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1. INTRODUCTION

Many practical problems in economics, engineering, environmental
sciences, social sciences, medical sciences etc. cannot be dealt by classical
methods because classical methods have inherent difficulties. The reason
for these difficulties may be due to the insufficiency of the theories of
parameterization tools. Numerous theories exist, for example, fuzzy set
theory, intuitionistic fuzzy set theory, rough set theory, i.e., which can be
considered as a mathematical tool for dealing with uncertainties. Each of
these theories has its inherent difficulties as what were pointed out by
Molodtsov in [1-4]. Some researcher originated absolutely a new
methodology for modelling uncertainties and applied successfully in
directions such as smoothness of functions, game theory, operations
research, Riemann-integration, Perron integration, and so on [5]. A group
researcher gave the first practical application of soft sets in decision
making problems [6]. The algebraic structure of set theories dealing with
uncertainty is an important problem. Many researchers have contributed
towards the algebraic structure of soft set theory. Some of researchers
defined soft groups and deduced their fundamental characterisations [7].
Others group of researchers introduced initial concepts of soft rings [8].
Others group researchers defined soft semi rings and several related
notions to establish a connection between soft sets and semi rings [9].
Others group also, defined soft modules and investigated their basic
properties [10]. A studied soft ideal over a semi groups which
characterized generalized fuzzy ideals and fuzzy ideals with thresholds of
a semi groups [11]. There are also some researchers introduced fuzzy soft
modules and intuitionistic fuzzy soft modules and investigated some basic
properties [12,13].

Another group firstly introduced the notion of soft topological space which
are defined over an initial universe with a fixed set of parameters and
showed that a soft topological space gives a parameterized family of

topological spaces [14]. Theoretical studies of soft topological spaces have
also been by some authors in [15-18]. In these studies, the concept of soft
point is given almost samely. Consequently, some results of classical
topology are not valid in soft topological spaces. Another group
researchers also introduced the concepts of supra topological spaces,
supra closed sets, supra open sets and supra continuous mapping [18].
Many results of topological spaces remain valid in supra topological
spaces, but some become false.

As a generalized of soft topological spaces, the notion of supra soft
topological spaces by dropping only the soft intersection condition [19].
They extend some types of different kinds of subsets of soft topological
spaces using the notion of y —operation to supra soft topological space and
study the decompositions of some forms of supra soft continuity. A
researcher also has introduced the notion of soft bi topological space
which is defined over an initial universal set X with fixed set of parameters
and studied some types of soft separation axioms [20]. It is clear that a soft
bi topological space is a generalization of a soft topological space as every
soft bi topological space (X,1,,7,, E) if n, =1, =n the notions of soft
topological spaces such as open soft sets, closed soft sets, soft interior, and
soft closure in a soft bi topological spaces [9]. Thus they introduced the
notions of pairwise open (closed) soft sets, pairwise soft interior operator
in a soft bi topological space (X, 71;,1,, E) and showed that the family of all
pairwise open soft sets is a supra soft topology which is containing 74,1,
but it is not soft topology [9].

In the present study, we first give some basic ideas about soft sets and the
results already studied. In addition to these, we introduce the concept of
soft point to the theory of soft set. According to this definition, we
investigate some important notions of soft topological spaces. Later we
give separability axioms in supra soft topological spaces and study some
of their characterizations. The separability axioms are the soft P
separation axioms in supra soft topological spaces with respect to
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ordinary and soft points. We hope that these results will be of greater
importance for the forthcoming learning on supra soft topological spaces
to accomplish general framework for the practical applications and to
solve the most intricate problems containing scruple in economics,
engineering, medical, environment and in general mechanic systems of
multifarious types.

2. PRELIMINARIES

In this section we will introduce necessary definitions and theorems for
soft sets. A researcher defined the soft set in the following way [4]. Let X
be an initial universe set and E be a set of parameters. Let P (X) denotes
the power set of X.

Definition 2.1. ([4]) A pair (F, E) is called a soft set over X; where F is a
mapping given by

F: E - PX).

In other words, the soft set is a parameterized family of subsets of the set
X.For e € E; F(e) may be considered as the set of e —elements of the soft
set(F; E); or as the set of e —approximate elements of the soft set, i.e.
(F,E)={(e,F(e)): e EE,F: E - P(X)}.

After this, SS(X)Eg denotes the family of all soft sets over X with a fixed
set of parameters E.

Definition 2.2. ([21]) For two soft sets (F,E) and (G, E) overX, (F,E) is
called a soft subset of (G,E) if Ve € E , F(e) S G(e). This relationship is
denoted by(F,E) € (G, E).

Similarly, (F, E) is called a soft superset of (G, E) if (G, E) is a soft subset
of(F, E). This

Linkage is denoted by (F, E) i (G,E). Two soft sets (F,E) and (G, E) over
X are called soft equal if (F, E) is a soft subset of (G, E) and (G, E) is a soft
subset of (F, E).

Definition 2.3. ([21]) The intersection of two soft sets (F,E) and (G, E)
over X is the soft set

(H,E), whereVe€E, H(e) = F(e) nG(e). This is
by(F,E) & (G,E) = (H,E).

denoted

Definition 2.4. ([21]) The union of two soft sets (F,E) and (G, E) over X
is the soft set (H, E),

WhereVe € E, H(e) = F(e) U G(e): This s
(F,E)U (G,E) = (H,E).

denoted by

Definition 2.5. ([13]) A soft set (F, E) over X is said to be a null soft set
denoted by ¢ if for alle € E,F(e) = ¢ .

Definition 2.6. ([13]) A soft set (F, E) over X is said to be an absolute soft

set denoted by X
Ifforalle € E; F(e) = X.

Definition 2.7. ([13]) The complement of a soft set (F,E); denoted
by (F,E)¢, is defined as (F,E)¢ = (F¢;E) ; where F:E - P(X) is a
mapping given byF¢ (e) = X\ F (e) ; Ve € E and F€ is called the soft
complement function of F:

Definition 2.8. ([13]) Let Y be a non-empty subset ofX, then ¥ denotes the
soft set (Y, E) over X for whichY(e) = Y ,foralle E.

Definition 2.9. ([13]) Let (F, E) be a soft set over X and Y be a non-empty
subset of X. Then

The sub soft set of (F, E) over Y denoted by (YF, E), is defined as follows
YF(e) =Y NF(e),forallVve€eE

In other words (YF,E) =Y N F (e)

Definition 2.10. ([13]) Let J be the collection of soft sets over X, then J is
said to be a soft

topology on X if

MeXeS

(2) The union of any number of soft sets in J belongs to J

(3) The intersection of any two soft sets in 3 belongs toJ .

The triplet (X,3, E) is called a soft topological space over X.

Proposition 2.11. ([13]) Let (X,J, E) be a soft topological space overX.
Then the collection
3. = {F(e); (F,E) € 3} for each e € E, defines a topology on X.

Definition 2.12. ([13]) Let (X, 3, E) be a soft topological space over X and
(F,E) be a soft set over. Then the soft closure of (F, E), denoted by (F, E)

is the intersection of all soft closed super sets of(F, E). Clearly (F, E) is the

smallest soft closed set over X which contains(F, E).
3.P-SEPARATION AXIOMS IN SUPRA SOFT TOPOLOGICAL SPACES

Definition 3.1. ([1]) Let (F, E) be a soft set over X. The soft set (F,E) is
called a soft point, denoted by(x,, E) , if for the elemente € E; F (e) = {x}
and F(e') = ¢ forall e’ € E — {e} (briefly denoted byx,.)

Definition 3.2. ([22]) Two soft points (x,, E) and (v, , E) over a common
universeX, we say that the soft points are different ifx # y or e # ¢'.

Proposition 3.3. ([22]) Let (F,E) be a soft set over. Then (F,E) is the
union of its soft points.

Definition 3.4. ([22]) the soft point (x,, E) is said to be belonging to the
soft set(F, E), denoted by(x,, E) € (F,E) ; if for the elemente € E. {x} c
F(e).

Definition 3.5. ([19]) Let u be the collection of soft sets over a universe X
with a fixed set of

Parameters E. Then y is called a supra soft topology on X with a fixed set
Eif

Mo Xep

(2) The union of any number of soft sets in u belongs to p.

(X,u,E) is called a supra soft topological space and the members of y are
called a supra soft open set. A soft set (F, E) is supra soft closed set iff its
complement (F; E)¢ is a supra soft open set. It is clear that supra soft
topological spaces are very natural generalization of supra topological
spaces.

Definition 3.6. ([19]) Let (X,u,E) be a supra soft topological space
then(F € Sg(X) . Then

1) (F,E) is supra soft pre-open set if(F, E) € Sint(Scl((F,E) ) and

2) (F,E) Supra soft pre-closed set of X if(F, E) 2 Scl(Sint(F,E)))

The set of all Supra pre-open soft sets is denoted by SPOS(X) and supra
soft pre-closed set is denoted by SPCS (X)

Proposition 3.7. The collection J3* of all supra soft pre-closed sets in a
supra soft topological space.

(X, u, E) Satisfies the following conditions:

i), X e3*

ii) The intersection of any number of supra soft pre-closed sets in
J*belongs to J*.

Proof: It is obvious.

Remark 3.8. ([19]) every soft topological space is a supra soft topological
space, but the converse is not true in general as shown in the following
example.

Example 3.9. Let ={hy,hyh3hy} ; E={e,e;} and X=
{9, X, (F, E), (Fy, E), (F3, E)}

Where (F;, E) are soft sets overX, 1 < i < 3, defined as follows:

Fi(ey) = {hy, ha} ; Fi(ez) = {hy, hs}

Fy(e1) = {hy, hy} ; F2(e2) = {hy, hs}

F3(e1) = {hy, hy, hu} 5 Fs(e2) = {hy, hy, hs}

Then (X, u, E) is a supra soft topological space overX; but it is not a soft
topological space.

Definition 3.10. ([19,23]) Let (X,3, E) be a soft topological space and
(X,u,E) be a supra soft topological space. Then y is a supra soft topology
associated with J if3 c pu.

Remark 3.11. 1) The intersection of two supra soft pre-open sets need not
supra soft open set.

ii) The intersection of a soft preopen set and a supra soft preopen set need
not be supra soft preopen set.

Butif =SS (X)g,(F,E) € Sand (G,E) €,then (F,E)n (G,E)€Ep.

Definition 3.12. Let (X, 3, E) be a supra soft topological space over X. A
soft set (F, E) in (X, 3, E) is called a supra soft neighbourhood of the soft
point (x,, E) € (F,E) if there exists a supra soft preopen set (G, E) such that
(xe,E)€ (G,E) c (FE).

The supra soft neighbourhood system of a soft point(x,, E), denoted
byU (x,, E), is the family of all its neighbourhoods.

Theorem3.13. The supra soft neighbourhood systemU (x,, E) at(x,, E) in
a supra soft topological space (X, 3, E) has the following properties:

1) If(F,E) € U (x,, E) then(x,, E) € (F,E) where (F, E) is soft pre-open
set.

2)If (F,E) € U (x,,E)and(F,E) c (G,E), then(G,E) € U(x,, E), where
(F,E) and (G, E) are soft pre-open sets
3) If(F,E) € U (x,,E), then there is a(G, E) € U(x,, E) such that(F,E) €
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U(y,, E)) for each (y,., E) € (G, E).

Definition3.14. Let (X,3, E) be a supra soft topological space and (F, E) be
a supra soft pre-open set over X . The soft point (x., E) € (F,E) is called
a soft interior point of a soft set (F, E) if there exists a supra soft pre-open
set (G,E) € U(x,, E) such that(x,,E) € (G,E) c (F,E).

Definition 3.15. Let (X,3, E) be a supra soft topological space and (F, E)
be a soft pre-open set over X .Then the supra soft interior of (F,E),
denoted by (F, E)°, is the union of all supra soft pre-open sub sets of (F, E).

Theorem 3.16. Let (X, 3, E) be a supra soft topological space and (F, E) be
a supra soft pre-open set over X. Then (F, E) = Ugep{(xe, E) ; (x,, E) isany
soft interior point of (F, E) for eache € E }.

Proposition 3.17. Let (X,J, E) be a supra soft topological space and (F, E)
be a soft set over X . Then (F, E) is a supra soft pre-open set if (F,E) is a
supra soft neighborhood of its soft points.

Definition 3.18. Let (X,J, E) be a supra soft topological space, (F, E) be a
soft pre-open set over X and (x,, E) be a soft point. Then (x,, E) is said to
be a soft tangency point of (F, E) if (F,E) N (G,E) # ¢.

for arbitrary (G,E) € U(x,, E).

Theorem 3.19. Let (X, I, E) be a supra soft topological space and (F, E)
be a soft pre-open set over X. Then (F, E) is a supra soft pre closed set in X
if and only if every soft tangency point of (F, E') belongs to it.

Proof. Let (F, E) be a supra soft pre closed set, (x,, E) be a soft tangency
point and (x,, E)¢(F, E).Then (x,, E)(F,E)¢. Since (F,E)¢ is a supra soft
preopensetinJ, itis a supra soft neighbourhood of (x,, E).Then (F,E)‘ n
(F,E) = ¢. It follows that(x,, E) € (F,E).

Conversely, (x,, E) € (F,E)° be any soft point. Then(x,, E) € (F, E) . Since
(x, E) is not

a soft tangency point of (F, E), there exists a supra soft pre neighbourhood
(G,E) of (x,,E) such that (F,E) N (G,E) = ¢ . Since(x,,E) € (G E) c
(F,E)¢,we have that (F, E)€ is a supra soft preopen set, i.e. (F, E)is a supra
soft pre-closed set.

Proposition 3.20. Let (X, 3, E) be a supra soft topological space, (F, E) be
a supra soft preopen set over X and x € X. If (x,, E) is a soft interior point
of(F, E), then x is an interior point of

F(e) in (X, 3.).

Proof. For anye € E ,F (e) c X. If (x,,E) is a soft pre-interior point
of(F, E), then there exists soft preopen set

(G,E) €3 Such that(x,,E) € (G,E) c (F,E). This means that, x €
G(e) c F(e)andG(e) € J,. x is an pre-interior point of F(e) in J,.

Proposition 3.21. Let (X, 3, E) be a supra soft topological space, (F, E) be
a supra pre-open soft set over X and x € X. If x is a tangency point of F(e)
in (X, 3.), then (x,, E) is a soft tangency point of(F, E).

Remark 3.22. The converse of Proposition 3.20 and Proposition 3.21 do
not hold in general.

Example 3.23. Let X = {x;,x,,x3}; E = {e;,e,} and
S = {@,X, (F,E), (F,,E), (F3, E)} Where

Fi(er) = {x1, %5} ; Fi(e2) = {xq, %3}
Fy(er) = {x2} ;5 Fy(e2) = {x2, %3}
Fy(er) = {x1, %2} ; Fa(e) =X

Then (X, 3, E) is a supra soft topological space over X. Thus (F,E) is
defined as follows:

F(ey) = {x1,x3}; F(ez) = {x1, %3}

Then there is not soft interior point of (F, E). But x; and x5 are interior
points of F(e,) in J,,.

Here, 3, = {9, X, {x1, %3}, {2, x3}}.

Definition 3.24. Let (X, 3, E) be a supra soft topological space and
(xe, E) # (yer, E).

i) If there exist two supra soft pre-open sets (F, E) and (G, E) such that
(xe,E) € (F,E) and (y.,E) ¢ (F,E) or (y,,E)€(G,E) and (x.,E) ¢
(G, E),

Then (X, 3, E) is called a supra soft P;- space.

ii) If there exist two supra soft preopen sets (F, E) and (G, E) such that
(xo,E) € (F,E) and (y.,E) ¢ (F,E) and (y.,E)€ (G E), (x.,E) ¢
(G.E)

Then (X, J, E) is called a supra soft P; - space.

iii) If there exist two supra soft pre-open sets (F, E) and (G, E) such that
(xe,E) € (F)E),(¥.,E) € (F,E)and (F,E)N(G,E) =¢
Then (X, 3, E) is called a supra soft P,- space.

Theorem 3.25. Let (X, 3, E) be a supra soft topological space over X. Then
(X, 3, E) is a supra soft P;-space if and only if each soft point is a supra soft
pre-closed set.

Proof. Let (X, 3, E) be a supra soft P; - space and (x,, E) be an arbitrary soft
point. We show that (x,, E)¢ is a supra soft pre-open set. Let(v,’, E) €
(Xer, E)E, (%0, E) # (¥, E). Since (X, 3, E) is a supra Soft P, - space, there
exists a supra soft pre-open set (G, E) such that (y,., E) € (G,E), (x,,E) ¢
(G,E).Then (y,,E) € (G,E) c (x,,E)¢ . This implies that (x,, E)¢ is a
supra soft pre-open set, i.e.(x,, E) is a supra soft Pre-closed set.

Suppose that for each (x,, E) is a supra soft pre-closed set inJ. Then
(x,,E)¢ is a supra soft pre-open set in 3 .Let(x,,E) # (¥, E). Thus
Ve, E) € (x0,E)¢ and(x,, E) & (x,, E)C. Similarly (y,, E)€ is a supra soft
pre-open set in I such that (x.,E) € (Je,, E)¢ and (v, E) & (ver, E)C.
Therefore (X, J, E) is a supra soft P, - space over X.

Proposition 3.26. Let (X, 3, E) be a supra soft topological space.
If (X, 3, E) is a supra soft P;-space, then (X, 3, ) is a supra P;-space for each
e€E.(i=0,1,

Remark 3.27.

a) Ever#y supra soft P, - space is a supra soft P,- space.

b) Every supra soft P,- space is a supra soft P, - space.

Example 3.28. Let = {x;,x,} ,E = {e;,e,} and 3 = {, X, (F, E)} where
Fle)) ={x1}, F(ex) = X

Then (X, 3, E) is a supra soft topological space over X. (X, J, E) is a supra
soft P,- space. over X which is not a supra soft P;- space.

Theorem 3.29. Let (X, 3, E) be a supra soft P;- space., for every soft point
(xe,E), (x¢,E) € (G,E) and (G,E) € 3 . If there exists a supra soft pre-
open set (F, E) such that (x,,E) € (F,E) c cl*(F,E) c (G,E) then (X, S,
E) is a supra soft P,-space.

Proof. Suppose that(x,,E) # (y,, E). Since (X, 3, E) is a supra soft P;-
space, (x.,E) and (y,, E) are supra soft pre-closed sets in I . Thus
(%6, E) € (Y1, E)€ and (y,,, E)€ is a supra soft pre-open setin 3. Then there
exists a supra soft pre-open set (F,E) in J such that (x,,E) € (F,E) c
clS(F,E) € (¥, E)¢

Hence we have(y,, E)¢ € (cI°(F,E)), (x.,E)€ (F,E) is a (F,E)n
(clS(F, E))C =¢

(X, 3, E) is a supra soft P,-space.

Definition 3.30. Let (X, 5, E) be a supra soft topological space over X.

i) (F, E) be a supra soft pre-closed setin X and(x,, E) & (F, E). If there exist
supra soft pre-open sets (G,, E) and (G,, E) such that (x,, E) € (G,E) and
(F,E) € (Gy,E) and (G4, E) N (G,, E) = ¢ then (X,3, E)is called a supra soft
pre regular space.

ii) (X, 3, E) is said to be a supra soft P; -space if it is supra soft pre-regular
and supra soft P;-space.

Remark 3.31. A supra soft P;-space is a supra soft P,-space.

Theorem 3.32. Let (X, J, E) be a supra soft topological space over X.
(X, 3,E) is a supra soft

P;-space iff for every (x,, E) € (F,E) € J there exists soft pre-open set (G,
E) € 3 such that(x,, E) € (G,E) c cl*(G,E) c (F,E).

Proof. Let (X, 3, E) be a supra soft P;-space and (x,, E) € (F,E) € 3. Since
X, 3, E)is

a supra soft P3-space for the soft point (x,, E) and supra soft pre closed set
(F,E)¢ ; there exists soft pre-open sets (G;, E) and (G,, E) €3 such
that(x,, E) € (G, E), (F,E)¢ c (G,,E) and (G,E) N (G5, E) = ¢ .Thus, we
have (x,,E) € (G1,E) c (G5, E)¢ < (F,E).Since (G, E)* is supra soft pre-
closed, cl*(Gy,E) c (G,, E).

Conversely, let (x,,E) € (H,E) and (H, E) be a supra soft pre-closed set.
Thus, (x,,E) € (G,E)C and from the condition of the theorem, we
have(x,,E) € (G,E) c cl*(G,E) c (H,E)° : Then (x.,E) € (G,E),
(H,E) c (cI*(H,E))¢ and (G,E) (cl*(G,E))¢ = ¢ are satisfied, i.e. (X, T,
E) is a supra soft P;-space.

Theorem 3.33. Let (X, J, E) be a supra soft topological space over X. If
(X, 3, E) is a supra soft P;-space, then (X; J.) is a supra P;-space, for each
e€E.

Proof. Let (X, 3, E) be a supra soft topological space over X. By Proposition
3.27,(X, 3.) is a supra P,-space. Let BC X be a soft pre-closed set in 3, and
x & B.From the definition of J,, there exists a soft pre closed set (F,E) and
(x.,E) € (F,E) such that F (e) = B. Since (X, JE) is a supra soft pre
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regular space, there exist supra soft pre-open sets

(G4, E) and (G,, E) such that(x,, E) € (G1,E), (F,E) c (G3,E) and (G,,E) n
(G, E) =9

Thus, we havex € G;(e), B € G,(e) and G;(e) N G,(e) = @

i.e. (X,3.) is a supra P;-space for eache € E.

Definition 3.34.i) Let (X, 3, E) be a supra soft topological space (F,E) and
(G,E) supra soft

Preclosed sets such that(F,E) N (G,E) = ¢ : If there exist supra soft
preopen sets(F;, E) and (F,, E) such that (F,E) c (F,E), (G,E) c (F,,E)
and (Fy,E) N (F,,E) = ¢ then (X, 3, E) is called a supra soft pre normal
space.

ii) (X, 3, E) is said to be a supra soft P,-space if it is supra soft pre-normal
and supra soft P, -space.

Remark 3.35. A supra soft P,-space is a supra soft P;-space.

Theorem 3.36. Let (X, 3, E) be a supra soft topological space over X. Then
(X, 3, E) is a supra soft P,--space if and only if, for each supra soft pre-
closed set (F,E) and supra soft pre-open set (D, E) with

(F,E) c (G,E), there exists supra soft pre-open set (D,E) such that
(F,E) c (D,E) ccls(D,E) c (G,E)

Proof. Let (X, 3, E) be a supra soft P,-space, (F,E) be a supra soft pre-
closed setand (F,E) c (G,E), (G,E) € 3. Then (G, E)€ is a supra soft pre-
closed setand (F,E) N (G, E) = ¢

Supra soft P,-space, there exist supra soft pre-open sets (Dy, E) and (D,, E)
such that

(FrE) c (DlvE)
(G,E)° < (D,E)
(D,, E)¢ c (G, E).
(D,, E)¢ is a supra soft pre-closed set and cls(Dy, E) < (D,, E)¢ is satisfied.
Thus

(F,E) c (D,E) c precls(D,,E) c (G, E)is obtained.

, (D1,E) N (Dy, E) = @.Implies (F,E)c (Dy,E) c

Conversely, let (F;,E) and (F,,E) be two supra soft Pre-closed sets
and(F;, E) n (F,,E) = ¢. Then(F, E) c (F,, E)¢. From the condition of
theorem, there exists a supra soft preopen set (D, E) such that (F;, E) ©
(D,E) c cls(D,E) c (F,,E)¢

So (D, E), (cls(D,E))¢ are supra soft preopen sets and(F;,E) c (D,E) ,
(F,,E) c (cls(D,E))¢

And (D,E) n (Cls(D, E))C = @ are obtained. Hence is a supra soft P,-space.

4. CONCLUSION

We have introduced separation axioms in supra soft topological spaces
which are defined over an initial universe with a fixed set of parameters.
Later their important properties are investigated with respect to soft
preopen sets.
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