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1. INTRODUCTION

Fixed point theory is one of the most active research subject in the
development of nonlinear analysis. It is used in pure and applied
mathematics and play a key part in nonlinear functional analysis as well
as used for proving the existence theorems for nonlinear differential and
integral equations. One of the main result in this area is the Banach
contraction principle proved by Banach, which says that any contraction
self-mappings on a complete metric space has a unique fixed point.
Because of its importance for mathematical theory, this Principle has been
extended and generalized in many directions and the references cited satisfying the following conditions:

therein (Abbas et al,, 2011; Suzuki, 2008; Zamfrescu, 1972). 1)  G(X,y,z)=0 impliesthat X=Y =1Z forall X,y,ze X;

2) 0<G(x,xy) forall X,y,e X with X#Y;
3) G(X,XY)<G(X,Y,2) forall X,y,ze X with y=#2;

1. Preliminaries
Before going to the main results, we recall some definitions
and results from the existing literature.

Definition 2.1 (Manro et al,, 2013; Mustafa and Sims, 2006). Let X
be a non-empty set and let g . xxxxx »R* be a function

In 2002, an integral version of the Banach fixed point theorem
(Branciari, 2002). This result was more generalized and extended by

many authors for the existence of fixed points and common fixed points 4) G(x, Y, z) = G(x, Z, y) = G(y, Z, x) =...(symmetry in all

for numerous mapping satisfying integral type contraction (Aliouche, three variables);

2006; Dsoudi and Merghadi, 2008; Khojesteh et al.,, 2010; Rhoades, 2003; 5) G(xy,2)<G(x,.a,a)+G(a y,z) forall X,¥,Z,a€ X

Suuki, 2006; Liu and Kang, 2000). In recent years, there has been o . ; .
increasing interest in the study of fixed points of mappings satisfying Then it is called G-metric on X and the pair (X,G) is called G-
integral type contraction. Recently, a studied common fixed point metric space.

theorem for integral type contraction in generalized metric spaces (Ayadi,

2012). Example 2.2. Let X =[0,00) and G : X x X x X —> R* be the

function defined as follow

Gy, z)=max{| x-yl||y—-zl|,|]z=x]|} forall x,y,ze X.

The aims of this manuscript is to study the existence and uniqueness
of common fixed points for contractive mappings of integral type in the

set-up of generalized metric spaces. Our results generalize the G-metric Then G is G-metricon X ..
spaces and carry the results in metric spaces to G-metric spaces (Ayadi, Proposition 2.3 (Mustafa and Sims, 2006). Let (X,G) be a G-
2012; Liu et al, 2011). Throughout this paper N denotes the set of metric space. The following are equivalent:
positive integers, R is the set of real numbers, R* is the set of non- 1)  @,¢is G-convergent to x;
negative real numbers and 2) G(x,,X,,X) >0asn— o
#|4:R* >R where ¢ is Lebesgue integrable, summable | * 3)  G(X,,%X) >0 asN—>©
*= on each compact subset of R* and I¢(t)dt>0 for each >0 4) G(xn, Xons x) —>0as NyMm—>
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Proposition 2.4 (Sintunavarat and Kumam., 2012) Let f and § be
weakly compatible self-mappings on a set X.If f and 0 havea unique
point of coincidence &= fyy =gy, then ¢ is the unique common fixed
point of f and 0.

Proposition 2.5 (Sintunavarat and Kumam., 2012) Let (X,G) be a G-
metric space. Then following statement holds:

1) |G(X,Y,2) —G(X,Yy,a) |< max{G(a, z,2),G(z,a,a)}

2) G(X,Y,Y)<2G(Y,X,X).

Lemma 2.6 (Liu et al, 2011). Let ¢ ® and {r},

neN

is a non-negative

sequence with lim__ r, =a. Then

lim L $(t)dt = L #(t)dt.
Lemma 2.7 (Liu et al, 2011). Let ¢ € ® and {r,},_y is a non-negative
sequence. Then
fim [ §(t)dt =0« lim r, =0.
Definition 2.8 (Sintunavarat and Kumam, 2012). Let S and T be self-

mappings of a nonempty set X .
1) A point X€ X' is said to be a fixed pointof T if TX=X.

2) A point X € X' is said to be a coincidence point of S and T if

Sx =Tx and we call the point w= Sx =Tx a point of coincidence of S

and T .

3) A point X e X is said to be a common fixed pointof S and T if
X=Sx=TX.

Definition 2.9 (Abbas et al, 2011; Aliouche, 2006). Let X be a non-
empty set the mappings T, f : X — X aresaid to be weakly compatible

if they commute at their coincidence point (i.e., Tfx = fTx whenever
Tx = ).

Theorem 2.10. (Branclari, 2002). If T bea self-map of a complete
metric space (X,d) such that for all x,y e X
d(x.y)

(Tx,Ty) )
[ swdt<n [ gt ne 0
where, ¢ €® ThenT hasa unique fixed pointin X,

In 2011, a researcher proved the following results which
generalized Theorem 2.10 in metric spaces (Liu et al,, 2011).

Theorem 2.11.1f T bea mapping from a complete metric space (X,d)
to itself such that for all X,y e X

Jad(Tx JTy) d(x,y)

gt <a(dexy) [ gt
¢ped and ¢ :[0,00) >[0,1) is a
limsup, ,, &(s) <1, Vt>0.Then T hasa unique fixed pointin X.

where, function with

Theorem 2.12.1f T be a mapping from a complete metric space (X,d)
to itself such that for all X,y e X
d(y,Ty)

d(Tx, Ty)
[ emdt<a@dxy [ gmdt+ A ) [ )t
ped and o, [O +oo) N [O 1) is a function with
limsup, _, 1“/5;) <1 Vt>0.Then T has aunique fixed pointin X,
In 2014, generalized the above theorem for integral type contraction
and proved the following theorem in metric spaces (Liu et al., 2014a).
Theorem 2.13. If T be a mapping from a complete metric space

(X s d ) to itself such that for all X,y € X
[ gt < a@dx ) [ e+ sy [ gt

e[ g,
For all X,Y € X where, ¢€ D ang a,f,7 [04+x0) >[0,1) is a

function with

d(x,Tx)

where,

at)+ M) +y() <1Vt eR",
limsup[ea(s)+ A(s) + y(s)] <1V t>0.
st
Then T has a unique fixed pointin X,

Recently, a researcher has established the following common fixed
point theorems in generalized metric spaces (Ayadi, 2012).

Theorem 2.14. Let (X ,G) be complete G-metric space and
f,g : X > X be a mapping such that

G(fx, fy, fz) < aG(gx, gy, 92),
for all X,¥,Z€ X where @ €[0,2). 1f f(X)<=g(X) and

g(X) is acomplete subspace of X .Then f and g have a unique
point of coincidence in X . Moreover if f and g are weakly

compatible, then f and g have a unique common fixed point in

X.
Theorem 2.15. Let (X,G) be complete G-metric space and

f,g : X = X be amapping such that
x, fy, f
" gt <al

where

(G(9x, 9y, 92))

#(t)dt,
for all a e [0,1) and ¢ ed, If
f(X) < 9(X) and g(X) is a complete subspace of X . Then f

and { have a unique point of coincidence in X . Moreover if f

X, ¥,2e X

and ( are weakly compatible, then f and g have a unique

common fixed pointin X.
2. Main results
Theorem 3.1. Let (X,G) be complete G-metric space and

f,g : X > X be amapping such that
(G(gx. 9y, 92))

#(t)dt < (G (gx, 9y, 92)) [
(3.1)
forall X,y,z e X , where ped and ¢ :[0,400) —[0,1) isa

function with g(t)<1vVteR", limsupa(s)<1l, Y 1>0. If
st

J-G(fx‘ fy, fz)

g(t)dt,

f(X) < g(X) and 9(X) is a complete subspace of X . Then f
and g havea unique point of coincidence in X . Moreoverif f and
g are weakly compatible, then f and g have a unique common
fixed pointin X,

Proof. Let X, be arbitrary pointin X . Since f(X) < g(X) choose
X, € X such that 9% = X, choose X, € X such that gX, = fX; in

last we choose X,,; € X such that Y,=0X,, =fX. Let

Gy =G (Y You1: Yo:) by using (3.1) we get

(o fXnu1, PXoi2)

j $t)dt = j $t)dt
Xn » O%ns1 s OXns2 32
< (GO Gn O[T gt (52
G( Xy, Xy, fXoig)
= a(G( P, By, B.0)) || gyt
Gy
= a(G,.)[, " d(t)dt
< _[OG"’¢(t)dt,v neN
which yields that
G,<G,,;,VneN.

(3.3)

Thus, the sequence {G,},., is decreasing. Consequently, them exist

neN
a constant C such that
limG, =c.

n—oo
(34)
We claim that C=0.1f C >0, then from (3.2) we have
G, Gos
[ odt<aG,,) [ gt

Taking limit sup and using equation (3.4) and Lemma 2.6 we get

0<[ g0yt = im fypjf" #Odt < lim sup(a(G, ) [ ptyat)
<limsupa(G, ,)limsup [~ pt)dt < [ pt)ot.
Which is contradiction. nfence .
iim G, =0. G

Next, we prove that {Y,},.n is a Cauchy sequence in g(X).
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Suppose {yn}neN is not a Cauchy sequence. Then there exists & >0
and for each positive integer k, there are positive integers m(k)
and N(K) with n(k) > m(k) > K such that
G(yn(k)' Yy ym(k)) 2 ¢&. (3.6)
Corresponding to m(k), we can choose n(k) such that it is the smallest
integer with N(K) > M(K) and satisfying (3.6). Then
G(yn(k)’ Yin(y-11 ym(k)—l) <é. (.7)
Then we have
€< G(yn(k)' Yy ym(k)) < G(yn(k)’ Yin(k)-12 ym(k)—l) + G(ym(k)—l' Yy ym(k))'
<&+ G(ym(k)—l' Yy ym(k))'
Letting k— o0 and using (3.5) we get
l!iLTJOG(ym(k)’ Yy yn(k)) =¢&. (3:8)
Next by using Proposition 2.5 we can write
[C Yy Ymciyr Yary) = C(Ymgeyr Yoy Yngoysa |
<MaX{G (Yogeys1r Yooy Yo ): G Yngeyr Yakyon Yngy)d

< ZG(yn(k)’ Yn(ky+1r yn(k)+2) =2G,(k);
(3.9)

[ G(Yngeys1r Yigy 1 Y1) — G Yngyinr Ymysrr Yoner |
< MaX{G (Yay Ymiysar Y s)s C Ymeiyar Yy Ymgo

< 2G(Ynqkys Vg1 Yoy 2) = 26 (K);
(3.10)

| G(Ygys1 Ymiiyor: Yogoys1) = C(Vimciysar Ymgoyas Ynciy-z | (3.11)
<MaX{G (Yngyr21 Yosnr Yacos1)s G Vacysns Yagoyrzr Yacys2d
< 2G(Yn(k)+1v Ynwy+21 yn(k)+3) =2G,4)1-

By letting k — 00 and taking into account (3.5), (3.8), (3.9), (3.10) and
(3.11) we get the following system

Nm G(Y gy Yo+ Vo) = € 612
Jim G(Y gy Yino» Yo +1) = & '
NIm G(Ya10 Y 210 Yo 1) = &
NM G(Y gy ars Y w1 Vi) = €

k"TxG(yrn(k)uva(k)uvYn(k)+z) =&
Using (3. 1) we get

G (Ym(k)+1 m(k)+1 Yn(
[t gyt (313)

G (Ym(k)

(k)+1)
< (Z(G(ym(k), ym(k), yn(k)ﬂ)j. ¢(t)dt v k eN.
Taking limit superior and using (3.12) we have
o<[ ° g(t)dt

= lim sup.[

k—o0

(Ym(ky i Ym(ky o1 Ynckye2)

#(t)dt

G (Y (k) Ym(k)» Ya(k)+1)

< 1M SUp & (G (Ve Vg o) |, $(t)dt)

< IiT supa(G(ym(k)' Yy yn(k)+1)j.0 $(t)dt < J: p(t)dt.
Again contradiction arises. Thus {yn}nEN is a Cauchy sequence in g(X)

and since g(X) is complete, there exists a point r € g(X) such that
limy (X)=r. So, there exist WE€X such that GW=T. From
nN—o0

Proposition 2.3 we have
lim G(gx,, gx,, gw) = lim G(gx,, gw, gw) = 0. (3.14)
n—oo n—o
Further we show that OW = fW_ Suppose that gw= fw then by using
inequality, one can get

J-G(gx , fw, fw) ¢(t)dt

G( X, q, fw, fw)
j #(t)dt
(%1, 9w, QW)

< a(G(gx,_;, 9w, gw) _LG p(t)dt

By taking N — o0 and using (3.14) we have,

G(gw, fw, fw)
j #(t)dt <0,
which contradict the fact that QW # fw. Thus fw= gw.
Uniqueness: We now show that f and g havea unique point of
coincidence. Suppose that f&=g& for some e X, the using

inequality (3.1), we can write

G(9¢, gw, gw) £, fw, fw)
j #(t)dt = j #(t)dt
(9¢, gw, gw) J-G(g, +gwW, gw)

< a(G(gs gw,gw) [ gty < p)et
but this holds if G(9&,gW, gW) =0 Hence g& = gw. Which

gives f and g have a unique point of coincident. From
Proposition 2.4 f and ¢ have unique common fixed point.
Now we present some corollaries of Theorem 3.1.

Corollary 3.2. Let o, G¢ be complete G-metric space and
f,g : X - X be a mapping such that

(9x, 9y, 9z)

(fx, fy, fz) ,ay,
[T " gmae<e [ goyat,
forall X,¥,Z€ X where C€[0,1) and p € @.1f f(X) < g(X)
and 9(X) isa complete subspace of X . Then f and g havea
unique point of coincidence in X . Moreover if f and { are
weakly compatible, then § and { have a unique common fixed

pointin X.
Proof. It follows by taking @(S) = C in Theorem 3.1.

Corollary 3.3. Let (X,G) be a complete G-metric space and
f,g9 : X > X such that

G(fx, fy, fz) < a(G(gx, gy, 92)),
for all X,¥,Z€ X where 02a <1 f f(X)cg(X) and
g(X) is a complete subspace of X, then f and g have a
unique point of coincidence in X . Moreover if f and g are
weakly compatible, then f and g have a unique common fixed

pointin X .
Proof. It follows by taking #(t) =1 and a(X) = inTheorem 3.1.

Corollary 3.4. Let (X,G) be a complete G-metric space and
f:X->X beamappingsuchthat

" gmt <axy. [0 o,

forall X, ¥,Z € X where # €D and @ :[0,+0) —>[0,1)
is a function with (t) <1VteR", limsupa(s) <1, Vt>0
st

.Then f hasa unique fixed pointin X .
Proof. The proof follows by taking 9(X) = X in Theorem 3.1.
Corollary 3.5. Let (X,G) be a complete G-metric space and
f,g : X = X such that

G(fx, fy, fz) < a(G(9x, gy, 92))(G(9x, 9y, 92)),
for all X,Y¥,Z€ X where a :[0,+) —[0,1) is a function with
alt) <1VteR’, limsupa(s) <1, V1>0.1f f(X)<=g(X)

st
and 9(X) isa complete subspace of X , Then f and g have a
unique point of coincidence in X . Moreover if f and g are
weakly compatible, then f and g have a unique common fixed

pointin X .
Proof. It follows by taking ¢(t) =1 in Theorem 3.1.

Corollary 3.6. Let (X,G) be complete G-metric space and
f © X > X suchthat

G(fx, fy, f2) < a(G(x,y,2))(G(x, Y, 2)),

for all X,Y,Z€ X where a :[0+x) —[0,1) is a function with
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at)<1lvteR’, limsupa(s) <1, ¥t>0. Then f has a

st
unique fixed point in X.

Proof. It follows by taking g(X) = X and #(t) =1 in Theorem 3.1.
Corollary 3.7. Let (X,G) be complete G-metric space and
f,g : X => X such that

oty 1o T
[ Ted<aGe™ ey, g [ Vgt

forall X, ¥,Z € X where ¢ € ® and & :[0,+90) —[0,1) isa function
with a(t)<theR+, limsupe(s) <1, Vt>0. If

st

f m(x) c gm(X) and 9(X) is a complete subspace of X , Then f
m
and g have a unique point of coincidence in X . Moreover, if f and

gm are weakly compatible, then f and g have a unique common
fixed point & € X,
Proof. It is follow from Theorem 3.1 that " (X) , 0 " (X) have a unique

common fixed point G Now
f(a)=f(f"(a)=f""(a)=f"(f(a)),

9(@) =9(g" (@) = 9™ (@) = 9"(9()) implies that fer,
Jda are also fixed point for f m(X), gm(x). Since the common fixed
pointof f"(X), 9" () is unique. Hence, & = fa = Qo

Theorem 3.8. Let (X s G) be complete G-metric space and
f,0: X > X bea mapping such that forall X,Y,Z€ X

(G(gx, fx, gx

Y syt (3.15)

(o),

[P gyt < a(G(ax, 9y, 62) [

0
(G(gy, fy, 9x)) (G(gx, 9y, 92),
+AGoxay. )]t + 1 Glox gy, e [

0

where ¢ € @ and o, 5,y :[0,+90) — [0,1) are functions such
that

at)+pM)+y(t)<lVteR", (3.16)
and
limsup[a(t) + B(t) + ¥ (t)] <1V t > 0. (3.17)

If f(X) < g(X) and g(X) is a complete subspace of X . Then f

and g have a unique point of coincidence in X . Moreover if f and g
are weakly compatible, then f and g have a unique common fixed
pointin X,

Proof. Let X0 be arbitrary point in X . Since f(X) — g(X) choose
X € X such that gx = fXg choose X, € X such that 90X, = le in

last we choose X,.q € X such that Yo = an+1 = an. Let
Gn = G(yn, Yo yn+2) by using (3.15)

J‘G(fxn- ot Pz
0

[ gty = ()t
G(g%,, Xy, 9%,)
< a(G(9%, P 0, [ gDt
G(9Xna1, i1, 9%)
+ BG(G¥y, Pty 9%,.2)) | g(t)dt

0
G (9%, OXni1s OXni2)
+ 7(G(GKs Phruss F502)) | p(o)dt,

0

Using symmetric property of G -metric and G(x, % Y)<G(x,Y,12)
we get

[ odt<a(G, [ gt)dt+ BG, ) [ pt)dt+

7@ [ 90t = (G, ) + 76, ) + A6, ) [ )ct

< j: “g(t)dt, YneN.
Thus
G, <G, ,VneN.
(3.18)

Which shows that the sequence {G.}..n is decreasing.
Consequently, them exist a constant C such that

limG, =c.

n—o0

(3.19)
We show that C = Q, Otherwise if C > O then from above we have

G, Goy
[ ot < ((6,)+ A6, )+ 16, ) [ doet
Taking limit superior and using (3.17) and (3.19) we get
0< [ p(tydt = limsup [ p(t)cl

< lim sup(a(Gn_l) +B(G,)+ y(Gn_l)) lim sup [ p(t) e

< jo A(t)dt.
Which is contradiction. Hence

limG, =0.

n—w

(3.20)
Next, we prove that {yn}nEN is a Cauchy sequence in a(Xx).

Suppose {yn}nEN is not a Cauchy sequence. Then there exists

£ >0 and for each positive integer k , there are positive integers
M(K) and n(k) with N(K) >m(k) > K such that

G(Yay: Yy 1 Yigy) = &-
21)

Corresponding to m(k), we can choose n(k) such that it is the
smallest integer with N(K) > M(K) and satisfying (3.21). Then

GC(Yackyr Ymxy-1r Ygey-1) < &-

(3.22)
Then we have

&< G(Yn(k)v Yy ym(k)) < G(yn(k)v Yin(k)-11 ym(k)fl) + G(ym(k)m Yy ym(k))'
<&+G(Yiwy-1r Yoy Ymiiy)-
Setting K —> 00 and using (3.21) we have,
l!i_rDOG(ym(k)a Yy yn(k)) =é&.

(3.23)
Now by using Proposition 2.5 we get the next three inequalities

| G(ym(k)l Y yn(k)) - G(ym(k)’ Yy r Yoo |
<MaX{G(Yagy+1r Yackyr Yo )G Yacyr Yagos1r Yoyt

< 2G(Yagor Yawysr Yomy2) = 2G, (K);
(3.24)

| G(yn(k)+l7 ym(k)+l’ ym(k)+l) _G(yn(k)+1Y ym(k)+l’ ym(k) |
<MaX{G (Yoo Ygoy» Yy s C Wy Yingoysas Yngrysnt

< ZG(ym(k)’ Yim(ky+11 ym(k)+2) = ZG‘m (k);
(3.25)
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And

I G(ym(k)ﬂY ym(k)+1l yn(k)+1) - G(ym(k)+17 ym(k)+1’ yn(k)+2 I
< maX{G(yn(k)+17 yn(k)+1’ yn(k)+2)7G(yn(k)+2' yn(k)+1l yn(k)+1}

< ZG(yn(k)+1’ yn(k)+l! yn(k)+3) = 2Gn(k)+1‘
(3.26)
Letting k — o0 and combining (3.20), (3.23), (3.24), (3.25) and (3.26)
one can get

im G(Y gy s Y mey 1+ Vo) = &
k —> o
M G(Y gy s Ymy + Yoy +2) = &
k = o«
k"f‘ G(yn(k)+1lym(k)+llym(k)+1) =&,
k"in G(yn(k)+1lym(k)+1'ym(k)) =&,

kh_rpr(ym(k)uvym(k)u Vi e2) = &

(3.27)

Using (3.15) we can write

G (Ym(k)+1: Ym(k)+1: Yn(k)+2)
[ QL
G (Ym(k)» Ym(k)+1r Ym( k))¢(t)dt
H(t)dt

#(t)dt, vk e N.

< (G (Y Ymgs yn(k)+l)_[

G (Ym(k)+ Ym(k)+1+ Ym(k))

+ BC Yy Yg yn(k)+l).|.

G (Ym(k)+ Y (k) Yn(k)+1)

+7(G (Y r Yy yn(k)ﬂ)_[
(3.28)

Also

G(Yintky Yo+ Ygy) = CYimgiys Yineiy s Yincioys1)

< G(ym(k) 1 Yim(k)+1s ym(k)+2)'
(3.29)

Taking limit superior of (3.28) and using (3.20), (3.27) and (3.29) we get
& - G (Ym(k)+1+ Ym(k)+1+ Yn(k)+2)
0< [ p(t)dt = lim sup | BT
0 k—o 0

G (Ym(ky» Ym(k) » Yn(kyir)

< im SUD( (G (Ve Yoty Yoo g(t)dt)

G (Ym(k) » Ym(k) » Yn(k)+1)

< "m SUp 7(G(Ymyr Ymeiy Y1) im SUpI p(t)dt

< im SUD(/(G (Vg Yy Yo J, 40 < [} 90l
which is contradiction. Thus {yn}neN is a Cauchy sequence in J (X ) and
since 9(X) is complete, there exists a point I € 9(X) such that
“mn%w Ya (X) =T . s0, there exist WE X such that IW=T_ From

Proposition 2.3 we have

Iim‘G(gxn, gX,,gw) = Iim‘G(gxn, gw, gw) =0.

(3.30)
Now we will show that gw = fw . Suppose that gw = fw by (3.15), we

have

J-G(gx fw, gw) -[G(fxn 1, Tw, fw)

g(t)dt = g(t)dt
G(9%q1: X1, 9%04)

< (G (9%, 1, 9w, W) [, p(t)dt

fw, g%o1)

+ BG(x, L wgw) [T gyt

G(9%y-1, 9W, gW)
+ 7(G(9%, 1, 9w, gw) | g(t)dt
By taking N—> 0 ang using (3.30) we get

J-G(gw, fw, gw) G(gw, fw, gw)

POt < A(G(9X, .. W, gw) [, H(t)dt

which contradict the fact that TW # QW Hence JW = fw .

Uniqueness: By following the lines in the proof of Theorem 3.1 we
conclude the uniqueness of fixed point.

Theorem 3.8 yields the following corollaries:
Corollary 3.9. Let (X ) G) be complete G-metric space and

f,g : X = X beamapping such that forall X,Y,Z e X
G( fx, fy, fz)
I $(t)dt

G(gx, fx, gx)) J~(G<gy fy, gx))

pt)dt < a(Glox, 0y, g ([ syt +

I(G 9%, 9y, gl))¢(t)dt)
where #€® and a [0,+°O) il [0,1) is a function with
a(t)<lforall t e R*and limsup [a(s)] <1 forall t>0.1f

st

f(X) < g(X) and g(X) is a complete subspace of X . Then
f and g have a unique point of coincidence in X . Moreover if
f and g are weakly compatible, then f and g have a unique

common fixed pointin X,
Proof. It follows by taking a(s) = ,3(5) = 7/(3) in Theorem 3.8.

Corollary 3.10. Let (X,G) be complete G-metric space and
f,9 : X = X beamappingsuchthatforall X, Y,Z € X

) S yydt < a af H(t)dt + H(t)dt

(G(gx, 9y, 92))
c,

(G(gx, fx,gx)) bJ‘(G(ny fy, gx))
0

p(t)dt,
where ¢E(D and a+b+C<1 If f(X)Cg(x) and
g(X) is a complete subspace of X . Then f and {§ have a

unique point of coincidence in X . Moreover if f and g are

weakly compatible, then f and 0 havea unique common fixed

pointin X,
Proof. It follows by taking @(S)=a,8(s)=D0b,7(s)=C in

Theorem 3.8.
Corollary 3.11. Let (X,G) be complete G-metric space and

f,9 : X > X be amapping such that for all X, ¥,Z € X
(G(x, fx, X))

(fx, fy, fz) ) X,

" pod<a@xy ) [ st
Gy ) [ gt + Gy ) [ pltyet,
where # €D and «,f,y :[0,+0) —[0,1) are functions such
that at)+ M) +y(t) <L, VteR" and
limsupla(s) + B(s) + 7)1 <L vt>0. If F(X)=g(X) and

g(X) is a complete subspace of X . Then f and g have a
unique point of coincidence in X . Moreover if f and g are
weakly compatible, then f and g have a unique common fixed
pointin X.

Proof. The proof follows by taking g(x) = x in Theorem 3.8.
Corollary 3.12. Let (X,G) be complete G-metric space and
f,g : X = X beamappingsuch that forall X, Y,z € X

Pt < (G(g"x 0"y, g" ) " pityat

(G(g™y, £y, g™x))

+ BG("™, 9"y, 9"2)) | g(t)dt

(G(9™x,9"y,9"2))

+7(G(g"™, 9"y, 9"2)) | gy,

J-G(f'“x, ™y, f™z)
0

where g€ ® and @, B,y :[0,+0) —[0,1) are functions such
that al)+ M) +y(t)<l, VteR" and

limsup[a(s) + A(s) + 7(s)] <1, vt 0.1 F (X) 9" (X) and

st
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g(X) is a complete subspace of X . Then f and {J have a unique G(fx, fy, f2) (G(x,Y, Z))
point of coincidence in X . Moreover if f and g are weakly -[ ¢(t)dt - (G(fX fy fZ)) 81
compatible, then f and g have a unique common fixed point in (G(x Y, z))2 (G( X, Z))J~G(g L9y, 0z )¢(t)dt
X. SoGy.) 3 I |

Proof. The proof is same as of the Corollary 3.7.
Corollary 3.13. Let (X,G) be complete G-metric space and

f,g: X—>X beamappmg such that forall X, Y,Z € X

G(fx, fy, fz) < a(G(gx, 9y, 92))(G(gx, fx, gx))
+ B(G(gx, gy, 92))(G(ay, fy, gx)) + 7(G(gx, gy, 92))(G(9x, 9y, 92)),

where a, B,y :[0,40) —>[0,1) are function such that
a)+ M) +y(t) <L VteR" and
limsup[a(s) + B(s) + 7(s)] <1, ¥t>0. If f(X) < g(X) and g(X)

is a complete subspace of X. Then f and g have a unique point of
coincidence in X . Moreover if f and g are weakly compatible, then

f and g have a unique common fixed pointin X.

Proof. The proof follows by taking ¢(t) =1 in Theorem 3.8.

Corollary 3.14. Let (X,G) be complete G-metric space and
f,g : X = X beamapping such that forall X,Y,Z € X

G(fx, fy, fz) <a(G(gx, fx, gx)) +b(G(gy, fy, 9x)) +c(G(gx, 9y, 92)),

where a+b+c<1. If f(X)c g(X) and g(X) is a complete
subspace of X . Then f and g have a unique point of coincidence in
X . Moreover, if f and g are weakly compatible, then f and g have

a unique common fixed pointin X,
Proof. The proof  follows by taking () =1 and

a(s)=a,f(s) =b,y(S) =C in Theorem 3.8.

Similar to Theorem 3.8 we can prove the following theorem.
Theorem 3.15. Let (X,G) be complete G-metric space and

f,g : X = X be amapping such that forall X,Y,Z € X
(G(gx, fx,gx))

" g(tyat < a(G(gx, 0y,92)) | pOdt

(G(9y. fy. gx))

+ B(G(9x, gy, 92)) [, glo)at,
where Pped and «,f :[0,4+0) —>[0,1) is a function with
a(t)+p(t) <1, vteR* and limsuplx(s) + A(s)] <1, Vt>0. If
f(X)<g(X) and g(X) is a complete subspace of X.Then f and g
have a unique point of coincidence in X . Moreover if f and g are
weakly compatible, then f and (J have a unique common fixed point in

X.
Example 3.16. Let X =[0,1] and defined G : X x X x X — R* by

G(X,Y,2) = x=y|+|y-z|+|z=-X|V X, Y,z X.
Then (X,G) is complete G-metric space. Let f,.g: X->X,

$:R">R'and @ : R" —)[0,1) define by

f(x)==, Vxe[0]];

g(x)==, Vxe[0,1];

#(t)=2t, Yte[0,00);

oo\>< ©

1
a(t)zm, Vte[0,0).

Clearly f(X) < g(X) also f and g are weakly compatible. Now we
have
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Thus all conditions of Theorem 3.1 are satisfied. Hence f and g

have a unique common fixed point which is 0.
The following example shows that Theorem 3.1 is more
general than Theorem 14.
Example 3.17. Let X =[0,1] and defined G ; X x X x X = R*
by
Gxy,2)=x=-yl+|y-z|+|z=x] Vxy,ze X.
Then (X,G) is complete G-metric space. Let f.g: X > X,

¢ R">R"and o : R" —[0,1) defined by

(0= {1 ?f 0<x<1,

, If L<x<i.
if 0<x<4%
O
1, if <x<i.
et if t>1,
t:
#t) {O, otherwise.
1
t)= , te[0,4+).
alt) 21 4) €[0,+0)

Clearly f(X) < g(X) also f and g are weakly compatible.
Now for all X,y,ze X G(fx, fy, fz)gg and hence
4

H(t)dt =

Clearly, all conditions of Theorem 3.1 are satisfied. So f and g

J-G( fx, fy, fz)

have a unique common fixed point.

On the other hand, if we take X :% and y=7 :%7 then

evidently

(1101 10) - 10|+ r- 10|+ rH- 1|3,
and

6(s690).9)) 9-90)|+| 90 - 9|+ |9 - 9D 3.

So we have the following bound

G(fx, Ty, fz) > k(G(gx 9y, 92)).

From the inequality, it is clear that Theorem th1.51 fail to guaranty
that T and g have a unique common fixed point.

Example 3.18. Let X =[0,1] and defined
G : XxXxX—>R"py

G(X,y,Z)ZmaX{lX—yl,ly—Zl,lZ—Xl}, VX,y,ZEX-
Then (X,G) is complete G-metric space. Let f, g : X — X,

¢ : R" >R and o, 8,7 :[0,+90) —[0,1) defined by
(00— {g if 0<x<1,

, if i<x<l.
g(x) = {

B(t) =3t?, Vte[O,oo),
o) =p0=70= )2,

clearly f(X) < g(X) also f and {J are weakly compatible and

0<x<4%,
, if <x<1.

m‘ﬂ »‘t‘ 0’
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g(X) are complete subspace. Without loss of generality, we j S0 L ydt = (G, Ty, f2))° = (max{] fx — fy| | fy—fz,] fz— fx[})?
that x < y < 7 forall . To check th lidi
suppose that X <y < z forall X, Y,z € X .To check the validity _|77\/7|3 7

of (3.15) we distinguish the following cases: 27" 2

LoV (Wp V2 Jxp
<§(|T|+|T|+7 2|)

Case 1.1f X,¥,Z2 €[0,3) , then

[ gyt = G, Ty, f2))° = (ma] fx—fy || fy— fz | fz— fx [})° si(l£|3+|ﬂl3 £_ﬁ|e)
25 3
R 1 Vi K
iy ey e (K L 2y
X \/’ Z >< (| 272 |)+2)
TG R PLE L) —a@(gx gy, o) " pbdt+ B(G(gx. . 62) J‘ g0t
iiié(lfr ) e[ s
- (lilg |f|3 |f f|3) Case 3. If XE[O,E) and Y,Z 6[%,1],then
) <|£fﬂ|2) 2>2 6
—aGox gy o) g+ pGexav.) [ gt [ (t)dt=<e<fx P, fz»3
AV | R TN Ly e
27 4
f
Case2.1f X,Y,Z € [%,1] then we can write (|7|3 |77 [+ |3)
[ g0dt = @, fy, )" = (maxq] = fy L] fy- Tz 1| f2- X [p° sﬁ |7|3 |f f|s |f f|3)
(=M~
:|7,7|3 il £,f| (g%, 1x,x)) (9y. 1y, 9)
AT —aGox gy ) e+ AGaxay. [ gyt
< L 2y +rGexay. g " gt
7 3 \/3‘7 j, } Clearly all conditions of Theorem 3.8 are satisfied. Thus f and g
NA s 3
(| l | | | |) have a unique common fixed point which is 0.
1 f ; f VX s
“TEEpals SAEy 550 Remarks
= a(G(gx, gy, gz))r@wx "9 6t + B(G(gx, gy,gZ))L gy'fy‘gx»gﬁ(t)dt 3 gg;ozl)lary 3.2 and Corollary 3.3 are the results of H (Ayadi,
+7(G(gx, gy, gz))-[‘e(gx ” 9 4 1)t e Corollary 3.3 and Corollary 3.11 generalize the results of

respectively (Liu et al,, 2011; Liu et al., 2014b).

Case3.1f X€[0,1) and ¥, Z € [%J-],then

oif 0<x<d,
g(X)={j; : :

>, if 1<x<1

P(t) =3t%, Vte[0,0),
1 +
a(t):ﬁ(t)zy(t):m, VvV teR",

clearly f(X)c< g(X) also f and g are weakly compatible and g(X)

are complete subspace. Without loss of generality, we suppose that
X<y<z for all X,¥,Z€ X . To check the validity of (3.15) we

distinguish the following cases:
Case 1.1f X,Y,Z2 €[0,1), then

[ g0t = (1, 1y, ) = (maxq] fx— ty || fy— Tz | f2— X[}’

|7,7|3 14z xg

274 4

< «fa N
27(| S e 52D
1024 ) fg s
4225(|*| +| 2] |**f|)

1 X vz Jx

TR (|—|3+|£|3+|—7—|3)
4 )

(G(gy. fy, )

(G(gx, fx, gx))
= a(G(gx, 9y, 92)) | gt)dt+ B(G(gx, 9y, 92) [ g(t)et
(G(gx, 9y, 92))

+7(G(gx, 9y, 92)) gt

Case 2.1f X, Y,z €[$,1], then we can write

Cite this article Muhammad Shoaib?!, Muhammad Sarwar?’, Sultan Hussain? and Gohar Ali3 Existence and Uniqueness of Common Fixed Point for Mappings Satisfying Integral
Type Contractive Conditions in G-Metric Spaces Matriks Sains Matematik(MSMK) 1(1) (2017) 01-08



Muhammad Shoaib!, Muhammad Sarwar?*, Sultan Hussain? and Gohar Ali3 Existence and Uniqueness of Common Fixed Point for Mappings Satisfying Integral Type

Contractive Conditions in G-Metric Spaces Matriks Sains Matematik(MSMK) 1(1) (2017) 01-08

References

[1] Abbas, M., Khan, A.R, Nazir, T., (2011). Coupled common fixed
point results in two

generalized metric spaces. Applied Mathematics and Computation,
217(13): 6328-6336.

[2] Aliouche, (2003). A common fixed point theorem for weakly
compatible mappings in symmetric spaces.

[3] Agarwal, R.P, ORegan, D., Shahzad, N, (2004). Fixed point
theorems for generalized contractive maps of Mei-Keeler type.
Mathematise Nachrichten, 276(1): 3-12.

[4] Ayadi, H, (2012). A common fixed point of integral type
contraction in Generalized Metric space. Journal of Advanced
Mathematical Studies, 5: 111-117.

[5] Berinde, V., (2003). On the approximation of fixed points of weak
contractive mappings.
Carpathian Journal of Mathematics, 19(1): 7-22.

[6] Boyd, D.W., Wong, J.S.W., (1969). On nonlinear contractions.
Proceedings of the American Mathematical Society, 20: 458-464.

[7] Branciari, (2002). A fixed-point theorem for mapping satisfying
a general contractive condition of integral type. International
Journal of Mathematics and Mathematical Sciences, 29(9): 531-536.

[8] Ciric, LJ.B, (1974). A generalization of Banach contraction
principle. Proceedings of the
American Mathematical Society, 45: 267-273.

[9] Djoudi, A., Merghadi, F., (2008). Common fixed point theorems
for maps under a contractive

condition of integral type. Journal of Mathematical Analysis and
Applications, 341(2): 953-960.

[10] Khojesteh, F., Goodarzi, Z., and Razani, A, (2010). Some fixed
point theorem of integral type contraction in cone metric
spaces. Fixed Point Theory and Applications, 2010: 1-13.

[11] Liu, Z,, Xu, B., Kang, S.M., (2014a). Two fixed point Theorems of
mappings satisfying contractive inequalities of integral type.
International journal of pure and applied mathematics, 90: 85-100.

[12] Liu, Z,, kang, S.M., (2000). Existence and uniqueness of solutions
for two classes of functional equations arising in dynamic
programming. Scientific Annals of the Alexandru loan Cuza

University of lasi, 46(2): 3-24.

[13] Liy, Z., Kang, S.M,, and Cho, S.Y., (2011). Fixed point theorems for
mapping satisfying

contractive condition of integral type and application. Fixed point theory
and applications,

64:1-18.

[14] Liu, Z., Han, Y., Kang, S.M,, and Ume, ]. S, (2014b). Common fixed
point theorems for weakly  compatible mappings satisfying
contractive conditions of integral type. Fixed Point Theory = and
Applications, 132: 1687-1812.

[15] Manro, S., Bhatic, S., Kumar, S., and Vetro, C., (2013). A common
fixed point theorem for two

weakly compatible pairs in G-metric spaces using the property E.A. Fixed
point theory and Applications, 41.

[16] Mustafa, Z., Sims, B., (2006). A new approach to generalized
metric spaces. Journal of nonlinear
and convex analysis, 7: 289-297.

[17] Nadlar, S.B., (1969). Multivalued contraction mappings. Pacific
Journal of Mathematics, 30: 475-488.

[18] Rhoades, B.E., Two fixed point theorem for mapping
satisfying a general contractive condition of integral type.

Cite this article Muhammad Shoaib?!, Muhammad Sarwar?’, Sultan Hussain? and Gohar Ali3 Existence and Uniqueness of Common Fixed Point for Mappings Satisfying Integral

International Journal of Mathematics and Mathematical Sciences,
63:4007-4013.

[19] Satisfying a contractive condition of integral type, Journal
of Mathematical Analysis and
Applications, 322, 796-802, (2006).

[20] Sintunavarat and Kumam, (2012). Generalized common
fixed point theorems in complex valued metric spaces and
applications. Journal of Inequalities and Applications, 84: 6328-
6336.

[21] Suuki, T., (2006). Meir-Keeler contraction of integral type
are still Meir-Keeler contraction.

International Journal of Mathematics and Mathematical Sciences, 1-
6.

[22] Suzuki, T. (2008). A generalized Banach contraction
principle that characterizes metric

Completeness. Proceedings of the American Mathematical Society,
136(5): 1861-1869.

[23] Zamfrescu, T. (1972). Fixed point theorems in metric
spaces. Archivum Mathematicum (Basel),
23:292-298.

Type Contractive Conditions in G-Metric Spaces Matriks Sains Matematik(MSMK) 1(1) (2017) 01-08



