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 Data envelopment analysis models play an important role in decision making. In this paper, one-
stage and two-stage nonlinear programming problems are investigated in order to evaluate the 
efficiency of two types of network data envelopment analysis model. The first type of network 
data envelopment analysis model has a series structure with three stages and a feedback between 
the last step and the middle step, the second model has a three-stage series structure with two 
feedback between the final step and the first step and the middle step.  By examining the overall 
efficiency of the models based on the one-stage programming problem, a two-stage programming 
problem is also applied in order to evaluate the efficiency of each step. In order to solve one-
stage nonlinear programming problems and two-stage linear and nonlinear programming 
problems derived from modeling, a linearization method based on coordinate transformation, 
and constant assumption and gradual growth of some variables is presented. In the last section, 
the proposed methods have been discussed using some numerical examples.  
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1. Introduction 

The use of linear and nonlinear programming problems has always been considered since the 
emergence of these methods for modeling phenomena in management sciences and economics 
(Shenoy, 2007; Drury, 2006; Dantzig, 2016). One of the most important applications of these kinds of 
problems considered in recent years is to examine the efficiency in the context of the data envelopment 
analysis (DEA) (Cooper et al., 2004; Kao, 2014). During the last few years, a new type of programming 
problems known as two-stage linear or nonlinear programming problems has been considered to study 
the efficiency of DEA, and in various resources (Kao, 2006; Tavana & Khalili-Damghani, 2014; Kao 
& Liu, 2003). Also, due to the complexity of existing models in real-world applications, a new type of 
the discussion in this field is introduced as the network DEA (NDEA) (Kao, 2014). The network data 
envelopment analysis with respect to modeling has various structures such as series, parallel, etc. The 
efficiency review of the models that have feedback has always been of interest among the researchers 
due to its common uses. For example, in (Liang et al., 2011), the efficiency of the two-stage model was 
investigated. Wang et al. (1997) and Seiford and Zhu (1999), were the first researchers who studied the 
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two-stage models. In these studies, the simple models that considered the output of the first stage as the 
input of the next stage were considered. Later this branch of the models was examined for various 
modes; For example, in a paper by Halkos et al. (2014), the categorization types of the two-stage models 
was investigated, which can be referenced to series models, dynamic network models, shared flow 
models, and static network DEA models. In their research, the linearization method which was used 
was based on setting the denominator equal to one. Despite the review of various two-stage models, a 
model with feedback has not been considered in that paper. Two-stage model with feedback was 
considered for the first time in a paper by Liang et al. (2011); in the model under consideration, the 
output of the second stage is considered as the input of the first stage. 
 
The methods of calculating the efficiency of the two-stage models in various papers have been 
investigated; For example, Adam Shariff Adli et al. (2017) and Amirteimoori (2014) examined the 
DEA model for two-stage mode with undesirable outputs. In these papers, the series modes with 
discrete outputs for each stage were considered and the efficiency was examined. The auxiliary-
variables-based approach for calculating the efficiency of the two-stage envelopment analysis model 
in Ashrafi et al. (2011), was studied; also, the study of the efficiency of the two-stage models with 
consideration of fuzzy data in Nabahat (2015), was presented. Ashrafi et al. (2010) developed the 
Russell model to examine the efficiency of the two-stage models. Li et al. (2018) calculated the 
efficiency of the stages based on the arrangement of importance of each of the steps. Lim and Zhu 
(2018) used radial measure to test the efficiency. The two-stage models were used to calculate the 
efficiency of different centers, including Wanke and Barros (2014) and Fernandes et al. (2018), 
research. In these studies, a two-stage series model without considering feedback was applied to 
calculate the efficiency of bank centers. To solve this model, these researchers used the linearization 
method by setting the denominator equal one. Despotis et al. (2016) examined four types of two-stage 
models with different conditions without feedback. 
 
In addition to the two-stage models, the three-stage models have been considered by various 
researchers. Kao (2017) examined the three-stage model under different modes; the models studied in 
his research included a three-stage model with a parallel structure and a three-stage model with a serial 
structure. In the three-stage models examined by Kao (2017), for two-stage parallel models and two-
stage series models, the discrete outputs and inputs were considered for each stage. Three-stage models 
in DEA have various applications, including the calculation of the efficiency of banks and industrial 
centers. For instance, Ebrahimnejad et al. (2014) used a three-stage model consisting of a series-parallel 
structure in order to examine the bank centers. The model under study in their research was without 
feedback and was solved by setting the denominator equal to one and transforming that to a linear 
model. In addition to the studies mentioned, we can refer to the paper by Shewell and Migiro (2016), 
which deals with the literature review of the three-stage models. In the examined article in three-stage 
mode, the feedback between the stages, as discussed in Liang et al. (2011), for two-stage mode, was 
not been studied. Also, other than studies by Liang et al (2011) and Li et al. (2018), the arrangement of 
the importance of the stages in other studies has not been included. Though, Li (2017) studied the 
arrangement of the importance of the stages; the two-stage programming problems were not been used 
in their research. Therefore, reviewing the three-stage model with feedback and presenting a two-stage 
programming model based on the importance of each of the stages is one of the innovations of this 
paper. Also, the review of these articles suggests that the nonlinear programming problem solving 
method based on linearization is based on setting the denominator equal to one method, which can add 
to the complexity of calculating the answer to the problem. To avoid this problem, in this paper a new 
linearization method based on the step-by-step motion has been applied. 
 
In the second section of this article, the total performance of the three-stage model with a feedback 
between the final stage and the middle stage is examined. In the third section, the efficiency of a three-
stage model with a series structure with two feedback will be computed. Also, in these two mentioned 
sections, a new linearization method based on the assumption that some variables are constant and the 
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gradual motion for linearization the problems under study is presented. The two-stage linear 
programming problem is presented to examine the efficiency of each compartment of two models in 
the fourth section, and the method for solving this branch of problems is in this section. In the fifth 
section, we will give some test problems for the subject discussed in the previous sections. 
 
2. The three-stage network envelopment analysis model with feedback in the middle stage 
 
According to Kao (2014), the performance of the three-stage model without feedback was studied. In 
this section, while studying the overall efficiency of the three-step model with a feedback in the middle 
stage (Fig. 1), we examine the efficiency of each of the stages. 

 
Fig. 1. Three stage model with feedback for the middle stage 

 

In the first stage, we examine the effectiveness of each of the stages. For this purpose, we consider 
DMU୨ with value j = o (o is an arbitrary value and 1≤o≤n). For this model, considering the inputs and 
outputs shown in Fig. 1, and without considering the relationships of the stages respect to each other, 
we examine the efficiency of each stage. So we calculate the efficiency of the first stage as follows: 

ሺ1ሻ 

max
∑ h୧

ଵz୧,୭
ଵ 	ୢభ

୧ୀଵ 	
∑ v୧x୧,୭	୫
୧ୀଵ

, 

subject	to					
∑ h୧

ଵz୧,୨
ଵ 	ୢభ

୧ୀଵ 	
∑ v୧x୧,୨	୫
୧ୀଵ

൑ 1,			j ൌ 1,⋯ , n. 

h୧
ଵ, v୧ ൒ 0 

The efficiency of the second stage is calculated as follows: 

ሺ2ሻ 

		ݔܽ݉
∑ ݄௜

ଶݖ௜,௢
ଶ 	ௗమ

௜ୀଵ 	

∑ ݄௜
ଵݖ௜,௝

ଵ 	൅ ∑ ௜ݓ ௜݂,௝
௟
௜ୀଵ

ௗభ
௜ୀଵ 	

, 

subject	to					
∑ ݄௜

ଶݖ௜,௝
ଶ 	ௗమ

௜ୀଵ 	

∑ ݄௜
ଵݖ௜,௝

ଵ 	൅ ∑ ௜ݓ ௜݂,௝
௟
௜ୀଵ

ௗభ
௜ୀଵ

൑ 1, ݆ ൌ 1,… , ݊. 

h୧
ଵ, h୧

ଶ, v୧, w୧ ൒ 0 
 

To evaluate the efficiency of the third stage, we present the following relation: 
 

(3) 

	ݔܽ݉
∑ ௜,௢ݕ௜ݑ ൅ ∑ ௜ݓ ௜݂,௢	

௟
௜ୀଵ 	௦

௜ୀଵ 	

∑ ݄௜
ଶݖ௜,௢

ଶ 	ௗమ
௜ୀଵ 	

, 

subject	to					
∑ ௜,௝ݕ௜ݑ ൅ ∑ ௜ݓ ௜݂,௝	

௟
௜ୀଵ 	௦

௜ୀଵ 	

∑ ݄௜
ଶݖ௜,௝

ଶ 	ௗమ
௜ୀଵ 	

൑ 1, ݆ ൌ 1,… , ݊. 

݄௜
ଶ, ,௜ݑ ௜ݓ ൒ 0 

 
In the next step, the total efficiency value for DMU୭can be expressed by considering the average 
efficiency as follows: 

		ݔܽ݉ (4)
1
3
	൭
∑ ݄௜

ଵݖ௜,௢
ଵ 	ௗభ

௜ୀଵ 	
∑ ௠	௜,௢ݔ௜ݒ
௜ୀଵ

൅
∑ ݄௜

ଶݖ௜,௢
ଶௗమ

௜ୀଵ

∑ ݄௜
ଵݖ௜,௢

ଵ 	൅ ∑ ௜ݓ ௜݂,௢
௟
௜ୀଵ

ௗభ
௜ୀଵ

൅
∑ ௜,௢ݕ௜ݑ ൅ ∑ ௜ݓ ௜݂,௢	

௟
௜ୀଵ 	௦

௜ୀଵ 	

∑ ݄௜
ଶݖ௜,௢

ଶௗమ
௜ୀଵ

൱,		 
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subject	to			
∑ ݄௜

ଵݖ௜,௝
ଵௗభ

௜ୀଵ 	
∑ ௠	௜,௝ݔ௜ݒ
௜ୀଵ

൑ 1, 

∑ ݄௜
ଶݖ௜,௝

ଶ 	ௗమ
௜ୀଵ 	

∑ ݄௜
ଵݖ௜,௝

ଵ 	൅ ∑ ௜ݓ ௜݂,௝
௟
௜ୀଵ

ௗభ
௜ୀଵ 	

൑ 1,																		݆ ൌ 1,… , ݊. 

														 

		
∑ ௜,௝ݕ௜ݑ ൅ ∑ ௜ݓ ௜݂,௝	

௟
௜ୀଵ 	௦

௜ୀଵ 	

∑ ݄௜
ଶݖ௜,௝

ଶ 	ௗమ
௜ୀଵ 	

൑ 1, 

,௜ݑ																					 ,௜ݓ ݄௜
ଵ, ݄௜

ଶ, ௜ݒ ൒ 0,									  
Programing problem (4) is a nonlinear programming problem and regarding that solving nonlinear 
programming problems is difficult in terms of computational speed and accuracy in comparison with 
linear programming models, so, in the following, with the method having been described in the sources 
(Liang et al., 2011; Charnes & Cooper, 1962), the problem is explained in Eq. (4). For linearization 
programming problem (4), we define the values of	ߙ, ,ߚ ሺ݅	௜ݐ ൌ 1,… .4ሻ as follows: 
 

ଵݐ ≔
1	

∑ ௠	௜,௢ݔ௜ݒ
௜ୀଵ

ଶݐ , ≔
1

∑ ݄௜
ଵݖ௜,௢

ଵௗభ
௜ୀଵ

ଷݐ , ≔
1

∑ ݄௜
ଶݖ௜,௢

ଶௗమ
௜ୀଵ

, ସݐ  ≔
1	

∑ ݄௜
ଵݖ௜,௢

ଵ 	൅ ∑ ௜ݓ ௜݂,௢
௟
௜ୀଵ

ௗభ
௜ୀଵ

, 

and also: 

ߙ ≔
ସݐ
ଷݐ
ߚ						, ≔

ଵݐ
ଶݐ
, 

Assuming the values mentioned above, by using the mathematical simplification operation, we can 
revise model (4) as follows: 

(5) 

		ݔܽ݉
1
3
	൭ߚ ൅ ߙ ൅	෍ݑො௜ݕ௜,௢ ൅෍ݓෝ௜ ௜݂,௢

௟

௜ୀଵ

௦

௜ୀଵ

൱, 

subject	to			ࢻ෍ ෠݄
௜
ଶݖ௜,௝

ଶ 	

ௗమ

௜ୀଵ

െ෍ ෠݄
௜
ଵݖ௜,௝

ଵ 	

ௗభ

௜ୀଵ

െ෍ݓෝ௜ ௜݂,௝ ൑ 0,

௟

௜ୀଵ

 

																									෍ݑො௜ݕ௜,௝ ൅෍ݓෝ௜ ௜݂,௝	

௟

௜ୀଵ

௦

௜ୀଵ

െ	෍ ෠݄
௜
ଶݖ௜,௝

ଶ 	

ௗమ

௜ୀଵ

൑ 0, 

																									෍ ෠݄
௜
ଵݖ௜,௝

ଵ

ௗభ

௜ୀଵ

െ	෍ݒො௜ݔ௜,௝		

௠

௜ୀଵ

൑ 0,												݆ ൌ 1,… . ݊, 

																									෍ ෠݄
௜
ଵݖ௜,଴

ଵ

ௗభ

௜ୀଵ

െ ௜,଴ݔො௜ݒ෍	ࢼ ൌ 0

௠

௜ୀଵ

, 

																									෍ ෠݄
௜
ଶݖ௜,௢

ଶ 	

ௗమ

௜ୀଵ

ൌ 1, 

ෝ௜ݓ෍	ߙ																								 ௜݂,௢	

௟

௜ୀଵ

൅෍ ෠݄
௜
ଵݖ௜,௢

ଵ ൌ 1

ௗభ

௜ୀଵ

, 

,ො௜ݑ						 ,ෝ௜ݓ ෠݄௜
ଵ, ෠݄௜

ଶ, ො௜ݒ ൒ ,ߚ			,0 ߙ ൑ 1,				  
In the above relations, the values ݒො௜, ෠݄௜

ଵ, ෠݄௜
ଶ, .ෝ௜ݓ   :ො௜ are defined as followsݑ

ො௜ݑ			 ൌ ,௜ݑଷݐ ෝ௜ݓ ൌ ,௜ݓଷݐ ෠݄
௜
ଵ ൌ ସ݄௜ݐ

ଵ, ෠݄
௜
ଶ ൌ ଷ݄௜ݐ

ଶ, ො௜ݒ ൌ  						,௜ݒସݐ
The scheduling problem (5) is also a nonlinear programming problem, but if we consider the values of 
α, β as constant values, this model becomes a linear programming problem. In practice, in order to 
solve this problem, regarding that the values of α, β are always defined in the interval between zero and 
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one, for given α and β, we select an initial point like ߙ଴,  ଴, and then, we increase these values with theߚ
step lengths δα, δβ in the form of the following relations to the unit value. 

௜ߙ ≔ ଴ߙ ൅ ,ߙߜ݅ ௜ߚ ≔ ଴ߚ ൅  ߚߜ݅
Then we calculate problem (5) for each of these values to find the optimal value of the model. Assuming 
that the values of α, β are constants, we can simplify the objective function of programming problem 
(5) as the following equation, and in practice, we use this objective function for the computation. 

௜,௢ݕො௜ݑ෍		ݔܽ݉ ൅෍ݓෝ௜ ௜݂,௢

௟

௜ୀଵ

	

௦

௜ୀଵ

,					 

 

3. Investigating the three-stage network data envelopment analysis model with two feedback 
 

In this section, we Fig. 2 which is the three-stage model with series structure that has two feedback 
between the third and the second stages, and the third and the first step. 

Fig. 2. Three stage model with two feedback 
 

In the following, we examine the efficiency of each of the stages. According to Fig. 2, the efficiency 
of the first step for arbitrary DMU, such as j = o, can be calculated as follows: 
 

(6) 

max
∑ ݄௜

ଵݖ௜,௢
ଵ 	ௗభ

௜ୀଵ 	

∑ ௜,௢ାݔ௜ݒ ∑ ௜ݓ
ଵ݂ଵ௜,௢

௟భ
௜ୀଵ 	௠

௜ୀଵ

,								 																									 

subject	to					
∑ ݄௜

ଵݖ௜,௝
ଵ 	ௗభ

௜ୀଵ 	

∑ ௜,௝ାݔ௜ݒ ∑ ௜ݓ
ଵ݂ଵ௜,௝

௟భ
௜ୀଵ

௠
௜ୀଵ

൑ 1,					j ൌ 1,⋯ , n.		 

	݄௜
ଵ, ,௜ݒ ௜ݓ

ଵ ൒ 0 
 
To calculate the efficiency of the second stage we have: 
 

		ݔܽ݉
∑ ݄௜

ଶݖ௜,௢
ଶ 	ௗమ

௜ୀଵ 	

∑ ݄௜
ଵݖ௜,௢

ଵ 	൅ ∑ ௜ݓ
ଶ݂ଶ௜,௢

௟మ
௜ୀଵ

ௗభ
௜ୀଵ 	

,																																																																																																																												 

subject	to					
∑ ݄௜

ଶݖ௜,௝
ଶ 	ௗమ

௜ୀଵ 	

∑ ݄௜
ଵݖ௜,௝

ଵ 	൅ ∑ ௜ݓ
ଶ݂ଶ௜,௝

௟మ
௜ୀଵ

ௗభ
௜ୀଵ 	

൑ 1, ݆ ൌ 1,… , ݊.																																																															ሺ7ሻ 

݄௜
ଵ, ݄௜

ଶ, ௜ݓ
ଶ ൒ 0 

 
The efficiency of the third stage is calculated as follows: 

(8) 

	ݔܽ݉
∑ ௜,௢ݕ௜ݑ ൅ ∑ ௜ݓ

ଵ݂ଵ௜,௢	
௟భ	
௜ୀଵ ൅ ∑ ௜ݓ

ଶ݂ଶ௜,௢
௟మ
௜ୀଵ

௦
௜ୀଵ

∑ ݄௜
ଶݖ௜,௢

ଶ 	ௗమ
௜ୀଵ 	

,  

subject	to					
∑ ௜,௝ݕ௜ݑ ൅ ∑ ௜ݓ

ଵ݂ଵ௜,௝	
௟భ	
௜ୀଵ ൅ ∑ ௜ݓ

ଶ݂ଶ௜,௝	
௟మ	
௜ୀଵ 	௦

௜ୀଵ 	

∑ ݄௜
ଶݖ௜,௝

ଶௗమ
௜ୀଵ

൑ 1, ݆ ൌ 1,… , ݊. 

	݄௜
ଶ, ,௜ݑ ௜ݓ

ଵ,ݓ௜
ଶ ൒ 0 
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The total efficiency for DMU୨  with the value of j = o (o is an arbitrary value and 1≤o≤n) can be 
expressed by considering the average efficiency as follows: 
 

(9) 

		ݔܽ݉
1
3
	൭

∑ ݄௜
ଵݖ௜,௢

ଵ 	ௗభ
௜ୀଵ 	

∑ ௜,௢ାݔ௜ݒ ∑ ௜ݓ
ଵ݂ଵ௜,௢

௟భ
௜ୀଵ 	௠

௜ୀଵ

൅
∑ ݄௜

ଶݖ௜,௢
ଶௗమ

௜ୀଵ

∑ ݄௜
ଵݖ௜,௢

ଵ ൅ ∑ ௜ݓ
ଶ݂ଶ௜,௢

௟మ
௜ୀଵ

ௗభ
௜ୀଵ

൅	
∑ ௜,௢ݕ௜ݑ ൅ ∑ ௜ݓ

ଵ݂ଵ௜,௢	
௟భ	
௜ୀଵ ൅ ∑ ௜ݓ

ଶ݂ଶ௜,௢	
௟మ	
௜ୀଵ 	௦

௜ୀଵ 	

∑ ݄௜
ଶݖ௜,௢

ଶ 	ௗమ
௜ୀଵ 	

൱,		 

subject	to 
∑ ௛೔

భ௭೔,ೕ
భ 	೏భ

೔సభ 	

∑ ௩೔௫೔,ೕశ ∑ ௪೔
భ௙భ೔,ೕ

೗భ
೔సభ 	೘

೔సభ

൑ 1, 

																				
∑ ݄௜

ଶݖ௜,௝
ଶ 	ௗమ

௜ୀଵ 	

∑ ݄௜
ଵݖ௜,௝

ଵ 	൅ ∑ ௜݂ଶ௜,௝ݓ
௟
௜ୀଵ

ௗభ
௜ୀଵ 	

൑ 1, j ൌ 1,… . n,	 

																			
∑ ௜,௝ݕ௜ݑ ൅ ∑ ௜ݓ

ଵ݂ଵ௜,௝	
௟భ	
௜ୀଵ ൅ ∑ ௜ݓ

ଶ݂ଶ௜,௝	
௟మ	
௜ୀଵ 	௦

௜ୀଵ 	

∑ ݄௜
ଶݖ௜,௝

ଶௗమ
௜ୀଵ

൑ 1, 

,௜ݑ														 ,௜ݓ ݄௜
ଵ, ݄௜

ଶ, ௜ݒ ൒ 0,	 
 

Problem (9) is a nonlinear programming problem, but it can be transformed into a linear programming 
problem, as discussed in the previous section. For this purpose, the values of ߙ, ,ߚ ሺ݅	௜ݐ ൌ 1,… .4ሻ are 
defined as follows: 

ଵݐ ≔
1	

∑ ݄௜
ଵݖ௜,௢

ଵ 	ௗభ
௜ୀଵ

ଶݐ										, ≔
1	

∑ ௜,௢ାݔ௜ݒ ∑ ௜ݓ
ଵ݂ଵ௜,௢

௟భ
௜ୀଵ 	௠

௜ୀଵ

	,		 

ଷݐ	 ≔
1	

∑ ݄௜
ଶݖ௜,௢

ଶ 	ௗమ
௜ୀଵ 	

ସݐ			, ≔
1	

∑ ݄௜
ଵݖ௜,௢

ଵ 	൅ ∑ ௜ݓ
ଶ݂ଶ௜,௢

௟మ
௜ୀଵ

ௗభ
௜ୀଵ 	

, 

ߚ ≔
ଶݐ
ଵݐ
ߙ						, ≔

ସݐ
ଷݐ

 

Now, assuming the above values, we can specify nonlinear programming problem (9) as follows:  

(10)

		ݔܽ݉
1
3
	ቌߚ ൅ ߙ ൅	෍ݑො௜ݕ௜,௢ ൅෍ݓෝଵ௜݂ଵ௜,௢

௟భ

௜ୀଵ

൅෍ݓෝଶ௜݂ଶ௜,௢

௟మ

௜ୀଵ

௦

௜ୀଵ

ቍ,  

subject	to෍ ෠݄
௜
ଵݖ௜,௝

ଵ 	

ௗభ

௜ୀଵ

െ෍ݒො௜ݔ௜,௝ െ෍ݓෝ௜
ଵ݂ଵ௜,௝

௟భ

௜ୀଵ

	

௠

௜ୀଵ

൑ 0, 

෍ ෠݄
௜
ଶݖ௜,௝

ଶ 	

ௗమ

௜ୀଵ

െ෍ ෠݄
௜
ଵݖ௜,௝

ଵ 	

ௗభ

௜ୀଵ

െ෍ݓෝ௜
ଶ݂ଶ௜,௝	

௟మ

௜ୀଵ

൑ 0,																	 

෍ݑො௜ݕ௜,௝ ൅෍ݓෝ௜
ଵ݂ଵ௜,௝	

௟భ

௜ୀଵ

൅෍ݓෝ௜
ଶ݂ଶ௜,௝	

௟మ

௜ୀଵ

௦

௜ୀଵ

െ	෍ ෠݄
௜
ଶݖ௜,௝

ଶ 	

ௗమ

௜ୀଵ

൑ 0, j ൌ 1,…n 

෍ ෠݄
௜
ଵݖ௜,଴

ଵ

ௗభ

௜ୀଵ

െ ௜,଴ݔො௜ݒሺ෍	ࢼ ൅෍ݓෝ௜
ଵ݂ଵ௜,௝	

௟భ

௜ୀଵ

ሻ 	ൌ 0

௠

௜ୀଵ

,		 

෍ ෠݄
௜
ଶݖ௜,௢

ଶ 	

ௗమ

௜ୀଵ

ൌ 1,		 

ෝ௜ݓ෍	ሺߙ
ଶ݂ଶ௜,௝	

௟మ

௜ୀଵ

൅෍ ෠݄
௜
ଵݖ௜,௢

ଵ ሻ 	ൌ 1

ௗభ

௜ୀଵ

,	 

,ො௜ݑ		 ෝ௜ݓ
ଵ, ෝ௜ݓ

ଶ, ෠݄௜
ଵ, ෠݄௜

ଶ, ො௜ݒ ൒ 0, 0 ൑ ,ߚ ߙ ൑ 1,  



H. Ghomi et al. / Decision Science Letters 8 (2019) 
 

345

For the above relationships, the values of ݒො௜, ෠݄௜
ଵ, ෠݄௜

ଶ, ෝ௜ݓ
ଵ, ෝ௜ݓ

ଶ.   : are defined as follows	ො௜ݑ
 

ො௜ݑ ൌ ,௜ݑଷݐ ෝ௜ݓ
ଵ ൌ ௜ݓଷݐ

ଵ, ෝ௜ݓ
ଶ ൌ ௜ݓଷݐ

ଶ, ෠݄
௜
ଵ ൌ ଷ݄௜ݐ

ଵ, ෠݄
௜
ଶ ൌ ଷ݄௜ݐ

ଶ, ො௜ݒ		 ൌ  ,௜ݒଷݐ
 
Programming problem (10) is a nonlinear programming problem, which, like the discussion of Section 
2, by assuming constant numbers for α, β, this problem becomes a linear programming problem, and, 
as discussed in Section 2, by choosing the initial values for α, β and step-by-step increments up to the 
unit value, this problem is solved and we find the optimal value for this problem. In problem (10), if α, 
β are considered as constants, then the objective function of programming problem (10) can be 
considered as follows: 

௜,௢ݕො௜ݑ෍		ݔܽ݉ ൅෍ݓෝଵ௜݂ଵ௜,௢	

௟భ

௜ୀଵ

൅෍ݓෝଶ௜݂ଶ௜,௢	

௟మ

௜ୀଵ

	

௦

௜ୀଵ

,		 

 

4. Two-stage model for examining the efficiency of the stages 
 
In the discussion of Sections 2 and 3, the efficiency of the overall system and the efficiency of each 
stage, regardless of the relation to other stages, were examined, but sometimes one of the stages of 
these models has importance and we need to examine the efficiency of this stage. On the other hand, 
due to the association of the stages with each other, the efficiency for these stages cannot be calculated 
separately, so we use a two- stage programming model to examine the efficiency of each stage. 
 
4.1 Two-stage model for a three-stage model with a feedback 
 

For the model of Fig. 2, if the goal is to increase the efficiency level of the first stage, then the efficiency 
of the first stage has the most importance and the efficiency of the second and third stages will depend 
on the efficiency of the first stage. In this case, we consider the two-stage nonlinear programming 
problem below.  

(11)

ሺ1݌ሻ:	ߠଵ ≔ 		ݔܽ݉
∑ ݄௜

ଵݖ௜,௢
ଵ 	ௗభ

௜ୀଵ 	
∑ ௠	௜,௢ݔ௜ݒ
௜ୀଵ

,										  

ሺ2݌ሻ:				ߠଶ,ଷ ≔ 		ݔܽ݉
1
2
	൭

∑ ݄௜
ଶݖ௜,௢

ଶ 	ௗమ
௜ୀଵ 	

∑ ݄௜
ଵݖ௜,௝

ଵ 	൅ ∑ ௜ݓ ௜݂,௝
௟
௜ୀଵ

ௗభ
௜ୀଵ 	

൅	
∑ ௜,௢ݕ௜ݑ ൅ ∑ ௜ݓ ௜݂,௢	

௟
௜ୀଵ 	௦

௜ୀଵ 	

∑ ݄௜
ଶݖ௜,௢

ଶ 	ௗమ
௜ୀଵ 	

൱, 

subject to  	
∑ ௛೔

భ௭೔,೚
భ 	೏భ

೔సభ 	

∑ ௩೔௫೔,೚	
೘
೔సభ

൑ 1,										 

																		
∑ ݄௜

ଶݖ௜,௢
ଶ 	ௗమ

௜ୀଵ 	

∑ ݄௜
ଵݖ௜,௝

ଵ 	൅ ∑ ௜ݓ ௜݂,௝
௟
௜ୀଵ

ௗభ
௜ୀଵ 	

൑ 1,	 

																		
∑ ௜,௢ݕ௜ݑ ൅ ∑ ௜ݓ ௜݂,௢	

௟
௜ୀଵ 	௦

௜ୀଵ 	

∑ ݄௜
ଶݖ௜,௢

ଶ 	ௗమ
௜ୀଵ 	

൑ 1,  

,௜ݑ ,௜ݓ ݄௜
ଵ, ݄௜

ଶ, ௜ݒ ൒ 0,	 
 

Two-stage programming problem (11) is a nonlinear problem that can be transformed into a two-stage 
linear programming problem by using the methods discussed in Section 2. For this purpose, by 
considering the terms defined in Section 2, we have the following programming problem: 
 

(12)

ሺ1݌ሻ:	ߠଵ ≔ 					,ߚ		ݔܽ݉ 					 

ሺ2݌ሻ:				ߠଶ,ଷ ≔ 		ݔܽ݉
1
2
	ቌߙ ൅	෍ݑො௜ݕ௜,௢ ൅෍ݓෝଵ௜݂ଵ௜,௢	

௟భ

௜ୀଵ

	

௦

௜ୀଵ

ቍ ,	

subject	to		ߙ෍ ෠݄
௜
ଶݖ௜,௝

ଶ 	

ௗమ

௜ୀଵ

െ෍ ෠݄
௜
ଵݖ௜,௝

ଵ 	

ௗభ

௜ୀଵ

െ෍ݓෝ௜ ௜݂,௝ ൑ 0,

௟

௜ୀଵ
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																								෍ݑො௜ݕ௜,௝ ൅෍ݓෝ௜ ௜݂,௝	

௟

௜ୀଵ

௦

௜ୀଵ

െ ෍ ෠݄
௜
ଶݖ௜,௝

ଶ

ௗమ

௜ୀଵ

൑ 0,  

																								෍ ෠݄
௜
ଵݖ௜,௝

ଵ

ௗభ

௜ୀଵ

െ	෍ݒො௜ݔ௜,௝		

௠

௜ୀଵ

൑ 0, ݆ ൌ 1,… . ݊, 

																								෍ ෠݄
௜
ଵݖ௜,଴

ଵ

ௗభ

௜ୀଵ

െ ௜,଴ݔො௜ݒ෍	ߚ ൌ 0

௠

௜ୀଵ

,							 

																					෍ ෠݄
௜
ଶݖ௜,௢

ଶ 	

ௗమ

௜ୀଵ

ൌ 1,														 

ෝ௜ݓ෍	ߙ																 ௜݂,௢	

௟

௜ୀଵ

൅෍ ෠݄
௜
ଵݖ௜,௢

ଵ ൌ 1

ௗభ

௜ୀଵ

,									 

,ො௜ݑ																 ,ෝ௜ݓ ෠݄௜
ଵ, ෠݄௜

ଶ, ො௜ݒ ൒ 0, 0 ൑ ,ߚ ߙ ൑ 1, 
 
For the problem mentioned above, the first goal is to maximize ߠଵ and the next goal is to maximize 
 ଶ,ଷ . Similarly, with the above discussion, in the case where the efficiency of the second stage hasߠ
more importance than the other two stages and the goal is to maximize the efficiency of the second 
stage, then the two-stage programming problem with objective function mentioned below and the 
restrictions of programming problem (11) are modeled. 
 

(13) 

ሺ1݌ሻ:	ߠଶ ≔ 					,ߙ		ݔܽ݉ 					 

ሺ2݌ሻ:				ߠଵ,ଷ ≔ 		ݔܽ݉
1
2
	ቌߚ ൅	෍ݑො௜ݕ௜,௢ ൅෍ݓෝଵ௜݂ଵ௜,௢

௟భ

௜ୀଵ

௦

௜ୀଵ

ቍ, 

Also, in the case that the efficiency of the third stage has importance, the two-stage programming 
problem is modeled by the following objective function and the restrictions of two-stage programming 
problem (12):  

(14) 
ሺ1݌ሻ:	ߠଷ ≔ ௜,௢ݕො௜ݑ෍		ݔܽ݉ ൅෍ݓෝଵ௜݂ଵ௜,௢

௟భ

௜ୀଵ

௦

௜ୀଵ

,  

ሺ2݌ሻ:				ߠଵ,ଶ ≔ 		ݔܽ݉
1
2
	൫ߚ ൅  ,൯ߙ	

The numerical solution method for the two-stage programming problems presented in this section will 
be discussed in sub-section 3.4. 
 
4.2 Two-stage model for three-stage system with two feedback 
 
In the review of the efficiency of the three-stage model with two feedback (Fig. 2), in the cases where 
the efficiency of each stage has more importance, as discussed in the three-stage model with a feedback, 
the following discussion can be presented. If the first goal is to maximize the efficiency of the first 
stage and then maximize the efficiency of the second and third stages, in this problem, we have the 
two-stage programming below: 
 

 
 
 
 
 

ሺ1݌ሻ:	ߠଵ ≔ 	ݔܽ݉
∑ ݄௜

ଵݖ௜,௢
ଵ 	ௗభ

௜ୀଵ 	

∑ ௜,௢ାݔ௜ݒ ∑ ௜ݓ
ଵ݂ଵ௜,௢

௟భ
௜ୀଵ

௠
௜ୀଵ

,  

ሺ2݌ሻ:				ߠଶ,ଷ ≔ 		ݔܽ݉
1
2
	൭

∑ ݄௜
ଶݖ௜,௢

ଶௗమ
௜ୀଵ

∑ ݄௜
ଵݖ௜,௢

ଵ 	൅ ∑ ௜ݓ
ଶ݂ଶ௜,௢

௟మ
௜ୀଵ

ௗభ
௜ୀଵ

൅
∑ ௜,௢ݕ௜ݑ ൅ ∑ ௜ݓ

ଵ݂ଵ௜,௢
௟భ	
௜ୀଵ ൅ ∑ ௜ݓ

ଶ݂ଶ௜,௢	
௟మ	
௜ୀଵ 	௦

௜ୀଵ 	

∑ ݄௜
ଶݖ௜,௢

ଶௗమ
௜ୀଵ

൱, 
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(15) 
 

	subject	to			
∑ ݄௜

ଵݖ௜,௝
ଵ 	ௗభ

௜ୀଵ 	

∑ ௜,௝ାݔ௜ݒ ∑ ௜ݓ
ଵ݂ଵ௜,௝

௟భ
௜ୀଵ

௠
௜ୀଵ

൑ 1, 

	
∑ ݄௜

ଶݖ௜,௝
ଶ 	ௗమ

௜ୀଵ 	

∑ ݄௜
ଵݖ௜,௝

ଵ 	൅ ∑ ௜ݓ
ଶ݂ଶ௜,௝

௟మ
௜ୀଵ

ௗభ
௜ୀଵ 	

൑ 1, j ൌ 1,… . n,																						 

	
∑ ௜,௝ݕ௜ݑ ൅ ∑ ௜ݓ

ଵ݂ଵ௜,௝	
௟భ	
௜ୀଵ ൅ ∑ ௜ݓ

ଶ݂ଶ௜,௝	
௟మ	
௜ୀଵ 	௦

௜ୀଵ 	

∑ ݄௜
ଶݖ௜,௝

ଶ 	ௗమ
௜ୀଵ 	

൑ 1, 

,௜ݑ ,௜ݓ ݄௜
ଵ, ݄௜

ଶ, ௜ݒ ൒ 0.				 
 
Given that programming problem (15) is a nonlinear programming problem, considering the terms 
defined in Section 3, this problem is transformed into the following two-stage programming model; the 
following problem can be transformed into a two-stage linear programming problem by considering 
the values of this problem to be constant.  
 

(16) 
 

ሺ1݌ሻ:	ߠଵ ≔  ,ߚ	ݔܽ݉

ሺ2݌ሻ:				ߠଶ,ଷ ≔ max 	
1
2
	ቌߙ ൅	෍ݑො௜ݕ௜,௢ ൅෍ݓෝଵ௜݂ଵ௜,௢	

௟భ

௜ୀଵ

൅෍ݓෝଶ௜݂ଶ௜,௢	

௟మ

௜ୀଵ

	

௦

௜ୀଵ

ቍ, 

subject to 

෍ ෠݄
௜
ଵݖ௜,௝

ଵ 	

ௗభ

௜ୀଵ

െ෍ݒ௜ݔ௜,௝ି෍ݓ௜
ଵ݂ଵ௜,௝

௟భ

௜ୀଵ

	

௠

௜ୀଵ

൑ 0 

෍ ෠݄
௜
ଶݖ௜,௝

ଶ 	

ௗమ

௜ୀଵ

െ෍ ෠݄
௜
ଵݖ௜,௝

ଵ 	

ௗభ

௜ୀଵ

െ෍ݓෝ௜
ଶ݂ଶ௜,௝	

௟మ

௜ୀଵ

൑ 0, 

෍ݑො௜ݕ௜,௝ ൅෍ݓෝ௜
ଵ݂ଵ௜,௝	

௟భ

௜ୀଵ

൅෍ݓෝ௜
ଶ݂ଶ௜,௝	

௟మ

௜ୀଵ

௦

௜ୀଵ

െ	෍ ෠݄
௜
ଶݖ௜,௝

ଶ 	

ௗమ

௜ୀଵ

൑ 0, j ൌ 1,…n 

෍ ෠݄
௜
ଵݖ௜,଴

ଵ

ௗభ

௜ୀଵ

െ ௜,଴ݔො௜ݒሺ෍	ࢼ ൅෍ݓෝ௜
ଵ݂ଵ௜,௝	

௟భ

௜ୀଵ

ሻ 	ൌ 0

௠

௜ୀଵ

, 

෍ ෠݄
௜
ଶݖ௜,௢

ଶ 	

ௗమ

௜ୀଵ

ൌ 1, 

ෝ௜ݓ෍	ሺߙ
ଶ݂ଶ௜,௝	

௟మ

௜ୀଵ

൅෍ ෠݄
௜
ଵݖ௜,௢

ଵ ሻ 	ൌ 1

ௗభ

௜ୀଵ

, 

,ො௜ݑ ෝ௜ݓ
ଵ, ෝ௜ݓ

ଶ, ෠݄௜
ଵ, ෠݄௜

ଶ, ො௜ݒ ൒ 0,			0 ൑ ,ߚ ߙ ൑ 1. 
 
Also, in cases where maximizing the second stage has more importance than the first and second stages, 
then the two-stage programming problem can be expressed with problem restrictions (16) and the 
following objective function: 
 

(17)  

ሺ1݌ሻ:	ߠଶ ≔ maxߙ, 

ሺ2݌ሻ:				ߠଵ,ଷ ≔ max 	
1
2
	ቌߚ ൅	෍ݑො௜ݕ௜,௢ ൅෍ݓෝଵ௜݂ଵ௜,௢

௟భ

௜ୀଵ

൅෍ݓෝଶ௜݂ଶ௜,௢

௟మ

௜ୀଵ

௦

௜ୀଵ

ቍ . 
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In the case that maximizing the efficiency of the second stage has more importance than the other two 
stages, the problem is considered as a two-stage programming problem with the restrictions of two- 
stage programming problem (16) and the following objective function: 

(18) 
ሺ1݌ሻ:	ߠଷ ≔ max	෍ݑො௜ݕ௜,௢ ൅෍ݓෝଵ௜݂ଵ௜,௢

௟భ

௜ୀଵ

൅෍ݓෝଶ௜݂ଶ௜,௢

௟మ

௜ୀଵ

௦

௜ୀଵ

, 

ሺ2݌ሻ:				ߠଵ,ଶ ≔ max			
1
2
	൫ߙ ൅  .൯ߚ	

 
For the above problem, the first goal is to maximize ߠଷ and the next goal is to maximize ߠଵ,ଶ. 
 
4.3 Providing a linearization-based method for solving the two-stage programming problem 
 
The two-stage programming problems raised in sub-sections 4.1 and 4.2 have a nonlinear structure, but 
if we consider α, β as constant numbers in these problems, then these problems are transformed into a 
two-stage linear programming problem, and solving this linear problem will be simpler in comparison 
with the nonlinear mode in terms of computational volume. Solving the two-stage linear programming 
problem has been studied in the various papers, (See Sakawa & Nishizaki, 2002; Bialas & Karvan, 
1984; Candler & Townsley, 1982; Xie et al., 2017; Ahlatcioglu & Tiryaki, 2007; Sakawa and Nishizaki, 
2001). It is possible to solve the two-stage programming problems by using the methods mentioned in 
the resources above. However, a more appropriate method can be proposed compared with the methods 
presented in these papers based on the principles of the linearization proposed in the previous sections 
in order to solve the two-stage problems. To solve all of the preceding two-stage problems, first, the 
values of β and α are assumed to be constant values, as discussed in the previous sections. With this 
assumption, programming problem (p2) in the two-stage problems is equivalent to solving the problems 
proposed in sections 2 and 3. We describe solving method of linear programming problem (16). Since 
the process is similar for other problems, and we do not repeat them again. First, we select the length 
value of  stage δβ and then we calculate the value of β୧ ൌ β଴ ൅ iδβ  with the initial point β଴  for i = 
1,2,3, ... and in the next step, for each β௜ assuming the length of the step δα, we consider the values of 
α୧ ൌ α଴ ൅ iδα  for i = 1,2,3, ... . Then, by using these values in two-stage programming problem (16), 
we solve problem (p2) for each β௜ and α୧, and then we select the maximum value of β that problem  
(p2) is feasible. After choosing appropriate β, in the next section we select the maximum values for α 
and ݑො௜, ,ෝଵ௜ݓ  .ෝଶ௜, in a way that the following expression has the highest valueݓ
 

1
2
	ቌߙ ൅	෍ݑො௜ݕ௜,௢ ൅෍ݓෝଵ௜݂ଵ௜,௢	

௟భ

௜ୀଵ

൅෍ݓෝଶ௜݂ଶ௜,௢	

௟మ

௜ୀଵ

	

௦

௜ୀଵ

ቍ. 

 
In this case, the resulted values represent the answer of the two-stage programming problem. In the 
following, in order to examine the theoretical discussion, we will present the numerical results in the 
next section. 
 
5. Examining numerical results 
 
In this section, we check a few numerical examples for the contents of the preceding sections and 
examine the obtained results in the form of the chart and table. It should be noted that the numerical 
results have been programmed by using Wolfram Mathematica 9.0 and Matlab 2014.b software. It 
should be noted that in all numerical results, the initial values ߙ଴ ൌ ଴ߚ ൌ 0 and the value of ߙߜ ൌ ߚߜ ൌ
0.1 are considered as the stage length, although it is possible by selecting smaller values for this stage 
length to increase the decimal accuracy of the results. The numerical values for the input and output 
parameters for three DMUs have been given in Table 1. By using the values in this table, we will 
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examine the three-stage data envelopment analysis model with one feedback, namely, models (1) to 
(6). In Table 2, for the models (1) to (4), the numerical results without linearization have been presented 
by using the FMINCON internal function of MATLAB software and applying the interior-point default 
algorithm. Also, the results of linearization for these models by using the proposed method have been 
presented in Table 3. By comparing the obtained results, it is seen that the proposed linear 
approximation in comparison with the nonlinear solving, has a proper accuracy, and if the length of the 
stages increases, the accuracy of the results of the linearization will be closer to the actual answer. 
 
Table 1 
Numerical data for two-stage model for three-stage system with one feedback 

DMU ܠ૚,ܠ ܒ૛,ܠ ܒ૜,ܠ ܒ૝,ܠ ܒ૞,ܢ ܒ૚,ܒ
૚ ܒ,૛ܢ 

૚ ܒ,૚ܢ 
૛ ܒ,૛ܢ 

૛ ܒ,૜ܢ 
૛  ࢐,૜࢟ ܒ,૛ܡ ܒ,૚ܡ ܒ,૛܎ ܒ,૚܎ 

1 50 43 25 32 45 27 20 63 10 44 10 11 17 16 15 
2 32 52 27 20 40 30 22 10 10 10 40 30 72 50 80 
3 30 50 32 50 50 71 55 43 71 49 15 14 57 80 14 

 
Table 2 
Numerical results for nonlinear models (1) to (4), without linearization for data in Table 1 

DMU Overall efficiency of model (4) Stage 1 efficiency Stage 2 efficiency Stage 3 efficiency 
1 0.8209 0.8900 1.0000 1.0000 
2 1.0000 1.0000 1.0000 1.0000 
3 1.0000 1.0000 1.0000 1.0000 

 
Table 3 
Numerical results for the data in Table 1 with values of ߙߜ ൌ ߚߜ ൌ 0.1 

DMU 
Overall efficiency of 
model (4) 

હ∗ ࢼ∗ Largest ࢻ Largest ࢼ 
Stage 1 
efficiency 

Stage 2 
efficiency 

Stage 3 
efficiency 

1 0.8227 0.9000 0.7000 1.0000 0.8000 0.8000 1.0000 1.0000 
2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
3 1.0000 1.0000 0.4000 1.0000 1.0000 1.0000 1.0000 1.0000 

 
Also for the numerical results in Table 1, the results of the two-stage programming (12) - (14) have 
been presented in Table 3. Fig. 3 shows the Cantor chart and the three-dimensional chart of the total 

efficiency for the different values of α and β for the first DMU. In the mentioned chart, θ
஑

 represents 
the total efficiency. 
 
Table 4 
Numerical results for two-stage problems of model 1 with values of ߙߜ ൌ ߚߜ ൌ 0.1 

Model (14) Model (13) Model (12) 

Stage 3 
efficiency 

Stage 2 
efficiency 

Stage 1 
efficiency 

Stage 3 
efficiency 

Stage 2 
efficiency 

Stage 1 
efficiency 

Stage 3 
efficiency 

Stage 2 
efficiency 

Stage 1 
efficiency 

DMU 

1.0000 1.0000 0.7000 0.8444 1.0000 0.6000 0.8529 0.8000 0.8000 1 

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 2 

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 3 

 
In order to investigate the problems of three-stage models with series structure, we consider three 
DMUs with the data in Table 5.  
 

Table 5 
Numerical data for a two-stage model for three-stage system with two feedback 

DMU ܠ૚,ܠ ܒ૛,ܠ ܒ૜,ܠ ܒ૝,ܢ ܒ૚,ܒ
૛ ܒ,૚ܢ 

૚ ܒ,૛ܢ 
૚ ܒ,૚ܢ 

૛ ܒ,૛ܢ 
૛ ܒ,૜ܢ 

૛ ܒ,૚܎ 
૚ ܒ,૛܎ 

૚ ࢐,૛ࢌ 
૛ ࢐,૛ࢌ 

૛ ࢐,૜ࢌ 
૛  ࢐,૜࢟ ܒ,૛ܡ ܒ,૚ܡ 

1 60 43 25 40 45 50 75 10 5 10 10 11 50 50 12 17 16 12 
2 32 52 27 20 40 17 12 53 15 44 18 38 20 20 15 14 50 50 
3 30 50 32 50 50 10 30 43 15 49 15 14 14 14 50 80 80 50 

 

In Table 6, the numerical results are obtained from models (6) to (9), without the linearization process 
by using the internal FMINCON function of the MATLAB software by applying the default interior-
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point algorithm. Also, the results of the proposed linearization for these models are shown in Table 6. 
By comparing the obtained results, it is seen that the proposed linearization approximate, in comparison 
with nonlinear solving, has a proper accuracy and if the length of the stages increases, the accuracy of 
the results of the linearization will be closer to the actual answer. 
 

Table 6 
Numerical results for nonlinear models (6) to (9), without linearization for data in Table 5 

DMU Overall efficiency of model (4) Stage 1 efficiency Stage 2 efficiency Stage 3 efficiency 
1 0.7161 1.0000 0.4166 1.0000 
2 0.8491 0.2266 1.0000 1.0000 
3 0.8596 0.8000 1.0000 1.0000 

 
Table 7 
Numerical results for data in Table 5 with values of	ߙߜ ൌ ߚߜ ൌ 0.1  

DMU Overall efficiency of model (4) હ∗ ࢼ∗ 
Largest 
 ࢻ

Largest 
 ࢼ

Stage 1 
efficiency 

Stage 2 
efficiency 

Stage 3 
efficiency 

1 0.7100 0.1000 1.0000 0.4000 0.8000 1.0000 0.4000 1.0000 
2 0.8100 0.1000 0.2000 1.0000 0.4000 0.2000 0.1000 1.0000 
3 0.8300 0.9000 0.5000 1.0000 1.0000 0.8000 1.0000 1.0000 

 
Also, in order to examine the two-stage model proposed in Table 8, we consider four DMUs. The 
obtained results for the two-stage problems are presented in Table 9. The graphs for optimal values for 
the fourth DMU are plotted in Fig. 3. Also, for this mode, the optimal value is plotted in the Cantor 

graph and the total efficiency values have been represented by ߠ
௔

. 
 

Table 8 
Numerical data for model 2 

ܒ,૛܎ ܒ,૚ܡ ܒ,૛ܡ
૛ ܒ,૚܎ 

૛ ܒ,૜܎ 
૚ ܒ,૛܎ 

૚ ܒ,૚܎ 
૚ ܒ,૜ܢ 

૛ ܒ,૛ܢ 
૛ ܒ,૚ܢ 

૛ ܒ,૛ܢ 
૚ ܒ,૚ܢ 

૚  DMU ܒ,૚ܠ ܒ,૛ܠ ܒ,૜ܠ ܒ,૝ܠ 

62 57 78 96 82 83 70 84 36 83 20 25 31 25 30 19 1 
33 42 36 50 44 19 57 47 38 25 42 81 40 77 62 32 2 
60 57 78 31 21 36 51 53 71 43 50 33 34 32 67 49 3 
31 29 14 82 18 19 43 73 53 81 14 29 23 51 71 56 4 

 
Table 9 
Numerical results for two-stage problems of model 1 with values of ߙߜ ൌ ߚߜ ൌ 0.1 

Model (18) Model (17) Model (16) 

Stage 3 
efficiency 

Stage 2 
efficiency 

Stage 1 
efficiency 

Stage 3 
efficiency 

Stage 2 
efficiency 

Stage 1 
efficiency 

Stage 3 
efficiency 

Stage 2 
efficiency 

Stage 1 
efficiency 

DMU 

1.0000 0.7000 1.0000 1.0000 0.9000 0.2000 1.0000 0.7000 1.0000 1 

0.9662 0.7000 0.6000 0.9662 0.7000 0.6000 1.0000 0.2000 1.0000 2 

1.0000 0.7000 0.5000 1.0000 0.7000 0.5000 1.0000 0.2000 1.0000 3 

0.9829 0.3000 0.3000 0.9829 0.3000 0.3000 0.9829 0.3000 0.3000 4 

 

 
 

Fig. 3. Contour plot and numerical results for model 2 
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6. Conclusion 
 
In this paper, two types of three-stage data network envelopment analysis model with series structure 
with feedback were studied. The models examined have one feedback and two feedback. In modeling 
these problems, one-stage and two-stage programming problems have been used in order to evaluate 
the efficiency. At first, the efficiency of the total system was studied without considering the importance 
of the sub-sections and a nonlinear programming problem was introduced with considering the total 
efficiency average. Then, by considering the relationships between the stages, a two-stage 
programming problem was presented with regard to the importance of each stage.  The presented 
programming problems have nonlinear structure. This nonlinear programming model was transformed 
into a linear programming model by using the coordinate transformation method and assuming constant 
some of the variables, and by applying step by step motion method, the problems were solved. Finally, 
by presenting some test problems, the theory section of the numerical results was used in practice and 
the results were presented in the form of the table and graph. Also, the results of the linearization were 
compared with the numerical results obtained from the interior functions of MATLAB. 
 
References 
 
Adam Shariff Adli, A., Nur Izzati, J., Maznah, M. K., Kamal, M., & Nawawi, M. (2017). A two stage 

data envelopment analysis model with undesirable output. In Journal of Physics: Conference Series, 
890(1), 1-5. 

Ahlatcioglu, M., & Tiryaki, F. (2007). Interactive fuzzy programming for decentralized two-level linear 
fractional programming (DTLLFP) problems. Omega, 35(4), 432-450. 

Amirteimoori, A., Toloie-Eshlaghi, A., & Homayoonfar, M. (2014). Efficiency measurement in Two-
Stage network structures considering undesirable outputs. International Journal of Industrial 
Mathematics, 6(1), 65-71. 

Ashrafi, A., Jaafar, A. B., & Lee, L. S. (2010). Two-stage data envelopment analysis: An enhanced 
Russell measure model. In International Conference on Business and Economics Research, 1, 34-
38. 

Ashrafi, A., Jaafar, A. B., Lee, L. S., & Abu Bakar, M. R. (2011). A Slacks-Based Measure of 
Efficiency in Two-Stage Data Envelopment Analysis. International Journal of Mathematical 
Analysis, 5(29), 1435-1444. 

Bialas, W. F., & Karwan, M. H. (1984). Two-level linear programming. Management Science, 30(8), 
1004-1020. 

Candler, W., & Townsley, R. (1982). A linear two-level programming problem. Computers & 
Operations Research, 9(1), 59-76. 

Charnes, A. and Cooper, W.W. (1962) Programming with linear fractional functionals. Naval Research 
Logistics Quarterly, 9(3-4), 181-186. 

Cooper, W. W., Seiford, L. M., & Zhu, J. (2004). Data envelopment analysis. In Handbook on data 
envelopment analysis (pp. 1-39). Springer, Boston, MA. 

Dantzig, G. (2016). Linear programming and extensions. Princeton university press. 
Despotis, D. K., Sotiros, D., & Koronakos, G. (2016). A network DEA approach for series multi-stage 

processes. Omega, 61(2016), 35-48. 
Drury, C. (2006). Cost and management accounting: an introduction. Cengage Learning EMEA. 
Ebrahimnejad, A., Tavana, M., Lotfi, F. H., Shahverdi, R., & Yousefpour, M. (2014). A three-stage 

data envelopment analysis model with application to banking industry. Measurement, 49(2014), 
308-319. 

Fernandes, F. D. S., Stasinakis, C., & Bardarova, V. (2018). Two-stage DEA-Truncated Regression: 
Application in banking efficiency and financial development. Expert Systems with Applications, 96, 
284-301. 

Halkos, G. E., Tzeremes, N. G., & Kourtzidis, S. A. (2014). A unified classification of two-stage DEA 
models. Surveys in Operations Research and Management Science, 19(1), 1-16. 



  352

Kao, C. (2006). Interval efficiency measures in data envelopment analysis with imprecise data. 
European Journal of Operational Research, 174(2), 1087-1099. 

Kao, C. (2014). Network data envelopment analysis: A review. European Journal of Operational 
Research, 239(1), 1-16. 

Kao, C., & Liu, S. T. (2003). A mathematical programming approach to fuzzy efficiency ranking. 
International Journal of Production Economics, 86(2), 145-154. 

Kao. C. (2017). Network Data Envelopment Analysis: Foundations and Extensions. Springer. 
Li, H., Chen, C., Cook, W. D., Zhang, J., & Zhu, J. (2018). Two-stage network DEA: Who is the 

leader?. Omega, 74, 15-19. 
Li, X. (2017). A fair evaluation of certain stage in a two-stage structure: revisiting the typical two-stage 

DEA approaches. Omega, 68, 155-167. 
Liang, L., Li, Z. Q., Cook, W. D., & Zhu, J. (2011). Data envelopment analysis efficiency in two-stage 

networks with feedback. IIE Transactions, 43(5), 309-322. 
Lim, S., & Zhu, J. (2018). Primal-dual correspondence and frontier projections in two-stage network 

DEA models. Omega. https://doi.org/10.1016/j.omega.2018.06.005 
Nabahat, M. (2015). Two-Stage DEA with Fuzzy Data. International Journal of Applied, 5(1), 51-61. 
Sakawa, M., & Nishizaki, I. (2001). Interactive fuzzy programming for two-level linear fractional 

programming problems. Fuzzy Sets and Systems, 119(1), 31-40. 
Sakawa, M., & Nishizaki, I. (2002). Interactive fuzzy programming for two-level nonconvex 

programming problems with fuzzy parameters through genetic algorithms. Fuzzy Sets and Systems, 
127(2), 185-197. 

Seiford, L. M., & Zhu, J. (1999). Profitability and marketability of the top 55 US commercial banks. 
Management Science, 45(9), 1270-1288. 

Shenoy, G. V. (2007). Linear programming: methods and applications. New Age International. 
Shewell, P., & Migiro, S. (2016). Data envelopment analysis in performance measurement: A critical 

analysis of the literature. Problems and Perspectives in Management, 14(3), 705-713. 
Tavana, M., & Khalili-Damghani, K. (2014). A new two-stage Stackelberg fuzzy data envelopment 

analysis model. Measurement, 53, 277-296. 
Wang, C. H., Gopal, R. D., & Zionts, S. (1997). Use of data envelopment analysis in assessing 

information technology impact on firm performance. Annals of operations Research, 73, 191-213. 
Wanke, P., & Barros, C. (2014). Two-stage DEA: An application to major Brazilian banks. Expert 

Systems with Applications, 41(5), 2337-2344. 
Xie, F., Butt, M. M., & Li, Z. (2017). A feasible flow-based iterative algorithm for the two-level 

hierarchical time minimization transportation problem. Computers & Operations Research, 86, 124-
139. 

 
 

© 2019 by the authors; licensee Growing Science, Canada. This is an open access article 
distributed under the terms and conditions of the Creative Commons Attribution (CC-BY) 
license (http://creativecommons.org/licenses/by/4.0/). 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


