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ABSTRACT 

Subscribing to the Zadeh's idea on fuzzy sets, many researchers strive to identify the key attributes of these sets 
for new finding in mathematics. In this perspective, new types of fuzzy interior ideals called (

kq, )-fuzzy 

interior ideals of ordered semigroups are reported. Several classes of ordered semigroups such as regular 
ordered semigroups, intra-regular, simple and semi-simple ordered semigroups are characterized by ( kq,

)-fuzzy interior ideals and ( kq, )-fuzzy ideals. We also prove that in regular (resp. intra-regular and semi-

simple) ordered semigroups the concept of ( kq, )-fuzzy ideals and ( kq, )-fuzzy interior ideals 

coincide. Further, we show that an ordered semigroup S  is simple if and only if it is (
kq, )-fuzzy simple. The

characterization of intra-regular and semi-simple ordered semigroups in terms of ( kq, )-fuzzy ideals and (

kq, )-fuzzy interior ideals are provided. We define semiprime(
kq, )-fuzzy ideals and prove that S is left 

regular if and only if every(
kq, )-fuzzy left ideal is semiprime and S is intra-regular if and only if every (

kq, )-fuzzy ideal is semiprime. The concept of upper/lower parts of an (
kq, )-fuzzy interior ideal and

some interesting results are discussed. 

1. INTRODUCTION 

Ordered semigroups arise by considering different numerical semigroups, 

semigroups of functions and binary relations, semigroups of subsets (or 

subsystems of different algebraic systems, for example ideals in rings and 

semigroups), etc. Every ordered semigroup is isomorphic to a certain 

semigroup of binary relations, considered as an ordered semigroup, 

where the order is set-theoretic inclusion. The classical example of a 

lattice-ordered semigroup is the semigroup of all binary relations on an 

arbitrary set. A theory of fuzzy sets on ordered semigroups can be 

developed. Using the idea of a quasi-coincidence of a fuzzy point with a 

fuzzy set, the concept of an ),(  -fuzzy interior ideal in an ordered 

semigroup can be developed. The idea of a quasi-coincidence of a fuzzy 

point with a fuzzy set, which is mentioned in a research, (Bhakat and Das, 

1996a)  which played a vital role to generate some different types of fuzzy 

subgroups (Bhakat and Das, 1992a). It is worth pointing out that Bhakat 

and Das gave  the concepts of ),(  -fuzzy subgroups by using the 

belongs to relation )( and quasi-coincident with relation )(q between a 

fuzzy point and a fuzzy subgroup, and introduced the concept of an
q,( )-fuzzy subgroup (Bhakat and Das, 1996a). In particular, 

q,( )-fuzzy subgroup is an important and useful generalization of

Rosenfeld's fuzzy subgroup. It is now natural to investigate similar type of 

generalizations of the existing fuzzy subsystems of other algebraic 

structures. With this objective in view, Davvaz introduced the concept of 

q,( )-fuzzy sub-near-rings ( R -subgroups, ideals) of a near-ring and 

investigated some of their interesting properties (Davvaz, 2016). Jun and

Song discussed general forms of fuzzy interior ideals in semigroups (Jun 

and Song, 2006). The concept which introduced of a generalized fuzzy bi-

ideal in semigroups and gave some properties of fuzzy bi-ideals in terms 

of q,( )-fuzzy bi-ideals (Kazanci and Yamak). Jun et al., gave the 

concept of a generalized fuzzy bi-ideal in ordered semigroups and 

characterized regular ordered semigroups in terms of this notion (Jun et 

al., 2009). Generalizing the concept of ),( q -fuzzy ideals in 

semigroup, Shabir et al  defined ),( kq fuzzy ideals in semigroup 

and characterized regular semigroups (Shabir et al., 2010). The concept of 

an ),( kq )-fuzzy ideal and ),( kq -fuzzy generalized bi-ideal in

ordered semigroups are given and several characterization results are 

discussed (Jun et al., 2012; Khan et al., 2012). Many other researchers 

used the idea of generalized fuzzy sets and gave several characterizations 

results in different branches of algebra, for example (Jun and Song, 2006; 

Kehayopulu, 1992; Khan et al., ; Pu and Liu., 1980 ; Shabir et al., 2010). 

This paper is divided in the following sections, in section 2, we give 

some basic definitions and preliminaries lemmas of interior ideals and 

fuzzy interior ideals of ordered semigroups. In section 3, we give the 
characterizations of interior ideals in terms of ),( q -fuzzy interior 

ideals and prove that in regular (resp. intra-regular and semi-simple) 
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ordered semigroups the concepts of ),( kq -fuzzy interior ideals 

and -fuzzy ideals coincide. ),( kq In section 5, we introduce the 

concept of ),( kq -fuzzy simple ordered semigroups, we also 

characterize semi-simple ordered semigroups in terms of ),( kq

-fuzzy interior ideals. 
 

2. Preliminaries 

By an ordered semigroup (or po-semigroup) we mean a structure ),,( S  

in which ),( S  is a semigroup, ),( S  is a po set and bxaxba   

and  xbax   for all Sxba ,, . 

For SA  , we denote htStA  |{:](   for some }.Ah   If  }{aA 

, then we write ](a  instead of }]({a . For ,, SBA   we denote, 

}.,|{: BbAaabAB  In mathematics, an ordered semigroup is a  

 

semigroup together with a partial order that is compatible with the 
semigroup operation. Ordered semigroups have many applications in 

the theory of sequential machines, formal languages, computer 

arithmetic’s, and error-correcting codes. Ordered semigroup are 

mostly studied by Kehayoulu-Tesingelis. 
 
Let ),,( S  be an ordered semigroup. A nonempty subset A  of S  is 

called an interior ideal of S  if ,2 AA   ASAS   and ,Aab  for 

Sb implies that Ab  . 

Let ),,( S  be an ordered semigroup. A nonempty subset A  of S  is 

called a left (resp. right) ideal of S if 

(1) If ,Aab  for Sb then Ab  ; 

(2) ASAS   (resp. AAS   ). 

A nonempty subset A  of S  is called an ideal if it is both a left and a 

right ideal of S . 

Obviously, every ideal of an ordered semigroup S  is an interior ideal 

of S . We denote by ]()( SaSaSSaaaI   ]()(  (resp. SaaaL   

and ])()( aSaaR   the two-sided ideal (resp. left and right) ideal of 

S  generated by a  )( Sa .     

 
An ordered semigroup ),,( S  is called regular if for each Sa  there 

exists Sx  such that axaa  . Equivalent Definitions: (1) ](ASAA   

for each SA  . (2) ](aSaa for each Sa  (Shabir and Khan, 2008). 

An ordered semigroup S  is called left (resp. right) regular if for each, 
Sa  there exists Sx  such that 

2xaa   (resp. xaa 2 ), or 

equivalently, (1) ]( 2SAA  (resp. ]( 2SAA ). (2) ]( 2Saa  (resp.) 

]( 2Saa . An ordered semigroup ),,( S  is called intra-regular if for 

each Sa there exist Syx ,  such that yxaa 2 . Equivalent 

Definitions: (1) ]( 2SSAA   for each SA  . (2) ]( 2SSaa for each 

Sa  (Shabir1 et al., 2009). An ordered semigroup ),,( S  is called 

semi-simple if for each Sa , there exist Szyx ,,  such that  
xayaza  . Equivalent Definition: (1) ](SASASA  for each SA  . (2) 

](SaSaSa for each Sa  (shabir et al,.2009).  An ordered semigroup 

S is called simple if it does not contain proper ideals, that is, for any 

ideal A  of S , we have SA   (Kehayopulu1, 1992; Kehayopulu2, 

1993). A non-empty subset  T  of an ordered semigroup S  is called 

semiprime, if  Ta 2  implies Ta , or equivalently, TA 2 implies 

TA  for all SA 2   (Khan and Shabir, 2009). 

In regular (resp. intra-regular and semi-simple ordered semigroups) 
the concepts of an ideal and interior ideal coincide. 
 
A fuzzy subset F  from a universe X  is a function from X  into unit 
closed interval ]1,0[  of real numbers, i.e., ]1,0[: XF . 

For any two fuzzy subsets F  and G of S , GF   means that 

),()( xGxF   for all .Sx  The symbols GF  and GF  will mean 

the following fuzzy subsets: 
 

)}).(),({max))((],1,0[:)((

)});(),({min))((],1,0[:)((

xGxFxGFxSGFSx

xGxFxGFxSGFSx







  

Let Sa and SA  , we denote 
aA by  

.}|),{( yzaSSzyAa   

Let F  and G  be any two fuzzy subsets of an ordered semigroup ,S  

the product GF   of F  and G  is defined by: 

 



















a

a
Azy

A

AzGyF
aGFaSGF a

 if                           0

 if )}(),({min
))((],1,0[: ),(

 

 
Definition 2.1 A fuzzy subset F  of ,S  is called a fuzzy interior ideal 

of ,S  if 

(1) );()()(,( yFxFyxSyx   

(2)  )()(,( xyFSyx  min )}(),({ yFxF  

 

(3) ( ))()()(,, aFxayFSyax   . 

Definition 2.2A fuzzy subset  F  of S  is called a fuzzy left (resp. right) 

ideal of ,S  if 

 
 

(1) ( )()()(, yFxFyxSyx  ) and 

(2) ( )()()(, yFxyFSyx    (resp. )).()( xFxyF   

 
In regular (resp. intra-regular and semi-simple ordered semigroups) 
the concepts of a fuzzy ideal and fuzzy interior ideal coincide. 
 

Definition 2.3 A fuzzy subset F  of S  is called semiprime if 
)()( 2xFxF   for all Sx  . 

Let S  be an ordered semigroup and F  a fuzzy subset of S  , then for 

all ]1,0(t  , the set  

},)(|{:);( txFSxtFU   

is called a level set of F . 
In the following we characterize fuzzy interior ideals of ordered 
semigroups in terms of level interior ideals. 
 

Theorem 2.4  A fuzzy subset F  of an ordered semigroup S  is a fuzzy 

interior ideal of S  if and only if for all ]1,0(t   , the set ))(;( tFU    

is an interior ideal of S . 

Let ),,( S  be an ordered semi-group and SA . Then the 

characteristic function AF  of A is defined by 










. if 0

, if 1
:)(],1,0[:

Ax

Ax
xFxSF AA 

 

Clearly, a nonempty subset A  of S  is an interior ideal of S if and only 

if the characteristic function AF  of A  is a fuzzy interior ideal of S . 

 
3. ),( kq -fuzzy interior ideals 

In what follows, let S  denote an ordered semigroup unless otherwise 

specified. In this section, we define a more generalized form of   ,

-fuzzy interior ideals of an ordered semigroups S  and introduced 

),( kq -fuzzy interior ideals of S  where k  is an arbitrary element 

of )1,0[ unless otherwise stated. A fuzzy subset F  in S  of the form 










, if            0

, if ]1,0(
   ],1,0[:

xy

xyt
ySF 

 

is said to be a fuzzy point with support X  and value t  and is denoted 

by ];[ tx . For a fuzzy point ];[ tx is said to belong to (resp. quasi-

coincident with) a fuzzy set F  , written as Ftx ];[   (resp.  qFtx ];[ ) 

if   txF  ( resp.   )1 txF . If Ftx ];[ or qFtx ];[ , then we write 

qFtx ];[  . The symbol q  means q  does not hold. Generalizing 

the concept of qFtx ];[ , in semigroups, defined Fqtx k];[ , as 
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  1 ktxF , where )1,0[k  (Shabir et al., 2010). 

 
 
(1) ),];[];[,])(1,0()(,( FqtxFtyyxtSyx k  

(2) 

),];[];[,];])([1,0(,)(,( FqtrxyFtyFrxrtSyx k  

(3) ).];[];])([1,0()(,,( FqtxazFtatSzax k  

 

Theorem 3.2 Let A  be an interior ideal of S  and F  a fuzzy subset in 

S  defined by: 



 




otherwise.     0

, if 
)(

2
1 Ax

xF
k  

Then 

(1) F is a ),( qkq  -fuzzy interior ideal of S . 

(2) F is an ),( qk -fuzzy interior ideal of S . 

Proof (1) Let Syx , , yx   and ]1,0(t  be such that ];[ ty q

F . Then  Ay , .1)(  tyF  Since A  is an interior ideal of S  and 

Ayx  , we have Ax . Thus .)(
2

1 kxF   If ,
2

1 kt   then 

txF )(  and so .];[ Ftx  If  ,
2

1 kt   then 

1)(
2

1
2

1   kktxF kk  and so ];[ tx q kF.  Therefore ];[ tx q

kF.  

Let Syx ,  and ]1,0(, rt  be such that ];[ tx q .F  and ];[ ry q .F

Then Ayx , , so 1)(  txF   and .1)(  ryF  Since A  is an 

interior ideal of S  , we have Axy . Thus .)(
2

1 kxyF   If ,
2

1 krt   

then 1)(
2

1
2

1   kkrtxyF kk  and so ];[ rtxy  q .Fk
 If

,
2

1 krt   then rtxyF )(  and so .];[ Frtxy   

Therefore,  ];[ rtxy q .Fk
 

 
 
Let Szax ,,  and  ]1,0(t   be such that qFta ];[  Then Aa , 

.1)(  taF Since A  is an interior ideal of S , we have Axaz . Thus, 

.)(
2

1 kxazF   If ,
2

1 kt   then 1)(
2

1
2

1   kktxazF kk   and 

so  ];[ txaz q .Fk
 If ,

2
1 kt   then ,)( txazF   and so .];[ Ftxaz   

Therefore, ];[ txaz q .Fk
 

(2) Let Syx , , yx   and ]1,0(t  be such that Fty ];[  . Then 

tyF )(   and .Ay  Since A   is an interior ideal of S  and  

Ayx   , we have  Ax . Thus .)(
2

1 kxF  If ,
2

1 kt    

then txF )(  and so .];[ Ftx   If ,
2

1 kt   then

1)(
2

1
2

1   kktxF kk  and so ];[ tx q .Fk  

Therefore ];[ tx q .Fk  

Let Syx ,  and ]1,0(, rt  be such that Ftx ];[  and 

.];[ Fry   Then ., Ayx   Since A  is an interior ideal of S , 

we have Axy . Thus .)(
2

1 kxyF   If ,
2

1 krt   then 

1)(
2

1
2

1   kkrtxyF kk
  and so ];[ rtxy 

q .Fk  If ,
2

1 krt   then rtxyF )(  and so

.];[ Frtxy   Therefore  ];[ rtxy q .Fk  

Let Szax ,,  and ]1,0(t  be such that .];[ Fta   Then 

.Aa  Since A  is an interior ideal of S  , we have, Axaz . 

Thus, .)(
2

1 kxazF   If ,
2

1 kt   then 

1)(
2

1
2

1   kktxazF kk  and so [  ]q kF.  

If ,
2

1 kt   then txazF )( and so .];[ Ftxaz   Thus, 

];[ txaz q .Fk  Consequently, F  is an  ,( q k )-fuzzy 

interior ideal of S . 

 

If we take 0k   in Theorem 3.2, then we get the following 

corollary: 
 

Corollary 3.3 (Khan and Shabir., 2009) Let A  be an interior ideal of 

S  and S  a fuzzy subset in S  defined by: 

 
Then 

(1) S is a (q , q)-fuzzy interior -ideal of S . 

(2) F is an ( , q)-fuzzy interior ideal of S . 

 
Theorem 3.4 A fuzzy subset F  of S  is an ( , qk)-fuzzy interior 

ideal of S if and only if 

(1) ( 
2

1)()()(, kyFxFyxSyx   ), 

(2) ( ),)()()()(,
2

1 kyFxFxyFSyx   

(3) ( Szax  ,, )( ).)()(
2

1 kaFxazF   

Proof Let  F   be an ( , q
k

)-fuzzy interior ideal of S . On the 

contrary assume that, there exist Syx , , yx   such that 

.)()(
2

1 kyFxF   Choose ]1,0(t  such that .)()(
2

1 kyFtxF   

Then ,];[ Fty   but txF )(  and ,1)(
2

1
2

1   kktxF kk  so 

,];[ Fqtx k  which is a contradiction. Hence 2
1)()( kyFxF   for 

all Syx , with yx   . 

If there exist Syx ,   such that  .)()()(
2

1 kyFxFxyF    

Choose  ]1,0(t   such that  .)()()(
2

1 kyFxFtxyF    Then  

FtyFtx  ];[,];[   but  txyF )(   and  

,1)(
2

1
2

1   kktxyF kk   so  Fqtxy
k

];[  . Thus,  ,];[ Fqtxy k  

which is a contradiction. Therefore,  
2

1)()()( kyFxFxyF    

for all  Syx ,  . 

Now if there exist  Szax ,,   such that  .)()(
2

1 kaFxazF    Then, 

for some ]1,0(t such that  ,)()(
2

1 kaFtxazF    we have,  Fta ];[   

but  txazF )(   and  ,1)(
2

1
2

1   kktxazF kk   so  Fqtxaz
k

];[  

. Thus,  ,];[ Fqtxaz k which is a contradiction. Therefore  

2
1)()( kaFxazF    for all  Szax ,,  . 

Conversely, let  Fty ];[   for some  ].1,0(t Then tyF )(  . Now,  

.)()(
2

1
2

1 kk tyFxF     If  ,
2

1 kt    then  2
1)( kxF    and  

,1)( 2
1

2
1   kktxF kk   it follows that  ];[ tx  q .Fk   

If  ,
2

1 kt    then  txF )(   and so  .];[ Ftx    Thus,  

.];[ Fqtx k  

Let  Ftx ];[   and  ,];[ Fry    then  txF )(   and  .)( ryF    

Thus  .)()()(
2

1
2

1 kk rtyFxFxyF     If  

,
2

1 krt    then  2
1)( kxyF    and  

1)(
2

1
2

1   kkrtxyF kk and so  ];[ rtxy   q .Fk
  

If  ,
2

1 krt    then  rtxyF )(   and hence,  .];[ Frtxy    

Thus   ];[ rtxy  q .Fk
  Now let  ,];[ Fta    then  taF )(   

and we have,  .)()(
2

1
2

1 kk taFxazF     If  ,
2

1 kt    then  

2
1)( kxazF    and  1)(

2
1

2
1   kktxazF kk and so  

];[ txaz  q .Fk
  If  ,

2
1 kt    then  txazF )(   and hence,  

.];[ Ftxaz    Thus  ];[ txaz  q Fk
  and consequently,  F   
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is an ( , q k )-fuzzy interior ideal of S . 

 

If we take  0k   in Theorem 3.4, we have the following corollary: 

 
Corollary 3.5 (Khan and Shabir, 2009) Let F   be a fuzzy subset of 

S . Then F  is an ( , q)-fuzzy interior ideal of S if and only if 

(1) ( 5.0)()()(,  yFxFyxSyx ), 

(2) ( ),5.0)()()()(,  yFxFxyFSyx  

(3) ( ).5.0)()()(,,  aFxazFSzax  

 

Theorem 3.6  A fuzzy subset  F   of  S   is an   kq,  -fuzzy 

interior ideal of S if and only if    )(; tFU   is an interior ideal of 

S  for all  ].,0(
2

1 kt   

Proof Suppose that F  is an ( kq, )-fuzzy interior ideal of S  and let  

Syx ,   be such that  );(, tFUyx    for some  ].,0(
2

1 kt    Then  txF )(   

and  tyF )( and by hypothesis  

.
2

1

2

1
)()()(

t
k

tt

k
yFxFxyF







  

Hence  ).;( tFUxy   Let  Syax ,,   be such that  );( tFUa   for 

some  ].,0(
2

1 kt    Then  taF )(   and by hypothesis  

.
2

1

2

1
)()(

t
k

t

k
aFxayF







  

Hence  ).;( tFUxay  

Now let  ,, Syx  yx    be such that  );( tFUy   for some  

].,0(
2

1 kt    Then  tyF )(   and by hypothesis  

.
2

1

2

1
)()(

t
k

t

k
yFxF







  

Hence  ).;( tFUx  

Conversely, assume that  ))(;( tFU   is an interior ideal of S  for all  

],0(
2

1 kt   . If there exist  Syx ,   such that  

.)()()(
2

1 kyFxFxyF    Then choose  ],0(
2

1 kt    such that  

.)()()(
2

1 kyFxFtxyF    Thus  );(, tFUyx    but  

),;( tFUxy   a contradiction. Hence  2
1)()()( kyFxFxyF    

for all  Syx ,   and  )1,0[k  . If there exist  Syax ,,   such that  

.)()(
2

1 kaFxayF    Then choose  ],0(
2

1 kt    such that  

.)()(
2

1 kaFtxayF    Thus  );( tFUa   but  ),;( tFUxay   a 

contradiction. Hence  2
1)()( kaFxayF    for all  Syax ,,   and  

)1,0[k  . 

Let  Syx ,   be such that  .)()(
2

1 kyFxF   
Choose ],0(

2
1 kr    such 

that  2
1)()( kyFrxF    then  ryF )(   implies that  Fry ];[   but  

.];[ Frx    Now  ,1)(
2

1
2

1   kkrxF kk
  which implies that  

,];[ Fqrx k   contradiction. Hence  .)()(
2

1 kyFxF    Therefore  F   

is an ( kq,  )-fuzzy interior ideal of S . 

 

Example 3.7 Consider the ordered semigroup },,,{ dcbaS   

bbaad

abaac

aaaab

aaaaa

dcba

 

 

         }.,,,,,,,,,{: baddccbbaa  

 
Then  },,{},,,{},,{},,{},,{},{ dcacbadacabaa   and  },,,{ dcba   are interior 

ideals of  .S   Define a fuzzy subset  F   of  S   as follows: 























. if 2.0

, if 3.0

, if 6.0

, if 7.0

)(|]1,0[:

bx

cx

dx

ax

xFxSF 

 

Then  























17.0 if        

,6.03.0 if    },{

,3.02.0 if },,{

,2.00 if        

);(

t

tda

tdca

tS

tFU



 

Then, by Theorem 3.6,  F   is an  ),( kq  -fuzzy interior ideal of  S   

for  ],0(
2

1 kt    with  4.0k  . 

 

Proposition 3.8 If F   is a nonzero  ),( kq -fuzzy interior ideal of

.S   Then the set    }0|{0  xFSxF   is an interior ideal of  S  . 

Proof Let  F   be an ( ,  q k  )-fuzzy interior ideal of  S  . Let  

,, Syx  yx    and  .0Fy   Then,  .0)( yF   Since  F   is an ( ,  

q k  )-fuzzy interior ideal of  S  , we have  

.0)( because ,0
2

1
)()( 


 yF

k
yFxF  

Thus  0)( xF   and so  .0Fx   Let  0, Fyx   . Then,  0)( xF   and  

.0)( yF   Now,  

0
2

1
)()()( 




k
yFxFxyF  

Thus  .0Fxy   For  0Fa   we have  

0
2

1
)()( 




k
aFxazF  

and so  ,0Fxaz   consequently  0F   is an interior ideal of  S  . 

 

Lemma 3.9  A non-empty subset  A   of  S   is an interior ideal if and 

only if the characteristic function  
AF   of  A   is an ( ,  q k  )-fuzzy 

interior ideal of  S  . 

Proof The proof is obvious. 
 
Proposition 3.10 Every ( kq,  )-fuzzy ideal of  S   is an ( kq,  

)-fuzzy interior ideal of  S  . 

Proof The proof is straightforward. 
 
The converse of Proposition 3.10 is not true, in general. 
 

Example 3.11 Consider the ordered semigroup },,,0{ cbaS    with 

the following multiplication table and order relation 
 

bac

ab

a

cba

00

000

0000

00000

0
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)},0(),,(),,(),,(),0,0{(: accbbaa  

Let  ]1,0[: SF   be a fuzzy subset defined by: 

0)(   ,6.0)(   ,2.0)(   ,7.0)0(  cFbFaFF  

Then  F   is an ( kq,  )-fuzzy interior ideal of  S   for all  4.0k  

, but  F   is not an ( kq,  )-fuzzy ideal of  S  . Because  

.)(3.07.0)0()(
2

1 kaFFxazF    Also if  0xy  , then  

2
1)()(3.07.0)0()( kyFxFFxyF   . If  axy   , then  

2
1)()(02.0)()( kyFxFaFxyF    and if  bxy   , then  

2
1)()(06.0)()( kyFxFbFxyF    for every  Szx ,  . Obviously for 

every  ,, Syx    such that  yx    we have  2
1)()( kyFxF   .But  

2
1)(3.02.0)().( kbFaFcbF   . Hence  F   is not an ( kq,  )-

fuzzy right ideal. Thus  F   is not an ( kq,  )-fuzzy ideal of  S  . 

 

Proposition 2.12 Let S   be a regular ordered semigroup, then every  
),( kq  -fuzzy interior ideal is an ( kq,  )-fuzzy ideal of  S  . 

Proof Let  F   be an ( kq,  )-fuzzy interior ideal and  Sba ,  . 

Then there exists  Sx   such that  axaa   , hence we have 

.
2

1
)(

ideal)interior fuzzy -),(an  is  because( 
2

1

2

1
)(

2

1
))((

ideal)interior fuzzy -),(an  is  (because 
2

1
))(()(

k
aF

qF
kk

aF

k
abaxF

qF
k

baxaFabF

k

k














 








  

Similarly, we can show that  2
1)()( kbFabF    for every  ., Sba    Thus  

F   is an ( kq,  )-fuzzy ideal of  S  . 

 
From Propositions 3.10 and 3.12, we have the following corollary: 
 
Corollary 3.13 In regular ordered semigroups, the concepts of an ( 

kq,  )-fuzzy ideals and ( kq,  )-fuzzy interior ideals coincide. 

 

Proposition 3.14 Let S   be a semi-simple ordered semigroup, then 

every ( kq,  )-fuzzy interior ideal is an ( kq,  )-fuzzy ideal of  

S  . 

Proof Let  F   be an ( kq,  )-fuzzy interior ideal and  Sba ,  . 

Then there exist  Szyx ,,    

 

such that  xayaza   . Then  

.
2

1
)(

2

1

2

1
)(

2

1
))()((

ideal)interior fuzzy -),(an  is  because( 
2

1
))(()(

k
aF

kk
aF

k
zbaxayF

qF
k

bxayazFabF k













 








  

Similarly, we can show that  2
1)()( kbFabF    for every  ., Sba    

Thus  F   is an ( kq,  )-fuzzy ideal of  S  . 

 
From Propositions 3.10 and 3.14, we have the following Corollary: 
 
Corollary 3.15 In semi-simple ordered semigroups, the concepts of 
an ( kq,  )-fuzzy interior and an ( kq, )-fuzzy ideal coincide. 

 

4.Semiprime ( q, k )-fuzzy ideals 

In this section, we define semi-prime ( kq, )-fuzzy ideals 

in ordered semigroups, and prove that an ordered semigroup S   is left 

regular if and only if every ( kq, )-fuzzy left ideal is semiprime. 

Also, we prove that  S   is intra-regular if and only if every (
kq,

)-fuzzy ideal is semiprime. 
 

Definition 4.1 An ( kq, )-fuzzy ideal  F   of  S   is called semi-

prime ( kq, )-fuzzy ideal of  S   if 

( Sx  )( ]1,0(t  )  FqtxFtx k ];[];[ 2

 .  

 

Theorem 4.2  An( kq, )-fuzzy ideal  F   of  S   is a semiprime(

kq, )-fuzzy ideal of  S if and only if it satisfies the following 

condition: 
( Sx  )  .)()(

2
12 kxFxF   

Proof Let  F   be a semi-prime ( kq, )-fuzzy ideal of  S  . On 

contrary, assume that there exists  Sx   such that  .)()(
2

12 kxFxF    

Choose  ]1,0(t   such that  .)()(
2

12 kxFtxF    Then  

Ftx ];[ 2
  but  txF )(   and  ,1)(

2
1

2
1   kktxF kk

and 

so  ,];[ Fqtx k   a contradiction. Therefore,  2
12 )()( kxFxF    for all  

Sx  . 

Conversely, let  Ftx ];[ 2

  for some  ].1,0(t   Then  txF )( 2

  and we 

have,  .)()(
2

1
2

12 kk txFxF     If  ,
2

1 kt    then  2
1)( kxF    and  

,1)(
2

1
2

1   kktxF kk
  it follows that   q kF.

  If  

,
2

1 kt    then  txF )(   and  .];[ Ftx    Thus,  ];[ tx  q ,Fk   and 

consequently,  F   is semiprime( kq, )-fuzzy ideal of  S  . 

If we take  0k  , in Theorem 4.2, we get the following corollary: 

 

  Corollary 4.3  An ( , q)-fuzzy ideal  F   of  S   is a semiprime 

( , q)-fuzzy ideal of  S if and only if it satisfies the following 

condition: 

( Sx  )  .5.0)()( 2  xFxF  

Proof The proof follows from Theorem 4.2. 
 
Theorem 4.4  A fuzzy subset  F   of  S   is a semiprime(

kq, )-

fuzzy ideal of  S if and only if  ))(;( tFU   is a semiprime ideal of  

S  , for all  ].,0(
2

1 kt   

Proof Assume that  F   is a semi-prime ( kq, )-fuzzy ideal of  S  

. Let  Sx   such that  ),;(2 tFUx    for some  ].,0(
2

1 kt   
Then 

txF )( 2

  and by Theorem 4.2, we have  ttxFxF kk  
2

1
2

12 )()(   

and so  );( tFUx  . Thus,  );( tFU   is semiprime ideal of  
S

. 

Conversely, let  );( tFU   is semiprime ideal of  ,S   for all  ].,0(
2

1 kt 

If there exists  Sx   such that  .)()(
2

12 kxFxF    Choose  

],0(
2

1 kt    such that  ,)()(
2

12 kxFtxF    then  );(2 tFUx    but  

),;( tFUx   a contradiction. Thus,  2
12 )()( kxFxF    for all  Sx  . 

Therefore,  F   is a semi-prime ( kq, )-fuzzy ideal of  S . 

 

If we take  0k  , in Theorem 4.4, we get the following corollary: 

 

Corollary 4.5  A fuzzy subset  F   of  S   is a semiprime ( , q)-

fuzzy ideal of  S if and only if  ))(;( tFU   is a semiprime ideal 

of  S  , for all  ].5.0,0(t  

Proof The proof follows from Theorem 4.4. 
 

Lemma 4.6  A non-empty subset  A   of  S   is a semiprime if and only 

if the characteristic function  A   of  A   is a semiprime( kq, )-
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fuzzy ideal of  S  . 

Proof The proof is straightforward. 
 

If we take  0k   in Lemma 4.6, then we have the following corollary: 

 

Corollary 4.7  A non-empty subset  A   of  S   is a semiprime if and 

only if the characteristic function  
A   of  A   is a semiprime ( ,

q)-fuzzy ideal of  S  . 

 

Lemma 4.8 (Khan and Shabir et al., 2009) Let S   be an ordered 

semigroup. Then the following statements are equivalent: 

(1)  S is left (resp. right) regular. 

(2) Every left ideal of  S   is semiprime. 

(3)  )(aL is semi-prime left ideal of  S  , for every  Sa  . 

(4)  )( 2aL is semi-prime left ideal of  S  , for every  Sa  . 

 

Lemma 4.9 (Khan and Shabir et al., 2009) Let S   be an ordered 

semigroup. Then the following statements are equivalent: 

(1)  S   is intra-regular. 

(2) Every ideal of  S   is semiprime. 

(3)  )(aI is semi-prime ideal of  S  , for every  Sa  . 

(4)  )( 2aI is semi-prime left ideal of  S  , for every  Sa  . 

 

Lemma 4.10 An ordered semigroup S   is left regular if and only if 

every (
kq, )-fuzzy left ideal of  S   is semiprime. 

Proof Let  S   be left regular,  F   an (
kq, )-fuzzy left ideal of  S

and Sa  . Since  S   is left regular, there exists  Sx   such that  

2xaa   . Then,  

.
2

1
)(

2

1

2

1
)(

2

1
)()( 222 k

aF
kk

aF
k

xaFaF












 



  

Thus,  F   is semi-prime (
kq, )-fuzzy left ideal of  S  . 

Conversely, assume that every (
kq, )-fuzzy left ideal  F   of  S   

is semiprime. We consider the left ideal  )( 2aL  , generated by  2a  . 

Then by Lemma 4.6, the characteristic function  
)( 2aL

   is an (

kq, )-fuzzy semiprime ideal of  S   and by hypothesis,  
)( 2aL

   is a 

semiprime. Thus, by Lemma 4.6,  )( 2aL   is semiprime left ideal of  S   

and by Lemma 4.8,  S   is left regular. 

In a similar way, we can prove that  S   is right regular if and only if 

every ( kq, )-fuzzy ideal of  S   is semiprime(
kq, )-fuzzy 

ideal of  S   is semiprime. 

Similarly, we have the following lemma: 
 

Lemma 4.11 An ordered semigroup S   is intra-regular if and only if 

every ( kq, )-fuzzy ideal of  S   is semiprime. 

If  ),,( S   is an ordered semigroup and  Sa  , and  F   a fuzzy 

subset of  S  , we denote by  
aI   the subset of  S   defined as follows: 

.
2

1
)()(|:







 


k

aFbFSbIa

 
 

Proposition 4.12 Let S   be an ordered semigroup and  F   an ( 

kq,  )-fuzzy right ideal of  S  . Then  
aI   is a right ideal of  S   for 

every  Sa  . 

Proof Let  F   be an ( kq,  )-fuzzy right ideal of  S and Sa  . 

Then  ,aI   because  
aIa   for every  Sa  . Let  

aIb and Sx  

. We have to prove that  
aIbx  . Since  F   is an ( 

kq,  )-fuzzy 

right ideal of  S  , we have  .)()(
2

1 kbFbxF  Since
aIb  , we 

have  
2

1)()( kaFbF    and  

.)()()(
2

1
2

1
2

1
2

1 kkkk aFaFbF     Thus  

,)()()(
2

1
2

1 kk aFbFbxF     hence  
aIbx  . 

Let  
aIb and bxS ?  . Then  

aIx  . Indeed, since  F   is an ( 

kq,  )-fuzzy right ideal of  S  , and  ,? bxS    we have  

,)()(
2

1 kbFxF    and  .aIx   Thus  
aI   is a right ideal of  S  . 

In a similar way we can prove that: 
 

Proposition 4.13 Let S   be an ordered semigroup and  F   an ( 

kq,  )-fuzzy left ideal of  S  . Then  
aI   is a left ideal of  S   for 

every  Sa  . 

 
Combining Propositions 4.12 and 4.13 we have the following: 
 

Proposition 4.14 Let S   be an ordered semigroup and  F   an ( 

kq,  )-fuzzy ideal of  S  . 

 

Then  
aI   is an ideal of  S   for every  Sa  . 

 

5.Upper and lower parts of ( q, k )-fuzzy interior ideals 

 

Definition 5.1 Let S   be an ordered semigroup and  F   a fuzzy 

subset of  S  . We define the upper part  kF   and the lower part  
kF   

of  F   as follows: 

. allfor  
2

1
)()(],1,0[:

 and 
2

1
)()(],1,0[:

Sx
k

xFxFxSF

k
xFxFxSF

kk

kk

















 
 

Lemma 5.2 (Bhakat and Das, 1996) Let  F   and  G   be fuzzy 

subsets of an ordered semigroup. Then the following hold: 

(1)  ).()(   GFGF kk  

(2)  ).()(   GFGF kk  

(3)  ).()(   GFGF kk   

 

Definition 5.3 Let A   be a nonempty subset of an ordered semigroup. 

Then the upper part  k

AF   and the lower part  k

AF   of the 

characteristic function  
AF   of  A   are defined by: 













, if    0

, if 
:)(],1,0[: 2

1

Ax

Ax
xFxSF

k
k

A

k

A 
 

and 














. if 

, if    1
:)(],1,0[:

2
1 Ax

Ax
xFxSF

k

k

A

k

A 

 
 

Lemma 5.4 (Bhakat and Das, 1996) If  A   and  B   be nonempty 
subsets of an ordered semigroup. Then the following hold: 

(1) ( 
B

k

A FF   ) .



 k

BAF  

(2) ( 
B

k

A FF   ) .



 k

BAF  

(3) ( 
B

k

A FF   ) .](

 k

ABF  

 

Lemma 5.5  The lower part of the characteristic function  k

IF   is an 

( kq, )-fuzzy interior ideal of  S if and only if  I   is an interior 

ideal of  S  . 

Proof.The proof follows from Lemma 3.9. 
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In the following we show that if  F   is an ( kq, )-fuzzy interior 

ideal of  S   then  
kF   is a fuzzy interior ideal of  S  . 

 

Proposition 5.6 Let F   be an (
kq, )-fuzzy interior ideal of  ,S   

then  
kF   is a fuzzy interior ideal of  S  . 

 

Proof.Let  F   be an (
kq, )-fuzzy interior ideal of  ,S   then for 

all  ,, Syx    we have   .)()()(
2

1 kyFxFxyF    Then  

     .)()()()()(
2

1
2

1
2

1
2

1 kkkk yFxFyFxFxyF     

Hence  ))()(()( yFxFxyF kkk     and  .)()(
2

1 kaFxayF    

Then    .)()()(
2

1
2

1
2

1
2

1 kkkk aFaFxayF     Hence  

).()( aFxayF kk      Let  yxSyx  ,,  , then by hypothesis,  

 
2

1)()( kyFxF   , and we have  

  ,)()()(
2

1
2

1
2

1
2

1 kkkk yFyFxF     then  

2
1

2
1 )()( kk yFxF     and we have  )()( yFxF kk    . Thus  

kF   is a fuzzy interior ideal of  S  . 

 

Lemma 5.7  The lower part of the characteristic function  k

IF   is an  

( kq, )-fuzzy left ideal of  S if and only if  I   is a left ideal of  S  

. 
Similarly, we have the following Lemma: 
 

Lemma 5.8  The lower part of the characteristic function  k

IF   is an (

kq, )-fuzzy right ideal of  S if and only if  I   is a right ideal of  

S  . 

 
Combining Lemmas 5.7 and 5.8, we have the following: 
 

Corollary 5.9  The lower part of the characteristic function  k

IF   is 

an (
kq, )-fuzzy ideal of  S if and only if  I   is an ideal of  S  . 

 

Definition 5.10  An ordered semigroup S   is called (
kq, )-fuzzy 

left (resp. (
kq, )-fuzzy right) simple if every (

kq, )-fuzzy 

left (resp. (
kq, )-fuzzy right) ideal is constant, that is, for every  

Sba ,  , we have,  ),()( bFaF kk     for every (
kq, )-fuzzy 

left (right) ideal  F   of  S  . An ordered semigroup S   is called (

kq, )-fuzzy simple if it is both (
kq, )-fuzzy left and right 

simple. 
 

Theorem 5.11 An ordered semigroup ),,( S   is simple if and only if it 

is (
kq, )-fuzzy simple. 

Proof. .   Let  F   be an (
kq, )-fuzzy ideal of  S and Sba ,  

. Using Proposition 4.14, we get,  
aI   is an ideal of  S  . Since  S   is 

simple, it follows that  SI a 
  so that  .aIb   Thus  

,)()(
2

1 kaFbF    and so  

).(
2

1
)(

2

1
)()( aF

k
aF

k
bFbF kk  





  

Similarly, we get  ).()( aFbF kk     Hence  ),()( bFaF kk     and 

thus  S   is (
kq, )-fuzzy simple. 

. Suppose that  S   contains proper ideals and let  I   be an ideal 

of  S   such that  .SI    Using Corollary 5.9,  k

IF   is an (
kq, )-

fuzzy ideal of  S  . Let  Sx  . Since  S   is (
kq, )-fuzzy simple,  

k

IF   is a constant function, that is,  )()( bFxF k

I

k

I

    for every  

Sb  . Thus, for any  Ia  , we have  
2

1)()( kk

I

k

I aFxF     and 

so  Ix  . Therefore  IS   , a contradiction. Consequently,  S   is 

simple. 
 

Lemma 5.12 (Shabir and Khan, 2009). An ordered semigroup S   

is simple if and only if for every  Sa  , we have  ](SaSS   . 

 

Theorem 5.13  An ordered semigroup ),,( S   is simple if and only 

if for every ( 
kq,  )-fuzzy ideal  F   of  S  , we have  

)()( bFaF kk     for every  Sba ,  . 

Proof. .   Suppose that  F   is an ( 
kq,  )-fuzzy interior ideal 

of  S and Sba ,  . Since  S   is simple and  Sb  , by Lemma 5.12, 

we have  ](SaSS   . Since  Sa  , we have  ](SbSa  . Then  

xbya    for some  Syx ,  . Since  F   is an ( 
kq,  )-fuzzy 

interior ideal of  S  , we have  

 

,
2

1
)(

ideal)interior fuzzy -),(an  is  since( 
2

1

2

1
)(

2

1
))((

2

1
)()(

k
bF

qF
kk

bF

k
byxF

k
xbyFaF

k














 








hence
2

1)()( kbFaF    and  

  .)()()(
2

1
2

1
2

1
2

1 kkkk bFbFaF     Thus  

)()( bFaF kk    . By a similar way, we can find that  

)()( aFbF kk    . Therefore  )()( bFaF kk     for every  Sba ,  

. 
.  Assume that  F   is an ( kq,  )-fuzzy interior ideal of  S  

, then by Proposition 3.14,  F   is an ( 
kq,  )-fuzzy ideal of  S  . 

By hypothesis,  )()( bFaF kk     for every  Sba ,  . Thus  S   is 

an  ),( kq  -fuzzy simple and by Theorem 5.11,  S   is simple. 

 

Theorem 5.14 An ordered semigroup S   is intra-regular if and only 

if for every  ),( kq  -fuzzy ideal  F   of  S  , we have  

. allfor  )()( 2 SaaFaF kk    

Proof. .   Let  F   be an  ),( kq  -fuzzy ideal of  S   and let  

Sa  . Then there exist  Syx ,   such that  yxaa 2   and  

)(
2

1
)(

2

1

2

1
)(

2

1
)(

2

1

2

1
)(

2

1
))((

2

1
)()(

22

22

2

2

2

aF
k

aF

kk
aF

k
yaF

kk
yaF

k
yaxF

k
yxaFaF

k












 













 








 

On the other hand,  

  ).()()()()(
2

1
2

1
2

1
2

122 aFaFaFaFaF kkkkkk     

Hence   
 

)()( 2aFaF kk    . 

Conversely, consider the ideal  ]()( 22222 SSaSaSaaaI   , 

generated by  2a  . Then by Corollary 5.9,  k

aI
F

)( 2
  is an  ),( kq  -
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fuzzy ideal of  S   and by hypothesis  ,)()(
2

12

)()( 22
kk

aI

k

aI
aFaF     

hence  ].()( 22222 SSaSaSaaaIa    Thus  2aa    or  

2xaa  or xaa 2  or yxaa 2   for some  Syx ,  . If  

SSaaaaaaaaaa 22222   and  ].( 2SSaa  Similarly, for 

other cases we have  vuaa 2   for some  Svu ,  . Thus,  S   is intra-

regular. 
 

Theorem 5.15 Let S   be an intra-regular ordered semigroup and  F   

is an  ),( kq  -fuzzy ideal of  S  . Then for every  ,, Sba    we 

have 

.)()( baFabF kk    

Proof Let  Sba ,  . Then by Theorem 5.14, we have  

).(

))(()))((())(()( 2

baF

bbaaFababFabFabF

k

kkkk







  

By symmetry we have  ).()( abFbaF kk     Thus  

)()( baFabF kk     for every  Sba ,  . 

 
In semi-simple ordered semigroups are characterized by the 

properties of their ( q,  )-fuzzy interior ideals (Shabir and 

Khan, 2014). Next, we are characterizing the semi-simple ordered 

semigroups by the properties of lower parts of ( 
kq,  )-fuzzy 

interior ideals. 
 

Proposition 5.16 If S   is semi-simple ordered semigroup and  F ,  

G   are  ),( kq  -fuzzy interior ideals. Then    )()( GFGF kk  

. 

Proof Let  S   be a semi-simple and  F   an ( 
kq,  )-fuzzy interior 

ideal of  S  . If  ,aA   then  

).()())((00))(()()(
2

1
2

1
2

1 aGFaGFaGFaGF kkkkk      

Let  ,aA   then  

.
2

1

2

1
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zG
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yF

k
zGyF

k
zGyF
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Since  S   is semi-simple and  F andG   are ( 
kq,  )-fuzzy 

interior ideals, so by Proposition 3.14,  F   and  G   are ( 
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Remark 5.17 If S   is a semi-simple and  F   an ( 
kq,  )-fuzzy 

interior ideal of  S  . Then  .)(   kk FFF   

 

Theorem 5.18  An ordered semigroup S   is semi-simple if and only if 

for every ( 
kq,  )-fuzzy interior ideal  F   and  G   of  S  , we have  

  )()( GFGF kk  . 

Proof Let  S   be a semi-simple ordered semigroup and  GF ,   are ( 

kq,  )-fuzzy interior ideals of  S  . Since  S   is semi-simple so for 

each  Sa  , there exist  Szyx ,,   such that  
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This implies that  .)()(   GFGF kk    On the other hand, by 

Proposition 5.16, we have    )()( GFGF kk   and so  

  )()( GFGF kk  . 

Conversely, assume that    )()( GFGF kk   for every ( 
kq,  

)-fuzzy interior ideal  F   and  G   of  S  . Let  I   be an interior ideal 

of  S  , then  I   is an ideal of  S   and by Lemma 5.5, the characteristic 

function  k

IF   of  I   is an ( 
kq,  )-fuzzy interior ideal of  S  . 

By hypothesis and Lemma 5.4 (3), we have 
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Using Lemma 5.4 again we have  ].( 2II    Thus  S   is semi-simple. 

 
By Remark 5.17 and Theorem 5.18, we have the following theorem: 
 

Theorem 5.19  An ordered semigroup S   is semi-simple if and only 

if for every ( 
kq,  )-fuzzy interior ideal  F   of  S  , we have  

  kk FFF )(   . 
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