of the probes. The flow-induced vibration of

the hot-wire probes carried by Traverse 1 was studied. To this end, a time series

of vertical and horizontal displacements of the probe-tip was acquired using a high
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Figure 3.3: The arrangement of hot-wires along with the traverses inside the
HRNBLWT.

resolution camera, at U∞ = 20 m/s. The results showed the viscous-scaled root-

mean-square vertical and horizontal displacements of the probe tip to be small

enough (∼ 1). The movements of Traverse 1 were constantly monitored using a

digital scale within an accuracy of 0.01 mm.

At the start of the measurement, HW2 and HW3 are as close as practicable to each

other with dyinitial ≈ 0.01δ as the initial spacing between them. HW3 and HW4

are stationed at a fixed spanwise location, whereas HW1 and HW2 are traversed

together in the spanwise direction (with logarithmic spacing), while acquiring the

data simultaneously from all the hot-wires. Hence the distance between hot-wire

pairs, HW1 and HW2 is fixed at all times as is the distance between HW3 and

HW4. The maximum spanwise spacing achieved with the current arrangement is

about 2.7δ (≈ 1 m in physical units) between HW1 and HW4 at the last measure-

ment point. The measurement technique is detailed in chapter 5.
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3.3 Hot-wire positioning

Prior to the start of the measurement, the following steps are performed to ac-

curately position all the hot-wires: (i) ensure all the hot-wire sensors are parallel

to the wall, (ii) record the initial spacing between the closest hot-wires (dyinitial),

i.e., the initial spacing between HW1 and HW2 for low-Re experiments and that

between HW2 and HW3 for high-Re experiments, (iii) ensure all the hot-wire sen-

sors are at a fixed streamwise position, and (iv) set the initial wall-normal position

of all the hot-wires. Steps (i) and (ii) are performed using a wall-parallel micro-

scope connected to a digital camera (AmScope). The divisions in the microscope

are scale-calibrated which enables accurate measurement of the spacing (centre-

to-centre) between the hot-wires. For step (iii), the streamwise alignment of the

hot-wire sensors are set using a FatMax cross line laser level. Finally, the initial

wall-normal positions of all the hot-wires are individually set to the required value

using a displacement microscope from Titan tool supply that could be connected

to the AmScope digital camera. The microscope has a shallow depth of focus

of approximately 30 µm and its vertical shift could be recorded using a digital

indicator with a fine resolution of 1 µm. The wall-normal position of a hot-wire is

measured by first focusing the microscope on to the wall surface and then shift-

ing the focus on to the hot-wire sensor. The difference between the two readings

indicates the distance of the sensor from the wall. However, to account for the

aerodynamic loading, slight adjustment in the wall-normal location (∼ 50 µm) is

made, after the calibration of the hot-wires and immediately before the measure-

ment, by monitoring the mean velocity from all the hot-wires.

3.4 Hot-wire probes and their operation

Single sensor, boundary layer type miniature wire probes from Dantec (55P15)

are used in the present study. The spacing between the prongs is 1.5 mm and the

shape of the prongs allow measurements very close to the wall. Wollaston wires
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are soldered on to the prong tips and etched at the centre to reveal the platinum

sensing element. The sensor length (l) is 0.5 mm and diameter is 2.5 µm.

Hot-wires are operated using in-house Melbourne University Constant Temper-

ature Anemometers (MUCTA) in all cases. The overheat ratio, which decides

the temperature of the wire, is maintained to be 1.8 (Samie, 2017). Prior to the

measurement, all the hot-wires are annealed at this overheat ratio for about seven

hours in order to stabilize them (Perry, 1982). We adopt the method suggested

by Perry (1982) to estimate the frequency response of the system, which includes

both the constant temperature anemometer (CTA) and the hot-wire. The method

involves perturbing the anemometer circuit using a square wave voltage (inbuilt in

MUCTA) and the dynamic response of the CTA-hot-wire system is measured. The

test is performed with the probe at the freestream to avoid any additional pertur-

bation induced by the turbulent field. The frequency response was approximately

25 kHz at a velocity of U∞/3 (corresponding to the mean velocity at z+ = 15

where turbulence intensity is the highest) and the lowest being 18 kHz at zero

freestream velocity.

3.4.1 Data acquisition

All hot-wires, used in a given experiment, are simultaneously sampled using DT9836

Data Translation 16-bit data-acquisition board in the range of ±10 V. The sam-

pling frequencies for measurements at high-Re are fs = 50, 70 and 100 kHz for

U∞ = 20, 30 and 40 m/s respectively and fs = 30 kHz for low-Re measurements.

Following the Nyquist criterion, temporal aliasing is avoided by low-pass filtering

the signals at a cut-off frequency of fc = fs/2 using Frequency Devices 9002-LP00.

When scaled in viscous units, f+
c (= fc ν/U2

τ ) varies between 0.5 to 0.9 across the

range of Reynolds numbers measured in the present study. These values of f+
c are

significantly above the maximum frequency of the energetic scales in the bound-

ary layer (f+
max = 0.33) as reported by Hutchins et al. (2009). The total sampling

times (T ) of the hot-wires are selected such that the non-dimensional boundary

layer turnover times (TU∞/δ), associated with the largest structures in the flow,
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are O(104). Such long sampling durations help accomplish sufficient convergence

of the largest length scales in the energy spectra.

3.4.2 Calibration

All hot-wires are calibrated immediately before and after each measurement, allow-

ing compensation for drift in the hot-wire voltage during the measurements. The

calibration of HW2 in the low-Re facility and HW3 in the HRNBLWT are carried

out in the freestream with a Pitot-static probe. A 10 Torr698A MKS Baratron

differential pressure transducer, along with MKS 270 signal conditioner, measures

the pressure difference from the Pitot-static probe. At the start of every measure-

ment, the sensitivity of the transducer is set to the highest with a zero correction

performed. The number of calibraiton points are 15 and 25 respectively, for the

low- and high-Re measurements. The hot-wire voltages are converted to velocities

using a third-order polynomial fit to the calibration data (Bruun, 1995). Any drift

in these freestream-calibrated hot-wires were accounted for following the single

point recalibration technique discussed in Talluru et al. (2014b). The current ar-

rangement of the hot-wires did not allow HW1 in the low-Re facility and hot-wires

HW1, HW2 and HW4 in the HRNBLWT to move to the freestream. Therefore,

they are calibrated while inside the boundary layer using the freestream-calibrated

hot-wire, i.e, HW2 and HW3 respectively in low-Re facility and HRNBLWT. This

is achieved by placing all the wires at the same wall-normal location (corresponding

to the wall-height of a given measurement) inside the boundary layer. Any-drift

in the hot-wires calibrated inside the boundary layer were accounted for by inter-

polating the pre- and post-calibration data with time. Extreme care is taken to

minimize any error associated with the in-boundary layer calibration method. In

order to ensure the convergence of mean velocity while inside the boundary layer,

the hot-wires are sampled for a longer time, corresponding to TU∞/δ ≈ 10000.

Furthermore, a good agreement is observed between the 1-D streamwise spectra

computed from all the hot-wires in the measurement with a maximum uncertainty
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Figure 3.4: 1-D spectra obtained from HW1, HW2, HW3 and HW4 that are
stationed at different spanwise locations for Reτ ≈ 26000 case.

of ∼ 5% (refer to figure 3.4). Therefore, for in-boundary layer calibration, the in-

clusion of higher order moments in the calibration equations (Breuer, 1995) were

deemed not necessary. Also, it is to be noted that no temperature corrections

were performed as the maximum variations in temperature during the calibration,

and also between the pre- and post-calibrations, were within 1.5◦C (refer to Samie

(2017)).



Chapter 4

Calculation of 2-D spectra:

corrections and validation

This chapter presents the results of Chandran, D., Baidya, R., Monty, J.

P. & Marusic, I. 2016 Measurement of two-dimensional energy spectra

in a turbulent boundary layer. In Proceedings of the 20th Australasian

Fluid Mechanics Conference, Perth, Australia.

In this chapter, we present an experimental technique using hot-wire anemometry

to measure the two-dimensional (2-D) energy spectra of the streamwise velocity

component (u). The measurements are carried out in a turbulent boundary layer

at friction Reynolds numbers of 2430 and 4210 and are validated against the 2-

D spectra obtained from the direct numerical simulation (DNS) of Sillero et al.

(2014) at matched Reynolds numbers. Based on these comparisons, a correction

is introduced to account for the spatial resolution associated with the initial sep-

aration of the hot-wires. These findings establish the proposed technique for high

Reynolds number flows in future works.

34
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4.1 Introduction

As discussed in the introduction, the suitability of 1-D spectrum as a tool to ob-

serve self-similarity is debated due to aliasing. The work of Davidson et al. (2006)

suggested that aliasing could contaminate the 1-D streamwise spectra by artifi-

cially shifting the energy to lower wavenumbers. However, a direct measurement

of 2-D spectrum avoids the aliasing problem in the homogeneous directions (re-

fer §2.2.3). A 2-D spectrum details the contribution of both the streamwise and

spanwise length scales to the total turbulent intensity. On the other hand, a 1-D

spectrum only provides the energy contribution by a particular streamwise length

scale, λx, and does not inform us of the range of λy associated with that particular

λx.

On the basis of the attached eddy hypothesis, the existence of geometrically self-

similar eddies (whose lengths scale with z) suggest a region of constant energy

in the 2-D spectrum at high Reynolds numbers to be bounded by a linear rela-

tionship, λy ∼ λx. However, to discern such a behaviour, 2-D spectra at high

Reynolds numbers need to be examined. As a first step towards high Reynolds

number results, this chapter is concerned with establishing a reliable experimental

technique to measure 2-D spectra of u. Validation of the experimental results

with required corrections to obtain a well resolved 2-D spectra is described in the

following sections.

4.2 Experimental Setup

The experiments are conducted in the open return turbulent boundary layer wind

tunnel at The University of Melbourne (see §3.1 for details of the facility). The

experiments are all conducted at a streamwise location of x = 3.8 m, further

details are provided in table 4.1. Here, the boundary layer thickness (δ) is defined

by fitting the velocity profile to the composite profile of Chauhan et al. (2009).
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Facility Reτ U∞ δ Uτ z+ l+ TU∞/δ
(m/s) (m) (m/s) (×103)

Low-Re 2430 15 0.069 0.545 116 17 26
Low-Re 2430 15 0.069 0.545 200 17 26
Low-Re 4210 25 0.076 0.86 200 27 39

Table 4.1: Details of experimental data; the values highlighted in bold indicate

z+ = 2.6Re
1/2
τ .

Further, the friction velocity, Uτ , is obtained by a Clauser chart method using the

log law constants, κ = 0.4 and A= 5.

The tailored experimental technique uses two single-wire hot-wire probes: HW1

and HW2 (as shown in figure 4.1). The details of the hot-wire anemometry, cali-

bration of hot-wires and data acquisition are provided in chapter 3. The hot-wires

are sampled at 30kHz for T = 120 seconds corresponding to about 26000 and 39000

boundary layer turnover times (TU∞/δ) for Reτ = 2430 and 4210 respectively.

At the start of the measurement, HW1 and HW2 are positioned close to each

other, at a fixed wall-normal location, as shown in figure 4.1. dyinitial corresponds

to the initial centre to centre spacing between the hot-wire sensors. For the present

measurements, both HW1 and HW2 are sampled simultaneously, with HW1 at a

fixed position, while HW2 is traversed in the spanwise direction up to a final

spacing of ∆y ∼ 2.8δ (see figure 4.1). To acquire spatial information at smaller

spanwise distances the spanwise traversing mechanism of HW2 is traversed on a

logarithmic scale.

4.3 Calculation of 2-D spectra

The first step in the calculation of 2-D spectra from experiments, is to compute the

two-point correlation in x-y plane. The streamwise velocity fluctuations, u1 and u2,

acquired simultaneously using HW1 and HW2 respectively (for different spanwise

spacings (∆y)) are used to construct the 2-D correlation. To this end, HW2 is

physically traversed in the spanwise direction, while fixing HW1, to construct the
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Figure 4.1: Schematic of experimental set-up with two hot-wire probes - HW1 and HW2 in the low-Re facility and normalized
two-point correlation as a function of spanwise separation.
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Figure 4.2: Normalized 2-D correlation constructed from the velocity time
series with projections of 1-D correlations at ∆x = 0 and ∆y = 0

correlation as a function of ∆y. Figure 4.1 schematically shows the arrangement

of hot wires for three sets of spanwise locations and the corresponding calculations

of the spanwise correlation Ruu as a function of ∆y. The present setup allowed to

compute correlation at ∆y = 0 and for dyinitial ≤ ∆y ≤ 2.8δ. After computing the

spanwise correlation, Taylor’s frozen turbulence hypothesis allows the conversion

of temporal information of the hot-wires into spatial information and hence enables

the construction of correlation functions at different streamwise spacings (∆x). To

this end, the convection velocity is assumed to be the mean velocity at that wall-

height. We note, since the hot-wires (HW1 and HW2) are stationed at the same

wall-normal location, spanwise homogeneity within the turbulent boundary layer

can be assumed. As a consequence, the entire spanwise-streamwise correlation can

be constructed from a series of independent two-point measurements conducted

at different ∆y. Hence, a 2-D correlation can be constructed by cross-correlating

the streamwise velocity time series acquired using HW1 and HW2 by computing,

Ruu(∆x, ∆y) = u1(x, y)u2(x + ∆x, y + ∆y). (4.1)

Figure 4.2 shows the 2-D correlation obtained along with the projections of 1-D
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correlations. The black and red contours correspond to the 1-D streamwise and

spanwise correlations respectively at ∆x = 0 and ∆y = 0. Here, Ruu is normalized

using the variance of the velocity time series to get Ruu.

Here, we note that while Taylor’s hypothesis is reported to perform well in the

outer region for λx < 6δ (Dennis & Nickels, 2008), uncertainties in the measured

spectra are observed for larger scales due to an assumption of a constant convection

velocity (del Álamo & Jiménez, 2009, Monty & Chong, 2009). Recent very large

field of view PIV measurements (de Silva et al., 2015) suggest that in the log

region, the good agreement between the pre-multiplied spectra from hot-wire and

PIV, extend to ∼ 15δ in the streamwise direction. Additionally, Renard & Deck

(2015) reports that, in comparison to a constant convection velocity (equal to

the mean velocity) assumption, the effect of scale-dependent convection velocity

is most significant near the wall with only subtle differences in the outer-region.

Hence, here we anticipate the effects of Taylor’s frozen turbulence hypothesis to

be minimal, and do not affect any of the conclusions in this study.

4.3.1 Computing 2-D spectrum from the 2-D correlation

A uniformly spaced grid is a prerequisite for Fourier transformation. The com-

puted 2-D correlation is uniformly spaced in the streamwise direction, but has a

logarithmic spacing in the spanwise direction. Apart from this, the correlation

is not resolved below ∆y = dyinitial. Hence, there is a gap between ∆y = 0 and

dyinitial. Therefore, before performing Fourier transformation, the correlation is

interpolated to a uniform spanwise spacing. While considering various interpo-

lation schemes, it was observed that the linear interpolation scheme performed

better. The other interpolation schemes were found to be more susceptible to

noise present in the experimental data.
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The 2-D energy spectrum of streamwise velocity fluctuations is obtained by taking

a two dimensional Fourier transform of the calculated 2-D correlation Ruu(∆x, ∆y),

φuu(kx, ky) =
∫ ∫

∞

−∞

Ruu(∆x, ∆y)e−j2π(kx∆x+ky∆y)d(∆x)d(∆y). (4.2)

Here j is a unit imaginary number. In this way, the correlation in a 2-D physical

space is transformed into energy spectrum (φuu) in a 2-D wavenumber space.

Results for φuu(kx, ky) are presented as a function of λx and λy as shown in figure

4.3(a). Figure 4.3(a) is obtained by taking Fourier transform of the 2-D correlation

shown in figure 4.2 at Reτ ≈ 2400. It is to be noted that a few steps are adopted

to filter the raw 2-D spectrum in order to improve the signal-to-noise ratio. These

involve corrections to Ruu at large ∆x and small ∆y, interpolation of the 2-D

spectrum to a logarithmic-spaced grid (coarser towards larger wavelengths) and

further use of median and Savitzky-Golay filters. These steps are performed on all

the measured low- and high-Reynolds number data and the details are provided

in Appendix A.

If we consider λx and λy as a measure of the ‘length’ and ‘width’ (respectively) of

the eddies in the flow, the 2-D spectrum can be considered as the energy contri-

bution of different aspect ratio eddies. In other words, for a particular streamwise

wavelength λx, a 2-D spectrum provides details of the range of spanwise length

scales λy, at that particular λx.

The 1-D streamwise spectrum is obtained by integrating the 2-D spectrum across

all the spanwise length scales (λy) and similarly, 1-D spanwise spectrum is obtained

by integrating across all the streamwise length scales (λx), as given by,

kxφuu(kx)

U2
τ

=
∫

∞

0

kxkyφuu(kx, ky)

U2
τ

d (ln λy) (4.3a)

kyφuu(ky)

U2
τ

=
∫

∞

0

kxkyφuu(kx, ky)

U2
τ

d (ln λx) . (4.3b)

Hence, say for a 1-D streamwise spectrum, the information on the range of λy at

a particular λx is lost due to integration and which in turn attributes to aliasing
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Figure 4.3: (a) 2-D spectrum at Reτ ≈ 2400 obtained from the 2-D corre-
lation shown in figure 4.2; the black line contour represents a constant energy
of kxkyφuu/U2

τ = 0.15 and (b) 1-D streamwise (—) and 1-D spanwise (- - -)
spectra obtained by integrating the 2-D spectrum.
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errors (Tennekes & Lumley, 1972). This is the primary reason why a 2-D spectrum

is devoid of aliasing error in the homogeneous plane.

Figure 4.3(b) shows the 1-D streamwise and spanwise spectra of u obtained after

integrating the 2-D spectrum (shown in figure 4.3(a)) across λy and λx respectively,

following equation 4.3. It is to be noted that the areas under the 1-D streamwise

and 1-D spanwise spectra are the same and are equivalent to the variance (u2) of

the streamwise velocity at that wall-normal location, as given by,

u2+
=
∫

∞

0

∫

∞

0

kxkyφuu

U2
τ

d(ln λx)d(ln λy). (4.4)

4.4 Comparison with DNS at low-Re

The results obtained from the experiments at Reτ ≈ 2400 (≈ 2000 based on δ99)

are compared against the DNS of ZPG boundary layer data of Sillero et al. (2014)

to validate the novel experimental technique before moving to high Reynolds num-

bers. To this end, a two-dimensional Fourier transformation is carried out on the

2-D correlation obtained from the DNS database. Figure 4.4 shows a comparison

between a contour of constant energy from the 2-D spectra (as highlighted in figure

4.3(a)), at kxkyφuu/U2
τ = 0.15, from both experiments and DNS. An energy level

of kxkyφuu/U2
τ = 0.15 is chosen here for the comparison as it roughly corresponds

to one-third of the maximum energy and therefore includes the contribution from

a broad range of streamwise and spanwise length scales (refer to figure 4.3(a)).

The results show good agreement between the experimental (· · · ) and DNS (—)

results at z+ ≈ 200 (figure 4.4b), however, closer to the wall (z+ ≈ 100) a larger

disagreement in the small scale region is present (figure 4.4a). This discrepancy

is likely to be caused by insufficient spatial resolution of the experiments due to

the initial spacing (dyinitial) between the hot-wires (see figure 4.1). Note that this

spatial resolution issue is only due to the initial spacing between the hot-wires

(dy+
initial) and not to the sensor size (l+). From figure 4.1, the smallest spanwise

length scale that can be resolved by this arrangement of hot-wires is limited to
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Figure 4.4: Comparison of experimental and DNS results for kxkyφuu/U2
τ =

0.15 at Reτ ≈ 2400 and, (a) z+ ≈ 100 and (b) z+ ≈ 200; where, · · · · · · raw
experiment and —— DNS

2dyinitial. Therefore, all the points between ∆y = 0 and ∆y = dyinitial in the span-

wise correlation map are obtained by linear interpolation. Hence, the wavelength

corresponding to a spanwise spacing of dy+
initial acts as a cut-off wavelength (dashed

line in figure 4.4) and all the smaller scales (below the dashed line) are directly

impacted by the interpolation scheme. We note that this discrepancy is more sig-

nificant closer to the wall as there is more contribution from scales smaller than

the cut-off wavelength (at z+ ≈ 100). Further, the area under the 2-D spectrum

has to be equal to the variance at that wall-normal location, therefore, any unre-

solved energy at smaller scales will be redistributed across larger scales. Hence, to

minimize such a scenario, ideally dy+
initial should be sufficiently small so that the

smallest scales are well resolved. However, for the present experimental technique,

it is not physically possible to reduce dy+
initial below a limit where the two hot-wires

come in contact with each other.

4.4.1 Possibility of overlapping hot-wires

The prospect of overlapping hot-wires in order to resolve the scales smaller than

2dy+
initial was considered. This would result in a separation in the wall-normal

direction, ∆z, between the hot-wires. To understand how ∆z affects the energy
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spectra, the DNS data of channel flow (del Álamo et al. (2004)) corresponding

to Reτ = 950 is used (the particular DNS dataset is used due to the availability

of sufficient velocity fields, required for a reasonably converged 2-D spectrum).

The 2-D spectrum and the associated 1-D spectra are calculated by correlating

streamwise velocity fluctuations from different wall parallel planes, separated in

the wall-normal direction by ∆z. For the measurements at z+ = 100, the effect of

different values of ∆z+ = 10, 20 and 50 are shown in figure 4.5, and the results are

compared against the base case when there is no wall-normal separation (∆z+ =

0). It could be observed that the information of smaller scales are lost with
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Figure 4.5: Simulating the effect of overlapping the closest hot-wires using
DNS of channel flow at Reτ = 934 (del Álamo et al., 2004) for different values
of ∆z+: (a) 2-D spectra, (b) 1-D streamwise spectra and (c) 1-D spanwise

spectra.

increasing ∆z. Therefore, the option of overlapping hot-wires to better resolve

the small scales is worthwhile only if ∆z+ < 10. At Reτ = 26000, ∆z+ = 10

would correspond to a physical separation of ∆z = 0.13mm. Due to the size of the
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prongs of the hot-wire, such a small separation is not feasible practically. Baars

et al. (2016) reports from their two-point measurements in the HRNBLWT that

the minimum wall-normal separation possible between a pair of Dantec 55P15

probes is about 2.2 mm. Therefore, we resort to a correction scheme based on

DNS to account for the spatial resolution issue associated with the initial spacing

between the hot-wires.

4.5 Initial spacing correction

A method is adopted based on the DNS data available, to correct for the spatial

resolution issue associated with dy+
initial. Figure 4.6 shows the 1-D correlation in

the spanwise direction obtained using DNS data, which is interpolated to match

the experimental resolution. Here, the data points corresponding to a spanwise
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Figure 4.6: 1-D spanwise correlation demonstrating the method of correcting
dy+

initial error.

length of 0 < ∆y+ ≤ dy+
initial are initially omitted from the original correlation
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and then recomputed using a linear interpolation scheme (red symbols in figure

4.6) to match the experimental conditions.

The computed 2-D spectra from the original and interpolated DNS correlation

functions are shown in figures 4.7(a) and 4.7(b) respectively. The difference

(∆kxkyφ+
uu) of the two spectra is computed and shown in figure 4.7(c). This

difference corresponds to the amount of energy redistributed due to dy+
initial. The

2-D spectra calculated from experiments is now corrected by adding this difference

to it. Namely,

∆kxkyφ+
uu =

[

kxkyφuu

U2
τ

]

DNS,o

−

[

kxkyφuu

U2
τ

]

DNS,i

(4.5)

[

kxkyφuu

U2
τ

]

EXP,c

=

[

kxkyφuu

U2
τ

]

EXP

+ ∆kxkyφ+
uu. (4.6)

where the subscripts DNS,o and DNS,i represent original and interpolated DNS re-

sults respectively. Similarly, subscripts EXP,c and EXP represent the corrected and

uncorrected experimental results respectively. As one would expect, the difference

is largest near λ+
y corresponding to dy+

initial (see white dashed line in figure 4.7).

A contour of constant energy in the corrected experimental spectrum (—) is com-

pared against the DNS(—) as shown in figure 4.8. A good agreement with DNS

is observed at smaller scales where the uncorrected experimental spectrum (· · · )

shows a mismatch.

4.5.1 Relevance to High Reynolds number Measurements

The correction method discussed is highly relevant for measurements at high

Reynolds number as the smallest scales are typically even more harder to resolve.

Consequently, one would require even smaller spacing between the hot-wires to

maintain a fixed spacing in viscous units. Hutchins et al. (2009) has shown that

at smaller scales, the energy contribution shows minimal variance with increas-

ing Reynolds numbers. Equipped with this knowledge, the proposed correction

scheme should be applicable at high Reynolds numbers as well. To illustrate this,
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Figure 4.7: (a) 2-D spectrum obtained from the original DNS correlation, where and represent the relationships λy/z ∼ λx/z
and λy/z ∼ (λx/z)1/2 respectively as reported by del Álamo et al. (2004), (b) 2-D spectrum obtained from the interpolated DNS

correlation and (c) difference between (a) and (b).
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Figure 4.8: Comparison of experimental and DNS results for kxkyφuu/U2
τ =

0.15 at Reτ ≈ 2400 and, (a) z+ ≈ 100 and (b) z+ ≈ 200; where, · · · · · · uncor-
rected experiment; —— corrected experiment and —— DNS

the DNS data obtained at Reτ ≈ 2000 is used to correct the experimental data

obtained at Reτ ≈ 4200 at matched z+. The results are given in figure 4.9 which

show good agreement at the smaller scales between the uncorrected experimental

and interpolated DNS spectrum (figure 4.9a). Furthermore, after the correction,

the small scales now agree with the original DNS 2-D spectrum (figure 4.9b). The

agreement is only expected at smaller scales since we are comparing two different
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Figure 4.9: Comparison of experimental (Reτ ≈ 4200) and DNS (Reτ ≈ 2000)
results at kxkyφuu/U2

τ = 0.15, (a) before correction where, · · · · · · uncorrected
experiment [kxkyφuu/U2

τ ]EXP and · · · · · · interpolated DNS [kxkyφuu/U2
τ ]DNS,i

and (b) after correction where, —— corrected experiment [kxkyφuu/U2
τ ]EXP,c

and —— original DNS [kxkyφuu/U2
τ ]DNS,o.
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Reynolds numbers. Therefore, the proposed correction enables one to compare

the 2-D spectra across multiple Reynolds numbers and wall heights, while still

maintaining a practical dyinitial.

4.6 Chapter summary

In this chapter, we have introduced the experimental technique to measure the

2-D energy spectra of the streamwise velocity in a turbulent boundary layer. The

technique involves the use of a pair of hot-wire sensors that are sampled simulta-

neously for different spanwise spacings. A description of how to construct a 2-D

correlation, as a function of streamwise and spanwise distance, from the velocity

time series is presented. This procedure is then used to compute the 2-D spec-

tra, as a function of streamwise and spanwise wavelengths. Results are validated

against the statistics computed from DNS databases at matched Reynolds num-

bers. This comparison revealed the importance of the initial spacing between the

hot-wires and its detrimental impact on resolving the small scale region of the

2-D spectra. To account for this, a correction scheme is outlined based on results

computed from DNS databases. Collectively, the proposed experimental technique

and correction schemes lay the foundation for measurements at higher Reynolds

numbers, which is detailed in the next chapter.



Chapter 5

Low- and high-Reynolds number

2-D spectra

This chapter incorporates the results of Chandran, D., Baidya, R.,

Monty, J. P. & Marusic, I. 2017 Two-dimensional energy spectra in

high-Reynolds-number turbulent boundary layers. J. Fluid Mech., 826,

R1.

In this chapter, we report the measurements of two-dimensional (2-D) spectra of

the streamwise velocity (u) in a high Reynolds number turbulent boundary layer.

After validating the novel experimental technique in chapter 4, experiments em-

ploying multiple hot-wire probes were carried out at friction Reynolds numbers

ranging from 2400 to 26000. Taylor’s frozen turbulence hypothesis is used to con-

vert temporal-spanwise information into a 2-D spatial spectrum which shows the

contribution of streamwise (λx) and spanwise (λy) length scales to the streamwise

variance at a given wall height (z). At low Reynolds numbers, the shape of the

2-D spectra at a constant energy level shows λy/z ∼ (λx/z)1/2 behaviour at larger

scales, which is in agreement with the existing literature at a matched Reynolds

number obtained from direct numerical simulations. However, at high Reynolds

numbers, it is observed that the square-root relationship tends towards a linear

50
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relationship (λy ∼ λx) as required for self-similarity and predicted by the attached

eddy hypothesis.

5.1 Introduction

As discussed in §2.2.3, Chung et al. (2015) argue that in order to have a k−1
x

behaviour in the 1-D spectrum, a region of constant energy in the 2-D spectrum

should be bounded by λy/z ∼ f1(λx/z) and λy/z ∼ f2(λx/z) where f1 and f2

are identical power laws. Additionally, based on Townsend’s (1976) attached eddy

hypothesis, geometric self-similarity would require f1 and f2 to be linear relation-

ships. However, these arguments are not yet tested due to the lack of 2-D energy

spectra at high Reynolds numbers. At low Reynolds numbers (Reτ ≤ 1900), del

Álamo et al. (2004) showed that such a region of constant energy is bounded at

larger scales by a square-root relationship of the form λy/z ∼ (λx/z)1/2. This

square-root relation between the lengths and widths of the structures, is reported

by the authors, to indicate a failure of self-similarity. However, it is noted that

Townsend’s arguments are only expected to strictly hold at high Reynolds number.

Therefore, employing the experimental technique established in chapter 4, in this

chapter, we present measurements of 2-D energy spectra over a range of Reynolds

numbers, up to Reτ ≈ 26000. The objective is to test the above arguments and

to explore 2-D energy spectra as a tool to observe self-similarity.

5.2 Experiments

Two sets of experiments were conducted in zero-pressure-gradient boundary layers,

in two separate facilities. The first, which we refer to as the low Reynolds number

experiments, were conducted in an open return boundary layer wind tunnel (de-

scribed in §3.1), and the high Reynolds number experiments were conducted in

the HRNBLWT (described in §3.2). Details of the experiments are summarized in

table 5.1. Here, the boundary layer thickness (δ) is defined by fitting the velocity



Low- and high-Reynolds number 2-D spectra 52

Facility Reτ U∞ δ Uτ z+ z/δ l+ TU∞/δ
(m/s) (m) (m/s) (×103)

Low-Re 2430 15 0.069 0.545 116 0.047 17 26
Low-Re 2430 15 0.069 0.545 150 0.062 17 26
Low-Re 2430 15 0.069 0.545 209 0.086 17 26
Low-Re 4210 25 0.076 0.86 150 0.036 27 39
Low-Re 4210 25 0.076 0.86 200 0.047 27 39

HRNBLWT 15100 20 0.37 0.64 150 0.01 20 19.5
HRNBLWT 15100 20 0.37 0.64 320 0.021 20 19.5
HRNBLWT 15100 20 0.37 0.64 1025 0.068 20 19.5
HRNBLWT 20250 30 0.35 0.92 150 0.007 29 20.6
HRNBLWT 20250 30 0.35 0.92 376 0.019 29 20.6
HRNBLWT 20250 30 0.35 0.92 425 0.021 29 20.6
HRNBLWT 20250 30 0.35 0.92 1365 0.067 29 20.6
HRNBLWT 26090 40 0.337 1.231 125 0.005 39 14.2
HRNBLWT 26090 40 0.337 1.231 418 0.016 39 14.2
HRNBLWT 26090 40 0.337 1.231 550 0.021 39 14.2
HRNBLWT 26090 40 0.337 1.231 1757 0.067 39 14.2

Table 5.1: Details of experimental data; the values highlighted in bold indicate

z+ = 2.6Re
1/2
τ .

profile to the composite profile of Chauhan et al. (2009), while l, U∞ and T denote

the hot-wire sensor length, freestream velocity and total sampling duration. It is

noted that for the highest Reynolds numbers measured, the value of l+ are slightly

higher than the established standard of l+ . 20 that is adopted to minimize the

hot-wire spatial resolution issues. However, they are not expected to affect the

large-scales that are the focus of the present study (refer to Hutchins et al. (2009))

and therefore do not alter any of the conclusions from this study.

Measurements of 2-D u-spectra were achieved by employing a novel setup that uses

two and four single-wire hot-wire probes for the low and high Reynolds number ex-

periments respectively. Hot-wires were operated using an in-house Melbourne Uni-

versity Constant Temperature Anemometer (MUCTA) in all cases. The schematic

of the experimental setup for the high Reynolds number measurements is shown in

figure 5.1 (see §4.2 for details of the low Reynolds number experiment). The setup

comprises four hot-wires: HW1, HW2, HW3 and HW4. All hot-wires are cali-

brated immediately before and after each measurement allowing compensation for
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Figure 5.1: Schematic of experimental set-up with four hot-wire probes - HW1, HW2, HW3 and HW4 in the high Reynolds number
boundary layer facility and normalized two-point correlation as a function of spanwise separation.
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∆y Ruu Colour-code
∆y1(0.01δ − 0.7δ) u2 ∗ u3

∆y2(0.7δ − 1.4δ) u1 ∗ u3

∆y3(1.4δ − 2δ) u2 ∗ u4

∆y4(2δ − 2.7δ) u1 ∗ u4

Table 5.2: Details of constructing spanwise correlation at high-Re.

drift in the hot-wire voltage during the measurements. The calibration procedure

adopted for all four hot-wires are detailed in §3.4.2.

Figure 5.1 schematically shows the arrangement of hot-wires, for the high Reynolds

number case, for three sets of spanwise locations and the corresponding calcula-

tions of the spanwise correlation. In all cases, HW3 and HW4 are stationed at

a fixed spanwise location, whereas HW1 and HW2 are traversed together in the

spanwise direction (with logarithmic spacing). Hence the distance between hot-

wire pairs, HW1 and HW2 is fixed at all times as is the distance between HW3

and HW4. At the start of the measurement, HW2 and HW3 are as close as practi-

cable to each other with dyinitial ≈ 0.01δ as the initial spacing between them. The

correlation coefficient, Ruu, as a function of spanwise spacing (∆y) is obtained by

cross-correlating the velocity time series obtained from a pair of hot-wires. Since

four hot-wires are employed, each step movement of the traverse gives Ruu corre-

sponding to four spanwise spacings: ∆y1, ∆y2, ∆y3 and ∆y4, which are shown as

filled circles in figure 5.1. The figure is colour-coded (as represented in table 5.2)

to show the correlation points obtained with a particular pair of hot-wires.

The spanwise traversing is carried out up to a maximum spacing of ∆ymax ≈ 2.7δ.

Therefore, the complete measurement (∼ 40 discrete locations) captures Ruu for

∆y = 0 and 0.01δ < ∆y < 2.7δ, as shown in figure 5.1. The use of Taylor’s frozen

turbulence hypothesis using the local mean velocity as the convection speed allows

the construction of correlation functions at different streamwise spacings (∆x) as

well (also refer to §4.3). Therefore, the complete 2-D, two-point correlation,

Ruu(∆x, ∆y) = u(x, y)u(x + ∆x, y + ∆y), (5.1)
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can be calculated (overbar denotes ensemble time-average). A 2-D Fourier trans-

formation of the computed 2-D correlation yields the 2-D spectrum of streamwise

velocity fluctuations as a function of kx and ky,

φuu(kx, ky) =
∫ ∫

∞

−∞

Ruu(∆x, ∆y)e−j2π(kx∆x+ky∆y)d(∆x)d(∆y), (5.2)

where j is a unit imaginary number. Similar to the low-Reynolds number cases, the

raw 2-D spectra measured at high Reynolds numbers are also filtered by following

the steps discussed in Appendix A. Additionally, it is to be noted that, we have

applied the DNS-based small-scale correction described in §4.5, to all the measured

2-D spectra discussed in this chapter.

5.3 Low- versus high-Reynolds number spectra

Figure 5.2(a) shows contours of the 2-D spectrum for the Reτ ≈ 2400 case at z+ =

116 (≈ 2.6Re1/2
τ ), corresponding to the start of the logarithmic region (Klewicki

et al., 2009). Here, the spectrum is scaled with U2
τ and wavelengths are scaled

with z. The black line contours represent constant energy levels kxkyφuu/U2
τ =

0.25, 0.35 and 0.45. A linear relationship of the form λy/z ∼ λx/z is observed only

in the small scale region (λx/z, λy/z < 10), as marked by the blue solid line. At

larger scales, a square-root relationship of the form λy/z ∼ (λx/z)1/2 is evident,

as marked by the blue dashed line. These relationships are in agreement with

the results of del Álamo et al. (2004) from their DNS of turbulent channel flow

at a similar Reynolds number. If λx and λy characterize the length and width of

turbulent structures respectively, such a square-root relationship suggests that the

eddies in this scale range are growing longer but not as wide, meaning such eddies

are not self-similar.

At high Reynolds number, however, there is a significant difference in the large-

scale behaviour. Figure 5.2(b) shows the 2-D spectrum measured at Reτ ≈

26000 and at z+ = 418 (= 2.6Re1/2
τ ). Again, the black line contours represent

kxkyφuu/U2
τ = 0.25, 0.35 and 0.45 and the blue solid and dashed lines denote the
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Figure 5.2: 2-D spectra at z+ = 2.6Reτ
1/2 for (a) Reτ ≈ 2400 and (b) Reτ ≈ 26000; the black line contours represent kxkyφuu/U2

τ =
0.25, 0.35 and 0.45 and the blue solid and dashed lines denote the λy/z ∼ λx/z and λy/z ∼ (λx/z)1/2 relationships respectively.
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λy/z ∼ λx/z and λy/z ∼ (λx/z)1/2 relationships respectively. The lower end of

the large scale region behaves the same way as in the lower Reynolds number

case; i.e, the square-root relationship remains. However, the larger scales deviate

away from the square-root relationship and tend towards λy/z ∼ λx/z. This lin-

ear relationship, as discussed in §5.1, is a necessary condition for self-similarity,

which was notably absent for the low Reynolds number case. The length scales

at which the peak energy deviates from the low Reynolds number behaviour are

approximately λx ∼ 100z(∼ 1.5δ) and λy ∼ 15z(∼ 0.2δ). These values denote

the minimum dimensions of the scales that are highly energetic and self-similar,

and these are certainly large-scales, with an average aspect ratio of λx/λy ≈ 7 at

the energetic ridge of the spectrum. From an attached eddy perspective, the large

aspect ratio observed is consistent with the existence of packets of eddies. Fur-

thermore, the results suggest that the most energetic large-scale structures only

become self-similar after maturing into such high aspect ratios.

5.4 2-D spectra: condition for self-similarity

To illustrate the expected qualitative 2-D spectrum from a field of self-similar

eddies, here we will utilize the attached eddy model, where hierarchies of repre-

sentative eddies which are aligned in the streamwise direction, such as those shown

in figure 5.3(a), are used to model the logarithmic region (Perry et al., 1986). In

figure 5.3(a), for illustrative purposes, a discretized model with distinct hierarchies

is shown. However, in the actual simulation, a continuous hierarchy is used with

the heights of the smallest and the largest eddies being 100 viscous units and δ

respectively. Further, the aspect ratio of the representative eddy is roughly the

average aspect ratio of the large scales observed in the high Reynolds number

results. Further details of the attached eddy model along with the procedure to

compute the 2-D spectrum can be found in chapter 6.

Figure 5.3(b) shows the 2-D spectrum obtained from this idealized model at similar

conditions to the high Reynolds number experiment: Reτ ≈ 26000 and z+ =
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Figure 5.3: (a) Illustration of the attached eddy model showing three distinct hierarchies of self-similar packet-eddies with the size of
the largest eddy (black) of the order of δ and (b) 2-D spectrum obtained from attached eddy model at Reτ ≈ 26000 and z+ = 2.6Reτ

1/2;
blue lines correspond to the constant energy bounds shown in figure 5.2(b).
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2.6Re1/2
τ . It was shown recently by Baidya et al. (2017) that asymptotic features

such as a k−1
x law are not necessarily observable at finite Reynolds numbers even

when self-similarity is strictly enforced. Therefore, it is interesting to note that

the contours of the 2-D spectrum at Reτ ∼ O(104) shown in figure 5.3(b), follow

a λx ∼ λy relation as predicted for the asymptotic state, while the corresponding

1-D spectra still do not exhibit a clear k−1 region (see figure 5.5e). Furthermore,

the attached eddy results are not expected to follow the square-root relationship

observed in experiments (blue dashed line in figure 5.3b) as the model comprises

purely self-similar eddies.

5.5 A simplified model of 2-D spectra

Following the sketch of the organization of 2-D spectra at low Reynolds number

by del Álamo et al. (2004), let us consider a simplified 2-D spectra model at high

Reynolds number for the logarithmic region. The model is idealized by assuming

2-D spectra in the logarithmic region as a constant energy level bounded by the

relationships mentioned in figure 5.2. The energy is assumed to be zero outside

these bounds. In figure 5.4(a), the dark shaded patch represents such a region of

constant energy for the low Reynolds number case. This is exactly the same as

the region sketched in figure 3(c) of del Álamo et al. (2004). The overlaid light

shaded patch is the constant energy level for the high Reynolds number case.

Following the experimental results, the large scale region of the high Reynolds

number spectra (bounded by a-b-c-d) deviates from the low Reynolds number

characteristics and tends towards a higher power law. This region will be referred

to as the ‘large eddy region’. As described by Chung et al. (2015), the upper and

lower limits of this region of constant energy are denoted by power laws of the form

λy/z = C1f1(λx/z) and λy/z = C2f2(λx/z) respectively. Here (C1, C2) is the range

of the width of eddies for a specified length. As the large eddy region is bounded

by parallel lines, this range (C1, C2) is constant for all eddies of sizes within the

large eddy region. Now, if the transition from a square-root relationship occurs at



L
o
w

-
a
n
d

h
igh

-R
ey

n
o
ld

s
n
u
m

ber
2
-D

spectra
60

λx/z
100 101 102 103 104

λ
y
/z

100

101

102

103

1/2

a
d

b c

(a)

λx/z
100 101 102 103 104

λ
y
/z

100

101

102

103

αx βx

αy

m

λy

z =
αy

βm
x

(

λx

z

)m

λy

z =
αy

αm
x

(

λx

z

)m

a
d

b c

(b)

λx/z
100 101 102 103 104

λ
y
/z

100

101

102

103

αx βx

αy

αy

αm
x
.βm

x

a
d

b c

X X

Y

Y

kxkyφuu

U 2
τ

= A2

(c)

k
x
k
y
φ
u
u
/U

2 τ

αx βx

λx/z

Section X −X

A1y

αy
αy

αm
x
. βm

x
λy/z

A2

Section Y − Y

A1x

Figure 5.4: (a) Sketch of organization of the 2-D spectra for low (dark shade) and high (light shade) Reynolds numbers, (b) large

eddy region (a-b-c-d) with the associated power law and (c) graphical representation of line integrals of the large eddy region with A1x

and A1y denoting the respective hatched cross-sectional areas.
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length scales, αx, βx and αy (as shown in figure 5.4(b)), then (αx, βx) represent

the range of lengths for the transitional eddy width, αy. In this case, the power

laws described by Chung et al. (2015) could be modified as λy/z = αy/βm
x (λx/z)m

and λy/z = αy/αm
x (λx/z)m respectively where the power law coefficient ‘m’ is the

slope of the large eddy region as shown in the figure.

In most turbulent flow experiments at very high Reynolds number, only the 1-D

spectrum is available. The 1-D spectrum is simply the line integral of the 2-

D spectrum at a given wavelength and can be calculated from our model as a

function of streamwise and spanwise wavenumbers. If A1x and A1y denote the line

integral of the large eddy region (with energy level, say, A2) across the spanwise

and streamwise wavenumbers respectively (as shown graphically in figure 5.4c),

then,

A1x =
kxφuu(kx)

U2
τ

∣

∣

∣

∣

∣λx

z
=βx

=
∫

αy

αm
x

.βm
x

αy

kxkyφuu(kx, ky)

U2
τ

d

(

ln
λy

z

)

= A2ln
βm

x

αm
x

, (5.3a)

A1y =
kyφuu(ky)

U2
τ

∣

∣

∣

∣

∣λy

z
=αy
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∫ βx

αx

kxkyφuu(kx, ky)

U2
τ

d

(

ln
λx

z

)

= A2ln
βx

αx
(5.3b)

and A1x/A1y = m. The value of the coefficient, m, is therefore the ratio of the

constant energy plateaus in the corresponding 1-D streamwise and spanwise pre-

multiplied spectra. So when m = 1, the slope of the bounds of the large eddy

region is unity, meaning the eddies within this region have the same energy and

they grow proportionally in both the streamwise and spanwise dimensions. Hence,

these eddies in the large eddy region satisfy the conditions of self-similarity.

For comparison of the results with the simple spectra model above, figure 5.5(a)

shows the 1-D streamwise and spanwise pre-multiplied spectra of u measured at

Reτ ≈ 26000 and at z+ = 418 (= 2.6Re1/2
τ ). Figure 5.5(b) shows the ‘ridge’ of the

2-D spectrum, which is defined as the maximum value of kxkyφuu/U2
τ corresponding

to each streamwise wavelength. The deviation of the ridge from m = 0.5 (square-

root relationship) to a higher slope in the large eddy region is evident. The length

scales where the 1-D streamwise and spanwise spectra plateau to a constant energy

are λx ∼ 150z (2.5δ) and λy ∼ 20z (0.3δ) respectively, and these length scales are
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Figure 5.5: (a) & (c) 1-D streamwise (solid) and spanwise (dashed) spectra
at Reτ ≈ 26000 for z+ = 418 (= 2.6Reτ
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Low- and high-Reynolds number 2-D spectra 63

within the large eddy region of figure 5.5(b). By considering either the slope of

the ridge or the ratio of the peaks of the 1-D energy spectra (figure 5.5a), it is

found that m = A1x/A1y = 0.79 is a good fit to the data. We now consider the

same analysis applied to a lower wall height, z+ ≈ 150. Even though this wall

location is below the log-region defined by Klewicki et al. (2009) at this Reynolds

number, we might still find some scales of motion exhibiting self-similarity when

sufficiently far from the wall. The availability of the 2-D spectra allows us to

identify these scales, which would not be possible with only the 1-D spectrum.

Figure 5.5(c) shows that the difference between A1x and A1y is less compared to

the previous wall-distance. This results in a higher value of m = 0.92 (figure 5.5d).

The increase in the value of m suggests a greater contribution to the energy at

z+ ≈ 150 from structures that exhibit a self-similar growth. Provided there are

still inertia-dominated motions at this wall-distance, the attached eddy hypothesis

predicts a larger population of self-similar eddies to exist as we approach the wall

(Townsend, 1976) and so the above result is not entirely unexpected. Figure 5.5(e)

shows the 1-D streamwise and spanwise spectra obtained from the attached eddy

model (refer figure 5.3), where only self-similar packets of eddies are present. The

results show that A1x ≈ A1y such that m = 1, as expected. However, a clear k−1

scaling is still not evident due to an insufficient range of scales within the large

eddy region (see figure 5.3b).

5.5.1 m vs Reτ : indicator of self-similarity

The power law coefficient (m) is shown above to be an effective indicator of self-

similarity and its value can be calculated from both 1-D and 2-D spectra. Ar-

guments for self-similarity require asymptotically large Reynolds numbers, so it

would be useful to understand the behaviour of m with increasing Reynolds num-

ber. The variation of m for Reτ ≈ 2400−26000 is plotted in figure 5.5(f). The value

of m increases monotonically with Reynolds number for both the z+ = 2.6Re1/2
τ

and z+ ≈ 150 cases. However, the trend towards self-similarity is more evident at

z+ ≈ 150. An exponential fit of the form m = 1 − C1exp(−Reτ /C2) is reasonable
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for the z+ ≈ 150 case. The value of C1 is taken as 0.5 such that m → 0.5 as

Reτ → 0, which preserves the square-root relationship of the bounds of high en-

ergy in the 2D spectrum at low Reynolds numbers. The value of C2 is simply fitted

to the data. Extrapolating the fit to very high Reynolds numbers, it is observed

that the value of m approaches unity at Reτ ≈ 60000 for the wall location consid-

ered (this is only indicative within the experimental uncertainty of the data). At

such a high Reynolds number, a region of constant energy in the 2-D spectra at

a wide range of length scales would be found to follow a linear relationship of the

form λy/z ∼ λx/z. This means we should not expect to see a clear k−1 scaling in

both 1-D streamwise and spanwise spectra with A1x ≈ A1y for Reynolds numbers

below Reτ ≈ 60000. Here we note that the logarithmic law in u2 is less sensitive to

deviations from self-similarity than the energy spectra (Chung et al., 2015), and

in fact several studies exist where the logarithmic law is observed even when the

k−1 scaling remained elusive (Hultmark et al., 2012, Marusic et al., 2013).

5.6 Scaling of 2-D spectra

The scaling of 2-D spectra is discussed in this section with the aid of contours of

constant energy (kxkyφuu/U2
τ ) and by also looking at the energetic ridges.

5.6.1 Viscous scaling

In the near-wall region, based on dimensional analysis of the streamwise energy

spectrum of u, Samie et al. (2018) identified that spectra at moderate to very

high wavenumber motions (moderate to very small wavelengths) are functions of

only k+ and z+ (+ denotes inner-normalization) and are independent of Reynolds

numbers. They showed Reynolds number invariance for λ+
x < 15000 and for

z+ < 280. In the present experiments, as discussed in §4.5, such invariance of

small-scale energy with Reynolds number is utilized to correct for the smaller scales

that are not resolved due to the initial separation between the closest hot-wires.



Low- and high-Reynolds number 2-D spectra 65

z
+
≈

1
5
0

λ+x

102 103 104 105 106

λ
+ y

102

103

104

105

λ+x

102 103 104 105 106

102

103

104

105

Reτ = 2400

Reτ = 4200

Reτ = 15000

Reτ = 20000

Reτ = 26000

Figure 5.6: Viscous scaling of 2-D spectra for different Reynolds numbers: left
panel shows contours of constant energies corresponding to kxkyφuu/U2

τ = 0.15,
and the right panel shows the energetic ridges. The red dashed line in the left
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initial)max, above which the energetic scales are expected
to be unaffected by the DNS-based correction scheme (refer §4.5). (dy+

initial)max

is the maximum value of dy+
initial at any given dataset, considered here.

Hence, the collapse of viscous-scaled small-scales in the corrected 2-D spectra is

enforced. However, as shown in figure 5.6 for z+ ≈ 150 and 2400 ≤ Reτ ≤ 26000,

it is interesting to note that the collapse extends well beyond the corrected small-

scale-region. In agreement to the observation of Samie et al. (2018), the scaling

extend up to moderate streamwise wavelengths of λ+
x ≈ 15000. In the spanwise

direction, the scales smaller than λ+
y ≈ 2000 appear to be invariant with Reynolds

number, for the range considered. The Reynolds number trend is quite evident

beyond λ+
x ≈ 15000 and λ+

y ≈ 2000.

5.6.2 Outer-flow scaling

Following Townsend (1976) and the dimensional analysis based arguments of Perry

et al. (1986) (discussed in §2.2.1), in the logarithmic region where ν/Uτ << z <<

δ, eddies having sizes O(δ) would contribute only to the large-scale motions (λx ∼

δ, λy ∼ δ) in u. Hence, a constant energy region in the resulting 2-D spectrum is

expected to follow outer-flow scaling of the form,

φuu(kx, ky)

δU2
τ

= f1(kxδ, kyδ). (5.4)
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The experimental 2-D spectra in outer-flow scaling, where the wavelengths are

scaled with the boundary layer thickness δ, are shown in figure 5.7 for 2400 ≤

Reτ ≤ 26000. A good collapse of the 2-D spectra at scales larger than λx ≈ 7δ

and λy ≈ δ is observed at all Reynolds numbers and for 2.6Re1/2
τ ≤ z+ ≤ 0.15Reτ .

However, for z+ < 2.6Re1/2
τ (z+ ≈ 150 in high Reynolds number cases), the

contour of constant energy appears to be narrower and deviates from δ-scaling.

This is likely to be the result of a relatively low energy contribution from the

very large scale motions at that wall-height. The argument is in line with the

findings of Baars & Marusic (2018a), who showed that the energy contributed by

very large-scale structures that are coherent with the wall, is roughly constant for

2.6Re1/2
τ ≤ z+ ≤ 0.15Reτ and reduces for z+ < 2.6Re1/2

τ . However, from figure

5.7, it is interesting to note that the energetic ridges show a collapse at very large

scales even for z+ ≈ 150, which means that structures of those scales do preserve

their 2-D geometry for the wall heights considered. The energetic ridge appears to

grow at a constant λy (≈ δ) for λx ≥ 7δ; a characteristic of superstructures that

generates long positive streamwise correlations flanked by anti-correlation in the

spanwise direction. λy ≈ δ agrees with the spanwise width of the anti-correlation

(Hutchins & Marusic, 2007a). Since the width of such very large scale motions

have been reported to grow linearly with wall-height (Ganapathisubramani et al.,

2005, Hutchins & Marusic, 2007a), the same trend could be expected of the 2-D

spectra in the outer-region.

Now, in the large eddy region, for λx < 7δ, the energetic ridges follow the relation-

ship λy/δ ∼ (λx/δ)m, where m is the slope of the 2-D spectrum. As discussed in

§5.5.1, the value of m increases with increasing Reτ at a fixed wall-location. Figure

5.8 shows the δ-scaled 2-D spectra for different Reynolds numbers at fixed z/δ.

Except for the very small viscosity-dependent motions, the spectra shows a good

overlap especially at high Reynolds numbers. Hence increasing the Reynolds num-

ber (δ+) at a fixed z+ is equivalent of moving towards smaller z/δ for z >> ν/Uτ .

Therefore, as observed in figure 5.7, the value of m increases with decreasing z/δ.

Hence, a true δ-scaling at these length scales in the large eddy region, that con-

tributes to the low-wavenumber peak, can be expected only when the value of m
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matures to 1 (expected approximately at z/δ = 150/60000 = 0.0025 from figure

5.5f).

5.6.3 Inner-flow scaling

Similar to the outer-flow scaling arguments, the eddies of sizes O(z), in the loga-

rithmic region where ν/Uτ << z << δ, contribute to only the intermediate-scale

motions (λx ∼ z, λy ∼ z) in u. Hence, a constant energy region in the resulting

2-D spectrum is expected to follow an inner-flow scaling of the form,

φuu(kx, ky)

zU2
τ

= f2(kxz, kyz). (5.5)

The experimental 2-D spectra in inner-flow scaling (z-scaling), where the wave-

lengths are scaled with the wall-normal distance z, are shown in figure 5.9 for

2400 ≤ Reτ ≤ 26000. The energy contributed by streamwise and spanwise scales

in the range O(z) to O(10z) appear to collapse well with inner-flow scaling at all

Reynolds numbers and wall-heights considered here. Spectra at very small scales
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(high wavenumber motions) that are viscosity dependent, deviate from the inner-

flow scaling and are expected to follow the classic Kolmogorov scaling (Perry

et al., 1986, Saddoughi & Veeravalli, 1994). Now, at wavelengths larger than

(λx, λy) ∼ O(10z), the spectra deviates from a pure z-scaling while trending to-

wards the relationship λy/z ∼ (λx/z)m. As highlighted in figure 5.9 for the highest

Re case, the value of m is observed to vary from 0.5 to 1 while moving closer to the

wall. This variation of m with z/δ (or Reτ ) results in the large-scales deviating

from a pure z-scaling. Hence, for 2-D spectra whose slope m approaches unity

(smaller z+ at high Reynolds numbers), a better collapse with inner-flow scaling

is observed in the large eddy region (up to λx ∼ 100z). However, we note that the

value of m should mature to unity in order to observe a pure wall-scaling at these

large scales.

A comment on k−1 scaling in the 1-D spectrum

As discussed in §2.2.1, a k−1 plateau is expected in the overlap region in 1-D spectra

where both the inner-flow and outer-flow scalings hold. This would require the

low-wavenumber peak in the 1-D spectra to scale with both z and δ. Referring

to the discussions in §5.3 to §5.5, the low-wavenumber peak in the 1-D spectra

is contributed by structures occupying the large eddy region in the 2-D spectra.

Therefore, a true k−1 plateau in the 1-D spectra would require a perfect inner-flow

and outer-flow scaling of the large eddy region in the 2-D spectra. However, from

the above discussions, such a scaling in the large eddy region would necessarily

require the value of the slope (m) of the 2-D spectra to be unity, which is expected

only at Reτ > 60000 (or z/δ < 0.0025; for z >> ν/Uτ ).

5.7 Chapter summary

Two-dimensional (2-D) spectra across a decade of Reynolds number (Reτ ≈ 2400−

26000) for the logarithmic region is presented. While the small-scale contributions

are found to be universal when scaled in viscous units, the large-scale contribu-

tions show a clear trend for the Reynolds number range examined. Specifically,
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the contours of 2-D spectra for large streamwise and spanwise wavelengths (λx

and λy) are observed to tend towards a λy ∼ λx relationship with increasing

Reynolds number, starting from a λy/z ∼ (λx/z)1/2 behaviour observed at the

lowest Reynolds number measured. It should be noted that the λy ∼ λx relation

indicates self-similarity (i.e. the range of scales with an equal energetic contri-

bution to the streamwise velocity maintain a constant aspect ratio λx/λy), while

the lower Reynolds number λy/z ∼ (λx/z)1/2 behaviour is indicative of structures

growing faster in the x direction compared to y.

A simple model that describes the 2-D spectral contributions from the large-scales

as a region of constant energy bounded by λy/z ∼ (λx/z)m is presented. Here the

power law coefficient ‘m’ corresponds to the slope of the constant energy bounds of

2-D spectra at large scales, or equivalently, the ratio between the constant energy

plateaus in 1-D pre-multiplied spectra in the streamwise and spanwise directions.

The power law coefficient is proposed to be an effective indicator of self-similarity,

and empirical evidence for m monotonically approaching unity with an increase

in Reynolds number is presented. A true k−1 scaling in the 1-D spectra requires

perfect inner-flow and outer-flow scalings of the 2-D spectra in the large eddy

region, which further require the value of m to be unity.



Chapter 6

2-D spectra from the Attached

Eddy Model

Driven by the scaling of experimental 2-D spectra of u, in this chapter we model

the logarithmic region of turbulent boundary layers based on the attached eddy

framework. The attached eddy hypothesis proposed by Townsend (1976) and the

subsequent attached eddy model (AEM) remain the most prevalent model for the

logarithmic region in turbulent boundary layers. The AEM predicts the kinemat-

ics and scaling laws associated with the energetic self-similar structures populating

the logarithmic region, whose contribution is predominant at high Reynolds num-

bers. However, the discussions in chapter 5 and the recent high Reynolds number

experiments (Baars & Marusic, 2018a, Baidya et al., 2017) show that the self-

similar wall-attached motions are not the only contributors to the total kinetic

energy. In order to improve the predictions, we propose an extension to the AEM,

based on the scaling arguments from the measured two-dimensional (2-D) spectra.

In this chapter, §6.1 details the procedure followed to compute the 2-D energy

spectra from the AEM. In §6.2, an extension to the current AEM is proposed,

where in, apart from the self-similar wall-attached eddies (Type A), we also in-

corporate two other structures into the model: Type CA and Type SS, that are

72
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representative of the wall-detached low-Reynolds number features and the wall-

attached superstructures, respectively.

6.1 Attached Eddy Model

The key feature of the AEM is the concept of a ‘representative attached eddy’

(Marusic & Monty, 2019). Here, following experimental observations (Adrian

et al., 2000, Zhou et al., 1996, 1999), the ‘representative eddy’ will be considered to

be a packet of vortices (shown in figure 6.1(a)), with ‘Λ-hairpins’ at various stages

of their self-similar growth aligned in the streamwise direction (Dennis & Nickels,

2011, Marusic, 2001). The growth angle of the packet, which is the angle of the

line connecting the heads of the first and the last hairpins in a packet, is 10◦ (Zhou

et al., 1999). The height of the packet is H and ∆xp is the spacing between the

hairpins within the packet. The width (W) and the length (L = H + (N −1)∆xp)

of the packet are chosen such that the desired aspect ratio (λx/λy) is achieved

in the resulting 2-D energy spectrum (details in §6.1.3). Here is the number of

hairpins in the packet. The basis for choosing N , the number of hairpins in the

packet, and consequently ∆xp for a given L/H, is described in §6.1.2.

The boundary layer is then populated with multiple hierarchies of such repre-

sentative eddies (Perry et al., 1986), where a ‘hierarchy’ refers to a collection of

eddies with identical characteristic heights. For illustrative purposes, figure 6.1(c)

represents a discretized model with three distinct hierarchies of self-similar eddies.

While the height of the largest eddy (black) in the topmost hierarchy is δE (of the

order of boundary layer thickness δ), the next smallest hierarchy represents eddies

whose heights are a fixed fraction of δE and so on. However, it is to be noted

that unlike figure 6.1(c), the actual simulation assumes a continuous hierarchy of

eddies with the heights of the largest and the smallest eddies being HL = δE and

H+
S = 100 respectively.
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6.1.1 Details of the modelling procedure

An individual Λ-hairpin within a packet (as in figure 6.1(a)) is constructed using

two vortex rods (together with their image vortices in the wall). Any discontinuity

in the velocity field induced by connecting multiple vortex rods is observed to

dissipate quickly (Perry & Chong, 1982). The characteristic radius of the rods

are maintained to be r0 = 0.02H and the vorticity varies along the thickness

of the rod as a Gaussian distribution. The no-penetration condition at the wall

is enforced by supplementing each vortex rod with its own mirror image at the

wall. The velocity field ui(x/H, y/H, z/H), induced by the vortex rods of the

representative eddy (along with its mirror image), is computed using the Biot-

Savart law. Here, the subscript i denotes the different components of velocity. As

an example, the streamwise velocity field at a fixed wall-height z/H = 0.2, induced

by a single representative eddy, is shown in figure 6.1(b). From the computed

velocity field, the basis function for the 2-D spectrum, for a single representative

eddy, is calculated as

Φij

(

kxH, kyH,
z

H

)

=
2 û∗

i ûj

n2
xn2

y(∆kx)(∆ky)
(6.1)

where, ûi(kxH, kyH, z/H) = F [ui(x/H, y/H, z/H)] is the 2-D Fourier transform of

ui and the asterisk (∗) indicates complex conjugate. In the above equation, nx and

ny represent the number of streamwise and spanwise grid points respectively and

∆kx = 2π/Lx and ∆ky = 2π/Ly, where Lx and Ly are the streamwise and spanwise

lengths of the domain. The basis function Φij is also known as the hierarchy

spectral function (Perry et al., 1986), which is the power spectral density of ui,

for a single representative eddy belonging to a hierarchy of size H, and averaged

in the wall-parallel plane at a fixed z.

Now, to compute the 2-D spectrum from all the representative eddies across the

hierarchies ranging from H+
S = 100 to HL = δE, that are randomly aligned in the

model, we use Campbell’s theorem [1909] (see Woodcock & Marusic, 2015) along

with the basis function Φij computed from a single representative eddy as
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φij

(

kxH, kyH,
z

HL

,
z

HS

)

=
∫

HL

HS

Φij

(

kxH, kyH,
z

H

)

P(H)d(H) (6.2)

where,

P(H) = 1/H. (6.3)

Here, P(H) is the probability density function (Townsend, 1976). The inverse

power distribution implies that within a hierarchy, when the size of an eddy (rep-

resented by its characteristic height H) is halved, the number of eddies is doubled.

Perry & Chong (1982) noted that such a distribution of eddies (equation 6.3) cap-

tures the logarithmic variation of U as well as the constant trend of the Reynolds

shear stress uw, as a function of wall-height.

Equation 6.2 can be written in logarithmic coordinates as,

φij (Fzx, Fzy, ζL, ζS) =
∫ ζL

ζS

Φij (FHx, FHy, ζH) WF(ζH − ζL) dζH, (6.4)

where the logarithmic variables are defined as

FHx = ln(kxH), FHy = ln(kyH), Fzx = ln(kxz), Fzy = ln(kyz) (6.5a)

ζH = ln(H/z), ζS = ln(HS/z), ζL = ln(HL/z). (6.5b)

In equation 6.4, WF(ζH − ζL) is the weighting function that accounts for the

probability density of the representative eddies in the hierarchy and following

equation 6.3, WF (ζH − ζL) = 1. Further explanations of these steps along with

graphical descriptions can be found in Perry et al. (1986).

As in experiments, the friction velocity Uτ is selected as the characteristic veloc-

ity scale and is computed by forcing the inner-normalized peak Reynolds shear

stress to be unity in the logarithmic region (Buschmann et al., 2009), i.e, peak

−uw+ =max(−uw/U2
τ ) = 1.
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6.1.2 Criterion to choose ∆xp

The spacing between the hairpins, ∆xp (as shown in figure 6.1(a)), is chosen such

that the wavelength corresponding to the periodicity imposed by ∆xp does not

interfere with the energetic scales in the spectrum. As an example, let us consider

three values of ∆xp = 0.1H, 0.2H and 0.4H to generate a packet with L/H ≈ 6,

and hence obtain their 2-D u−, v− and w− spectra, as shown in figure 6.2. It is

observed that, for ∆xp = 0.4H and 0.2H, the spectra appears energetic at scales

smaller than λx/δE = ∆xp/H (indicated by the white dashed line), especially when

considering the v and w velocity components. This is an artefact of the ringing in

the velocity field, within the representative eddy, imposed by the spacing between

the hairpins within the packet. Now, considering ∆xp = 0.1H, even the wavelength

corresponding to the hairpin-spacing of the largest eddy (i.e. λx/δE = 0.1, that is

indicated by the white dashed line) appear to be smaller than the smallest energetic

scales. Hence the spectra of all three velocity components appear to be devoid of

any artificial energy. Therefore, for the present study, ∆xp = 0.1H is chosen. An

alternative method which is expected to give statistically similar results and is not

implemented in the present study, would be to use a lesser number of hairpins and

introduce randomness or ‘jitter’ in the spacing between them (to better represent

the actual velocity field that is not made of such discrete eddies).

6.1.3 2-D spectra for representative eddies of different L/W

In this section, we study the effect of the streamwise-spanwise aspect ratio (L/W)

of the representative eddy on the 2-D spectrum of u. The aspect ratio is varied

from L/W = 1 to L/W ≈ 6. Eddies of increasing L/W are obtained by increasing

the number of hairpins (N ) within a packet, while maintaining a constant hairpin-

spacing of ∆xp = 0.1H and a fixed width (W) for the largest hairpin in the packet.

Therefore, L/W = 1 represents a single hairpin.

The 2-D spectra at a wall height z+ = 2.6Re1/2
τ computed from such eddies of

varying aspect ratios, at Reτ ≈ 26000, is shown in figure 6.3. The constant
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Figure 6.2: 2-D spectra of u, v and w velocity components for three values of
∆xp. The white dashed line indicates λx/δE = ∆xp/H.

energy bounds of the experimental 2-D spectrum at matched Reynolds number

and wall-height are also indicated in the plots for reference. These bounds show

the square-root (dashed line) as well as the linear (solid line) relationships between

the streamwise and spanwise wavelengths. It can be observed that, with increasing

L/W, the spectrum shifts towards larger streamwise wavelengths. On the other

hand, the largest spanwise wavelength remains approximately the same for all the

cases. This is because the spanwise wavelength is dictated by the width of the

largest hairpin in the packet, which is fixed for all the cases. As seen from the

L/W = 1 case (which was used exclusively until Marusic, 2001) in figure 6.3, there
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Figure 6.3: 2-D spectra of u at Reτ ≈ 26000 and z+ = 2.6Re
1/2
τ obtained

with representative eddies of different L/W. The black lines correspond to the
constant energy bounds from experimental 2-D spectra at matched Reτ and z+

as shown in figure 6.4(b).

is a clear mismatch between the constant energy bounds taken from experiments

and the energy spectra computed from the single hairpins, which demonstrates

that the 2-D spectrum cannot be modelled using single hairpins alone. On the

other hand, the L/W ≈ 6 case in figure 6.3 has an aspect ratio close to λx/λy ≈ 7,

which is the aspect ratio of the highly energetic ridge of the experimental 2-D

spectrum, and therefore the large eddy region is captured reasonably well in this

case.

However, as discussed in §5.4, such a model that comprises self-similar attached

eddies alone resolves only a fraction of the total kinetic energy and also does not

predict the square-root region in the 2-D spectrum. Therefore, extending the

current AEM to include a greater range of energetic scales is essential (Marusic &
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Monty, 2019) and forms the objective of the following section.

6.2 Extension of the attached eddy model

6.2.1 Introduction

The attached eddy model comprising solely of self-similar hierarchies of wall-

attached motions (Type A) is observed to resolve only the large eddy region of

the 2-D spectrum, as shown in figure 6.4. The smaller-scale region of the 2-D

spectrum which follows a λy/z ∼ (λx/z)1/2 scaling is not captured by this model.

The model also omits the contributions from the (non-self-similar) very large scale

motions that are characteristic of the superstructures in turbulent boundary layers

(Baars & Marusic, 2018a).

The significance of these energetic scales, that are unresolved by the attached eddy

model, is emphasized in the recent investigations by Baars & Marusic (2018a,b).

A data-driven approach is adopted in their studies to decompose the measured

streamwise turbulent kinetic energy into three spectral components: a wall-incoherent

kxkyφuu

U 2
τ 1

(a)

λx/z
100 101 102 103

λ
y
/
z

100

101

102
0 0.5

1

(b)
kxkyφuu

U 2
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100

101
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0 0.2

Figure 6.4: (a) 2-D spectrum at z+ = 2.6Reτ
1/2 for Reτ ≈ 26000; the black

line contours represent kxkyφuu/U2
τ = 0.25, 0.35 and 0.45. (b) 2-D spectrum

obtained from attached eddy model at same z+ and Reτ . The blue solid and
dashed lines denote the λy/z ∼ λx/z and λy/z ∼ (λx/z)1/2 relationships respec-

tively.



2-D spectra from the Attached Eddy Model 81

high wavenumber component and two wall-coherent lower wavenumber compo-

nents that are the self-similar structures in the context of the attached eddy hy-

pothesis and the very large scale motions, respectively. Baars & Marusic (2018a,b)

report that a k−1 scaling in the 1-D streamwise spectra and the corresponding log-

law in the streamwise turbulent intensity profile (Marusic et al., 2013) are masked

by the interaction of the above spectral subcomponents. Hence, at any practically

encountered Reynolds number, a discussion of spectral self-similarity based on

the attached eddy model is incomplete when only considering the Type A spectral

component. This limitation of the attached eddy model is also noted by Marusic &

Monty (2019), where they identify the extension of the current model by including

a greater range of scales as a significant future study.

The objective of the current study is to extend the attached eddy model by identify-

ing and incorporating (i) the representative wall-incoherent small-scale structures

that populate the Reynolds number independent region of the 2-D spectra and (ii)

the representative very large scale motions (or global modes) that are character-

istic of the superstructures in turbulent boundary layers. To this end, in §6.2.2, a

2-D spectral scaling-driven approach is adopted and the significant spectral sub-

components are identified based on the scaling of measured 2-D spectra over a

range of Reynolds numbers. §6.2.3 discusses the extension of the attached eddy

model by incorporating the identified representative structures. §6.2.4 compares

the results from the extended attached eddy model with those from experiments.

A discussion on spectral self-similarity based on the extended attached eddy model

is carried out in §6.2.6.

6.2.2 Inputs from experimental 2-D spectra to extend the

model

The geometry and the organization of the eddies representing the major energy

containing motions discussed above is chosen based on the scaling of experimental

2-D spectra at low (Reτ = 2400) and high (Reτ = 26000) Reynolds numbers. The

details of the experimental data are given in table 6.1.
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Facility Reτ U∞ δ Uτ z+ z/δ l+ TU∞/δ
(m/s) (m) (m/s) (×103)

Low-Re 2430 15 0.069 0.545 116 0.047 17 26
Low-Re 2430 15 0.069 0.545 150 0.062 17 26
Low-Re 2430 15 0.069 0.545 209 0.086 17 26

HRNBLWT 26090 40 0.337 1.231 125 0.005 39 14.2
HRNBLWT 26090 40 0.337 1.231 418 0.016 39 14.2
HRNBLWT 26090 40 0.337 1.231 550 0.021 39 14.2
HRNBLWT 26090 40 0.337 1.231 1757 0.067 39 14.2

Table 6.1: Details of experimental data used in this chapter; the values high-

lighted in bold indicate z+ = 2.6Re
1/2
τ .

6.2.2.1 Scaling of 2-D spectra

The surface plot of the pre-multiplied 2-D energy spectrum kxkyφuu/U2
τ (plotted

in figure 6.4(a)) is shown in figure 6.5(a) as a function of λx and λy. The black

contour represents a constant energy of kxkyφuu/U2
τ = 0.15 and the blue line is the

energetic ridge of the 2-D spectrum which is calculated by finding the maximum

value of kxkyφuu/U2
τ corresponding to each streamwise wavelength λx. The inner-

flow scaling of the constant energy contours and the ridges is observed when the

length scales are normalized by the wall-height (z), as shown in figures 6.5(b) and

(c). The plot includes all the wall heights mentioned in table 6.1 for both the

low (Reτ ≈ 2400) and the high (Reτ ≈ 26000) Reynolds numbers. Similarly, the

outer-flow scaling of the constant energy contours and ridges is observed when

the length scales are normalized by the boundary layer thickness (δ), as shown in

figures 6.5(d) and (e). While a constant energy contour shows the spectrum of

streamwise and spanwise length scales contributing equally to the turbulent kinetic

energy, investigating its scaling at different wall-heights is important to establish

‘energetic-similarity’. On the other hand, the energetic ridge of the 2-D spectra

has been identified as a tool to observe ‘geometric self-similarity’ (del Álamo et al.,

2004, Chandran et al., 2017).

The ridge represents the aspect ratios (λx/λy) of the most energetic scales at

a given wall-height, and identifying these scales helps in the construction of a
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structure based model. For instance, in the case of the attached eddy model, the

ridges can be used to estimate the geometry of the representative eddies, while the

scaling of the ridges at different wall-heights and Reynolds numbers can explain

the organization of these eddies within the boundary layer. Therefore, here we

adopt a scaling-driven approach to identify the three major representative energy

carrying motions, as discussed in §1, and these are described below.

(i) Wall-coherent self-similar motions:

Following the definition provided by Baars et al. (2017), wall-coherent structures

in the outer-region would refer to the portions of velocity fluctuations in the outer-

region, which are correlated with the velocity fluctuations very close to the wall (or

the wall-shear stress signature). Baars et al. (2017) computes 1-D linear coherence

spectra (LCS) to isolate such wall-coherent scales from the broadband turbulence.

The readers could also refer to Tinney et al. (2006) and del Álamo et al. (2004)

for a similar description of spectral coherence. Based on the 1-D LCS, Baars et al.

(2017) observed that the structures that are coherent with the wall have streamwise

wavelengths λx > 14z. These scales are represented by the dark-shaded region in

figures 6.5(b) and (c). Note that the exact boundaries of the wall-coherent region

in a 2-D spectrum can only be identified with the help of a 2-D LCS obtained as

a function of both λx and λy (similar to figure 6.6). So the dark-shaded region is

only an approximate reference for the wall-coherent scales, and some of the very

small and the very large spanwise length scales within this region are expected

to be incoherent with the wall. As discussed in chapter 5, the wavelengths of

the large-scales tend to obey a relationship of λy/z ∼ (λx/z)m, where the value

of m approaches unity at high Reynolds numbers, or as we move closer to the

wall (for z >> ν/Uτ ). It could be observed from the inner-flow scaling of the

ridges (figure 6.5(c)) that the aspect ratio of such dominant large-scale structures

that tend towards self-similarity (λy ∼ λx) is λx/λy ≈ 7. These large-scale self-

similar structures that are coherent with the wall characterize Townsend’s attached

eddies. Additionally, when the wavelengths are scaled in δ as shown in figure

6.5(e), the ridges collapse at λx ≈ 7δ and λy ≈ δ resulting in the same aspect ratio
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Figure 6.5: (a) The surface plot of a 2-D spectrum highlighting the energetic
ridge (blue line) and a constant energy contour kxkyφuu/U2

τ = 0.15, (b & d)
inner-flow scaling and outer-flow scaling respectively of the constant energy
contour kxkyφuu/U2

τ = 0.15, (c & e) inner-flow scaling and outer-flow scaling
respectively of the energetic ridge. The shaded region in (b) and (c) represents

the wall-coherent scales as per Baars et al. (2017).
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of λx/λy ≈ 7. Therefore, the wall-attached self-similar structures would have a

characteristic length and width of roughly 7δ and 1δ, in spectral space.

(ii) Wall-coherent non-self-similar very large scale motions:

The large-scales are observed to grow nearly self-similarly, i.e. λy ∼ λx, until

λx ≈ 7δ and λy ≈ δ (figure 6.5(e)). Beyond these limits, the ridge trend towards

larger streamwise wavelengths (with the energy dropping), but maintaining a con-

stant spanwise width of λy ≈ δ. A good collapse of the ridges is observed with

outer-flow scaling, irrespective of Reynolds numbers. This agrees with the find-

ings of Tomkins & Adrian (2005), which says that the structures with the largest

streamwise wavelengths organize with a spanwise spacing of λy/δ = 0.75 − 0.9.

These spanwise spacings are consistent with the width of the anti-correlations of

streamwise velocity in the spanwise direction, as observed by Hutchins & Marusic

(2007a). They reported such events to have long streamwise correlations; a char-

acteristic typical of ‘superstructures’ in boundary layer flows. It could be noted

from figures 6.5(b) and (c) that these outer-scaled length scales are coherent with

the wall but do not follow a self-similar scaling with z, similar to the ‘global’ modes

of del Álamo & Jiménez (2003) that extends deep in the wall-normal direction.

Even though the energetic ridges show a good collapse for λx > 7δ (figure 6.5e),

the constant energy contours (figure 6.5d) collapse only within the logarithmic

region (2.6Re1/2
τ ≤ z+ ≤ 0.15Reτ ). At Reτ = 26000, for z+ = 125(< 2.6Re1/2

τ ),

the contour appears to deviate from an energetic self-similarity. This trend is ex-

pected, since contribution to the energy at this wall height from the very large

scale motions will be relatively low. The argument is also based on the find-

ings of Baars & Marusic (2018a), who showed that the energy contribution from

very large-scale structures that are coherent with the wall is roughly constant for

2.6Re1/2
τ ≤ z+ ≤ 0.15Reτ and reduces for z+ < 2.6Re1/2

τ . The authors showed

that this results in an outer peak in the energy spectrogram of the very large scale

sub-component, at about λx ≈ 10δ.

(iii) Wall-incoherent wall-scaled motions:

According to Baars et al. (2017), wall-incoherent motions are characterized by a

streamwise/wall-normal aspect ratio of λx/z < 14 and correspond to the unshaded
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region in figures 6.5(b) and (c). In support of recent findings (Baars et al., 2017,

Baars & Marusic, 2018a,b), figure 6.5(b) shows the contribution of wall-incoherent

structures to the turbulent kinetic energy, which is the area within 2-D spectra

in the unshaded region, to be significant. Following the work of Perry & Maru-

sic (1995) and Marusic & Perry (1995), Marusic & Monty (2019) in their recent

review, identify the wall-incoherent motions as Type C detached structures which

chiefly constitute the Kolmogorov-type fine-scale turbulence and other detached

structures including the self-similar ones that were formerly attached to the wall.

The perfect inner-flow scaling of a large portion (all but the very small scales) of

the wall-incoherent region of the 2-D spectra as shown in figure 6.5(b) justifies the

existence of wall-detached motions whose characteristic lengths still scale with the

distance from the wall. Additionally, the collapse of the constant energy contours

for all the wall locations and Reynolds numbers considered here, suggests an in-

variant contribution of these wall-incoherent wall-scaled motions to the turbulent

kinetic energy. Now, if we focus on the inner-flow scaling of the energetic ridges

in this regime (figure 6.5(c)), a good collapse is observed and the ridges follow

a λy ∼ λx behaviour towards the smaller scales resulting in an aspect ratio of

λx/λy ≈ 1. Such a linear relationship at the scales O(z) was also reported by del

Álamo et al. (2004). So at high Reynolds number, the λy/z ∼ (λx/z)1/2 relation-

ship (that was predominant at low Reynolds numbers) bridges the two λy ∼ λx

relationships observed at smaller (λx, λy ∼ O(z)) and larger (λx, λy > O(10z))

length scales.

Understanding wall-incoherent structures using 2-D LCS

In order to gain clarity on the z-scaling of the wall-detached eddies, the 2-D linear

coherence spectrum (LCS) (γ2
L,2D) is computed using the DNS data of a channel at

Reτ = 934 obtained from del Álamo et al. (2004). The 2-D LCS, computed for a

pair of velocity signals measured simultaneously at wall-heights z and zR, provides

a scale-specific distribution of the amount of energy that is shared between the

two signals (Baars et al., 2016, Tinney et al., 2006). The 2-D LCS is given by
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Figure 6.6: γ2
L,2D plots from Channel DNS at Reτ = 934; (a) γ2

L,2D dis-

tribution at z+ = 80(= 2.6Re
1/2
τ ) and z+

R = 4.5 and (b) contours corre-
sponding to γ2

L,2D = 0.2 computed for various reference wall locations (zR).

The solid and dashed contour lines correspond to z+ = 80(= 2.6Re
1/2
τ ) and

z+ = 140(= 0.15Reτ ) respectively. The grey lines correspond to the outline of
2-D spectra of u as shown in figure 6.4

γ2
L,2D(z, zR, λx, λy) =

|〈û(z; λx, λy) û∗(zR; λx, λy)〉|2

〈|û(z; λx, λy)|2〉〈|û(zR; λx, λy)|2〉
. (6.6)

Here, û(z; λx, λy) is the coefficient of a 2-D Fourier transformation of the stream-

wise velocity u, while z and zR denotes the measurement and reference wall-normal

locations respectively.

Figure 6.6(a) shows the distribution of γ2
L,2D at z+ = 80(= 2.6Re1/2

τ ). The refer-

ence location is very close to the wall at z+
R = 4.5. The γ2

L,2D distribution shows

the energetic scales at z which have a finite correlation at zR and hence provides

the range of scales that are coherent with respect to zR. In this case, since zR is

very close to the wall, figure 6.6(a) indicates the range of scales at z+ = 80 that

are ‘attached’ to the wall. From figure 6.6(a), it can be observed that the coherent

region is bounded by λx/z ≈ 14 and λy/z ≈ 2, and hence the most energetic scales

would assume a streamwise/spanwise aspect ratio of λx/λy ≈ 7. These numbers

for the streamwise/wall-normal and streamwise/spanwise aspect ratios agree with

Baars et al. (2017) and the results from the high-Re 2-D spectra discussed in the
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previous chapter, respectively. We also observe that the large eddy region where

the λy/z ∼ (λx/z)m relationship holds, and the 2-D spectrum modelled using at-

tached eddies with matched aspect ratios (figure 6.4), are within these bounds of

γ2
L,2D. Therefore, the small-scale contributions outside these bounds of γ2

L,2D, are

from structures that are incoherent with z+
R = 4.5, and hence are ‘detached’ from

the wall. A similar observation was reported by Baars & Marusic (2018a) at high

Reynolds numbers using the 1-D LCS (figure 23).

To better understand the scaling of these wall-incoherent structures, consider figure

6.6(b). The black solid line represents the contour corresponding to γ2
L,2D = 0.2,

where γ2
L,2D, as before, is computed with z+ = 80 and z+

R = 4.5. Further, γ2
L,2D is

computed keeping the z+ = 80 and shifting the reference location to z+
R = z+/3 =

80/3 and the contour corresponding to γ2
L,2D = 0.2 is shown in figure 6.6(b) by the

blue solid line. The range of scales in between the blue and black solid contours

are those that are present at z+ = 80 and are incoherent at the wall, while being

coherent at z+/3. The blue dashed line is obtained for a different measurement

location (z+) within the log region, where the reference location is again chosen

such that z+
R = z+/3. The collapse of the latter two contour lines gives evidence

of the wall-scaling of energetic wall-detached motions. The same inference can be

obtained when the reference location is fixed at z+
R = z+/2 (red solid and dashed

contours). A similar scaling of the two-point 2-D correlation of the wall-normal

velocity component was reported by del Álamo et al. (2004).

6.2.3 Extended attached eddy model

In the previous section, based on scaling arguments, we identified three major con-

tributors to the turbulent kinetic energy: (i) wall-coherent self-similar motions,

(ii) wall-coherent very large scale motions and (iii) wall-incoherent wall-scaled

motions. Here, we attempt to extend the attached eddy model by assigning rep-

resentative geometries and organizations to the above identified sub-components,

namely, Type A, Type SS and Type CA respectively. Packet eddies constructed

with Λ-hairpins, as detailed in §6.1, are used to represent Type A, Type SS and
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Type CA motions (as shown in figure 6.7(a)). No other shapes for the hairpins are

considered in the present study as we are interested in the scaling of representative

packet eddies rather than focusing on the form of individual hairpins. The length

(L) and width (W) of the packets are different for the three representative motions

and are chosen based on the scaling of experimental 2-D spectra (as discussed in

the following sections). The results obtained with Type A, Type SS and Type CA

structures are respectively colour-coded using shades of red, green and blue, and

the results from the composite model are represented with shades of black.

6.2.3.1 Type A

Type A eddies represent the wall-attached self-similar motions as conceptualized

by Townsend (Townsend, 1976). The geometry of the representative packet (L

and W) is chosen such that the aspect ratio, L/W, is equal to the average aspect

ratio of the wall-coherent self-similar motions observed in experiments, which is

λx/λy ≈ 7. The boundary layer is then populated with hierarchies of representative

packet eddies that belong to different stages of their self-similar growth (Perry

et al., 1986). For illustrative purposes, figure 6.7(b) represents a discrete model

with four different hierarchies of Type A eddies; the sizes of the largest and the

smallest eddies in the schematic being δE(∼ O(δ)) and δE/23 respectively. The

curved boxes are illustrative of a cross-stream slice of the velocity field (y − z

plane) from the representative eddies and do not in any form represent the actual

velocity field. Figure 6.7(b) is similar to the physical model of Perry et al. (1986)

where the sizes of the representative eddies scale with the distance from the wall

(z) and their probability density is inversely proportional to z. However, unlike in

figure 6.7(b), the actual simulation assumes a continuous hierarchy of eddies with

the heights of the largest and the smallest eddies being HL = δE and H+
S = 100,

respectively. Hence, the 2-D spectra resulting from this random distribution of

self-similar eddies is computed using equaiton 6.2.
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Figure 6.8: (a,e,i ) 2-D spectra of u, (b,f,j) inner-flow scaling, (c,g,k) outer-
flow scaling and (d,h,l) profile of turbulence intensity of T ype A, T ype SS and
T ype CA representative eddies respectively. Line contours represent a constant

energy of max(kxkyφuu/U2
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τ

to 0.15. The blue dashed and solid line contours in (i) are from ho/H = 0
(attached) case and ho/H = 0.15 case respectively. The black solid and dashed
lines in (a,e,i) denote the λy/z ∼ λx/z and λy/z ∼ (λx/z)1/2 relationships

respectively.
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Figure 6.8(a) shows the 2-D spectrum of Type A eddies at z+ = 2.6Re1/2
τ for

Reτ = 26000 (similar to figure 6.4(b)). The solid and dashed black lines repre-

sent λy/z ∼ λx/z and λy/z ∼ (λx/z)1/2 relationships respectively as observed in

experiments. As discussed in §6.2.1, Type A eddies model the large scales rea-

sonably well. Figures 6.8(b) and (c) show the inner-flow and outer-flow scaling,

respectively, of contours of constant energy (= max(kxkyφuu/U2
τ )/3) within the

logarithmic region, i.e. 2.6Re−1/2
τ ≤ z/δ ≤ 0.15. Representative of Townsend’s at-

tached eddies, Type A eddies follow both inner-flow and outer-flow scalings. Since

the geometry of Type A eddies is selected based on experimental data, the Type A

spectra have energy at λx/z > 14 and with decreasing wall-height, the spectra

grows along λx/λy ≈ 7. Now, considering the outer-scaling (when scaled in δE),

the large scales collapse at λx ≈ 7δE and λy ≈ δE , as in experiments. Figure

6.8(d) shows the wall normal profile of turbulence intensity (u2+
), which is ob-

tained by integrating the 2-D spectrum along both the streamwise and spanwise

length scales, i.e,

u2+
=
∫

∞

0

∫

∞

0

kxkyφuu

U2
τ

d(ln λx)d(ln λy). (6.7)

Following from the attached eddy hypothesis, the turbulence intensity of Type A

motions decay logarithmically with increasing wall-height.

6.2.3.2 Type SS

Type SS eddy is representative of the wall-coherent superstructures (Hutchins &

Marusic, 2007a), also referred to as very large scale motions (Kim & Adrian,

1999) or the ‘global’ mode (del Álamo & Jiménez, 2003) that extends deep in the

wall-normal direction. Following the notion of packets aligning in the streamwise

direction to form longer structures (Kim & Adrian, 1999), the Type SS represen-

tative eddy is constructed by aligning two packets as shown in figure 6.7(a). The

length (L) of the eddy is the total length of the two smaller packets put together.

The growth angle of each packet and the spacing of hairpins within the packet are

consistent with the other representative eddies. Unlike the hierarchical structure
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of Type A and Type CA eddies, as shown in figure 6.7, the Type SS eddy is organ-

ised as a single hierarchy with the height of the eddy H ∼ δE , thereby making its

contribution ‘global’ and non-self-similar with wall-height. L and W are chosen

such that the energy contributed by Type SS motions is restricted only to the

very large length scales (figure 6.8e). Following the discussion in §6.2.2.1, figure

6.8(g) shows that the energy contributed by the Type SS eddy is concentrated at

the fixed outer-flow scaled wavelengths of λx/δE ≈ 10 and λy/δE ≈ 1, throughout

the log region. Since no self-similar hierarchies are present, the constant energy

contours obtained at different wall-locations within the log region do not show any

scaling with z (figure 6.8f). A good collapse of the constant energy contours with

outer-scaling followed by an almost flat profile of u2+
as plotted in figure 6.8(h)

(not perfectly flat due to the shape of the packet), implies a roughly constant

energy contribution of Type SS structures within the logarithmic region.

6.2.3.3 Type CA

In §6.2.2.1, we discussed that the wall-incoherent motions (Type C; Marusic &

Monty, 2019) comprise of Kolmogorov-type fine scale turbulence and other wall-

detached motions, some of which scale self-similarly with z. In the present study,

we only model a subset of Type C motions, namely Type CA, which represent

structures that are physically detached from the wall but obey a distance from

the wall scaling. The organization of Type CA eddies in the boundary layer is

illustrated in figure 6.7(c) with a discrete model, showing four different hierarchies.

The sizes of the largest and the smallest eddies in the schematic are δE(∼ O(δ))

and δE/23 respectively, and are proportional to the distance from the wall. The

separation from the wall of the largest eddy of size δE is ho, and the separation of

the smallest eddy of size δE/23 is ho/23, where, ho is a fraction of H. Since H scales

with z, and ho/H is a constant, ho should also scale with z, i.e, the separations

of the detached eddies from the wall also scales with z. Even though the legs

of the hairpins of these eddies do not extend all the way to the wall, Type CA

eddies could be regarded as ‘attached’ in the sense of Townsend’s attached eddy

hypothesis, since their length scales relate to the distance from the wall (Marusic &
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Monty, 2019). A similar organization was adopted for the Type B eddies of Perry &

Marusic (1995) and Marusic & Perry (1995), in order to model the ‘wake-structure’

in the outer layer. The authors described the Type B eddies as ‘attached-detached’

structures due to their relation with the height above the wall.

For simplicity, a packet eddy with similar growth angle and hairpin-spacing as

Type A and Type SS is considered for Type CA as well. The dimension of the

packet eddy (L and W) and the separation from the wall (ho), as shown in figure

6.7(a), are chosen such that the energy contribution from Type CA eddies are con-

centrated at the smaller scales that followed the λy ∼ λx relationship as observed

in experiments (§6.2.2.1). To illustrate the effect of offsetting eddies from the wall

on the 2-D energy spectrum, we first consider a case with zero separation from

the wall (ho/H = 0 typical of Type A organization). This is represented in figure

6.8(i) with the blue dashed line contour, which corresponds to a constant energy

of max(kxkyφuu/U2
τ )/3. For ho/H = 0, at each wall-height z, the eddies of sizes

z ≤ H ≤ δE contributes to the turbulent kinetic energy. Hence the contour is ob-

served to span a broad range of streamwise and spanwise length scales. Now if we

consider a finite separation from the wall for the eddies, the 2-D spectrum shrinks

to smaller values of λx/z and λy/z. The filled contour in figure 6.8(i) corresponds

to a separation of ho/H = 0.15 and the solid blue contour correspond to a con-

stant energy of max(kxkyφuu/U2
τ )/3. It is observed that in comparison to the no

offset case, an offset of ho/H = 0.15 restricts the energy bounds to smaller scales

that were expected to follow λy/z ∼ λx/z relationship as observed in experiments.

Due to the separation, at each wall-height z, the energy has contributions from

eddies with heights H ≥ z and separations ho ≤ z. Such an organization would

imply that at all wall-heights below the separation of the largest eddy, i.e, at all

z < 0.15δE , the energy contribution is always from a fixed number of hierarchies.

Additionally, this would imply that when the length scales are normalized by the

distance from the wall, z, the constant energy contours would collapse across all

wall-heights within the logarithmic region (see figure 6.8(j)). Such constant en-

ergy contribution is also reflected in the wall-normal profile of u2+
(shown in figure

6.8l) which is flat for z < 0.15δE, i.e, for wall-heights smaller than the wall-normal
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Figure 6.9: Figure 10(b) of Zhou et al. (1999) demonstrating the evolution of
packet of hairpins.

separation of the largest eddy having H = δE . It is observed from figure 6.8(k)

that the energy of the Type CA eddies do not scale in outer units and shifts to

larger length scales while moving away from the wall.

Generation of Type CA motions

While the above arguments on the existence of wall-detached motions whose sizes

scale with wall-height have been put-forth purely on the basis of mean two-point

statistics, the dynamics that lead to the generation of such structures is unclear.

Since AEM is purely kinematic, probing the generation of such structures is beyond

the scope of this study. However, we would like to mention some previous studies

which discuss mechanisms that could possibly lead to the formation of wall-scaled

detached motions.

Marusic & Monty (2019) reports the possibility that such structures are the de-

tached remnants of formerly attached eddies. Based on time-resolved PIV studies

on evolving boundary layers, Lee (2017) discuss a shear driven mechanism that

lead to the lift-up of attached eddies. The author observed that the faster convect-

ing high-speed region interacts with the slower low-speed region, thereby forming

a shear layer along their interface. The local instability induced along the interface

was observed to cause the shear layer to roll-up and subsequently lift the low-speed

region away from the wall (§8.4 in Lee, 2017).
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While discussing the evolution of packets of hairpins in a turbulent field, Zhou

et al. (1999) reports the formation of ‘detached’ hairpin vortices (DHV, as shown in

figure 6.9), downstream of the primary hairpin vortex (PHV). They were observed

to be generated as near-horizontal vortical ‘tongues’, sticking out of the primary

vortices, which with time, rolled-up to form hairpin vortices. Similar downstream

vortical ‘tongues’ were also observed by Jodai & Elsinga (2016), and they were

reported to be the remnants of quasi-streamwise vortices, that are lifted up from

the wall. Hence, with the notion of downstream detached hairpins ‘sticking’ to a

packet of hairpins, we could expect self-similar hierarchies of ‘detached’ hairpin

vortices to exist in boundary layers along with hierarchies of packet vortices. Such

an organization could result in the wall-scaling of hairpins, even when they are

physically detached from the wall.

6.2.3.4 Composite model

In the previous sections, three major spectral sub-components were identified

based on the scaling of experimental 2-D spectra and they were associated with

the three representative structures in the extended AEM: Type A, Type SS and

Type CA. The geometry and the organization of these representative structures

were selected based on arguments of scaling. Now, we calculate the composite 2-D

spectra from the extended model as,

kxkyφ+
uu,COMP =

(kxkyφuu,A + WSS × kxkyφuu,SS + WCA × kxkyφuu,CA)

U2
τ,COMP

(6.8)

where,

U2
τ,COMP = max(−uwCOMP ) (6.9)
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and

uwCOMP =
∫ ∫

∞

−∞











(kxkyφuw,A + WSS × kxkyφuw,SS + WCA × kxkyφuw,CA)











d(ln λx)d(ln λy).

(6.10)

Here, kxkyφuu,A, kxkyφuu,SS, and kxkyφuu,CA
represent the 2-D spectrum of u from

Type A, Type SS and Type CA eddies respectively. WSS and WCA are the relative

weightings for the energy contributions from Type SS and Type CA eddies respec-

tively, in relation to the energy contribution from Type A eddies (whose weighting

is unity). Changing the values of WSS and WCA will change the shape of the

composite 2-D spectrum and their values are chosen arbitrarily to match the com-

posite 2-D spectrum with experiments (discussed in §6.2.4.1). It is to be noted

that the objective of these weightings is not to match the magnitude of kxkyφuu/U2
τ

with experimental values, but to get the distribution of energy among the right

length scales, i.e, to get the correct shape of the 2-D spectrum. The composite fric-

tion velocity, Uτ,COMP is computed by forcing the inner-normalized peak Reynolds

shear stress in the logarithmic region to be unity (Buschmann et al., 2009), i.e,

peak −uw+
COMP = max(−uwCOMP /U2

τ,COMP ) = 1. As represented in equation

6.10, uwCOMP is computed by integrating the composite 2-D uw−spectrum across

λx and λy. The same weightings (WSS and WCA) for the Type SS and Type CA

contributions, as in equation 6.8, are used in equation 6.10.

6.2.4 Results from the extended AEM

6.2.4.1 Spectra of u

Figure 6.10(a) and (b) show the 2-D spectra of u at Reτ ≈ 26000 and z+ = 2.6Re1/2
τ

from the experiments and the extended model respectively. The line contour

represents max(kxkyφ+
uu/4) and in figure 6.10(b), the contributions of Type A,

Type SS and Type CA eddies to the composite spectra is highlighted with red,

green and blue coloured contours respectively. The values of WSS and WCA are
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Figure 6.10: Comparison of 2-D spectra of u from the extended AEM with

experiments at z+ = 2.6Re
1/2
τ for (a,b) Reτ ≈ 26000 and (c,d) Reτ ≈ 2400.

The line contour represents max(kxkyφ+
uu)/4. In (b,d) black, red, green and

blue contours represent composite, T ype A, T ype SS and T ype CA spectra re-
spectively and the grey solid and dashed lines are the references for λy/z ∼ λx/z

and λy/z ∼ (λx/z)1/2 relationships respectively.

chosen to be 0.4 and 14 respectively, in order to match the shape of the composite

2-D spectrum with experiments. It is to be noted that these values for WSS and

WCA are fixed for the representative structures considered in the present study and

do not vary with respect to Reynolds numbers, wall-locations or the components

of velocity. However, these values are specific for the current representative eddy

(figure 6.7(a)) and would change with the shape of the hairpin, spacing between

hairpins in a packet (∆xp), strength of the vortex rods etc.
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It is observed from figures 6.10(a) and (b) that the composite spectra obtained

with the extended AEM is able to capture the major trends observed in the high-

Re experimental 2-D spectra. While the conventional AEM (red contour in figure

6.10b), that comprises purely Type A eddies, represents only the large eddy region

of the spectra, the extended model predicts a broader range of length scales. The

λy/z ∼ λx/z behaviour observed at the smaller length scales in experimental spec-

tra, is now captured using Type CA eddies. The shape of the 2-D spectra at very

large length scales is also made comparable with experiments by incorporating

Type SS eddies. Interestingly, the length scales, where Type CA and Type A spec-

tra overlap, is observed to follow a near-square-root (λy/z ∼ (λx/z)1/2) behaviour.

This agrees with experiments where the square-root relationship was observed to

bridge the two λy ∼ λx relationships observed at smaller (λx, λy ∼ O(z)) and

larger (λx, λy > O(10z)) length scales, as discussed in §6.2.2.1.

We know that, contrary to high-Re spectra, the square-root relationship is pre-

dominant at low-Re, even at larger scales. Hence, the conventional AEM with

Type A eddies alone does not predict the large-scales at low-Re (red line contour

in figure 6.10d). Interestingly, since the extended AEM incorporates the low-Re

characteristics with Type CA contributions, a better prediction is observed even

at low Reynolds numbers, as shown in figure 6.10(d). It is observed that at low

Reynolds number (Reτ ≈ 2400), the range of length scales for Type A is narrow

compared to Reτ ≈ 26000 and hence the scale separation between Type CA and

Type SS is less. Hence the Type A, Type CA and Type SS energy spectra, all of

which while individually follow a λy/z ∼ λx/z relationship, overlap at the larger

length scales, resulting in a near-square-root (λy/z ∼ (λx/z)1/2) relationship as

observed in experimental low-Reynolds number spectrum (figures 6.10c and d).

The weaker Type A contribution at low-Reynolds numbers prohibits a transition

of this square-root relationship to a λy/z ∼ λx/z trend, that was observed at high

Reynolds numbers. The addition of Type CA and Type SS contributions to the

conventional AEM has enhanced its prediction capabilities while also making it a

prospective candidate to model the log-region at low Reynolds numbers.
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6.2.4.2 Inner-flow scaling of 2-D spectra of u

The inner-flow scaling of the composite 2-D spectra of u, obtained from the ex-

tended AEM, at Reτ ≈ 26000 and computed at different wall-heights is shown in

figure 6.11(b). The results are compared against the experimental spectra (figure

6.11a) at matched Reynolds number and wall-heights.

A good agreement is observed between figures 6.11(a) and (b) with the 2-D spec-

tra showing a good collapse at the smaller streamwise and spanwise wavelengths

(O(z) to O(10z)), for the wall-heights considered. Figures 6.11(c) and (d) show

that this collapse of the composite spectra can be attributed to the perfect inner-

flow scaling of the Type CA spectra and the small-scale end of Type A spectra.

The Reynolds number invariance and hence the low-Re trend at the small scales

is effected by Type CA contribution, which follows a λy/z ∼ λx/z relationship.

Within the region of collapse, this linear growth is observed to transition towards

a near-square-root λy ∼ λ1/2
x behaviour when there is an overlap between Type CA

and Type A energies. Now, at wavelengths larger than (λx, λy) ∼ O(10z) in the

large eddy region, the spectra deviates from a pure z-scaling trend and moves to-

wards the λy/z ∼ (λx/z) relationship, as observed in experiments. This transition

towards a linear relationship in the large eddy region is dictated by Type A energy

(figure 6.11d) and therefore the λy/z ∼ (λx/z) scaling gets pronounced, due to the

increasing contribution of Type A to the energy, as we move closer to the wall (or

increasing Reτ as z >> ν/Uτ ). It is to be noted that a peel-off from the perfect

inner-scaling at the very small scales, due to the high-frequency Kolmogorov-type

motions, is not observed in the model, since these scales are not included in the

model.

Since 1-D streamwise spectra has been the popular tool to observe self-similarity,

the composite 1-D streamwise spectra highlighting the contributions from Type CA,

Type A and Type SS eddies is shown as figures 6.11f-h respectively. Figures

6.11(f)-(h) are obtained by integrating figures 6.11(c)-(e) respectively, across the
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Figure 6.11: Inner-flow scaling of 2-D spectra of u: (a) Experiments at Reτ ≈
26000, (b) Composite spectra from the extended AEM at Reτ ≈ 26000, (c,d,e)
highlighting T ype CA (blue), T ype A (red) and T ype SS (green) contributions
to the composite 2-D spectra (grey) and (f,g,h) highlighting T ype CA, T ype A
and T ype SS contributions to the composite 1-D streamwise spectra. The line
contours represent a constant energy of max(kxkyφ+

uu|z+=125)/4. The blue solid
and dashed lines in (b) are the references for λy/z ∼ λx/z and λy/z ∼ (λx/z)1/2

relationships respectively.

whole range of spanwise length scales λy as:

kxφ+
uu(kx) =

∫

∞

0
kxkyφ+

uu(kx, ky) d(ln λy). (6.11)

Figures 6.11(f,g,h) are comparable with the triple-decomposed spectra of Baars

& Marusic (2018a) (figure 15 (f,d,b) respectively) where the decomposition tech-

nique used empirically obtained coherence based filters. As observed by Baars &
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Marusic (2018a), the maxima of the wall-incoherent small-scale (Type CA) energy

is located at λx ∼ O(10z). Additionally, beyond λx ∼ O(10z), the Type A spectra

is observed to ramp-up with its amplitude increasing with decreasing wall-height.

The ramp-up of the Type A spectra at its small-scale end appears to scale per-

fectly with z, which is in agreement with the empirical observation of Baars &

Marusic (2018a). As indicated in figures 6.11(e) and (h), Type SS motions do not

contribute to the wall-scaling of the composite spectra.

6.2.4.3 Outer-flow scaling of 2-D spectra of u

The outer-flow scaling of the composite 2-D spectra of u, obtained from the ex-

tended AEM, at Reτ ≈ 26000 and computed at different wall-heights is shown in

figure 6.12(b) and are compared against experiments (figure 6.12a).

As discussed in 5.6.2 and as observed in experiments, the composite 2-D spectra

shows a good collapse at scales larger than λx ≈ 7δE and λy ≈ δE for all the wall-

heights considered. At these large length scales, the collapse of the 2-D spectra

in figures 6.12(d) and (e) is due to the perfect outer-scaled contributions from the

Type SS and the large-scale end of Type A energy. The Type SS motions seem to

capture the ‘superstructure’-like characteristic of energy at very large streamwise

wavelengths at an experimentally observed width of λy ≈ δ. However, the current

model does not account for the reduction in very large scale energy below z+ =

2.6Re1/2
τ (as discussed in 5.6.2). Therefore, contrary to experimental observation,

the constant energy contour from the AEM shows a perfect outer-flow scaling

even at z+ = 125. On the other hand, since the energetic ridges show a perfect

collapse in outer-flow scaling even for z+ ≈ 150 in experiments, any conclusions

from the model that are based on the energetic ridges (such as the slope of the

2-D spectra m) is expected to be unaffected for 100 . z+ < 2.6Re1/2
τ . Now, as

observed in experiments, for λx < 7δE in the large eddy region, the constant energy

contour deviates from a perfect outer-flow scaling while following the relationship

of λy/δ ∼ (λx/δ)m. The value of m is observed to approach unity as we move

closer to the wall (analogous to increasing Reτ ). From figures 6.12(c) and (d),
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Figure 6.12: Outer-flow scaling of 2-D spectra of u when the wavelengths are
normalized by the boundary layer thickness δ (in experiments) or the height of
the largest eddy δE (in AEM). Details of the plots are the same as in figure

6.11.

we see that the trend towards m = 1 with decreasing z is due to the increased

Type A contribution and thus the increased scale separation between Type SS and

Type CA energies. An increased overlap between Type A and Type CA energies

results in the square-root relationship even when the individual spectra follows

λy ∼ λx.

The outer-flow scaled composite 1-D streamwise spectra highlighting the contri-

butions from Type CA, Type A and Type SS eddies is shown as figures 6.12f-h re-

spectively. Figures 6.11(f,g,h) are comparable with the triple-decomposed spectra

of Baars & Marusic (2018a) (figure 15 (e,c,a) respectively). As observed by Baars
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& Marusic (2018a), the maxima of the wall-coherent very large scale (Type SS)

energy is located at λx ∼ O(10δE). The roll-off at the large-scale end of Type A

spectra is observed to follow a perfect outer-flow scaling in agreement to the empir-

ical observation of Baars & Marusic (2018a) for 2.6Re1/2
τ ≤ z+ ≤ 0.15δ+. However,

Baars & Marusic (2018a) show that the roll-off deviates from a perfect outer-flow

scaling for z+ < 2.6Re1/2
τ in experiments due to the reduced energy contribu-

tion by the very large scale motions at such wall-heights. As indicated in figures

6.12(c) and (f), Type CA motions do not contribute to the outer-flow scaling of the

composite spectra.

6.2.5 Spectra of v and w

In the present study, the extension to the AEM was driven by the scaling of the

2-D spectra of the streamwise velocity u alone. Therefore, it is interesting to

note that the extended model also gives good predictions for the spectra of the

spanwise (v) and the wall-normal (w) velocity components as well, as shown in

figure 6.13. Similar to the computation of the spectra of u using equation 6.8,

the computation of the composite 2-D spectra of v and w can also be carried out.

The values of WCA and WSS is taken to be the same as before. The results from

the model are compared with the DNS of Lee & Moser (2015) at Reτ = 5200

(highest Re dataset available for 2-D spectra of v and w) in figure 6.13. It is

seen from the DNS data that the peak energy in both v and w spectra, at this

Reynolds number, are distributed across streamwise and spanwise length scales

O(z). These energetic scales are resolved in the composite 2-D spectra of v and

w and it is evident that Type CA contribution dominates at these length scales.

As observed by Baidya et al. (2017), the results from Type A eddies alone would

represent dominant modes at much larger length scales, which would be valid only

at very high Reynolds numbers.

At low Reynolds number (Reτ = 2000), Jiménez & Hoyas (2008) reported from

their DNS of a channel flow that the energetic ridge of the 2-D spectra of v and

w follow a λy/z = λx/z relationship in the log region. However, from the data at
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Figure 6.13: Comparison of the extended AEM with DNS of Lee & Moser

(2015) at z+ = 2.6Re
1/2
τ . (a,b) Spectra of spanwise velocity (v) and (c,d) spectra

of wall-normal velocity (w). The colour-coded line contours represent a constant
energy of max(kxkyφ+)/6. The grey solid and dashed lines denote λy/z = λx/z

and λy/z ∼ (λx/z)1/2 respectively.

higher Reynolds numbers (Reτ = 5200, DNS), we see that in the v− spectra, above

streamwise and spanwise scales O(10z), the λy/z = λx/z relationship transitions to

a square-root relationship of λy/z ∼ (λx/z)1/2, similar to the trend observed in the

2-D spectra of u. This trend is expected as u− and v− spectra follow similar scaling

laws (Perry et al., 1986). To understand this better, the inner-flow and outer-flow

scaling of the composite 2-D spectra of v is plotted in figure 6.15 highlighting the

contributions of Type CA, Type A and Type SS eddies. The predominant low-Re

trend of λy/z = λx/z is due to the Type CA contribution which scales perfectly
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Figure 6.14: Predictions of (a) v−spectrum and (b) w− spectrum from the

extended AEM at Reτ ≈ 26000 and z+ = 2.6Re
1/2
τ . The colour-coded line

contours represent a constant energy of max(kxkyφ+)/6. The grey solid and
dashed lines denote λy/z = λx/z and λy/z ∼ (λx/z)1/2 respectively.

with z. As observed for the u−spectra, the transition to a square-root relation

appears to be at scales (O(10z)) where the Type CA and the Type A energies

overlap. At even larger scales, the shape of the 2-D spectra is dictated by Type A

energy which seem to gradually transition towards a λy/z ∼ λx/z relationship.

However, the current Reynolds number is not high enough for the linear trend to

be conspicuous and the observation of this trend requires the measurement of the

2-D v− spectra at high Reynolds numbers (refer to figure 6.14 for the predictions

of v− and w−spectra from the extended AEM at Reτ ≈ 26000).

Unlike the u and v components, only the heads of hairpins contribute to the w

motions and therefore as we move towards the wall (and away from the hairpin

head), the contributions to w approaches zero and motions get restricted to the

wall-parallel plane. Therefore, at a particular wall-height z, only those eddies with

heights H ∼ z contribute to w− spectra. Hence, as shown in figure 6.16, the w−

spectra follows a perfect inner-flow scaling (Baidya et al., 2017, Perry et al., 1986).

This would also result in the outer-flow scaled 2-D w− spectra to ‘travel’ along

the λy = λx line to larger streamwise and spanwise wavelengths with increasing

wall-height (Jiménez & Hoyas, 2008), as shown in figures 6.16(e-h). Since Type SS

eddies have heights H ∼ δ, they do not contribute to the w− spectra in the log

region (figures 6.16d and h).
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Figure 6.15: Inner-flow scaling (a-d) and outer-flow scaling (e-h) of 2-D spectra of v from DNS of Lee & Moser (2015) and AEM

at z+ = 150, 2.6Re
1/2
τ and 3.9Re

1/2
τ (dark to light shade respectively). The colour-coded line contours represent a constant energy of

max(kxkyφ+
vv |z+=150)/6 . The grey solid and dashed lines denote λy = λx and λy ∼ (λx)1/2 respectively.
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Figure 6.16: Inner-flow scaling (a-d) and outer-flow scaling (e-h) of 2-D spectra of w from DNS of Lee & Moser (2015) and AEM

at z+ = 150, 2.6Re
1/2
τ and 3.9Re

1/2
τ (dark to light shade respectively). The colour-coded line contours represent a constant energy of

max(kxkyφ+
vv |z+=150)/6 . The grey solid and dashed lines denote λy = λx and λy ∼ (λx)1/2 respectively.
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While the current model, which is developed based on the scaling of the u− spec-

tra, captures the key scaling arguments of the v− and the w− spectra, we note

that further modifications are required to better model the 2-D spectra of all com-

ponents of velocity. For example, tuning the shape of the hairpins could possibly

resolve the bimodal nature of the v− spectra. However, such refinements would

require 2-D spectra of v and w at high Reynolds numbers.

6.2.6 Discussion on spectral self-similarity based on the

extended AEM

In chapter 5, we observed that the slope (m) of the 2-D Spectra of u, which is

also equal to the ratio of the plateau in the 1-D streamwise spectra of u to the

plateau in the 1-D spanwise spectra of u, is a good indicator of self-similarity. The

value of m was found to monotonically increase with Reynolds number, and it

is important to understand the key mechanism that drives this trend of m. To

this end, a kinematic perspective on the trend of m with Reτ , or in general, the

trend towards self-similarity with increasing Reynolds numbers is discussed in this

section using the extended AEM.

Figure 6.17(a) shows the plot of m = A1x/A1y vs Reτ at z+ ≈ 150 from both

experiments and the extended AEM. The results from the model follow the empir-

ically observed Reynolds number trend reasonably well. We note that the values

are slightly over predicted at low Reynolds numbers while matching well with

experiments for Reτ & 104. Agreeing with the empirical fit, the value of m ob-

tained from the model is observed to approach unity at Reτ ≈ 60000. In order

to understand this Reynolds number trend, we analyze the 2-D spectrum with

the associated 1-D streamwise and spanwise spectra at Reτ = 2400 (m ≈ 0.5) and

Reτ = 60000 (m = 1), obtained from the extended model, shown in figures 6.17(b)

and (c), respectively. The contributions of Type A, Type CA and Type SS eddies

are highlighted and colour-coded in the figure. The plateaus in the streamwise

and spanwise spectra, A1x and A1y, are also highlighted.
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Figure 6.17: (a) Variation of m versus Reτ at z+ ≈ 150 from experiments
and extended AEM, (b) and (c) 2-D spectrum and the associated 1-D spectra
at Reτ = 2400 and Reτ = 60000, respectively, from the model. The energy
contribution of T ype CA (blue), T ype A (red) and T ype SS (green) motions are

plotted in (b) and (c).

At Reτ = 2400 (figure 6.17b), there is less scale separation between the largest

(Type SS) and the smallest (Type CA) energetic motions which result in an over-

lap of the energy contributions from Type CA, Type A and Type SS eddies for

λx > O(10z) and λy > O(z). As discussed in 6.2.4.1, the λy/z ∼ (λx/z)1/2 re-

lationship (m = 0.5) at such length scales is observed to be an artefact of the

overlap of sub-component energies. The 1-D streamwsie and spanwise spectra are

obtained by integrating the 2-D spectrum as given in equation 4.3. Therefore, the

plateaus in the 1-D streamwise and spanwise spectra, A1x and A1y respectively,

are obtained by integrating the 2-D spectrum along the vertical and the horizontal

dashed lines shown in figure 6.17(b). We note that, at Reτ = 2400, A1x and A1y
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have contributions from all three spectral subcomponents: Type CA, Type A and

Type SS. Since Type CA energy diminishes beyond [λx/z, λy/z] ∼ 10, its contri-

bution to A1x at λx/z ∼ 100 is from its roll-off, and therefore is relatively low.

However, for the plateau in the spanwise spectra A1y, which is at λy/z ∼ 10, the

contribution of Type CA is high and in proportion to that of Type A. Since Type A

and Type SS contribute similarly to A1x and A1y, the increased contribution from

Type CA to A1y results in A1y > A1x and therefore, m < 1.

The scale separation between the largest and the smallest scales increases with

Reynolds number. Referring back to figure 6.8, Type CA and the small-scale end

of Type A follow perfect inner-flow scaling while Type SS and the large-scale end

of Type A follow outer-scaling. Therefore, with increasing Reynolds number (or

decreasing z/δ), Type SS spectra and the large-scale end of Type A spectra shift

to larger λx/z and λy/z. As seen from figure 6.17(c), at Reτ = 60000, Type CA

and Type SS spectra are completely separated from each other at the wavelengths

corresponding to the location of A1x and A1y (λx/z ≈ 500 and λy/z ≈ 70 respec-

tively). As a result, at this Reynolds number, only the wall-coherent self-similar

Type A motions (spectra in red) contribute to the plateaus in the streamwise and

the spanwise spectra. In other words, A1x and A1y would also correspond to the

plateaus in the 1-D Type A spectra. (For clarity, refer to figure 6.18 which shows

the variation of A1x versus Reτ . As observed in figures 6.11 and 6.12, the peak

of Type A energy spectra increases with Reτ and would mature to a plateau only

after Reτ ≈ 60000.) Hence, from figure 6.17(c), λx/z ≈ 500 and λy/z ≈ 70 would

represent the length scales at which a true k−1 scaling would commence in a 1-D

streamwise and 1-D spanwise spectra respectively. Even though a true k−1 scaling

kicks in at Reτ ≈ 60000, a decade of k−1 scaling may be revealed only at ultra

high Reynolds numbers.

The predictions from the model at asymptotic high Reτ (O(106)) is shown in fig-

ure 6.19. A decade of k−1 scaling is evident in both streamwise and spanwise

spectra. The small-scale bound of the k−1 region corresponds to the scales where

the ‘large-scale roll-off’ from Type CA energy ends. Since the roll-off scales per-

fectly with z, the k−1 region begins at fixed inner-scaled wavelengths, G1x and
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Figure 6.18: Variation of A1x versus Reτ at z+ ≈ 150 from the extended
AEM. A1x is computed from the composite, T ype A, T ype CA and T ype SS 1-D

streamwise spectra. The grey patch represents A1x|Reτ ∼106 ± 5%.

G1y respectively in the 1-D streamwise and spanwise spectra. Based on the results

from the extended AEM, these bounds are estimated to be λx/z = G1x ≈ 500 and

λy/z = G1y ≈ 70 respectively. The limit in the streamwise spectra agrees with

Baars & Marusic (2018a), who estimated G1x ≈ 385. Similarly, the large-scale

bound of the k−1 region corresponds to the scales where the ‘small-scale roll-off’

from Type SS energy ends. Since the roll-off scales with δE , the k−1 region at

the large-scales would be bounded by fixed outer-scaled wavelengths, G2x and G2y

respectively in the 1-D streamwise and spanwise spectra. From figure 6.19, these

bounds are estimated to be λx/δE = G2x ≈ 2 and λy/δE = G2y ≈ 0.3 respec-

tively. Therefore, a decade of k−1
x scaling would require G2x(z/δE)−1/G1x ∼ 10,

and a decade of k−1
y scaling would require G2y(z/δE)−1/G1y ∼ 10, or in both cases,

z/δE ∼ 10−4 (figure 6.19).

We note that the conclusions from the current model are based on a perfect outer-

flow scaling of Type SS energy. The work of Baars & Marusic (2018a) reports very

large scale energy contribution to have a subtle trend with Reynolds number. The

authors, however, report the trend to be weaker than the previous raw spectra

based observations (Hutchins & Marusic, 2007a, Vallikivi et al., 2015a,b). Even
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Figure 6.19: Spectra of u at asymptotic high Reynolds number
(O(106), z/δE ∼ 10−4) highlighting a decade of k−1 plateau in both stream-
wise and spanwise spectra. The small-scale and large-scale bounds of the k−1

region is indicated in the plots. The energy contribution of T ype CA (blue),
T ype A (red) and T ype SS (green) motions are highlighted

though the trend appears to be less significant within the log region 2.6Re1/2
τ ≤

z+ ≤ 0.15Reτ , the asymptotic predictions would require clarity on the outer-flow

scaling arguments of very large scale motions. This would further require high

Reynolds number measurements resolving the largest scales, along with a reliable

tool capable of isolating the very large scale motions from the rest of the spectra.

6.3 Chapter summary

The 2-D energy spectra obtained from the AEM is presented in this chapter.

In §6.1, the details of the model along with the 2-D spectra obtained purely from
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wall-attached self-similar eddies (Type A) is discussed. At high Reynolds numbers,

Type A eddies with an aspect ratio of L/W ∼ λx/λy ≈ 7 is observed to represent

the large eddy region of the experimental spectra reasonably well. However, the

energy left unresolved by these Type A eddies is found to be significant enough to

dictate the trends of the 2-D spectra at low to moderately high Reynolds numbers.

In §6.2, the AEM is extended by identifying, and incorporating into the model,

two types of structures that are major contributors to the turbulent kinetic energy

in the log region: wall-incoherent structures that scale with z (Type CA) and wall-

coherent very large scale motions (Type SS). The geometry and the organization

of these representative structures within the boundary layer are chosen based

on the scaling arguments of u−spectra that are derived from experiments. In

comparison to the conventional AEM, the spectra of all three velocity components

obtained from the extended AEM are found to follow the empirically observed

scaling laws, across a greater range of length scales (O(z) to O(10δ)). The model

captures the empirically observed shift of the large scale behaviour, from a λy ∼

λ1/2
x relationship towards a λy ∼ λx relationship, with increasing Reynolds number.

Based on the extended model, a true k−1 scaling can be expected in the 1-D

streamwise and spanwise spectra only at Reτ & 60000, when a complete scale-

separation exists between the δ-scaled Type SS and the z-scaled Type CA energies.



Chapter 7

Conclusions

7.1 Summary and conclusions

In this thesis, we presented the two-dimensional spectra of streamwise velocity

in the logarithmic region of turbulent boundary layers. The acquired dataset is

unique for the Reynolds number range (2400 ≤ Reτ ≤ 26000) considered. A 2-D

dissemination of energy across the broad range of streamwise and spanwise length

scales (λx and λy) enabled identifying the key scale-specific Reynolds number

trends, including the trend towards self-similarity of a Reynolds number depen-

dent subrange of scales. The 2-D spectrum isolated the self-similar scales from the

broadband turbulence, even while any evidence on self-similarity remained incon-

clusive in the associated 1-D spectra. Further, the scaling trends discerned from

the 2-D spectra facilitated an extension of Perry and Chong’s (1982) attached

eddy model. The key findings of the present study are consolidated here.

7.1.1 Measurement of 2-D spectra

A novel experimental technique is presented to measure the 2-D energy spectra of

the streamwise velocity in turbulent boundary layers. The technique is designed

envisaging high Reynolds number measurements. It employs multiple hot-wire

115
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sensors that are sampled simultaneously for different spanwise spacings. Taylor’s

frozen turbulence hypothesis is used to convert temporal-spanwise information

into a 2-D correlation, as a function of streamwise and spanwise distances, and

subsequently the 2-D energy spectra, as a function of streamwise and spanwise

wavelengths. Results were validated against the statistics computed from the

DNS database of Sillero et al. (2014), at Reτ ≈ 2000. This comparison revealed

the importance of the initial spacing between the hot-wires and its detrimental

impact on resolving the small scale region of the 2-D energy spectra. To account

for this, a correction scheme based on the available DNS database is outlined.

Collectively, the proposed experimental technique and the correction scheme, laid

the foundation for measurements of the 2-D energy spectra of the streamwise

velocity at higher Reynolds numbers.

7.1.2 Evidence of self-similarity from the 2-D spectra

Two-dimensional (2-D) spectra are measured in the logarithmic region across a

decade of Reynolds numbers (Reτ ≈ 2400 − 26000) and presented in chapter

5. While the small-scale contributions are found to be universal when scaled in

viscous units, the large-scale contributions show a clear Reynolds number trend.

Specifically, the contours of the 2-D spectra for large streamwise and spanwise

wavelengths (referred to as the large eddy region) are observed to tend towards a

λy ∼ λx relationship with increasing Reynolds number, starting from a λy/z ∼

(λx/z)1/2 behaviour observed at the lowest Reynolds number measured. It should

be noted that the λy ∼ λx relation indicates self-similarity (i.e. the range of

scales with an equal energetic contribution to the streamwise velocity maintain a

constant aspect ratio λx/λy), while the lower Reynolds number λy/z ∼ (λx/z)1/2

behaviour is indicative of structures growing faster in the x direction compared

to y. The average aspect ratio of the range of self-similar scales in the large eddy

region is observed to be λx/λy ≈ 7.

A simple model that describes the 2-D spectral contributions from the large-scales

as a region of constant energy bounded by λy/z ∼ (λx/z)m is presented in chapter
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5. Here the power law coefficient ‘m’ corresponds to the slope of the constant en-

ergy bounds of the 2-D spectra at large scales, or equivalently, the ratio between

the constant energy plateaus in 1-D pre-multiplied spectra in the streamwise and

spanwise directions. The power law coefficient is proposed to be an effective in-

dicator of self-similarity, and empirical evidence for m monotonically approaching

unity with an increase in Reynolds number is presented. A true k−1 scaling in the

1-D spectra requires perfect inner-flow and outer-flow scalings of the 2-D spectra

in the large eddy region, which further requires the value of m to be unity.

7.1.3 Model of the logarithmic region

The 2-D spectra obtained from the attached eddy model (AEM) of Perry & Chong

(1982) and Perry et al. (1986) are compared against the experimental spectra in

chapter 6. At high Reynolds numbers, with a careful selection of wall-attached

self-similar eddies (Type A) with an aspect ratio of L/W ∼ λx/λy ≈ 7, the AEM

represented the large eddy region of the experimental spectra reasonably well.

However, the energy left unresolved by these Type A eddies is found to be signif-

icant enough to dictate the trends of the 2-D spectra at low to moderately high

Reynolds numbers.

Therefore, the conventional AEM is extended by identifying, and incorporating

into the model, two types of structures that are major contributors to the turbu-

lent kinetic energy in the log region: wall-incoherent structures that scale with z

(Type CA) and wall-coherent very-large-scale (superstructure) motions (Type SS).

The geometry and the organization of these representative structures within the

boundary layer are chosen based on the scaling arguments, of the 2-D spectra of

u, that are derived from experiments. In comparison to the conventional AEM,

the spectra of all three velocity components obtained from the extended AEM

are found to follow the empirically observed scaling laws, across a greater range

of length scales (O(z) to O(10δ)). The model captures the empirically observed

shift of the large scale behaviour, from a λy ∼ λ1/2
x relationship towards a λy ∼ λx

relationship, with increasing Reynolds number. Based on the extended model, a
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true k−1 scaling can be expected in the 1-D streamwise and spanwise spectra only

at Reτ & 60000, when a complete scale-separation exists between the δ-scaled

Type SS and the z-scaled Type CA motions.

7.2 Suggestions for future work

A few suggestions for possible extensions to the current work include the following.

(i) Experiments at higher Reτ . Th current results indicate that Reτ &

60000 is required to observe true k−1 scaling. Experiments at such Reynolds

numbers would be required to validate this prediction.

(ii) 2-D spectra of v and w. In the current study, the 2-D spectra of the

streamwise velocity component alone is measured. There is no available data

for the 2-D spectra of the spanwise and the wall-normal velocity components

at high Reynolds numbers (O(104)). Such data can be obtained with the

current experimental technique by replacing single-wire probes with minia-

ture ×-probes (Baidya, 2015). The results from the attached eddy model

and the DNS of Lee & Moser (2015) suggest that the large-scales in the 2-D

spectra of v show a trend towards λy ∼ λx relationship, and this trend is

expected to become conspicuous at higher Reynolds numbers. Hence, the

proposed measurement can provide further insights on the self-similarity ar-

guments that are consistent with the attached eddy hypothesis of Townsend

(1976).

(iii) 2-D spectra in a rough-wall turbulent boundary layer. An extensive

study of rough-wall turbulent boundary layers by Squire et al. (2016) showed

Townsend’s (1976) hypothesis to be valid for a vast range of friction Reynolds

numbers when the flow is ‘fully-rough’. The 2-D spectra measured under

similar roughness conditions could potentially reveal discernible trends of

self-similarity for the Reynolds number range considered in the present study.
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(iv) 2-D linear coherence spectrum at high Re. As discussed in §6.2.2.1,

the exact boundaries of the wall-coherent scales in a 2-D spectrum at high

Reynolds numbers can only be identified by measuring a 2-D LCS (linear

coherence spectrum), as a function of both λx and λy (similar to figure 6.6).

2-D LCS, as function of wall-heights z and zR, equals the 2-D cross-spectrum

magnitude-squared, normalized by the 2-D spectra of u(z) and u(zR). The

current experimental technique could measure the cross-spectrum and the re-

spective energy spectra individually, towards computing the 2-D LCS at high

Reynolds numbers. The measurements would extend the work of Baars et al.

(2017) and the results could provide information on the three-dimensional

structure of wall-coherent motions (in terms of streamwise/wall-normal and

spanwise/wall-normal aspect ratios). Additionally, following the work of

Baars & Marusic (2018a,b), the measurement of 2-D LCS with (i) the refer-

ence probe at the wall and (ii) the reference probe in the outer layer, would

enable a triple decomposition of the 2-D energy spectra. The 2-D spectral

sub-components, similar to φWL, φi
W and φc

L of Baars & Marusic (2018a),

could be compared to the 2-D spectra of Type A, Type CA and Type SS

eddies respectively, from the AEM discussed in chapter 6.

(v) Choice of representative eddy. In the present AEM, the objective was

to capture the empirically observed scaling trends in the 2-D energy spec-

tra. Therefore, the emphasis was laid on the geometry of the representative

packets and their organization within the boundary layer. No particular em-

phasis was laid on choosing the appropriate shape of the individual hairpins

within the representative packets. However, the current results suggest that

a systematic tuning of the shape of the individual hairpins could be necessary

to capture the accurate shape of the 2-D spectra of all three components of

velocity. This would be a significant improvement to the model. However,

to serve this objective, the measurement of 2-D spectra of v and w at high

Reynolds numbers (O(104)) would be necessary.

(vi) Attached eddy simulation of pipe flows. Chung et al. (2015) suggests

that the elusive k−1
x scaling in pipe flows, even at high Reynolds numbers,
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could be the result of the ‘crowding’ of eddies near the centre of the pipe,

due to the geometrical restriction imposed by the curved wall. A simple

method to obtain clarity on the ‘crowding’ effect would be to probe the 2-

D energy spectra obtained with a population of purely self-similar eddies

in a pipe. Therefore, implementing the current AEM in a pipe geometry

would be significant. However, the impermeability condition at the curved

pipe boundary cannot be achieved by merely supplementing an eddy with

its image, as is normally done for flat boundaries. Therefore alternative

techniques, such as 3-D panel methods, have to be attempted to achieve

impermeability at the curved boundaries.



Appendix A

Steps to filter 2-D spectra

Figure A.1(a) shows the raw experimental 2-D spectrum obtained by taking 2-D

Fourier transformation of the 2-D correlation at Reτ ≈ 2400 and z+ = 116. It

could be observed that the 2-D spectrum is quite noisy in its raw form which

makes it difficult to interpret any trend. Moreover, unfiltered 2-D spectrum also

corrupts the associated 1-D streamwise and spanwise spectra that are obtained by

integration. As shown in figures A.1(c) and (d) respectively, the 1-D streamwise

and spanwise spectra (shown in red) obtained by integrating the unfiltered 2-D

spectrum do not agree with the 1-D spectra that are directly computed from the

1-D correlation (shown in blue). The error due to the noise in the 2-D spectrum

looks significant and it could be noted that the disagreement is high for λ+
x ≥ 500

and λ+
y ≤ 100. Therefore, it is important to apply required filters to make the

2-D spectra comprehensive and reliable. To this end, on all the measured low- and

high-Reynolds number data, we perform the following steps:

1. Forcing Ruu to be zero at very large ∆x

Fourier transformation of very low but non-zero correlations at very large

∆x, that which are undulations generated due to the measurement noise, are

misinterpreted as energy at the corresponding Fourier modes. To avoid this,

the 2-D correlation, Ruu, at very large streamwise spacings (∆x > ±20δ) that

are much larger than the longest structures observed in turbulent boundary

121
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Figure A.1: (a) Raw 2-D spectrum, (b) filtered 2-D spectrum obtained follow-
ing steps 1-4, (c) 1-D streamwise spectra as function of λx and (d) 1-D spanwise
spectra as function of λy. The lines represent: —— 1-D spectra computed di-
rectly from 1-D correlation, —— 1-D spectra obtained by integrating the raw
2-D spectrum and —— 1-D spectra obtained by integrating the filtered 2-D

spectrum.

layers (Hutchins & Marusic, 2007a, Sillero et al., 2014), is forced to be equal

to zero.

2. Correcting Ruu at small ∆y

Since we use multiple hot-wires in our measurements, even though all the

hot-wires are positioned at the same wall-normal location, the variances

(u2) of the velocity time series acquired with different hot-wire probes at

different times are observed to differ at most by 5%. Due to this difference,

we perform a normalization of Ruu where the variance of the velocity time
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series acquired using the free-stream calibrated hot-wire, at the start of the

measurement, is taken as the reference. As an example, for the low-Re case,

the 2-D correlation for each spanwise spacing ∆yi is normalized as:

Ru1u2
(∆x, ∆yi) = Ru1u2

(∆x, ∆yi) ∗
u2

1(∆y1)
√

u2
1(∆yi) ∗ u2

2(∆yi)
(A.1)

where, i varies from one to the total number of measurement locations in the

spanwise direction. Such a normalization would force the peak in Ruu to be

equal to the reference variance. However, even with this normalization, the

values of Ruu at smaller ∆y and especially larger ∆x were observed to be

quite noisy, resulting in energetic spikes in the 2-D energy spectrum at small

λy and large λx. Now, in order to smooth the 2-D correlation at such small

∆y, we use a reference correlation (function of ∆x), instead of a reference

variance, as given by,

Ru1u2
(∆x, ∆yi) = Ru1u2

(∆x, ∆yi) ∗
Ru1u1

(∆x, ∆y1)
√

Ru1u1
(∆x, ∆yi) ∗ Ru2u2

(∆x, ∆yi)

(A.2)

While equation A.1 forces the peak of Ruu(∆x = 0, ∆y = 0) to be equal

to the reference variance, equation A.2 forces Ruu(∆x, ∆y = 0) to be equal

to the reference streamwise correlation. Equation A.2 is applied to the 2-D

correlation for ∆y < 0.1δ.

3. Interpolating to a logarithmically spaced grid

The 2-D spectra is interpolated to a 200 × 200 logarithmically spaced grid,

which enabled the grid to be finer at smaller streamwise and spanwise wave-

lengths and coarser towards large wavelengths. It was observed that this

interpolation removed the fine disturbances that were present at larger wave-

lengths and thereby enabling us to interpret the trends better.

4. Median and Savitzky-Golay filters

After interpolating to the logarithmically spaced grid, two filters are applied

on to the 2-D spectra. Firstly, a two-dimensional median filter of size [3, 3] is

applied. Logarithmically spaced grid enables the median filter to be equally
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effective at smaller and larger length scales. Secondly, a Savitzky-Golay

filter is used to further improve the signal-to-noise ratio. The order and

framelength of the filter are chosen to be 3 and 41.

The filtered 2-D spectrum obtained by performing the above steps is shown in

figure A.1(b). It could be observed that the energy distribution among streamwise

and spanwise length scales is clear in the filtered spectrum and the regions of

constant energy are easily distinguishable. The 1-D streamwise and spanwise

spectra obtained by integrating the filtered 2-D spectrum is shown in figures A.1(c)

and (d) respectively (with black lines), and they agree well with the 1-D spectra

computed directly from the 1-D correlations.
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