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Abstract: 
In this paper the definition of fuzzy normed space is recalled and its basic properties. Then the 

definition of fuzzy compact operator from fuzzy normed space into another fuzzy normed space is 

introduced after that the proof of an operator is fuzzy compact if and only if the image of any fuzzy bounded 

sequence contains a convergent subsequence is given. At this point the basic properties of the vector space 

FC(V,U)of all fuzzy compact linear operators are investigated such as when U is complete and the sequence 

(Tn) of fuzzy compact operators converges to an operator T then T must be fuzzy compact. Furthermore we 

see that when T is a fuzzy compact operator and S is a fuzzy bounded operator then the composition TS and 

ST are fuzzy compact operators. Finally, if T belongs to FC(V,U) and dimension of V is finite then T is 

fuzzy compact is proved. 

 
Key words: Complete fuzzy normed space, Fuzzy normed space, Fuzzy bounded operator, Fuzzy compact 

operator, Relatively compact set.  

 

Introduction: 
Some results of fuzzy complete fuzzy 

normed spaces were studied by Saadati and 

Vaezpour in 2005 (1). Properties of fuzzy bounded 

linear operators on a fuzzy normed space were 

investigated by Bag and Samanta in 2005 (2).The 

fuzzy normed linear space and its fuzzy topological 

structure were studied by Sadeqi and Kia in 2009 

(3). Properties of fuzzy continuous operators on a 

fuzzy normed linear spaces were studied by 

Nadaban in 2015 (4). The definition of the fuzzy 

norm of a fuzzy bounded linear operator was 

introduced by Kider and Kadhum in 2017 (5). 

Fuzzy functional analysis is developed by the 

concepts of fuzzy norm and a large number of 

researches by different authors have been published 

for reference please see (6, 7, 8, 9, 10). 

The structure of this paper is as follows: 

In section two we recall the definition of 

fuzzy normed space (11) also some basic definitions 

and properties of this space, that we will need later 

in this paper and the definition of three types of 

fuzzy convergence sequence of operators. The main 

results can be found in third section. The aim of this 

paper is to introduce the notion of fuzzy compact 

operator from a fuzzy normed space to another 

fuzzy normed space and some basic properties of 

this type of operators are investigated and proved. 
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Results and Dissections: 
Properties of Fuzzy Normed Spaces 

In this section we will recall basic 

properties of fuzzy normed space 

Definition 1:(1) 

Suppose that U is any set, a fuzzy set 𝐴 ̃in U 

is equipped with a membership function, μ𝐴 ̃(u): 

U→ [0,1]. Then, 𝐴 ̃is represented by𝐴 ̃={(u,μ𝐴 ̃(𝑢)): 

uU, 0 ≤ μ𝐴 ̃(𝑢) ≤ 1}. 

Definition 2:(1) 

Let ⨂ ∶ [0, 1] × [0, 1 ] → [0, 1] be a binary 

operation then ⨂ is called a continuous t -norm (or 

triangular norm) if forall α , β , γ , δ ∈ [0, 1]it has 

the following properties 

(1)α⨂β =  β⨂α,        

(2)α⨂1 = α,        

(3)(α ⨂ β)⨂γ =  α ⨂(β⨂γ) 

(4)If α ≤  β and  γ ≤  δ then, α⨂γ ≤  β⨂δ 

Remark 3:(5) 

(1)If α > 𝛽 then there is 𝛾 such that  α⨂γ ≥  β 

(2)There is 𝛿 such that 

δ⨂δ ≥ σ where α , β , γ , δ, σ ∈ [0,1] 
Definition 4 :(5)  

The triple(V , LV , ⨂ )is said to be a fuzzy normed 

space if V is a vector space over the field 𝔽, ⨂is a 

t-norm and LV : V × [0 , ∞ ) →[0,1] is a fuzzy set 

has the following properties for all a, b∈ V and  

α , β > 0. 
1-LV(a , α) >  0 

2-LV( a , α) =  1  ⇔  a = 0 
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3-LV(ca , α) =  LV (a,
α

|c|
)  for all c ≠  0 ∈ 𝔽 

4-LV(a , α)⨂LV( b , β )  ≤  LV (a +  b , α + β) 

5-LV(a , . ): [0, ∞)  → [0,1]is continuous 

6-limα→∞ LV(a, α) = 1 

Remark 5 : (6) 

Assume that (V, LV, ⨂ )is a fuzzy normed 

space and let a ∈ V , t > 0 , 0 < 𝑞 < 1. If 

LV(a, t) > (1 − q) then there is s with  0 < s <
𝑡 such that LV(a, s) > (1 − q).                                        

Definition 6:(5) 

Suppose that (V, LV, ⨂)is a fuzzy normed 

space. Put  

FB(a ,p, t) = {b∈V: LV (a−b, t) > ( 1−p)} 

FB[a ,p, t] = {b∈V: LV (a−b, t) ≥ ( 1−p)} 

Then FB(a, p, t) and FB[a, p, t] are called open and 

closed fuzzy ball with the center ain V and radius 

p, with  𝑝 > 0. 

Definition 7:(6) 

Assume that ( V, LV , ⨂)is a fuzzy normed 

space. A ⊆V is called fuzzy bounded if we can find 

t > 0 and 0 < 𝑞 < 1 such that LV(a, t) > (1 − q) 

for each a ∈ A. 

Definition 8 :(5) 

A sequence(an) in a fuzzy normed 

space(V, LV,∗) is called converges to a ∈ V if for 

each q > 0 and t > 0 we can find N∈ ℕ with 

LV[an − a, t] > (1 − q) for all 𝑛 ≥ 𝑁. This is 

equivalent to limn→∞ LV[an − a, t] = 1. Or in other 

word limn→∞ an = a or simply represented by 

an → a, the vector a is known as the limit of (an).        

Definition 9 :(5) 

A sequence(an)in a fuzzy normed space 
(V, LV, ⨂)is said to be a Cauchy sequence if for all 

0 < 𝑞 < 1  , 𝑡 > 0 there is a number N∈ ℕ with 

LV[am − an, t] > (1 − q) for all m, n≥ N. 

Definition 10:(5) 

Suppose that (V, LV, ⨂)is a fuzzy normed space and 

let A be a subset of V. Then A is said to be open if 

for each a in A there is FB(a, p, t) such that  FB(a, 

p, t) ⊆ A. Also a subset B is said to be closed if Bc 

is an open set in V. 

Definition 11:(5) 

Suppose that (V, LV, ⨂)is a fuzzy normed 

space and let A be a subset of V. Then, the closure 

ofA is written byA̅or CL(A)and which is A̅= 

⋂{B⊆V:B is closed and A⊆B} 

Definition 12:(5)  

Suppose that (V, LV, ⨂) is a fuzzy normed 

space and A ⊆ V. Then A is called dense in V when 

A̅ = V. 
Lemma 13:(5) 

Assume that (V, LV, ⨂) is a fuzzy normed 

space and A is a subset of V. Then, y ∈ A̅ if and 

only if there is a sequence(yn) in A with (yn) 

converges to y. 

 

Lemma 14: 

If A and B are subsets of a fuzzy normed 

space (V, LV, ⨂) then A + B̅̅ ̅̅ ̅̅ ̅ = A̅ + B̅. 

Proof: 

Let a+b ∈ A̅ + B̅ then by Lemma 2.13 there 

is a sequence (an) in A such that limn→∞ LV( an −
a, t)=1 and there is a sequence (bn) in B such that 

limn→∞ LV( bn − b, s)=1 for all t, s>0. Now 

limn→∞ LV[( an + bn) − (a + b), t+s]= 

limn→∞LV[( an − 𝑎) − (bn − b), t+s] 

≥ lim
n→∞

LV( an − a, t)⨂ lim
n→∞

LV( bn − b, s) 

  = 1⨂ 1= 1. 

That is limn→∞ LV[( an + bn) − (a + b), t+s]=1. 

Therefore (an + bn) is a sequence 

in A+B converge to (a+b). Hence a+b ∈ A + B̅̅ ̅̅ ̅̅ ̅. 

Thus A̅ + B̅ ⊆ A + B̅̅ ̅̅ ̅̅ ̅. 

Similarly, we can prove that  A + B̅̅ ̅̅ ̅̅ ̅ ⊆ A̅ + B̅. Hence 

A + B̅̅ ̅̅ ̅̅ ̅ = A̅ + B̅. 

Theorem 15:(5)  
Suppose that(V, LV, ⨂) is a fuzzy normed 

space and A is a subset of V. Then A is dense in Vif 

and only if for every 𝑥 ∈ 𝑉there is 𝑎 ∈ 𝐴 such 

thatLV[x − a , t] > (1 − ε)for  

some 0 < 휀 < 1 and 𝑡 > 0. 
Definition 16:(1)  

 A fuzzy normed space (V, LV, ⨂) is said to 

be complete if every Cauchy sequence in V 

converges to a point in V. 

Definition 17:(2) 

Suppose that (V, LV, ⨂) and(W, LW, ⨀) are 

two fuzzy normed spaces .The operator S: V → W  is 

said to be fuzzy continuous at 𝐯𝟎 ∈ V if for all 

t > 0 and for all 0 < 𝛼 < 1there is s and there is β 

with, LV[v − v0, s] > (1 − β) we have  LW[S(v) −
S(v0), t] > (1 − α) for all v ∈V. 

Theorem 18:(5) 

Suppose that (V, LV, ⨂)and(U, LU, ⨀)are 

two fuzzy normedspaces. The operator T: V → U is 

fuzzy continuous at a ∈V if and only if an →a in V 

implies T(an) →T(a) in U. 

Definition 19:(5) 

Suppose that (V, LV, ⨂) and(W, LW, ⨀) are 

two fuzzy normed spaces. An operator  

T: D(T) →W is said to be fuzzy bounded if there 

exists r, 0 < r < 1 such that 

LW(Tx , t) ≥ (1 − r)⨂LV(x, t), for each x ∈
D(T) ⊆ X and  t> 0 where ⨂ is a continuous t-

norm and D(T) is the domain of T. 

Theorem 20:(5)  

Suppose that (V, LV, ⨂) and(W, LW, ⨀) are 

two fuzzy normed spaces. The operator S:D(S)            

→W is fuzzy bounded if and only if S(A) is fuzzy 

bounded for every fuzzy bounded subset A of  D(S). 
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Put FB(V,W) ={S:V→W, S is a fuzzy bounded 

operator} when (V, LV, ⨂) and (W, LW, ⨀) are two 

fuzzy normed spaces (5).  

Theorem 21:(5) 

 Suppose that (V, LV, ⨂) and(W, LW, ⨀)are 

two fuzzy normed spaces. Define L(T, t) = 

𝐢𝐧𝐟𝐱∈𝐃(𝐓)𝐋𝐘(𝐓𝐱, 𝐭) for all T ∈ FB(V, W)andt > 0  

then (FB(V, W), L,∗) is fuzzy normed space. 

Theorem 22 :(5)   

Suppose that (V, LV, ⨂) and(W, LW, ⨀) are 

two fuzzy normed spaces with S:D(S) →W is a 

linear operator where D(S) ⊆V. Then, S is fuzzy 

bounded if and only if S is fuzzy continuous. 

Corollary 23 :(5) 

Suppose that (V, LV, ⨂) and(W, LW, ⨀) are 

two fuzzy normed spaces. Assume thatT: D(T) →W 

is a linear operator where D(T) ⊆V. Then, T is a 

fuzzy continuous if T is a fuzzy continuous 

atx ∈ D(T). 
Definition 24:(6) 

Suppose that (V, LV, ⨂) is a fuzzy normed 

space and W ⊆ V then, it is said to be totally fuzzy 

bounded if for any σ ∈ (0, 1), t > 0 we can find 

W𝜎={a1, a2, … , a𝐧}in W with any v ∈ V there is 

some ai ∈ {a𝟏, a2, … , ak}withLV(v − ai, t) >
(1 − σ). Then, W𝜎 is called𝝈 –fuzzy net. 

Definition 25:(11) 

Suppose that (V, LV, ⨂) is a fuzzy normed 

space and W is a subset of V. Assume thatΨ = { A 

⊆ V: A is open sets in V } where W ⊆ ⋃ AA∈Ψ . 

Then, Ψ is said to be an open cover or open 

covering of W. If  Ψ = {A1, A2, … , Ak} with W=  

∪i=1
k Ai then, Ψ is known as a finite sub covering 

of W. 

Definition 26:(11) 

A fuzzy normed space (V, LV, ⨂ ) is called 

compact if V =⋃ AA∈Ψ  where Ψ is an open 

covering then, we can find {A1, A2, … , An} ⊂ Ψ 

with V= ⋃ Ai
k
i=1 . 

Theorem 27:(11) 

The fuzzy normed space(V, LV , ⨂) is 

compact if and only if every (vn) in V contains 

(vnk
) with  vnk

→v. 

Lemma 28: 

If A and B are two compact subsets of a 

fuzzy normed space(V, LV, ⨂) then, A+B is 

compact. 

Proof: 

Let { Gi: i∈I} be an open covering for A+B 

then there are I1 ⊆I and I2 ⊆I such that{ Gi: i∈ I1 } 

is an open covering for A and { Gk: k∈ I2 } is an 

open covering for B. But A and B are compact so, 

there is a finite sub covering Ψ1 of { Gi: i∈ I1 } for 

A and a finite sub covering Ψ2 of { Gk: k∈ I2} for 

B. Hence Ψ1 ∪ Ψ2is a finite sub covering of { Gi: 

i∈I } for A+B. Hence, A+B is compact. 

Proposition 29:(6) 

Let (V, LV, ⨂) be a fuzzy normed space if V 

is totally fuzzy bounded then, V is fuzzy bounded. 

Proposition 30:(6) 

If the fuzzy normed space (V, LV , ⨂) is 

compact then, it is totally fuzzy bounded. 

Definition 31 :(5)  

A linear functional f from a fuzzy normed 

space(V, LV, ⨂) into the fuzzy normed space 

(F, LF,∗) is said to be fuzzy bounded if there exists 

r, 0 < 𝑟 < 1 such that LF[f(x), t] ≥ (1 −
r)⨂LV[x, t] for all x ∈ D(f) and t > 0. Furthermore, 

the fuzzy norm of f is 

L(f, t) = inf LF(f(x), t) and LF(f(x), t) ≥
L(f, t)⨂LV(x, t). 

Definition 32 :(5) 

Suppose that(V, LV, ⨂) is a fuzzy normed 

space. Then, the vector space FB(V,𝔽 ) ={f:V→ 𝔽, f 

is fuzzy bounded linear function } with a fuzzy 

norm defined by 𝐋(𝐟, 𝐭) = 𝐢𝐧𝐟 𝐋𝐅 (𝐟(𝐱), 𝐭) form a 

fuzzy normed space which is called the fuzzy dual 

space of V. 

Definition 33:(5)  
A sequence(vn) in a fuzzy normed space 

(V, LV, ⨂) is said to fuzzy weakly convergent if we 

can find v ∈ V with every h ∈ FB(V,R) 

lim
n→∞

h(vn) = h(v). This is writtenvn →w  v the 

element v is said to be the weak limit to (vn) and 

(vn) is said to be fuzzy converges weakly to v. 

Definition 34:(6)  
Suppose that (V, LV, ⨂)and (U, LU, ⨀) are 

two fuzzy normed spaces. A sequence 

(Tn)operators Tn ∈ FB(V, U) is said to be 

1.Fuzzy uniformly operator convergent if there is 

T: V → U withL[Tn – T, t] → 1 for any 𝑡 > 0 and 

n≥N. 

 2.Fuzzy strong operator convergent 

if(Tnv)converges in U for every v∈ V that is 

that is there is T: V → U withLU[Tnv– Tv, t] → 1 for 

every 𝑡 > 0 and n ≥ N. 
3.Fuzzy weakly operator convergent if for every v 

∈ V there is T: V → U withLR[f(Tnv) − f(Tv), t] for 

every 𝑡 > 0, f ∈ FB(U, ℝ) and n≥N. 

Definition 35:(6) 
Let (V, LV, ⨂)  be a fuzzy normed space. A 

sequence(hn)offunctional hn ∈ FB(V, ℝ) is called  

1) Fuzzy strong converges in the fuzzy norm 

onFB(V, R) that is there is h ∈ FB(V, ℝ) 

withL[hn − h, t] → 1 for all t > 0  this writtenhn  →
h  
2) Fuzzy weak converges in the fuzzy norm on R 

that is there is h ∈ FB(V,ℝ) with 

hn(v) → f(v) for every v ∈ V  written by  

limn→∞ hn(v) = h(v). 
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Fuzzy Compact linear operators  

Definition 36: 

Let (V, LV, ⨂ ) be a fuzzy normed space 

andA ⊂ V. Then, A is called relatively compact ifA̅ 

is compact 

Definition 37: 

Let (V, LV, ⨂ ) and (U, LU, ⨀)be two fuzzy 

normed spaces. An operatorT: V → U is called fuzzy 

compact linear operator ifT is linear and if for 

every fuzzy bounded subsetE ⊂ V the imageT(E) is 

relatively compact. 

Lemma 38: 

If (V, LV, ⨂ ) and (U, LU, ⨀) are two fuzzy 

normed spaces then, every fuzzy compact linear 

operatorT: V → U is fuzzy bounded and hence, 

fuzzy continuous 

Proof: 

The set E = FB(0, 1, t) with t > 0 is fuzzy 

bounded since it is fuzzy open ball. By assumption 

T is fuzzy compact soT(E)̅̅ ̅̅ ̅̅  is compact which 

implies that it is totally fuzzy bounded by 

Propositions 30 so, it is fuzzy bounded by 

Propositions 29. Now LU[T(v), t] > (1 − r) for 

every v ∈ E so    L[T, t] = inf LU[T(v), t] > (1 − r) 

henceTis fuzzy bounded by Theorem 20. Hence, by 

Theorem 22 T is fuzzy continuous. 

Theorem 39: 

Suppose that (V, LV, ⨂ ) and (U, LU, ⨀) are 

two fuzzy normed spaces and let S: V →U be a 

linear operator. Then, S is fuzzy compact if and 

only if for every fuzzy bounded sequence(vn) in V 

then (S(vn)) has convergent subsequence in U.  

Proof: 

Let S be a fuzzy compact operator and let 

(vn) be fuzzy bounded sequence in V so (S(vn)) is 

relatively compact by Definition 37 that is the 

closure of (S(vn)) is compact in U by definition 36 

hence, by Theorem 27,(S(vn)) contains a 

convergent subsequence.  

Conversely, suppose that every fuzzy 

bounded sequence(vn)  in V contains a 

subsequence(vnk
) such that(S(vnk

)) converges in 

U. Let E be any fuzzy bounded subset of V and 

let(un) be any sequence in S(E). Thenun = S(vn) 

for somevn ∈ E and(vn) is fuzzy bounded since E is 

fuzzy bounded. Now by assumption(S(vn)) 

contains a convergent subsequence. HenceS(E)̅̅ ̅̅ ̅̅  is 

compact. But(un) in S(E) was arbitrary, therefore S 

is fuzzy compact operator. 

Lemma 40: 

If (V, LV, ⨂) is a fuzzy normed spaces and 

A is a compact subset of V then, 𝛼A is compact for 

every 𝛼 ≠0 ∈ ℝ. 

 

 

Proof: 

Let (𝛼an) be a sequence in 𝛼A then (an) is 

a sequence in A but A is compact so by Theorem 27 

(an) has a subsequence (ank
) such that ank

→a∈ A. 

Hence αank
→ 𝛼a ∈ 𝛼A that is (𝛼an) has a 

convergent subsequence (𝛼ank
). Thus 𝛼A is 

compact. 

Lemma 41: 

If (V, LV, ⨂) is a fuzzy normed space and 

A, B are relatively compact subset of V then A + B 

and  𝛼A  are relatively compact. 

Proof: 

Suppose that A, B are two relatively 

compact subsets of V then, A̅ and B̅ are compact by 

Definition 36. Now by using lemma 28 we have  A̅ 

+ B̅ is compact and A̅ + B̅ = A + B̅̅ ̅̅ ̅̅ ̅ by Lemma 14 so 

A + B̅̅ ̅̅ ̅̅ ̅ is compact. Hence A + B is relatively 

compact. Similarly we can prove that 𝛼A is 

relatively compact by using Lemma 38. 

Theorem 42: 

Suppose that (V, LV, ⨂) and (U, LU, ⨀) are 

two fuzzy normed spaces then  

FC(V, U) = { S: S:V→U is a fuzzy compact linear 

operator } is a vector space over the field 𝔽 (where 

𝔽=ℝ or 𝔽=ℂ). 

Proof: 

Let T1, T2 ∈ FC(V,U) and 𝛼 ≠0 ∈ ℝ. 

Suppose that E is a fuzzy bounded subset of V then, 

T1(E) and T2(E) are relatively compact. Now by 

using lemma 41, T1(E) + T2(E)   = (T1+ T2)(E) is 

relatively compact. So, T1+ T2 ∈ FC(V, U). Also by 

using Lemma 41, we see that 𝛼T1(E) is relatively 

compact so, 𝛼T1 ∈ FC(V, U). HenceFC(V, U) is a 

vector space over the field ℝ. 

Theorem 43: 

Let (V, LV, ⨂ ) and (U, LU, ⨀) be two fuzzy 

normed spaces andT: V → U be a linear operator. 

Then 

(1)If 𝑇 is fuzzy bounded and dim T(V)< ∞ then, 

the operatorT is fuzzy compact 

(2)If dim V< ∞ then, the operatorT is fuzzy 

compact. 

Proof (1): 

Let(vn) be any fuzzy bounded sequence in 

V. Then, by using LU[Tvn, t] ≥ L[T, t]⨂LV[vn, t] 
we see that(Tvn) is fuzzy bounded. Hence, (Tvn) is 

relatively compact since dim T(V) < ∞. It follows 

that(T(vn)) has a convergent subsequence. 

But (vn) was an arbitrary fuzzy bounded sequence 

in V hence, by Theorem 27 the operatorT is fuzzy 

compact.  

Proof (2):  

Since dim V < ∞ so by [6,Theorem 2.5]  it 

follows thatT is fuzzy bounded and since dim 

T(V)≤ dim V so, using part (1) it follows that T is 

fuzzy compact. 
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Theorem 44: 

Let (V, LV, ⨂ ) be a fuzzy normed space 

and let (U, LU, ⨀) be a complete fuzzy normed 

space. If Tn ∈ FC(V, U) and (Tn) is fuzzy uniformly 

operator convergent to T then, T ∈ FC(V, U) 

Proof:  

Let(vm) be a fuzzy bounded sequence in V, 

sinceT1 is fuzzy compact(T1vm) has a subsequence 
(T1v1m) such that(T1v1m)is a Cauchy sequence. 

Similarly(v1m) has a subsequence(v2m) such 

that(T2v2m) is a Cauchy sequence. Continuing in 

this way we obtain(ym) = (vmm) is a subsequence 

of(vm) such that for every fixed n ∈ ℕ the sequence 

(Tnym)m=1
∞  is a Cauchy sequence. Since(vm) is 

fuzzy bounded so there is 𝜎 ∈ (0, 1) 

withLV[vm, t] ≥ (1 − σ)for all 𝑚. Hence, 

LV[ym, t] ≥ (1 − σ) for any m. SinceTm → T there 

is m=p such that L[T − Tp, t] > (1 − r)for some 

0<r<1. Also since (Tpym)m=1
∞  is a Cauchy 

sequence, there is an N∈ ℕ with LU[Tpyi −

Tpyk, t] > (1 − r).  

Now we can find 0 < 휀 < 1 such that  

(1 − r)⨂(1 − σ)⨀(1 − r)⨀(1 − r)⨂(1 − σ) >
(1 − ε).  

Hence for j, k ≥ N, we obtain  

LU[Tyj − Tyk, t ]

≥ LU [Tyj − Tpyj,
t

3
] ⨀LU [Tpyj

− Tpyk,
t

3
] ⨀LU [Tpyk − Tyk,

t

3
] 

≥ L [T − Tp,
t

3
] ⨂LV [yj,

t

3
] ⨀LU [Tpyj

− Tpyk,
t

3
] ⨀L [Tp

− T,
t

3
] ⨂LV [yk,

t

3
] 

≥ (1 − r)⨂(1 − σ)⨀(1 − r)⨀(1 − r)⨂(1 − σ) >
(1 − ε).  

This shows that(Tym) is a Cauchy 

sequence in U and converges since U is complete 

notice that(ym)is a subsequence of the arbitrary 

fuzzy bounded sequence(vm)and using Theorem 

3.4 this proves that the operator T is fuzzy compact. 

Lemma 45: 

Suppose that (V, LV, ⨂ ) is a fuzzy normed 

space then, every relatively compact subset B of V 

is totally fuzzy bounded. 

Proof: 

Assume that B is relatively compact set and 

let 0 < 𝑟 < 1 be given. If B = ∅ then ∅ is an r-

fuzzy net. If B ≠ ∅ take anym1 ∈ B. If LV[m1 −
b, t] > (1 − r) for all t > 0 and for all b ∈ B 

then{m1} is an r-fuzzy net for B. Otherwise, 

letm2 ∈ B such that LV[m1 − m2, t] ≤ (1 − r). If 

for all b ∈ B,LV[m1 − b, t] > (1 − r) andLV[m2 −
b, t] > (1 − r) for t > 0 then, {m1, m2} is an r-

fuzzy net for B, otherwise letm3 ∈ B be a point such 

thatLV[m3 − m1, t] ≤ (1 − r) andLV[m3 −

m2, t] ≤ (1 − r). If for all b ∈ B, LV[mj − b, t] >

(1 − r) for j = 1,2 and 3 then{m1, m2, m3} is an r-

fuzzy net for B. We continue by selecting anm4 ∈
B,etc. we obtained after 𝑘 steps the 

set {m1, m2, … , mk} is an r-fuzzy net for B. 

Otherwise we have a sequence (mj) satisfying 

LV[mj − mk, t] ≤ (1 − r) bviously,(mj) could not 

have a subsequence which is a Cauchy sequence 

hence(mj) could not have a subsequence which 

converges in V. But this contradicts the relatively 

compactness ofB because(mj)lies in B by the 

construction. Hence, there must be a finite r-fuzzy 

net for B. Since 0 < 𝑟 < 1 was arbitrary, we 

conclude that B is totally fuzzy bounded. 

Lemma 46:  

Let (V, LV, ⨂) be a complete fuzzy normed 

space andB ⊂ V. IfB is totally fuzzy bounded set 

then, B is relatively compact 

Proof: 

We consider any sequence(vn) in B and 

will show that it has a subsequence which 

converges in V so thatB will be then relatively 

compact set. By assuming that B has a finite r-fuzzy 

net for 𝑟 =0. Hence B is contained in the union of 

finitely many open fuzzy balls of radius 1 from 

these fuzzy balls we pick a fuzzy ballB1which 

contains infinitely many terms of(vn). Let(v1,n) be 

the subsequence of (vn) which lies inB1.Again by 

assumption B is also contained in the union of 

finitely many fuzzy balls of radius r =
1

2
 from these 

balls we can pick a fuzzy ballB2which contains a 

subsequence (v2,n)of the subsequence(v1,n). We 

continue by choosing 𝑟 =
1

3
,

1

4
, … and settingyn =

vn,n.Then for every given0 < 𝑟 < 1 there is an N 

(depending on r) such that allyn withn > N lies in 

the fuzzy ball of radius 𝑟. Hence(𝑦𝑛) is Cauchy. It 

converges in V sayyn → y ∈ V, since V is a 

complete space. Alsoyn ∈ B impliesy ∈ B̅.Now by 

the definition of the closure for every sequence(zn) 

inB̅ there is a sequence (vn) in B which 

satisfiesLV[vn − zn, t] > (1 −
1

n
) for every 𝑛. Since 

(vn)  is in B, it has a subsequence which converges 

inB̅ as we have just shown. Hence, (zn) also has a 

subsequence which converges inB̅sinceLV[vn −

zn, t] ≥ (1 −
1

n
) so that, B̅is compact, and B is 

relatively compact. 

Proposition 47: 

Let (V, LV, ⨂ ) be a fuzzy normed space 

and let B ⊂ V. IfB is totally fuzzy bounded thenB is 

separable set. 
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Proof: 

SinceB is totally fuzzy bounded set then, 

the setB contains a finite r-fuzzy netM1

n

for itself, 

wherer = rn =
1

n
 , n = 1,2, …. Then putM =

⋃ M1

n

∞
n=1 soM is countable and M is dense in B in 

fact for any given0 < 𝑟 < 1 there is an 𝑛 such 

that
1

n
< 𝑟, hence for anyb ∈ B there is anm ∈ M1

n

⊂

M such thatLV[b − m, t] > (1 − r).This shows 

thatBis separable set. 

Theorem 48: 

Let (V, LV, ⨂ ) and (U, LU, ⨀) be two fuzzy 

normed spaces. LetT: V → Ube fuzzy compact linear 

operator. Then, T(V) is separable set. 

Proof: 

Let the fuzzy ballsBn = FB (0,
1

n
, t) ⊂ V 

since T is fuzzy compact then the image T(Bn) =
Cn is relatively compact butCn are separable by 

lemma 46. The fuzzy norm of any v is LV[v, t] >

(1 −
1

n
), hence v ∈ Bn thus, V = ⋃ Bn

∞
n=1  and 

T(V) = ⋃ T(Bn) = ⋃ Cn
∞
n=1

∞
n=1  sinceCn are 

separable by lemma 46, it has a countable dense 

subsetDn and D = ⋃ Dn
∞
n=1  is countable. This 

shows that D is dense in T(V). 
Proposition 49: 

Let T be a fuzzy compact linear operator on 

V and let S be a fuzzy bounded linear operator on V 

where (V, LV, ⨂) is a fuzzy normed space. ThenTS 

andSTare fuzzy compact operators. 

Proof: 

Let B be any fuzzy bounded set in V sinceS 

is fuzzy bounded operator so, S(B) is a fuzzy 

bounded set and the setT[S(B)] = TS[B] is 

relatively compact because S is fuzzy compact. 

Hence, TS is fuzzy compact linear operator. We 

now prove ST is fuzzy compact. Let(vn) be any 

fuzzy bounded sequence in V then, (Tvn) has a 

convergent subsequence (Tvnk
) by Theorem 38 

and(STvnk
) converge by Theorem 18. Hence, ST is 

fuzzy compact by Theorem 38. 

 

 

Conclusion: 
The main goal of this paper is to introduce 

the definition of fuzzy compact linear operator from 

a fuzzy normed space into another fuzzy normed 

space in order to investigate the basic properties of 

this type of operators. We have tried here to 

translate the basic properties of compact linear 

operator to fuzzy context and we have succeeded in 

this situations. 
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 خواص المؤثرات الخطية المتراصة الضبابية على فضاء القياس الضبابي

 
 نور احمد كاظم  جهاد رمضان خضر 

 
 وتطبيقات الحاسوب, قسم العلوم التطبيقية, الجامعة التكنولوجية, بغداد, العراق. فرع الرياضيات

 

 :الخلاصة
في هذا البحث تعريف فضاء القياس الضبابي تم استعارته وخواصه الاساسية. ثم تعريف المؤثر المتراص منفضاء قياس ضبابي الى 

كون متراص ضبابيا اذا وفقط اذا صورة اي متتابعة مقيدة تحتوي على متتابعة فضاء قياس ضبابي اخر تم تقديمه بعد ذلك برهان ان المؤثر ي

الذي يحتوي على المؤثرات الخطية  FC(V,U)جزئية متقاربة تم تقديمه. في هذه المرحلة افضل الخواصالاساسية  لفضاء المتجهات  

 Tمن المؤثرات الخطية المتراصة ضبابيا تقترب من المؤثر   (Tn)كامل والمتتابعة   Uالمتراصة ضبابيا تم بحثها ومنها عندما يكون الفضاء 

و  TSمقيد ضبابيا فان التركيب  Sمتراص ضبابيوالمؤثر  Tيجب ان تكون متراصة ضبابيا. بالاضافة الى ذلك عندما يكون المؤثر   Tعندئذ 

ST  يكون مؤثرا متراص ضبابيا. واخيرا اذا كان المؤثرT  ينتمي الى الفضاءFC(V,U)  وبعد الفضاءV  منتهي عندئذ الموثرT  يكون

 متراص ضبابيا تم برهانها.

 

 فضاء القياس الضبابي التام, فضاء القياس الضبابي, المؤثرات المقيدة ضبابيا, المؤثرات المتراصة ضبابيا, المجموعاتالكلمات المفتاحية:

 المتراصة المترابطة.
 


