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Systems Involving p-Laplacian and Critical Sobolev Exponent

*

Somayeh Khademloo'* and Saeed Khanjany Ghazi

ABSTRACT. In this work, we study the existence of non-trivial mul-
tiple solutions for a class of quasilinear elliptic systems equipped
with concave-convex nonlinearities and critical growth terms in
bounded domains. By using the variational method, especially Ne-
hari manifold and Palais-Smale condition, we prove the existence
and multiplicity results of positive solutions.

1. INTRODUCTION AND MAIN RESULTS

The aim of this paper is to establish the existence and multiplicity of
nontrivial positive solutions of the following quasilinear elliptic system:

(1.1)
—Apu + a(@)|ulP~Pu = MulT%u + 85 1ul*Pulul’, e,
—Apv + a(x)|v|P~20 = plv|97 %0 + aL_f_B|v]5_2v|u|°‘, x € Q,
u=uv=0, x € 0.

Here QCRY (N > 2) is a smooth bounded domain, 0 € Q,a > 1,3 > 1,

pN
frd * d *:
a+p =p and p ~

is the critical Sobolev exponent. Also

Apu>0,1<qg<p<N,Ayu=div(|Vu[P~2Vu) is the p-Laplacian, and
a(z) is the weight function that is also positive and bounded.

2010 Mathematics Subject Classification. 35J50, 35J62, 35J92.
Key words and phrases. Variational methods, Nehari manifold, Dirichlet boundary
condition, Critical Sobolev exponent.
Received: 07 August 2016, Accepted: 02 February 2017.
* Corresponding author.
39


https://core.ac.uk/display/201019799?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://scma.maragheh.ac.ir

40 S. KHADEMLOO AND S. KHANJANY GHAZI

Many problems in science and engineering are described by semilinear
and quasilinear elliptic equations and systems which usually difficult to
solve, we refer the reader to Ambrosetti et al. [3, 2], Hsu [I3, [4], Brown
et al. [0, I7] and Wu [I6, I7], and so forth. Although by methods
of nonlinear analysis like variational method, we are able to tackle such
problems. Afrouzi and Rasouli [[I] have investigated the following system
with subcritical nonlinearity:

(1.2)
—Apu + a(@)|ulP~Pu = MulT?u + Sge@)ul*Pull’, req,
—Apv + a(x)|v|P~20 = plv|9%0 + Of%ﬂc(xﬂv\ﬁ_%\ma, x € Q,
u=1v=0, x € oS

where p > 2 and 2 < o+ < p < ¢ < p*, and the weight ¢ satisfy some
suitable conditions. They have proved that, there exists §* > 0 such
that if the parameters A, u > 0, satisfy

0<)\ﬁ+uﬁ<5*,

then the problem (IZ2) has at least two nontrivial positive solutions

(ug vy ) and (ug , vy )-

Set p=2,a(r) =0and 1 < ¢ <2 < a+ f < 2" and also by adding

sign changing functions f,g and h that h € C(2), the problem (IT)
changes to

—Au = A (2)|ul"?u+ Jggh(@)ul*Pulvl?, 2 e,

(1.3) —Av = pg(x)|v]T %0 + C%Bh(x)\vlﬁfzv]u\a, x €€,

u=uv=0, x € 0N.

Wu in [16] proved that the system (IZ3) has two positive solutions with
same conditions as in [[]. Our main results are as follows.

Theorem 1.1. If A\, i satisfy

0< Ara + ;w%q < Ay,
then () has at least one positive solution.
Theorem 1.2. If A\, i satisfy

0< Ara + ;u’pfq < Ao,
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then () has at least two positive solutions.

We divide this paper into four sections. In the next section, we give
properties of Nehari manifold and set up the variational method. The
proof of Theorem [ is in the third section and in the last section, by
the Palais-Smale condition, we prove Theorem 2.

2. NEHARI MANIFOLD

Problem () is posed in the framework of the Sobolev space W =
Wy? x Wy with the standard norm

== (/ﬂ(IVUV’+a(x)IUIp)dw+/Q(!Vv|p+a(w)lv!”)d:v>l/p,

for any z = (u,v) € W. An element z is said to be a weak solution of
(D) if

/ (|Vu|p_2VuV<,01 + a(z)upr) do + / (|Vv|p_2VvVg02 + a(z)vps) do
Q Q

Y A R el e
Q Q a+ B Jo

5 / -2 «
- — v vlu dx =0,
e AL

for all (p1,p2) € W.
Thus the corresponding energy functional of (1) is defined by

1 1 1
Inu(z)==|2z|F ——Kxu(z) — L(z2),
@) = 52 P =2 R(e) - 50

where K ,,, L : W — R are the functionals defined by

Ky u(z) = /Q()\\u|q + plv|Yd(x), L(z) = /Q |u||v|P de.

As the energy functional J) , is not bounded below on W, we consider
the Nehari manifold N}, = {z € W\{0} (/3 ,(2),2) = O}. Thus z €
N, if and only if

(2.1) (Iu(2):2) =l 2 P =K u(2) = L(z) = 0.
Note that N, contains every nonzero solution of (). Define

¢A,u(z) = (J§\7“(z), Z)
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Then for z € Ny,

(2.2) (D u(2):2) =pl 2 P —qKx u(2) — p"L(2)
=p-a =" -0 —q9L(z)
=" —)Ku(z) =@ —p) | 2|

Now, similar to the method used in [I5], we split V), into three disjoint
parts:

NIM = {z € Nyy <¢5’)\7H(z),z> > O},
NR = {2 € Nayut {#h 4(2),2) = 0},
N;M = {z € Nyt <(;5’)\7H(z),z> < O}.

To state our main result, we present some important properties of NV ;r o
0 i
NA,y and NA,u'

Lemma 2.1. J, , is coercive and bounded from below on Ny ,,.

Proof. If z € Ny, then by (21), the Hélder inequality and the Sobolev
embedding theorem we have

(2.3)
p*—p p*—q

Iu(z) = z||P — Ky . (z

u(2) pw | 2|l e u(2)

pP—4q

1 p*—q _a _ p'—q P P >
> z p —75 p|Q p* ()\pfq +,Ulp7q) | zZ |q7

where S is the best Sobolev constant for the embedding of I/VO1 Pin LP"(Q)
defined by

(|IVulP + a(x)|ulP) dx
(2.4) S=  inf /9 —

wEW P (@)\{0} < / P p*dx>p
Q

Since 1 < ¢ < p, we see that Jy , is coercive and bounded below on
N u- O

By modifying the proof of Alves et al. [4] (Theorem 5), we have

(2.5) Sup = <<g) = + <§>aiﬁ> S,
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where S is the best Sobolev constant defined in (23) and

p
(2.6) Sap=  inf 2

b ()
Q

This is achieved if and only if Q = RY by the function

1 (N—p)/p
P
U£<m>:cN(€) esn

e+ |z|71

Lemma 2.2. Suppose that zg is a local minimizer for Jy, on N, and

that zo & Ny, then zg is a critical point of the Jy .

Proof. 1f zg is a local minimizer for Jy , on Ny ,. Then 2 is a solution of

43

optimization problem. Since ¢, ,(z) = (J3 ,(2),2), then by the theory

of Lagrange multipliers, there exists v € R such that
(J7u(20)5 20) = (D) u(20), 20)-
Since zg € Ny, and 29 & Ng,u’ we get
(95 u(20), 20) # 0.
Hence v = 0 and this completes the proof.
Lemma 2.3. Set

P

2 * * e
27) A= (p_q ) B (p qympp*") vt >0,

P —q p*—p

then for (A, 1) satisfying
0< A\ra + W%q < Ay,

we have Ngﬂ = 0.

Proof. Suppose opposite, i.e., there exist A\, u > 0 with
0< \ra + ,u,P%q < Aq,

such that N/Q’M # (). Then for z € N/(\],u’ by (E2), we have

Pt —q Pt —q
| 2|7 = HL(Z)’ | z |7 = o _pK/\,u(Z)-

Then we have
1

lz)> (2=Ls%)" ",
p*—q
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and similar to the proof of Lemma P, (see (223)) by the Holder inequal-
ity and the Sobolev embedding theorem, one can get

* *_ % 1
Il (Bt 55 )7 (5 4 )

p* =

This implies

P

B e i
Nt s (P2)TT (B ) T g 2y,
P —q pr—p

that is a contradiction. Therefore, we can conclude that there exists a
positive number A; such that for

0<)\p%z +uﬁ < Aq,
we have Ngu = 0. O

Let
O, = {()\,u) € R2\(0,0) : 0 < AP + pica < A},

p

and Ay = (q) TUAL < AL IE (A, 1) € ©p,, by Lemma 23, we have
p
Ny = Ny, UN, . Define

9/\#: inf JA,M(Z)v

ZEN}MN
07 = inf J,(2),
A zEN;:H )\,,u( )
0y, = Inf Jyu(2)
' 2€EN, ,
Theorem 2.4. (i) If (A, i) € ©p,, then 0y, < Hj\ru <0;

(il) If (A, ) € Op,, then there exists
dO == dO()‘nu’apu Q7N7 Sa |Q’) > 07
such that (9;“ > dg.

Proof. (i) For z € N;ru, by (22), we have

P —p
Ky u(z) > —— qH z |7,

*
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1 1 1

- 1P = (== =) Kaulz
( p) (q p*) #(?)
LB (B
p q p p—q
p

1
p( )!zW<0
p* p q

Thus, from the definition of 0 , and Gj{ L0 We can deduce that
9)\# < 9;{_# <0

and so,

(ii) For z € Ny ,, by (22) we have ZJH z [P < L(z). Moreover,
' P —q

_p"
using (24), we get L(z) < S~ 7 || z ||P. This implies that

1
_ *p N
||Z||Z<li Q>p pSPQ'
P —q

p*—p _
JA,u(z)szHq( ' | z P72

By (E23), we have

* *_ pP—gq
_P*qsam%ﬂmz+ufqp>
pq

L pP—q
- (p—q>p*—ps‘;j§ p*—p<p—q)9*‘ps“’;%w
APt ¢ p'p \p*—q

*_ —
_pp*q _7|Q| p* ()\p q —|—IUJppr)p q).

Thus, if (A, ) € O4,, then for z € Ny, we have
J)\,,LL(Z) > dp = dO(AnU’apa q, N, S, |Q’) > 0.

g
For each z € W such that L(z) > 0, let
1
(p—aq)l = ||p>P*P
2.8 tmax = | ———~7~ > 0.
25 (Erne

Then the following lemma holds.

Lemma 2.5. Assume that (\, ) € Oy,, then for every z € W with
L(z) > 0, one has the following:
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(i) if Kxu(z) <0, then there exists t~ = t(2) > tmax such that
t7z ¢ NA_u and

(2.9) Iau(t™ z) = sup Jy ,(t2);
t>0

(ii) of Kxpu(2) >0, then there exist
0<tt =tT(2) <tmax <t =t (2),
such that t*z € N;\—Lﬂ and

(2.10)  Jy,(tTz) = inf  Jy,(t2); Iau(t™z) =sup Jy ,(t2).
0<t<tmax >0

Proof. Fix z € W with L(z) > 0. Let
m(t) =779 z |P — " "9L(2),
for t > 0. Clearly m(0) =0 and m(t) - —oo as t — oo. Since
m'(t) = (p— "I 2 | = (0" — @t "I L(2),

there exists a unique tyax > 0 such that m(t) achieves its maximum at
tmax > 0, increasing for ¢ € [0, tmax) and decreasing for ¢ € (tpax, 00).
Clearly, tz € N;y(or N, ) if and only if m/(t) > 0( or < 0). Moreover

(2.11) *
tta) = (LY (“’ LSS
i <5*_qq> = p - q I || ; ||p P

pP—q

pP—g
_ p*—p — p* \ p¥-p
b —q p*—q
(i) Kxu(z) <0, then there exists a unique ¢t~ > tyax such that

m(t~) = Kx,(z) and m/(t7) < 0. Now,

(=) )P 2 IP = (0 =)t L(z) = (¢7)4'm/(t7) <0,
and

(JA,(t72),(t72)) = () m(t7) — Kx u(2)] = 0.
Thus, 7z € N, ,. Since for ¢ > tmax, we have m’(t) < 0 and
m” (t) < 0, subsequently,

Iau(t™2) = sup Jy ,(t2).
>0
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(i) Kxp(z) > 0. For (A, ) € ©4,, by (Z10) we have
m(0) =0
< K)\#(Z)

p—q

<SR (W ) T 2|

b—gq

_ 1;7_:1 * * *_
s\zr‘J(p q)" "(” q)(s”p)p "
Pt —q p*—q

there exists unique ¢+ and ¢~ such that 0 < tT = t7(2) <
tmax < t_ — t_ (Z),

m(tt) = Kyu(2) =m@t),  m/(th) >0>m'(t7).
We have t*z € N;M, and

Ia(t72) = Da(t2) = Daalttz), Ve i, t7],

Inpu(tT2) < Iy u(tz), Vt € [0, tmax)-
Thus
Du(tt2) = infocrcpnn Iau(tz);  Iau(t™2) = supsg Iy u(tz).

g

3. PROOF OF THEOREM 01

At first, we give the following definitions about (PS). -sequence and
introduce the Brézis-Lieb lemma (see [J]) as a remark.

Definition 3.1. Let ¢ € R, W be a Banach space and J € C*(W,R).

(i) {zn} is a (PS)e-sequence in W for J if J(z,) = ¢+ o(1) and
J' () = o(1) strongly in W~ as n — co.

(ii) We say that J satisfies the (P.S). condition if any (PS).-sequence
{zn} in W for J has a convergent subsequence.

Remark 3.2. Let z, € W such that

(i) || zn ||< constant,
(ii) 2, — 24 almost everywhere in (2, then

(3.1) I Zn [Pl 2 1P = 1l 2 1P,
asn—)oowherezn:zn—zar.
Proposition 3.3. (i) If (A, ) € ©n,, then there exists a (PS)g, -

sequence {zn} C Ny, in W for Jy .
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(ii) If (A, u) € Op,, then there exists a (PS)(,A—’u-sequence {zn} C
N):u in W for Jy .
Proof. The proof is almost the same as that in [I5]. O

Now, we prove the existence of a local minimum for Jy , on N ;’ e

Theorem 3.4. If (\,u) € Op,, then Jy, has a minimizer z3 in N;“#
and satisfies the following:

(i) Taulzg) = 0%, =0nu <0;
(ii) 2f is a positive solution of (ICT).

Proof. By Proposition B3 (i), there exists a minimizing sequence {z,}
for Jy, on N, , such that

(3.2) Iapu(zn) =0, +0o(1), Ji’#(zn) = o(1).

Then, by Lemma P, there exists a subsequence {z, = (un,v,)} and
(24) = (ug,vd) € W such that

Up — ud v, = vf weakly in W, P(9),
(3.3) Up — ug vy, — vy almost everywhere in Q,

Uy — ug, v, — vy strongly in L¥(Q) (1 < s < p*),
as n — oo. It is easy to see that
(3.4) Ky u(2) = Ky u(20) +0(1), asn — oo.

First, we prove that zd is a nontrivial solution of (IT). By (B80) and
(B2), we can deduce that z7 is a weak solution of (IT). By (22)

p*—p p*—q
Du(zn) = o | zn 1P — = K u(zn)
Pt —q
Z - qp* KA,;L(zn)a
if n — 0o, one can get
" qp*
KA,#(Z ) > _p* — q9>\“u > 0.

Thus, 2z € Ny, is a nontrivial solution of (IHl). Now, we claim that
zn — z¢ strongly in W and J), (27 ) = 0. By applying Fatou’s lemma
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and ZO+ € Ny 4, we have

Orp < Iapulzg)
Pt —q

*

K/\,u(zar)

1
i
*

. 1 P —q
< lim inf (N S qp* KA’”(Zn)>

< i _
_hnrr_1>1£fJA,u(Zn) Ox 05

This implies that Jy ,(25) = 6, and
Tim | 2 =] 2 17
Let 2, = z, — 2, then by Remark B2 (see (B1)) we get

I Zn [IP=1 2 17 = 1l 2 117 -

Therefore, z, — zar strongly in W. Next, we show that zar € N;r r
Suppose that zJ €Ny u’ then by Lemma P4, there exists unique t(')|r and
ty such that tgzat € N;\fu and tg <t, = 1. Since

d + d? + 4+
%J/\,p(to z5) =0, @J/\(to zy) >0,
there exists t < ¢ < t; such that Jy ,(t520) < Jau(fzg). Again by
Lemma 3 we have

J/\,#(tarzsr) < ‘]A”M(EZS_) < JA,u(tEZo*) = JA,#(ZJ%

which contradicts Jy ,(z¢) = Gj\ru. Thus z4 € N/\+u‘ Since Jy u(z5) =

Inullzg ) and |25 € Ny,
ial nonnegative solution of (IZI). By the maximum principle, it follows

that ud > 0,05 >0in Q. O

by Lemma 272 we deduce that z{)" is a nontriv-

Proof of Theorem . By Theorem B4, we get that for all A\, u > 0 and
p p

0 < Ar=a + pr—a < Ay (or (A, p) € ©yp,), (D) has a positive solution

z[—)" € NIN. 0

4. PROOF OF THEOREM 2

For the existence of a second positive solution of system (IT), we will
need here a stronger condition. In this section, at the first we will find
the range of ¢ where (PS). condition holds for Jy ,.
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Lemma 4.1. Assume that {z,} C W is a (PS).-sequence for Jy, and

zn — z in W, then z is a critical point of Jy ., and there exists a
Co = Co(p,q, N, S,|92|) > 0 such that

I = —Co ()\ﬁ -l-uﬁ) .

Proof. Let z, = (upn,v,) and assume that {z,} be a (PS).sequence
for Jy, with z, — z in W, it is easy to deduce that Jﬁw(z) =0, so

(J\,.(2),2) = 0 and by (E70)

/Q [ul*olPde = || 2 || — K u(2)-

Consequently as (24),

* *

p —Dp p —q
Iau(z) = z|P — K . (2).
,H( ) pp* || || qp* ,M( )

By the Holder inequality and the Sobolev embedding theorem, we have

A W A
I > — ——5 p|Q] ¥
u(2) H [ e 1€

« [)\ </Q(|wp 4 a(:n)|u]p)dx> +u (/qup 4 a(:v)|v|p)da:>] ’

Finally, by the Young inequality, one can get

1 1 p T
Ble) 2 % 12 P = | 2 17 =G (A7 4 i757)

_ o + )
where Cy = Cy(p,q, N, S,|Q2|) > 0. a

Lemma 4.2. Suppose that {z,} C W is a (PS).-sequence for Jy ,, then
{zn} is bounded in W.

Proof. Suppose opposite, that || z, |- co. Let
Zn Up U
(1) = o) = 12 = (P )
SR [ un |71 vn |l

zh — z* = (u*,v*) in W. This implies that v} — u*,v} — v* strongly
in L#(Q) for all 1 < s < p* and

(4.2) Ky u(z) = Ky u(2") + o(1).

Now, since {z,} C W is a (PS).-sequence for J , and || z, ||— oo, we
have

[ Hq"’KA’u(Z;;) 2

4.3
(4:3) D q p*

L(z,) = o(1),



THE SOLVABILITY OF CONCAVE-CONVEX QUASILINEAR ... 51

and
(4.4) 2 17— [ 2 1977 Knu(2m) = Il 20 7777 L(z7,) = o(1).
From (E22) and (£4), one can get

p(" —q) -
4.5 2P == 2 ||TP Ky (%) + o(1).
(4.5) Iz | o —p) = u(z) +o(1)

Since 1 < ¢ < p and || z, ||— oo, (E3H) implies that || 2} ||’ — oo, as
1.

n — oo, which contradict || 2% ||” = O

Lemma 4.3. Let

1 N p p
Coan = N (Sa,8)? = Co ()\qu + ,upfq> ,

where Cy is the positive constant given in Lemma 4.1, then Jy ,, satisfies
the (PS). condition with ¢ € (—o0,C} ).

Proof. Let {z,} C W be a (PS).-sequence for J) , with ¢ € (—o0,C) ).
By Lemma B2 we have that {z,} is bounded in W. This implies that
Zp — z up to a subsequence, when z is a critical point of J) ;. Further-
more we may assume

Up — Uy Uy — U in W, P (),
(4.6) Up — U, Vyy —> U a.e on €2,
Up — U, Vp —v  in L5(Q) (1 <s < p*).

Hence we have J} (2) =0 and
(4.7) K u(zn) = K u(2) + o(1).

Let @, = up — u, Uy = v, — v, and 2, = (Up, Up). Then by Remark B2
(see (B)), we obtain

(4.8) 1 Zn [P =1l 20 [P = Il 2 P + o(1),

and by an argument of [12], Lemma 2.1

(4.9) L(z,) = L(z,) — L(2) + o(1).

Since Jy u(2n) = ¢+ o(1) and (B7) and (E9), we deduce that

1 1
(4.10) 5” Zn |IP - EL(%) == Jaulz) +o(1),

and
| 2 II” = L(Z) = o(1).

Thus, we may assume that

(4.11) 12, P = h,  L(Z) = h
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Assume that h > 0; by the definition of S, 3 and (EIT), one can get

p_
%

P . ~
Sa,ph7™ = Sag lim L(Zn)7
< | 2 IIP = b,

N
P

which implies that h > (S,,5) 7 . By (B210) and (B-1), we have
1 1
c=|—-——]h+u(?),

then by Lemma BT, we get

1 N P _p
¢ 2 = (Sap)” = Co (A7 + 477 ) = Oy

which is a contradiction. Hence h = 0; that is z,, — 2z strongly in W. 0

Next, we will establish the existence of a local minimum for .Jy , on
Ny, to obtain a second positive solution of system (m). We point the
following fact as a remark that will use in the next lemma.

Remark 4.4. Let A, B > 0, then we get

p a+pB 1
sup <tA— t B) :NA<

Precisely, setting
o, tath
H)="A-" B
fO="A-
we have f/(t) = tP"1 A — t*TB8~1 B, the result obtains by an easy calcu-
lation.

Lemma 4.5. There ezist a nonnegative function z € W\ {(0,0)} and
A* > 0 such that for (A, p) € Op«, we have
(4.12) sup Jy u(tz) < ey p,

>0
where ¢y, s the constant given in Lemma {-3. In particular, H)fu < Capus
for all (\, ) € Op-.

Proof. Since 0 € Q, we know that there exists pp > 0 such that BN (0, 2pg) C
Q). Now, we consider the functional I : W — R defined by

1 1
1) = 2 P 5 L),

p




THE SOLVABILITY OF CONCAVE-CONVEX QUASILINEAR ... 53

for all z € W, and define a cut-off function n(x) € C5°(€2) such that

1 |z| < po,
n(x)_{o |lz| < po

|z| > 2po,
where 0 <7 <1 and |Vn| < C. For ¢ > 0, let

(4.13) ue(z) = ”<2 —
(e + |z|p-1) 7
Step 1. We show that
1 X N-p
stggb\,”(tzo) < N wpg tO(E ).

From [I3] (Lemma 4.3), we have
» N
* p _AN=p
</Q |ue [P dm) =g 7 |U|Z@*(]RN) + O(e),
_N-p
/Q |VuePde =¢"» |VU\72P(RN) + O(1),
/ |Vu_|Pdx

(4.14) 8

L*
* P
( [ tuer dx)
Q
N—p

U(z) = (1+|xy#)* 7 ewle (RY).

Set ug = {/aue, vo = ¥/Bu. and zg € W. Then from Remark E4, (22)
and (E14), we conclude that

:S—i-O(aN;p),

where

S|z




54 S. KHADEMLOO AND S. KHANJANY GHAZI

p

Step 2. We claim that if we set € = ()\ﬁ + uﬁ) ﬂ’ then there exists
A* > 0, such that for (A, 1) € ©p=we have sup Jy ,(tz) < Cy .
>0

Let Cj be the positive constant given in Lemma B0 We can choose
91 > 0 such that for all (A, u) € ©5,, we have

1 N v p_
Cop = 3 (Sap)? = Co (A7 + 777 > 0,
Using the definition of J) , and zp, we get
tP a+
Iapu(tzo) < 5|| 2 ||IP = tp|vuay§p(RN), Vit >0, A\, u >0,

which implies that there exists tg € (0, 1) satisfying

sup J/\,p,(tzo) < C)\,,Lu V(A ) € Os, -
0<t<tg

Using the definition of J) , and 29 and by «, 8 > 1, we have

14
sup Jy . (tz0) = sup ([(tzo) — qK/\,u(ZO))

t>to t>to
1 N N—p tg? s a a q
< Sag)r +0(e 7 ) =L (a4 gip) fue|da
N q BN (0,p0)

—p to? .
) -+ fue| .
q BN(O:PO)

Let 0 <e < pop%l, by (B=L3) we have

/ luc|?dz = / v A
BN(O,po) BN(O,po) (

1
Z/ ———xdz
BN (0,p0) ( pp>q P

= Cl
= Cl(Napa (LpO)'

P

Then for all € = ()\P%q + ,up%q) NP e (0, poﬁ), one can get

1 N _p_ _p_ to?
sup Jx . (t20) < ~— (Sa3)? +0 (,\M + ;mq) — 20 (A + ).
t>to N q

Hence, we can choose d2 > 0 such that for all (A, u) € ©;,, we have

0 <)\ﬁ + uﬁ) — toqul()\ +p) < Cy (Aﬁ —I—Mﬁ) :
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If we set A* = min {51,p0 p—1 ,52} and € = ()\P—q + MP-!Z) , then for
(A, 1) € Op+, we have

(4.15) sup Jy u(tz0) < Ch -
>0

Step 5. We prove that 6 < Cy, for all (A, p) € Op.
By the definition of zg and ue, we have

L(Zo) > 0, K)\,M(Z()) > 0.

Combining this with Lemma ZZ3(ii), from the definition of 6,  , we
obtain that there exists to > 0 such that tgzg € N, u and

«9;’“ < Iau(tz) < i;lg Tau(tzo) < C s
for all (A, p) € Op-. O
Theorem 4.6. If (A, u) € On,, then Jy, has a minimizer 2o~ in Ny,

which satisfies the following
(1) ‘])\7#(’20 ) - 9;;;’
(ii) 2y is a positive solution of (IC),

where Ao = min {A*, Ao}, A* is the same as in Lemma 3.

Proof. It (A, 1) € O4,, then by Proposition B33, there exists a (PS)9§ -
N

sequence {z,} C N, , in W for J,,. From Lemmas I3 and I3 and

Theorem 237 (ii), for (A, p) € O+, Jy , satisfies (PS)H; condition and
S

05, € (0,C5 ). By Lemma 27T and from coercivity of Jy,, on Ny, we

get that {z,} is bounded in W. Therefore, there exists a subsequence
still denoted by {z,} and a nontrivial solution z, € Ny such that

Zn — zy weakly in W. Finally by the same arguments as in the proof of

Theorem B4, for all (A, u) € ©4,, we have that z; is a positive solution
of (Im). O

Proof of Theorem II:Z By Theorems B3 and B8, we obtain that for all

/\,u>0and0<)\Pq+,qu <A2<A1 (or()\,u,)e@AQ) (D) has
two positive solutions zJ, 2z, with Zo € N Since N a0 N)\_# = (),

this implies that Zo and z; are distinct. ThlS completes the proof. [
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