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 Market modeling issues are currently acute as they are responsible for efficient operation of a labor 

market to achieve full employment and a high rate of economic growth. The aim of the study is to construct a 

theoretically reasonable closed mono-branch mathematical model that describes the behavior of economic agents 

at a labor market using a system of differential equations. The model is constructed on the following hypotheses: 

1) a market is a closed system with a constant number of the unemployed (applicants) and employees; 

2) employees and applicants can be divided into three conventional categories: low-skilled workers the demand 

for whom is low or absent, the number of these people is equal to the number of vacant positions at an enterprise; 

average-skilled workers, who may later join to a category of low-skilled or highly qualified workers; highly 

qualified workers and employers are mostly interested in them. To analyze the dynamic of average-skilled 

workers the staff training coefficient is implemented to select these employees. Shares of the each category 

representatives have been chosen as modeling variables. The staff training coefficient, as well as the number of 

employees and the unemployed and the amount of subjects of each category have been accepted to be constant 

according to the initial hypotheses. The dynamic of the variables is described by the system of three nonlinear 

differential equations. Consideration of the system peculiarities makes it possible to find the exact solution of the 

system in quadratures i.e. to determine the quantitative structure of each of the subjects of the labor market at any 

moment of time. Particular attention is paid to the asymptotic properties of solutions: the equilibrium points of the 

system have been found and their stability has been investigated. The research results have revealed that a 

proactive employer hires highly qualified workers and pays particular attention to human resource policy and it 

proves the model adequacy. The economic interpretation of the obtained mathematic results in the terms of the 

initial task has classified possible situations at a labor market and has made a conclusion about the dynamics of 

each category of the economic agents depending on the initial conditions. Further studies will be devoted to the 

system complication by including new parameters, e.g. salary impact factor, training costs spent on average-

skilled employees, lag, etc. The model may be interesting for both the scholars studying labor market conditions 

and human resource managers. 

Keywords: labor market conditions, dynamic model of a labor market, a closed system, employees, the 

unemployed, staff, staff turn-over, skills of employees, system of differential equations, asymptotic features. 
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 Проблема моделирования рынка труда не теряет своей актуальности, поскольку связана с 

обеспечением эффективного функционирования данного рынка в целях достижения полной занятости и 

высоких темпов экономического роста. Целью настоящего исследования стало построение теоретически 

обоснованной замкнутой моноотраслевой математической модели, описывающей поведение экономических 

субъектов на рынке труда на основе инструментария системы дифференциальных уравнений. Модель 

строится исходя из следующих основных предположений: 1) рынок труда рассматривается как замкнутая 

система с постоянной численностью безработных (соискателей) и занятых (работников); 2) работники и 

соискатели делятся на три условные категории – низкоквалифицированные работники, спрос на которых 

небольшой или отсутствует, их численность на предприятии приравнивается к числу вакантных мест; 

работники средней квалификации, потенциально способные со временем пополнить как класс 

высококвалифицированных, так и низкоквалифицированных работников; высококвалификацированные 

работники, представляющие наибольший интерес для работодателя. При этом в модели в отношении 

анализа динамики работников средней квалификации вводится коэффициент подготовки кадров, 

позволяющий производить их отбор. В качестве моделируемых переменных выбраны доли представителей 

каждой из трёх категорий среди занятых и безработных. Коэффициент подготовки кадров, численность 

занятых и безработных, а также количество субъектов каждой категории, согласно первоначальным 

гипотезам, приняты за константы. Динамика переменных величин описывается системой трех нелинейных 

дифференциальных уравнений, учет специфических свойств которой позволил найти ее точное решение в 

квадратурах, т.е. получить ответ о количественном составе каждой категории субъектов рынка труда в любой 

момент времени. Особое внимание уделено асимптотическим свойствам решения системы уравнений: 

найдены точки равновесия системы и проведено их исследование на устойчивость. Результаты исследования 

показали, что рациональное поведение работодателя предполагает, что он нанимает на работу специалистов 

высокой квалификации и уделяет весомое внимание качеству кадровой политики, что свидетельствует о 

прохождении моделью проверки на адекватность. Экономическая интерпретация полученных 

математических результатов в терминах исходной задачи позволила провести классификацию возможных 

ситуаций, возникающих на рынке труда, и сделать выводы о динамике изменения каждой из трех категорий 

экономических субъектов в зависимости от начальных условий. Перспективы исследования видятся в 

возможности усложнения модели путём введения в неё новых параметров, таких как учёт влияния размера 

заработной платы, затрат на обучение специалистов средней квалификации, учёт запаздывания и др. Модель 

может представлять интерес для ученых, занимающихся вопросами моделирования конъюнктуры рынка 

труда, а также руководителей кадровых служб предприятий. 

Ключевые слова: конъюнктура рынка труда, динамическая модель рынка труда, замкнутая 

система, занятые, безработные, кадровый состав предприятия, текучесть кадров, уровень квалификации 

работников, система нелинейных дифференциальных уравнений, асимптотические свойства. 

 

   
 

Introduction 

he role of able-bodied citizens 

in economy is significant as 

labor being one of the 

production factors is the economy 

“foundation” or basis. Studies devoted to the 

dynamic processes of a labor market are 

currently acute as the phenomenon is 

investigated by both Russian and foreign 

scholars [1–7]
1
.  

                                                 
1
 Also see: Rynok truda, zanyatost' naseleniya, ekonomika 

resursov dlya truda [Labor market, population employment, 

resources economy for labor]. Pod red. A.I. Rofe i dr. [Ed. 

by A.I. Rofe, et al.]. Moscow, MIK Publ., 2007. 159 p. (In 

Russian); Erenberg R.D., Smit R.S. Sovremennaya 

ekonomika truda. Teoriya i gosu-darstvennaya politika. Per. 

s angl. [Modern economy of labor. Theory and public 

policy. Trans. from Engl.]. Moscow, MGU Publ., 1996. 

800 p. (In Russian). 
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The purpose of the study is to 

construct a closed mono-branch mathematical 

model that reveals the staff dynamics features 

in terms of labor market conditions.  

Different studies are devoted to this 

issue. Several dynamic stochastic models of 

general equilibrium were considered [8–10]
2
, 

as well as econometric models of the labor 

market as an element of a macroeconomic 

system [11–13]. A well-known model 

developed by C. Shapiro and J. Stiglitz [14] 

also considers a staff classification according 

to salary rate and labor productivity. And 

production functions are used as modeling 

tools in most of the studies.  

From the Russian-language literature 

on the issue under consideration, we note the 

publications by A. Vasil’ev, where a one-

dimensional differential model of the labor 

market was proposed [15]. Later it was 

transformed into a multidimensional system 

by I. Zaytseva [16]. A. Golyatin [17] was also 

engaged in forecasting the dynamics of the 

labor market using the apparatus of systems 

of differential equations. However in all the 

above mentioned studies the mathematical 

model has not been derived from basis 

prerequisites, which makes it impossible to 

assess the scope of the model and the 

possibility of its generalization.  

In this connection we firstly designate 

the labor market conditions, which represent a 

complicated dynamic system. The laws of its 

functioning will give grounds for adopting the 

hypotheses that define our model. 

The main elements of the labor market 

system are its subjects. The subjects of the 

labor market, as well as those of any market, 

are a seller and a buyer. In the considered case 

they are an employee (a worker) and an 

employer, respectively. The interaction of 

employers and workers in the labor market as 

a whole determines its condition, which is the 

ratio of supply and demand. 

The labor market conditions depend 

on the state of the economy, the branch 

structure of the economy, the level of 

                                                 
2
 Also see: Tikhonov A.N., Vasil'eva A.B., Sveshnikov 

A.G. Differentsial'nye uravneniya [Differential equations]. 

Moscow, Fizmatlit Publ., 1998. 403 p. (In Russian). 

technical basis development, welfare of the 

population, the development of the market of 

goods, as well as on services, housing, 

securities, the state of social and industrial 

infrastructure, the development degree of the 

multistructure of the economy, and measures 

for the development of integration ties [18]
3
. 

It can be of three types [5; 19]: 

 labor-deficit, when the labor market 

lacks supply of labor (this state of the labor 

market is usually accompanied by extremely 

low unemployment); 

 labor surplus, when there is a large 

number of unemployed in the labor market, 

and the level of labor supply exceeds the level 

of its demand; 

 equilibrium, when the demand for 

labor corresponds to the supply. 

Dynamic processes of labor market 

conditions arise due to the complementarity 

of the interests of a job seeker and an 

employer. Any job seeker aims to find a job, 

while the employer's goal is to increase the 

efficiency of activities of the firm by 

employing highly qualified personnel and 

getting rid of workers who do not meet the 

requirements of the enterprise.  

Proceeding from these premises, we 

may divide all economically active subjects of 

the labor market in any particular field of 

activity into three categories: 

 highly qualified specialists are 

specialists with specialized education and 

experience in the field of activity. They are 

those in whom the employer is primarily 

interested; 

 specialists of the intermediate level 

have a potential to become highly qualified 

specialists in the field, but there is no 

guarantee of realizing this possibility. The 

employer is interested in distinguishing from 

this category subjects who can really become 

specialists of the high category; 

 low-level specialists do not even 

have a potential to become highly qualified 

                                                 
3
 Also see: Rynok truda, zanyatost' naseleniya, ekonomika 

resursov dlya truda [Labor market, population employment, 

resources economy for labor]. Pod red. A.I. Rofe i dr. [Ed. 

by A.I. Rofe, et al.]. Moscow, MIK Publ., 2007. 159 p. 

(In Russian). 
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specialists in this field, the employer not 

interested in them. 

The purpose of the study is primarily 

the optimization of work with personnel. It is 

the labor market conditions as a paradigm of 

dynamic processes of the market that are the 

subject of the study. The transition from 

qualitative analysis to quantitative analysis is 

carried out by means of a mathematical 

model, which is constructed as described 

below. 

Mathematical model construction 

e represent the labor market 

in the form of two disjoint 

sets: employed citizens and 

unemployed ones. Each of these sets is 

divided into three (also disjoint) subsets, 

which we identified above as specialists of 

high, intermediate and low categories. The 

number of elements in each set is measured in 

general conditional units (tens, hundreds, 

thousands, etc.). 

We accept the following hypotheses: 

1. The total numbers of employed 

and unemployed citizens are constant in time; 

2. The total number of subjects of 

each category in the labor market is known 

and constant; 

3. Rational behavior of the employer 

towards specialists of the high category 

implies an unconditional desire to increase the 

number of them in the enterprise; 

4. Rational behavior of the employer 

towards specialists of the low category 

implies an unconditional desire to reduce the 

number of them in the enterprise (complete 

exclusion is ideal). Therefore the positions 

occupied by low-level specialists are a priori 

considered to be vacant. 

As to specialists of the intermediate 

category, the enterprise makes selection 

between them, with a part of them accepted 

for work as a result. The enterprise can exert a 

significant influence on the process of 

differentiation of the intermediate-level 

specialists (the so-called ”training factor” will 

be introduced below). 

Based on the above hypotheses, it is 

already possible to make reasonable 

qualitative assumptions about the dynamics of 

each of the categories of labor market 

subjects. For example, it is obvious that the 

number of specialists of the high category in 

the enterprise will increase permanently, 

while the number of specialists of the low 

category will decrease. However, heuristic 

estimates are not enough to give a prognosis 

about the quantitative correlation of the 

subjects of the labor market in the enterprise. 

Such a description can be given only by a 

corresponding mathematical model. Now we 

pass to constructing it. 

In the model we suggest let М be the 

total number of employed citizens, N be the 

total number of unemployed citizens, A  be 

that of specialists of the high category at the 

labor market, B  be that of specialists of the 

intermediate category, and G  be that of 

specialists of the low category. 

Further, let ( )M N   be the fraction 

of specialists of the high category in the total 

number of employed (unemployed, 

respectively) subjects; ( )M N   ‒ the fraction 

of specialists of the intermediate category in 

the total number of employed (unemployed) 

subjects; ( )M N   ‒ the fraction of specialists 

of low category in the total number of 

employed (unemployed) subjects.  

The total number of subjects in each of 

the categories is described by the product of 

the number of subjects in the sets of 

employed and unemployed citizens by the 

corresponding fraction (Fig. 1). 

 

W 
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Fig. 1. The number of subjects in the categories of labor market subjects 

 

Each of the categories of subjects 

among employed and unemployed subjects is 

a function of time. Our purpose is to find the 

dynamics of the introduced above functions 

, , , , ,M N M N M N      , that is to find the 

law of the variation of them in time. 

However, above all we note that the following 

stationary relations are true for them:  

First, it follows from the definition of 

the functions ( )M N  , ( )M N   and ( )M N   

that  

( ) ( ) ( ) 1M M Mt t t     , 

( ) ( ) ( ) 1.N N Nt t t                                    (1) 

Second, from hypothesis 2 we have:  

( ) ( )M Nt M t N A    ,                                (2) 

( ) ( )M Nt M t N B   ,                              (3) 

( ) ( ) .M Nt M t N G                                   (4) 

As it was noted above the set of 

employed specialists of the intermediate 

category is divided into two subsets ( )MkM t  

and (1 ) ( )Mk M t  . Subjects of the first subset 

leave the enterprise, while those of the second 

subset stay in it. Here by k the so-called 

training factor is denoted. It is not the same 

for all enterprises, but is an individual 

characteristic that shows the quality of 

personnel work in the enterprise. The smaller 

k is, the better personnel work. Decrease in k 

can be achieved in various ways: rapid and 

highly effective training, prospects for 

professional and career growth, material 

interest.  

Fix two arbitrary moments of time t , 

t t , and find how the numbers of 

specialists of the high, intermediate and low 

categories are changing during the time 

interval t . 

Consider the dynamics of the function 

( )M t . Where 0t  and 0t t   are two time 

moments. In that case 0( )M t M  is an amount 

of employed highly qualified specialists at the 

time 0t . 

Per unit time low-level specialists 

0( )M t M  and specialists of the intermediate 

level 0( )Mk t M discharge; the vacancies they 

make are occupied by subjects who are 

unemployed at that time.  

Since 0( )N t  is a share of highly 

qualified specialists in the total amount of the 

unemployed then, correspondingly, the share 

of jobs occupied by highly qualified 

specialists at the time t  is logically equal to 

their amount among the unemployed. 

Correspondingly, due to hypothesis 3 the 

amount of highly qualified specialists at 

0t t   is:  

 0 0 0 0 0( ) ( ) ( ) ( ) ( ) .M M N M Mt t M t M t M t k t t       

Now let us consider the changes of the 

function ( )M t  at the same time period from 

0t  to 0t t  . The amount of the employed 

specialists of the intermediate level at 0t  is 

0( )M t M . Since 0( )N t  is a share of 

specialists of the intermediate level in the 

total amount of the unemployed. However, 

the amount of specialists of the intermediate 

level who were discharged at the same time 

period should be subtracted. The amount of 

these people is 0( )Mk t M . Thus, the amount of 

specialists of the intermediate qualification at 

0t t   is:  

 0 0 0 0 0( ) ( ) [ ( ) ( ) ( )M M N M Mt t M t M t M t k t          

0( ) ] .Mk t M t    

High category Intermediate category Low category 

Unemployed specialists (N) 

High category Intermediate category  Low category 

Employed specialists (M) 

( )M М ( )M М ( )M М

( )N N ( )N N ( )N N
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And finally let us consider the 

dynamics of the ( )M t  function. The amount 

of the employed low-level specialists at the 

time period 0t  is 0( )M t M . Since 0( )N t  is a 

share of low-level specialists in the total 

amount of the unemployed then, 

correspondingly, their share in the occupied 

positions at the time period is equal to their 

share in the unemployed. However, the 

amount of the low-level specialists who were 

discharged at the time period 0( )M t М  

(according to hypothesis 4) should be 

subtracted. Thus, the amount of low-level 

specialists at the time period 0t t   is: 

 0 0 0 0 0

0

( ) ( ) [ ( ) ( ) ( )

( ) ] .

M M N M M

M

t t M t M t M t k t

t M t

          

 

 Point 0t  has been randomly chosen, so 

index 0 may be omitted. Thus, the following 

equations that describe the dynamics of 

employees of the three categories have been 

obtained.  

 

( ) ( )

[ ( ) ( ) ( ) ] ,

M M

N M M

t t M t M

t M t k t t

    

     

 

 ( ) ( ) [ ( ) ( ) ( )

( ) ] ,

M M N M M

M

t t M t M t M t k t

k t M t

         

  

 ( ) ( ) [ ( ) ( ) ( )

( ) ] .

M M N M M

M

t t M t M t M t k t

t M t

          

 

 Divide the both sides of each equality 

by t , pass to the limit as 0t  , and take 

into account equalities (2), (3), (4). As a result 

we obtain the following system of three 

differential equations with three unknown 

functions: 

 

 

 

( )
( ) ( ) ( ) ,

( )
( ) ( ) ( ) ( ),

( )
( ) ( ) ( ) ( ).

M
M M M

M
M M M M

M
M M M M

A M t
t t k t

N

B M t
t t k t k t

N

G M t
t t k t t

N

   
     

 
   

        
 

   
        

 

(5) 

The second and third equations of 

system (5) do not contain ,M  therefore they 

can be considered as an independent system 

with respect to two unknown functions 

,M M  . The function 
M  is defined by them 

from the relation (1), hence the first equation 

of system (5) can be dropped, since it is 

equivalent to the identity (1). It remains to 

investigate the following system 

 
 

 

,

.

M
M M M M

M
M M M M

B M
k k

N

C M
k

N

   
       
  


           

        (6) 

Then we construct an accurate 

analytical solution of system (6) and study its 

continuality and asymptomatic characteristics.  

Solving the system of differential 

equation with given initial conditions 

ccording to the Picard theorem 

[20]
1
 the system (6) with 

given initial conditions 

0(0)   , 
0(0)    is locally solvable, and its 

solution is unique.  

As to analytic solutions, generally 

speaking, there are no universal methods for 

constructing them for nonlinear systems of 

differential equations [1; 20‒22]
2
. However, 

we will verify later that system (6) possess a 

number of useful properties, which make it 

possible to find its solution in quadratures.  

For brevity denote M N m , B N b , 

G N g  in system (6), and introduce new 

variables: ,Mm x   .Mm y   We obtain the 

system 
  

  

,

.

x b x y kx kx

y g y y kx y

   


   

              (7) 

Obviously, system (7) has the trivial 

solution ( ) ( ) 0x t y t  , which is by virtue of 

the uniqueness theorem is realized only for 

the initial conditions (0) (0) 0x y  . 

However, if system (7) has a nontrivial 

solution, then at least one of the functions is 

different from zero in a neighborhood of the 

initial point. For the sake of definiteness we 

put ( ) 0y t  , since in case ( ) 0x t   the 

consideration is analogous. 

Multiply the first equation of system 

(7) by y , the second by x , subtract the 

second equation from the first one, divide the 

                                                 
1
 Tikhonov A.N., Vasil'eva A.B., Sveshnikov A.G. 

Differentsial'nye uravneniya [Differential equations]. 

Moscow, Fizmatlit Publ., 1998. 403 p. (In Russian). 
2
 Also see: Demidovich B.P. Lektsii po matematicheskoi 

teorii ustoichivosti [Lectures on mathematical theory of 

sustainability]. Moscow, MGU Publ., 1998. 480 p. 

(In Russian). 
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both sides of the resulting equation by 2y , 

and denote x y z . We obtain a first-order 

differential equation in separable variables
1
: 

2 (1 ) .z kgz k kb g z b                       (8) 

The right side of equation (8) is a 

quadratic trinomial. Let us investigate its 

properties. The quadratic equation 
2 (1 ) 0kgz k kb g z b        has the 

discriminant 2(1 ) 4 .D k kb g kgb      

According to the physical sense of the 

problem, 0,k  0,g  0,b   therefore 0D  , 

and the quadratic equation has two real roots: 

1

1
,

2

k kb g D
z

kg

   


 
2

1
.

2

k kb g D
z

kg

   
    (9) 

Note that 
1 2z z  and 

2 0z  . By the 

Vieta theorem, 
1 2 0z z b kg   , hence 

1 0z  . 

It is simple to verify that all solutions 

of equation (8) have the form: 

2 1
0 2

2 0 2

, ,
( )

, .

t

t

Cz z e
если z z

z t C e

z если z z





 


  
 

                     (10) 

An arbitrary constant С  is determined 

by the initial conditions, so 0 1

0 2

z z
C

z z






. It is 

obvious that 1C   can be only in case 
1 2z z , 

which contradicts the properties of 1 2,z z . 

Hence the case 1C   is excluded. Consider all 

the other cases. 

1. Suppose 
0 2z z . Then 1 tC e  , the 

solution is defined for all 0t  , moreover, 

2( )z t z . 

2. Suppose 
0 1 2( ; ).z z z  Then 

0 tC e  , the solution is defined for all 0t  , 

moreover, 
1 2( ) ( ; )z t z z . 

3. Suppose 
0 1z z . Then (0;1)C . 

Hence there exists a point 
0 0,t   where 

0tC e


 . The solution has a vertical 

asymptote 0t t , is uniquely defined in the 

interval 
0[0; )t t , moreover, 

1( )z t z . The 

solution cannot be extended to the set 

0[ , )t t  . 

                                                 
1
 Also see: Tikhonov A.N., Vasil'eva A.B., 

Sveshnikov A.G. Differentsial'nye uravneniya 

[Differential equations]. Moscow, Fizmatlit Publ., 

1998. 403 p. (In Russian). 

Substituting x zy  into the second 

equation of system (7), where the function ( )z t  

is defined by the equality (10), for finding the 

function ( )y t  we obtain a Bernoulli equation 
2(1 ) (1 )y g kgz y kz y      . 

Have solved it we find the function

( )y t , and also ( )x t :  

0

0
0

( )
( ) ,

(1 ( )) ( ) 1
t

y u t
y t

y kz s u s ds



 
 

0

0
0

( ) ( )
( ) .

(1 ( )) ( ) 1
t

y z t u t
x t

y kz s u s ds



 

                      (11)

 
Here the function ( )z t  is defined by 

(10), 0 1

0 2

z z
C

z z






 , and  

2( 1 )( )
1

t
g z kg tC e

u t e
C


 




.                        (12) 

The above analysis of the function ( )z t  

makes it possible to find conditions for 

extendibility of the functions ( )x t  and ( )y t . 

Suppose 
0 0,x  0 0y  . Then 

0 0z  . Let 

us prove that in this case ( ) 0z t  . If 0 2z z , 

then 
2( ) 0z t z  . Now suppose that 

0 20 z z  . Find the derivative of the function 

( )z t  defined by (10): 1 2
2

( )
( ) .

( )

t

t

z z C e
z t

C e





 
 



 

In this case 0C  , and since 
1 2z z , we 

have ( ) 0z t  . It follows that the function z  

monotonically increases on the whole real 

axis. Hence in this case we also have ( ) 0z t  .  

It follows now from formulae (11) that 

if 0 00, 0x y  , then the functions ( )x t  and 

( )y t  are nonnegative, continuously 

differentiable, and extendable onto the whole 

semiaxis [0; ).  
It should be mentioned that a solution 

constructed on a finite interval does not give 

reliable information about the behavior of the 

solution as the argument increases infinitely. 

Correspondingly the question of asymptotic 

behavior of a solution requires special 

investigation. We begin it from finding the 
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equilibrium points
1
, which are stationary 

solutions of system (8) ( )x t x const  , 

( )y t y const  . These constants are the 

solutions of the following system of algebraic 

equations:   

  

0,

0.

b x y kx kx

g y y kx y

   


   

             (13) 

It is easily seen that system (13) has 

three (and only three) solutions, which are the 

equilibrium points of system (8): 

1. 0x  , 0y  ; 

2. 
2

* *1 1 1
1 1

1 1

( 1) ( 1)
,

1 1

kgz g z kgz g
x y

kz kz

   
 

 

; 

3. 
2

* *2 2 2
2 2

2 2

( 1) ( 1)
,

1 1

kgz g z kgz g
x y

kz kz

   
 

 

. 

Here 
1 2,z z  are the roots of the 

quadratic equation defined by formulae (9). 

Taking this into account, one can easily show 

that the second and the third equilibrium 

points possess the following property: 
* * 1,i ix y b g     1,2.i   

 

Let us find the limits, as t  , of the 

functions ( )x t  and ( )y t  defined by equalities 

(11). We begin with calculating the limit for 

the function ( )z t : 

2 1
2lim ( ) lim .

t

tt t

Cz z e
z t z

C e



 


 

  

Therefore, 
2lim ( ) lim ( )

t t
x t z y t

 
 . Thus 

the problem is reduced to calculating the limit 

of the function ( )y t . This requires the 

analysis of the asymptotic behavior of the 

function ( )u t  defined by the equality (12). 

Obviously, 
lim

1 1

t

t

С e С

C С








 

, hence 

the asymptotic behavior of ( )u t  is defined by 

the sign of the constant 
21g z kg  . It follows 

from equation (11) that the functions x  and 

y  tend to the third equilibrium value in case 

21 0g z kg   , and to the first (trivial) 

equilibrium in case 
21 0g z kg   . The 

second equilibrium point is not realized in the 

model given. Indeed, since 1 0z  , one of the 

                                                 
1
 Demidovich B.P. Lektsii po matematicheskoi teorii 

ustoichivosti [Lectures on mathematical theory of 

sustainability]. Moscow, MGU Publ., 1998. 480 p. 

(In Russian). 

numbers * *
1 1,x y  should be negative, which is 

impossible, because the functions ( )x t  and 

( )y t  are nonnegative.

 Replacing 
2z  by its expression, we 

obtain that the inequality 
21 0g z kg    

is 

equivalent to the inequality 1b g   

(correspondingly, the inequality 

21 0g z kg    is equivalent to the inequality 

1b g  ). Thus, the results of the present 

section take simple and completed form: 

 If 1b g  , then lim ( ) 0,
t

y t




lim ( ) 0.
t

x t


  

 If 1b g  , then *
2lim ( ) ,

t
y t y




*
2lim ( ) .

t
x t x


  

Phase portraits of system (7) in 

coordinates (х, у) are presented in Fig. 2, 3. 

Fig. 2 displays an equilibrium point (0,0), 

whereas Fig. 3 – an equilibrium point 
* *
2 2( , )x у . 

Both equilibrium points are stable nodes 

according to the classification of the theory of 

differential system [20]
2
.  

 
Fig. 2. Phase portrait of system (7) 

for the equilibrium point (0,0). 

                                                 
2
 Also see: Erenberg R.D., Smit R.S. Sovremennaya 

ekonomika truda. Teoriya i gosu-darstvennaya politika. Per. 

s angl. [Modern economy of labor. Theory and public 

policy. Trans. from Engl.]. Moscow, MGU Publ., 1996. 

800 p. (In Russian); Demidovich B.P. Lektsii po 

matematicheskoi teorii ustoichivosti [Lectures on 

mathematical theory of sustainability]. Moscow, MGU 

Publ., 1998. 480 p. (In Russian). 

0.2 0.1 0.1 0.2
x

0.1

0.1

0.2

0.3

0.4

0.5

0.6

0.7
y



Modeling of a closed … 

 

 

 
365 

 
Fig. 3. Phase portrait of system (7) 

for the equilibrium point * *
2 2( , )x у . 

 

Then we analyze the obtained results 

using the terms of the initial model and will 

economically interpret them. 

Interpretation of the results in terms 

of the original model 

o interpret the results let us 

return to the above-mentioned 

notations: M N m , B N b , 

,G N g  ( ) ( ) ,M t x t m   ( ) ( )M t y t m  . 

Using these terms we reformulate the main 

results of the model construction.  

System (5) possesses the following 

properties in any finite segment: 

 For every initial conditions 
0 0  , 

0 0  , 
0 0   

0 0 0( 1)      system (5) is 

unique solvable; 

 The functions 
M , 

M , 
M  are 

extendable to all the semiaxis [0, )  and are 

nonnegative; 

 The solution of system (5) is 

presented in quadratures: 

0

0
0

( )
( ) ,

(1 ( )) ( ) 1

M t

u t
t

m kz s u s ds


 

  

0

0
0

( ) ( )
( ) ,

(1 ( )) ( ) 1

M t

z t u t
t

m kz s u s ds


 

  

 

( ) 1 ( ) ( )M M Mt t t     , 

where the functions ( )z t  and ( )u t  are defined 

by the equalities (10) and (12) respectively.  

The asymptotical behavior of solutions 

of system (5) is described by the following 

statements: 

1. If B G N  , then lim ( ) 1,M
t

t


 

lim ( ) 0M
t

t


  , lim ( ) 0M
t

t


  .  

2. If B G N  , then 

1
lim ( ) 1 ,M
t

b g
t

m

 
     2lim ( )M

t

x
t

m




   ,

2lim ( )M
t

y
t

m




  .  

In the first case, A+B+G=M+N≤A+N. 

This means that the number of specialists of 

the high category in the labor market is 

greater than the total number of workplaces. 

The dynamics of the functions ( )M t , ( )M t ,

( )M t  is obvious: the fraction of specialists of 

the high category in the enterprise tends to 1, 

while the fractions of specialists of the 

intermediate and low categories tend to 0.  

In this situation, on the one hand, the 

enterprise has the opportunity to maximize 

the efficiency of activities by employing 

exclusively specialists of the high category. 

There is no need to work with personnel. On 

the other hand, if ,A M  then some of the 

highly qualified personnel turn out to be 

unclaimed. As for specialists of the 

intermediate category, they have no chance to 

get a job, therefore, they loose motivation for 

self-improvement in this area. At the same 

time, the enterprise deprives itself of the 

opportunity to recruit potentially strong 

specialists of the intermediate category, since 

at this stage they cannot compete with 

specialists of the high category. On Fig. 4, 5 

and 6, the graphs of the functions ( )M t , 

( )M t  and ( )M t  are represented for the first 

case. 

T 
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Fig. 4. Dynamics of the function ( )M t  

for 
0 1, 1 2, 1 3, 2 3y k g b     

 

 
Fig. 5. Dynamics of the function ( )M t  

for 
0 1, 1 2, 1 3, 2 3y k g b     

 

 
Fig. 6. Dynamics of the function ( )M t  

for 
0 1, 1 2, 1 3, 2 3y k g b     

 

In the second case, we have 

,A B G M N A N       hence A M , that 

is the number of specialists of the high 

category in the labor market is less than the 

total number of workplaces. Note that 

lim ( ) ,M
t

t А M


     therefore the enterprise 

can employ all specialists of the high category 

from the labor market. However, since 

A M , still there will be vacant jobs, which 

will be occupied by specialists of the 

intermediate and low categories.  

Denote lim ( )M
t

t


   , lim ( )M
t

t


   . 

Then M A

M


   , and, in addition, 2

2

2

x
z

y






 



, 

hence, 2

2

(1 )

1

z A M

z


 



, 

2

1

1

A M

z


 


. 

Thus, the number of vacant jobs, 

which is being occupied in time by specialists 

of the intermediate and low categories, is 

divided into two set with known numbers of 

elements by means of the constant 2z . 

Therefore, 2z  is the ratio of the limit number 

of specialists of the intermediate category to 

that of specialists of the low category in the 

enterprise.  

In Fig. 7, 8, 9 the graphs of the 

functions ( )M t , ( )M t , ( )M t  are 

represented for the second case.  

 
Fig. 7. Dynamics of the function ( )M t  

for 
0 1, 1 2, 1 3, 1 2y k g b     

 

 
Fig. 8. Dynamics of the function ( )M t  

for
0 1, 1 2, 1 3, 1 2y k g b     
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Fig. 9. Dynamics of the function ( )M t  

for 
0 1, 1 2, 1 3, 1 2y k g b     

 

Till now we have considered the 

coefficient k  to be a constant. Now we try to 

find out how one can influence the 

quantitative and qualitative structure of the set 

of the employed subjects by changing the 

coefficient k. This changing does not effect 

the value lim ( )M
t

t


   , however it effects the 

values lim ( )M
t

t


    and lim ( )M
t

t


   , since 

they does not depend on 2z  and, hence, on k

. Thus, ( )k  , ( )k   . 

Consider the function 
2

2

1 (1 ) 4
( )

2

k kb g k kb g kgb
z k

kg

       
  

 

in the interval (0,1]. This function is 

continuously differentiable in (0,1], and also 

( ) 0,k   hence ( )k  monotonically decreases. 

Its behavior in the neighborhood of zero is 

characterized by the following limit relation: 

0

, 1,
1lim ( )

, 1.
k

b
if g

gk

if g





  
 

                     (14) 

By (14), the analysis of the situation, 

when there are vacant jobs in the enterprise 

after all specialists of high category are 

employed, requires considering two cases 

(Fig. 10, 11) defined by the sign of the 

number 1 1g G N   .  

Case A. Suppose .G N  Pass to the limit as 

0k  : 

0 0

( ) 1
lim ( ) lim

1 ( )k k

k b g b B
k

m k m M



 

   
      

    

, 

0 0

1 1
lim ( ) lim 0

1 ( )k k

b g g G
k

m k m M



 

  
       

  

. 

 
Fig. 10. Dynamics of the function ( )k  

for 3, 4 3, 1 2m g b    

 

 
Fig. 11. Dynamics of the function ( )k  

for 3, 4 3, 1 2m g b    

 

So, in case А it is not possible to 

reduce the number of specialists of the low 

category to zero, even if the work with 

personnel is carried out with maximal 

intensity. The fraction of specialists of the 

low category in the enterprise cannot be less 

than the positive value G M . This part of the 

staff of the enterprise will be rotating 

permanently.  

Case B. The more interesting is the 

case, when ,G N  that is the number of 

specialists of the low category is less than the 

total number of the unemployed. Here the 

coefficient k is playing a vital role.  

For example, if 1k   (the work with 

personnel is not carried out at all), we get 

2 (1) ,z b g B G     that is the ratio of the 

number of specialists of the intermediate 

category to that of specialists of the low 

category in the enterprise is the same as the 

analogous ratio in the labor market in general. 
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Let us show (Fig. 12, 13) that the 

quality of the staff of the enterprise can be 

improved by diminishing the value of .k   

0 0

( ) 1 1
lim ( ) lim

1 ( )k k

k b g b g M A
k

m k m M



 

      
      

  

,

0 0

1 1
lim ( ) lim 0

1 ( )k k

b g
k

m k



 

  
     

  

. 

 
Fig. 12. Dynamics of the function ( )k   

for 3, 2 3, 1 2m g b    

 

 
Fig. 13. Dynamics of the function ( )k  

for 3, 2 3, 1 2m g b    

 

From above, it follows that in case В 

one can theoretically reduce the number of 

specialists of the low category to zero by 

directing k  to zero. In practice, this means 

that intensive work with specialists of the 

intermediate category gives the enterprise an 

opportunity to make the number of specialists 

of the low category negligible.  

Speaking about the economic 

interpretation of the results we should say that 

in the research it was established that if the 

number of highly qualified specialists exceeds 

the number of jobs at the labor market, then 

the rational behavior of the employer 

guarantees 100% professionalism of the staff, 

and, as a result, the maximum efficiency of 

the functioning of the enterprise. However, 

first, not all employees of good qualifications 

will be able to find work; second, there is a 

problem associated with a staff turn-over due 

to the absence of motivation to increase 

qualification level. Unsatisfied labor supply 

can mean, for example, a high unemployment 

rate among citizens with higher education. 

The labor market with excess labor can be a 

consequence of the re-training of specialists 

in a given sphere or the low level of 

development of enterprises on which these 

specialists are in demand. This problem can 

be solved either by expanding the labor 

market and opening new vacancies, or by 

changing the course of staff training due to 

expanding budgetary places in universities, 

demand for whose graduates is higher, due to 

the reduction in the number of budget places 

in other universities. 

If all highly qualified specialists have 

an opportunity to find a job, and still the 

unsuccessful demand for labor remains on the 

part of the employer, it is possible to improve 

the efficiency of the enterprise by improving 

work with personnel, thus bringing the labor 

market conditions closer to its equilibrium 

state. However, in the case of an excess of 

inadequate qualifications in the labor market, 

there will always be a number of vacancies in 

the enterprise, which characterizes the labor-

deficit market situation. In Russia, this 

phenomenon is observed, for example, in 

firms that distribute advertisements, as well as 

in real estate agencies, which are 

characterized by high staff turnover. This 

problem is solved either by a reduction in the 

number of staff members, or again by opening 

institutions engaged in the training of 

specialists whose work is in high demand.  

Conclusion 

n the present paper a new 

mathematical model of labor 

market conditions has been 

proposed and described by means of a system 

of differential equations. The model is simple 

for understanding and presentation. However, 

it is meaningful, since a complete 

mathematical analysis of the system carried 

out in the work made it possible to reveal 

significant qualitative and quantitative 

I 
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characteristics that determine the dynamics of 

the labor market. 

It is interesting to note that the model 

of a closed mono-branch labor market 

conditions considered above makes it possible 

to describe some other processes that are 

typical for different markets. For example, 

applicants applying for places in higher 

education (or undergraduate students) can 

also be divided into three conditional 

categories by analogy: first, subjects with a 

high level of training and abilities for this 

specialty; second, those who are potentially 

capable of learning; third, those, who are 

either not capable or have no will to learn. In 

this case the coefficient k can be interpreted as 

the level of rigor of the receiving commission 

(or that of qualifications of the teachers) of 

the given institution. 
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