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Some Fixed Point Results for the Generalized F-suzuki Type
Contractions in b-metric Spaces

Sumit Chandok®, Huaping Huang?®*, and Stojan Radenovié®

ABSTRACT. Compared with the previous work, the aim of this pa-
per is to introduce the more general concept of the generalized
F-Suzuki type contraction mappings in b-metric spaces, and to es-
tablish some fixed point theorems in the setting of b-metric spaces.
Our main results unify, complement and generalize the previous
works in the existing literature.

1. INTRODUCTION AND PRELIMINARIES

Before the start of this article, let us denote the letters N, R and R
as the set of all natural numbers, the set of all real numbers and the
set of all nonnegative real numbers, respectively. We denote ¥ as the
set of all functions ¢ : [0,00) — [0,00) such that 1 is continuous and
¥»~1(0) = 0.

Recently, Wardowski [I3] introduced a new type of contractive map-
pings called F-contraction and proved a fixed point theorem as a gener-
alization of the Banach contraction principle as follows:

Definition 1.1 ([I3]). Let F': R — R be a mapping satisfying

(F1) F is strictly increasing, i.e. for all o, € Ry, a <  implies
that F(a) < F(5);
(F2) For any sequence {a,} of positive numbers, li_)m an, = 0 and

lim F(«a,) = —oo are equivalent;
n—oo
(F3) There exists k € (0,1) such that lim+ o F(a) =0.
a—0
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For some examples satisfying Definition I, the reader may refer to
[T4] and [T3].

Definition 1.2 ([I3]). Let (X, d) be a metric space. Amap T : X — X
is said to be F-contraction on X if there exist F' in Definition I and
7 > 0 such that

z,y € X with d(Tz,Ty) >0 = 71+ F(d(Tz,Ty)) < F(d(z,y)).

Theorem 1.3. Let (X,d) be a complete metric space and T : X — X
an F-contraction. Then T has a unique fixed point x* € X and, for
every g € X a sequence {T"xo}nen is convergent to z*.

Many researchers have focused on F-contractions and obtained some
results in the field (see [1-3, B, B, M0-12] and their references cited
therein). Motivated by [I3], throughout this paper, we introduce the
concept of the generalized F-Suzuki contractions and obtain some rele-
vant fixed point results in the setting of b-metric spaces.

To begin with, we shall give a definition and a lemma which will be
used in the sequel.

Definition 1.4 ([@, 6]). Let X be a (nonempty) set and s > 1 a given
real number. A function d : X x X — [0,400) is called a b-metric if
and only if, for all x,y, z € X, the following conditions are satisfied:
(by) d(z,y) =0 if and only if x = y;
(bZ) d (l’, y) =d (ya IE);
(b3) d(z,2) < s[d(z,y) +d(y,2)]-
The pair (X, d) is called a b-metric space.

It should be noted that, the class of b-metric spaces is effectively larger
than that of metric spaces, since a b-metric is a metric when s = 1. The
following example shows that in general a b-metric need not necessarily
be a metric (see also [, 9]).

Example 1.5. Let (X, p) be a metric space, and d (z,y) = (p (z,y))",
where p > 1 is a real number. Then d is a b-metric with coefficient
s = 2P~1 but d is not a metric on X.

Otherwise, for more concepts such as b-convergence, b-completeness
and b-Cauchy sequence in b-metric spaces, we refer the reader to [, H]
and the references mentioned therein.

Lemma 1.6 (9], Lemma 3.1). Let {y,} be a sequence in the b-metric
space (X, d) with s > 1, such that

(1'1) d(yn+1ayn+2) § Ad (ynaynJrl)a

for some X € [0,1) and each n = 1,2,.... Then {y,} is a b-Cauchy
sequence in (X,d).
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2. MAIN RESULTS

In the following, let us denote § as the collection of all mappings
F: Ry — R satisfying

(F1) F is strictly increasing;

(F2) F is continuous on (0, 00).

Definition 2.1. Let (X,d) be a b-metric space with coefficient s > 1.
A map T : X — X is said to be a generalized F-Suzuki contraction if
there exists F' € § such that, for all x,y € X with x # y,

(2.1)

1
where v € ¥ and € > 1 is a constant and

d(Tz,y) +d(z,Ty)
2s ’

Mrp(x,y) = max {d(w, Y), d(sz, Y),

d(T?z,z) + d(T?z, Ty)
2s

,d(T?z, Ty) + d(T?z, Tx),
d(T%z, Ty) + d(Tz,z),d(Tz,y) + d(y, Ty) }

Remark 2.2. Compared with Definition 2.1 of |1}, Definition -1 has
more general character, since if € = 5, then Definition 271 is reduced to
Definition 2.1 of [IT]. That is to say, Definition 271 is a large generaliza-
tion of Definition 2.1 of [IT].

Theorem 2.3. Let (X, d) be a b-complete b-metric space with coefficient
s>1and T : X — X be a generalized F-Suzuki contraction. Then T
has a unique fixed point x* € X and, for every xo € X the iterative
sequence {T"xo}nen b-converges to x*.

Proof. Take zg € X and let x,41 = Tz, for all n € N. If there exists
no € N such that d(zp,, Txn,) = 0, then x = x,,, becomes a fixed point
of T, which completes the proof. So, in the rest of the proof, we always
assume that 0 < d(x,, Tx,), for all n € N. Hence, we have

1
Q—d(ajn,Txn) < d(xp,Txy) = d(xp, xny1), forallneN.
s

Then by (270) we have

F(s*d(Txp, Tznt1)) < F(Mr(Tn, ¥nt1)) — Y(Mr(Tn, Tni1)).



84 S. CHANDOK, H. HUANG, AND S. RADENOVIC

Since
max {d(xrm xn—l—l)v d(xn—‘er xn-{—l)}
S MT(xrm xn—l—l)

d(Tn, Tnio) d(Tni2,7n)
2s ’ 2s ’

= max {d(l‘ny xn+1)7 d(£n+27 $n+1)7
d(l'nJrQy xn+1)a d(xn+1a 5571)7 d(anrl, xn+2) }

S max {d(l‘ny xn+1)7 d(£n+27 $n+1)7

sld(zn, Tni1) + d(Tns1, Tni2)] }
2s
< max {d(zy, Tnt1),d(Tnt2, Tnt1)},
we get
Mr(zp, Xnt1) = max{d(zn, Tnt1), d(Tnt+2, Tni1)}-
Then
(2.2)  F(s°d(xpt1,Tnt2)) = F (s°d(Txp, Txni1))
< F (max{d(zn, Tn+1), d(Tnt2, Tn+1)})
— p(max{d(xn, Tn+1), d(Tnt2, Tnt1)})
< F (max{d(zn, Tnt1), d(Tnt2, Tnt1)}) -
By the monotonicity of F', it follows immediately from (22) that
(2.3) sSd(Tp41, Tnr2) < max{d(zn, Tnt1), d(Tnt2, Tni1)}
If
d(Tn, Tnt1) < d(Tnt2, Tnt),
then (23) gives
s°d(Tpt1, Tng2) < d(Tnt2, Tntl),
which implies that d(x,11,2n12) = 0, a contradiction. If
d(Tn, Tnt1) = d(Tnt2, Tnt),
then (E23) gives that

1
d(Tp1, Tny2) < ;d(l’mxnﬂ)-

Hence, by using Lemma @, {z,} is a b-Cauchy sequence. As (X,d)
is b-complete, then {xz,} b-converges to some point z* € X. Therefore,
limy, 00 d(zp, 2*) = 0.
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We claim that, for every n € N,

1
(2.4) %d(mn,Txn) < d(zp,x"),
or
1 ) \
(2.5) ?d(Txn,T zn) < d(Txy,x").
s

Indeed, suppose, on the contrary, that there exists m € N such that

1 1
(2.6) ?Sd(xm,Txm) > d(zpm, "), %d(T:L‘m,TQmm) > d(Txpm,x").

Then
25d(Tpm, ") < d(Xpm, Tam) < s[d(xm, ") + d(z*, Txy)],

which implies that d(z,, z*) < d(z*,Tzy,). As a result, we have

1
(2.7) A(T2m, T?2m) < —d(@m, T2m)
SS

< — - [sd(zm, 2) + sd(2", Tzpm)]
s

1 ,
< < 2sd(z*, Txy,).

It follows from (28) and (2Z2) that
2 1 2
ATz, Txy) < —d(Txp, T xy,).
SE

This is a contradiction unless d(Tx,, T?x,,) = 0. Consequently, (24)
or (Z3) hold.
If (232) is true, then

(2.2) F (s*d(xp41,Tx")) = F (s°d(Txyp, Tx™))

< F(Mr(zn, %)) = (Mr(2q, ).
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Since
d(z*, Tx*) < Mp(zp, z¥)

d(zp41, ") + d(zy, Tx*)
2s ’

= max {d(mn, ), d(xpt2, "),

d(xpyo, Tn) + d(xpyo, Tx*)
2s

> d(wn+2’ Tx*) + d($n+27 xn+1)7
d(xpyo, Tx™) + d(xps1, ), d(Tnt1, %) + d(2z¥, Ta:*)}

d(xpt1,2") + d(zy, Tx™")
2s ’
sld(wpy2, Tny1) + d(Tng1, o0)] + d(wpy2, To")
2s ’
d(anrQa Tﬁ*) + d(l’n+2, l‘n+1)7 d(aner Tﬂj*) + d(anrl’ ﬂfn),

< max {d(mn, z¥), d(zp42,2"),

d(xpy1,2") +d(z", Tx*)},

taking limit from both sides of the above inequality, we get
nlggo My (zy,2*) = d(z*, Tx").
Thus by (E4) and the continuity of v, it is easy to see that
F(s*d(z*,Tz*)) < F(d(z*,Tx")) — ¢(d(z*, Tz")) < F(d(z*,Tx")),

which yields that «* = Tx*.
If (E33) is true, using a similar method as the above, we have x* = T'x*.
Now we show that T has only one fixed point. Indeed, if y* € X is
another fixed point of T', then

0= %d(w*,T&:*) <d(z*,y"),
and from (Z3), we obtain
F(std(z*,y")) = F(s°d(Tz*,Ty"))
< F(Mrp(z®,y")) — (Mr (27, y"))
= F(d(y",z")) —¢(d(y", z"))
< F(d(y®, z%)).
This gives d(y*,z*) = 0. Hence y* = x*. This completes the proof. [

Remark 2.4. Compared with Theorem 2.2 of [}, Theorem 23 has a
sharp superiority. Indeed, because of the arbitrary value of the constant
€ > 1, it evidently contains the special case € = 5. Accordingly, our
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Theorem 2.3 greatly generalizes Theorem 2.2 from [I1]. Otherwise, our
proof of Theorem 2.3 is simpler than the one of Theorem 2.2 from [IT]
since the former avoids the discontinuity problems of b-metric while the
latter deals with it too complicate.

The following three theorems can be obtained easily by repeating the
steps in the proof of Theorem =3 and therefore we omit their proofs.

Theorem 2.5. Let (X, d) be a b-complete b-metric space with coefficient
s>1andT : X — X be a map such that, for every z,y € X,

1

S
where ' € § and ¢ > 1 is a constant. Then T has a unique fized
point x* € X, and for every xog € X the iterative sequence {T"xo}nen
b-converges to x*.

Theorem 2.6. Let (X,d) be a b-complete b-metric space with coefficient
s>1andT : X — X be a map such that, for every x,y € X

Sl Tr) < d(zy) = F(d(Tr,Ty)) < F(M(r,y)) — p(N(r,9),

where F € §, v € U and

N(z,y) = max {d(a:, y),d(z,Tx),d(y, Ty), d(TQx, Y), d(TQac, Ty),

d(T?z,Tx),

d(Tz,y) + d(z,Ty) d(T?z,z)+ d(T%x, Ty) }
2 ’ 2 '

Then T has a unique fized point x* € X, and for every xg € X the
iterative sequence {T"xg}nen b-converges to x*.

Theorem 2.7. Let (X,d) be a b-complete b-metric space with coefficient
s>1and T : X — X be a map such that, for every x,y € X

%d(x,Tﬂﬂ) <d(z,y) = F(d(Tz,Ty)) < F(Mr(z,y)) —¢(d(z,y)),

where FF € § and ¢ € W. Then T has a unique fixed point z* € X, and
for every xg € X, the iterative sequence {T"xq}nen b-converges to x*.

Remark 2.8. Since a b-metric space is a metric space when s = 1,
then we easily obtain the corresponding results in the setting of metric
spaces.
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