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ABSTRACT. For two normed algebras A and B with the character
space A(B) # () and a left B—module X, a certain class of bounded
linear maps from A into X is introduced. We set CM Hp (A, X) as
the set of all non-zero B—character module homomorphisms from A
into X. In the case where A(B) = {¢} then CM Hg(A, X)J{0} is
a closed subspace of L(A, X) of all bounded linear operators from A
into X. We define an equivalence relation on CM Hg (A, X) and use
it to show that CM Hp (A, X)|J{0} is a union of closed subspaces
of L(A, X). Also some basic results and some hereditary properties
are presented. Finally some relations between p—amenable Banach
algebras and character module homomorphisms are examined.

1. INTRODUCTION AND PRELIMINARIES

Let A be a normed algebra. Then a character on A is a bounded linear
functional ¢ : A — C such that ¢(ac) = ¢(a)p(c) for all a,c € A. The
set of all non-zero characters on the normed algebra A is denoted by
A(A). Also A(A) {0} is called the character space of A.

Let A be a Banach algebra. The second dual of A, which is denoted
by A**, is a Banach algebra with respect to the first and the second
Arens products [ and ¢ respectively, which are defined as follows. For
a,be A, fe A" and m,n € A**,

<m|:'n7f>:<mvnf>v (n-f,a):<n,f-a>, <f'a7b>:<f7ab>a

and
<m0n,f>:<n,fm), <fm7a>:<m7af>7 <af7b>:<f7ba>
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A new version of amenability which is related to characters was intro-
duced and investigated by E. Kaniuth and A.T.-M. Lau and J. Pym in
[2]. Also M.S. Monfared independently studied this concept in [g].

Let A be a Banach algebra and let ¢ € A(A). Then A is said to
be ¢— amenable if there exists an m € A** such that (m,y) = 1 and
(m, f-a) =p(a)(m, f) for all a € A and f € A*. Any such m is called
a p—mean.

A Banach algebra A is said to be ¢— contractible if there exists an
u € A such that ¢(u) =1 and au = ¢(a)u for all a € A. The concept
of p—contractibility of Banach algebras was introduced by Z. Hu, M.S.
Monfared and T. Traynor [1].

Suppose that V' is a non-zero normed vector space and f € V* (the
dual space of V) is a non-zero element such that [[f|] < 1. Define
a-c = f(a)c for all a,c € V. Then,the pair (V,-) which we denote
it by V; is an associative normed algebra. One can easily verify that
A(Vy) = {f}. Some basic properties of V such as Arens regularity,
amenability, weak amenability, n—weak amenability are investigated in
[@]. Also strongly zero-product, strongly Jordan zero-product, strongly
Lie zero-product preserving maps on V; are investigated in [5, 4, 3, 6].

In this article we introduce a certain class of operators from a normed
algebra into a left module. Some basic results and also some hereditary
properties concerning them are investigated in Sections B and B respec-
tively. Finally some relations between p—amenable Banach algebras and
character module homomorphisms are examined in Section .

2. MAIN RESULTS

In this section let A and B be two normed algebras and let A(B) # 0.
Also let X be a left B—module. So X* and X** with the following
operations are right and left B—modules respectively.

<gb7$> = <g,bﬂ§‘>,
forallbe B,x € X,ge X* & € X**.

Also one can easily verify that X** with the following operations is a
left B**—module.

(n-®,9)=(n,@-g)),

(@-g,b) =(2,9-),

(g-b,x) = (g9,b- ),
forallbe B,ne B, x € X,g € X*, & € X*.

Definition 2.1. Let A and B be two normed algebras and let A(B) # ().
Also let X be a left B—module. We say that a bounded linear map
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T : A — X is a B—character module homomorphism if there exists a
¢ € A(B) such that T*(g - b) = @(b)T*(g) for all b € B and g € X*.

Remark 2.2. Note that in the case X = B, since B is a left B—module,
so a bounded linear map T : A — B is a B—character module homo-
morphism if and only if there exists a ¢ € A(B) such that T*(g - b) =
o(b)T*(g) for all b € B and g € B*.

Example 2.3. Let V be a non-zero normed vector space and 0 # f € V*
such that || f|] < 1. Also let A be an arbitrary normed algebra. Then
every bounded linear map 7' : A — V} is a Vy—character module
homomorphism. Indeed, for f € A(Vy) = {f} we have,

T(g-b) =T*(f(b)g) = fF(O)T"(g9), (g€ Vi, beV).
Proposition 2.4. Let A and B be two normed algebras and let X be
a left B—module. Also let T : A — X be a B—-character module
homomorphism. Then,

(i) T(A) is a left B—module such that for some ¢ € A(B), b-

T(a) = ()T (a) for allb € B and a € A.

(ii) If T is surjective then for some ¢ € A(B), b-x = p(b)x for all

be B and x € X. Moreover X* - ker(¢) = 0.

Proof. (i) Let T : A — X be a B—character module homomor-
phism. Then there exists a ¢ € A(B) such that
(2.1) T"(g-b) = ¢(O)T"(9);

forall be B and g € X*. So (T*(g-b),a) = (p(b)T*(g),a) for
all a € A,b € B and g € X*. It follows that (g,b-T(a)) =
(9,0(b)T(a)) for alla € A,b€ B and g € X*. Hence b-T(a) =
0(b)T(a),a € A,b € B.

(ii) The equality b-a = p(b)x, b € B, x € X is an immediate conse-
quence of part (i), because T is surjective. Also the surjectivity
of T implies the injectivity of T*. So if b € ker(y) then by (271)
T*(g-b) =0. Sog-b=0,0b € ker(p), g € X*. Tt follows that
X* - ker(p) = 0.

U

Remark 2.5. Let B be a normed algebra with ¢ € A(B). Also let X
be a left B—module such that b-z = p(b)z,b € B,z € X. Then for each
bounded linear map T': A —> X we have,

T%(g-b) =T (p(b)g) = p(b)T"(g9), (b€ B,ge X7).

Corollary 2.6. Let A and B be two normed algebras. Also let T :
A — B be a surjective B—character module homomorphism. Then
there exists p € A(B) such that B = B,. Moreover B*B = B*.
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Proof. The equality B = B,, is an immediate consequence of Proposition
22 part (ii). Let g € B* and e € B be an element such that p(e) = 1.
It follows that g-e = g. So B* C B*B. Hence B*B = B*. O

3. HEREDITARY PROPERTIES

In this section we present some hereditary properties concerning char-
acter module homomorphisms.

Theorem 3.1. Let A and B be two normed algebras and let X be a
left B—module. Also let T : A — X be a non-zero bounded linear
map. Then T is a B—character module homomorphism if and only if
T . A — X is a B*— (also B— )character module homomorphism.

Proof. Let T : A — X be a B—character module homomorphism.
Then there exists a ¢ € A(B) such that 7*(g - b) = ¢(b)T™(g) for all
b€ B,g € X*. We shall show that T** : A* — X** is a B**—character
module homomorphism. A similar argument can be applied to show that
T** is a B—character module homomorphism.

Let A € X*** and n € B**. Also let {go}o € X* and {bg}s C B be two
nets such that A = w* —lim, g, and n = w* — limg bg. It follows that

An=w —hénw —hénga-bﬁ.

Indeed,
11511 1ié11<ga bg, @) = liOIP 1ién<<I> G bg)
= lim(n, ® - go) = lim(n - Y, g,)
6 (0%
=(n-®,A) =(A,n-d)
=(A-n,®), (®eX™).
As T*** is w* — w*—continuous so,

T (A n) = '~ limw® — 5T (g - by)

67

=w" —limw* — lién T*(ga - b3)
=w* —limw* — lién o(bg)T*(ga)
= n(p) T (A),

for all n € B* and A € X™***.
Define ¢ : B** — C by ¢(n) = n(p). One can easily verify that
P € A(B*™).
Also
T*(A-n) =@(n)T*(A), (ne€B™ AeX™).
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For the converse, if T** : A** — X** is a B**—character module ho-
momorphism then there exists ¢ € A(B**) such that T"*(A - n) =
P(n)T**(A) for all n € B** and A € X***. Set p = 9| 5. Clearly ¢ is
a multiplicative linear functional. Also ¢ # 0. Indeed, the assumption
i = 0 implies,

Y(n)T(A) = T (A - n)

=w* — 11£nw — hénT (Ga - bﬁ)
— w* —limw* — lién Y(bg)T*(ga)
«
= w* — limw* — 11[511 @(bg)T™" (ga) = 0,
(0%
where, {go}o € X* and {bg}s C B are some nets such that A = w* —

lim, go and n = w* — limg bg.
It follows that T%** = 0. So T' = 0, that is a contradiction. Therefore

v € A(B).
Hence
T*(g-b) =T"(g-b) = ¥(b)T"(g)
= 0(b)T"(g),
for all b € B,g € X*. So T is a B—character module homomorphism.

0

Corollary 3.2. Let A and B be two normed algebras and let X be a
left B—module. Also let T : A — X be a non-zero bounded linear
map. Then T is a B—character module homomorphism if and only if
T . ACn) _y X (n) s ¢ BCY _ character module homomorphism.

Proposition 3.3. Let A, B,C be normed algebras and let X be a left
B—module. Also let T : A — X be a B—character module homo-
morphism. Then for each bounded linear map S : C — A the map
ToS:C — X is a B—character module homomorphism.

Proof. As T : A — X is a B—character module homomorphism so
there exists ¢ € A(B) such that T*(g - b) = p(b)T*(g) for all b € B and
g € X*. Hence

(ToS8)(g-b)=5"0oT"(g-b)=S5"(T"(g9-b))
= S*(p(0)T(g)) = »(b)S™(T"(g))
= (b)S* 0 T*(9g)
= @(b)(T 0 S)*(9),

for all b € B and g € X*. It follows that 70 S is a B—character module
homomorphism. O
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Let A and B be two normed algebras and let X be a left B—module.
Set CM Hp(A, X) as the set of all non-zero B—character module homo-
morphisms from A into X.

Proposition 3.4. Let A and B be two normed algebras and let A\(B) =
{¢}. Then CMHp(A, X)|J{0} is a closed subspace of L(A,X) of all

bounded linear operators from A into X.

Proof. Clearly CM Hp(A, X)J{0} is a subspace of L(A, X). We shall
show that CM Hp(A, X)|J{0} is a closed subspace. For this end let

T e L(A X)(CMHp(A X)|_J{0}
and T # 0. So there exists a sequence {7}, },, C CMHpg(A, X) such that
|T0" = T7|| = || T = T|| — 0.

Hence T,,*(g-b) — T*(g-b). As T,,*(g-b) = ¢(b)T,,*(g) we can conclude
that @(b)T*(g) =T*(g-b),b€ B,g e X*. SoT € CMHg(A, X)J{0}.
U

Corollary 3.5. Let A be a normed algebra and let A(A) = {¢}. Then
CMHA(A, A)|U{0} is a closed right ideal of L(A, A).

Proof. The proof is an immediate consequence of Proposition B=3 and
Proposition B4. 0

Let A and B be two normed algebras and let X be a left B—module
such that CMHp(A,X) # 0. If T € CMHpg(A, X) then there exists
a unique element o7 € A(B) such that T%(g - b) = pr(b)T*(g) for all
be Band g € X*. For T,S € CMHp(A, X) define T~ S if and only
if o7 = pg. Now we can conclude the following result.

Proposition 3.6. Let A and B be two normed algebras and let X be a
left B—module such that CMHp(A, X) # 0. Then ~ is an equivalence
relation on CMHp(A, X).

Proof. the proof is straightforward. O

Let T € CMHp(A, X) and let [T]. be the equivalence class of T'.

Note that in the case when A(B) = {¢}, the set CM Hp(A, X)J{0}
is a closed subspace of L(A, X). But it is not the case in general.

The following result reveals that the set CMHp(A, X)J{0} is the
union of closed subspaces of L(A, X).

Proposition 3.7. Let A and B be two normed algebras and let X be a
left B—module such that CMHp(A, X) # (. Then [T]~|J{0} is a closed
subspace of L(A, X) for allT € CMHp(A, X). Moreover

CMHp(A.X)| {0} = ([T]N U{o}) .
T
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Proof. Clearly [T~ [ J{0} is a subspace of L(A, X). An argument similar
to the proof of Proposition B can be applied to show that [T]. (J{0} isa
closed subspace. As CMHp(A, X) =Jp[T]~ so CMHp(A, X)|J{0} =

Uz ((T1~ U{0}). O

4. THE RELATION BETWEEN ¢—AMENABLE BANACH ALGEBRAS AND
CHARACTER MODULE HOMOMORPHISMS.

In this section we give some relations between @p—amenable,
(p—contractible Banach algebras and character module homomorphisms.

Theorem 4.1. Let A be a reflexive op—amenable Banach algebra. Then
CMHA(C, A) # 0.

Proof. As A is reflexive and p—amenable Banach algebra so there exists
m € A such that ¢(m) = 1 and f(am) = ¢(a)f(m) for all a € A and
f € A*. Define T : C — A by T(\) = Am, A € C. It follows that
T*(f) = f(m) for all f € A*. So

T°(f -a) = [f-a(m)
= f(am)
= ¢(a)f(m)
= ¢(a)T"(f),
foralla € Aand f € A*. Hence T' € CMHA(C,A) and CMH4(C, A) #
0. O

Theorem 4.2. Let A be a Banach algebra and let ¢ € A(A). Also let
T :C — A be a linear map such that o(T'(1)) # 0 and T*(f - a) =
o(a)T*(f) for alla € A and f € A*. Then A is p—amenable.

Proof. Let u=T(1). So T(A) =T (A1) = XT'(1) = Au for all A € C. It
follows that 7%(f) = f(u) for all f € A*. So the assumption T*(f -a) =
@(a)T*(f) implies that, f-a(u) = ¢(a)f(u). Hence f(au) = p(a)f(u).
Set m = 5. So e(m) =1 and f(am) = ¢(a)f(m),a € A, f € A*.
This shows that m is a p—mean. Hence A is p—amenable. O

Proposition 4.3. Let A be a p—contractible Banach algebra. Then
CMHA(C, A) # 0.

Proof. Let A be a p—contractible Banach algebra. So there exists u € A
such that p(u) = 1 and au = ¢(a)u for all a € A. Define T : C — A
by T(A) = Au. One can easily verify that 7' € CMH(C,A). So
CMHA(C, A) # 0. O
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