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ABSTRACT. The purpose of this paper is to introduce and study
the concepts of fuzzy e-open set, fuzzy e-continuity and fuzzy e-
compactness in intuitionistic fuzzy topological spaces. After giving
the fundamental concepts of intuitionistic fuzzy sets and intuition-
istic fuzzy topological spaces, we present intuitionistic fuzzy e-open
sets and intuitionistic fuzzy e-continuity and other results related
topological concepts. Several preservation properties and some
characterizations concerning intuitionistic fuzzy e-compactness have
been obtained.

1. INTRODUCTION

The fuzzy concept has invaded almost all branches of Mathematics
since the introduction of the concept of fuzzy set by Zadeh [I6]. Fuzzy
sets have applications in many fields such as information [I3] and con-
trol [T4]. The theory of fuzzy topological spaces was introduced and
developed by Chang [B] and since then various notions in classical topol-
ogy have been extended to fuzzy topological spaces. The initiations of
e-open sets, e*-open sets, a-open sets, e-continuity and e-compactness
in topological spaces are due to Ekici [6-10]. In fuzzy topology, e-open
sets were introduced by Seenivasan in 2014 [IZ]. In this paper we gen-
eralize this notion to intuitionistic fuzzy spaces and also the concepts
of intuitionistic fuzzy e-open sets, intuitionistic fuzzy e-continuity and
intuitionistic fuzzy e-compactness and study their properties in detail.
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Intuitionistic fuzzy e-open set are weaker than intuitionistic fuzzy J-pre
open set, intuitionistic fuzzy J-semi open set and stronger then intu-
itionistic fuzzy [-open sets. It may be possible to obtain stronger forms
of the existing results in ordinary topological spaces as well as in fuzzy
topological spaces. Our motivation in this paper, using intuitionistic
fuzzy sets, we put this concepts in the intuitionistic fuzzy setting, then
defining intuitionistic fuzzy e-open set, intuitionistic fuzzy e-continuity
and intuitionistic fuzzy e-compactness are studied. Several preservation
properties and some characterizations concerning intuitionistic fuzzy e-
compactness have been obtained.

2. PRELIMINARIES

First we shall present the fundamental definitions obtained by K.
Atanassov and D. Coker.
Definition 2.1 ([?]). Let X be a nonempty fixed set. An intuition-
istic fuzzy set (IFS, for short) A is an object having the form A =
{{z,pa(x),va(z)) : © € X} where the functions pg4 : X — [ and vy :
X — I denote the degree of membership (namely 14 (x)) and the degree
of nonmembership (namely v4(x)) of each element z € X to the set A
respectively, and 0 < pa(z) +va(z) <1 for each z € X.

Obviously, every fuzzy set A on a nonempty set X is an IFS having
the form

A={(z,pa(x),1 - pa(z)) : v € X}.
Definition 2.2 ([7]). Let X be a nonempty set and the IFS’s A and B
be in the form
A= {(z, pa(@),vale)) : o € X},
B = {{z, up(x), vp(x)) : 7 € X},
and let A= {A;:j € J} be an arbitrary family of IFS’s in X, then
(i) A< Biff Vo € X [ua(z) < pp(r) and va(z) > vp(z)];
(ii) A= {(z,va(x),pa(z)) v X},

(vij A=A, 0=1and 1 =0.
Definition 2.3 ([d]). Let X and Y be two nonempty setsand f : X — Y
be a function.
(i) If B = {{y,puB(y),vB(y)):y€ X} is an IFS in Y, then the
preimage of B under f denoted and defined by

FHB) = {{fup)(@), T (vB) (@) 1w € X))
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(i) If A = {(z, a(x),va(z)) 2z € X} is an IFS in X, then the
image of A under f denoted and defined by

f(A) = {{y, fQa) (W), f.(va)(y) 1y € Y)},

where

_ [ sWaepi Aalz),  fTH(Y) #£0,
FAa)y) = { 0, otherwise,
and

Fa)y) =1—f(1-va)(y)
_ { infep1va(z),  f(y) #0,

1, otherwise.
Corollary 2.4 ([4]). Let A, A;(j € J) be IFS’s in X, B,B;(j € J) be
IFS’s in'Y and f : X =Y be a function. Then
) A< Ay = f(A) < f(4y);

(i) BL< By = [H(B1)<f (B

(iii) A < f=Yf(A)) (If f is one-to-one, then A= f=1(f(A));
(iv) f(f"YB))<B (Iff is onto, then f(f~1(B)) = B);

(v) f7HL) =1 and f71(Q) = 0;

(vi) f(L) =1 if f is onto and f(Q) =0Q;

(vi)) f~1(B) = f~1(B).
Now, we mention the definition of intuitionistic fuzzy points and also
some basic results related to it.

Definition 2.5 ([6]). Let X be a nonempty set and ¢ € X a fixed
element in X. If a € (0,1] and b € [0,1) are two fixed real numbers
such that a + b < 1, then the IFS c¢(a,b) = (z,¢4,1 — c1_p) is called
an intuitionistic fuzzy point (IFP, for short) in X, where o denotes the
degree of membership of ¢(a,b), and ¢ € X the support of ¢(a,b).

Definition 2.6 ([5]). Let ¢(a,b) be an IFP in X and A = (x, ua,v4) an
IFS in X. Suppose further that a,b € (0,1), ¢(a,b) is said to be properly
contained in A (c(a,b) € A for short) iff a < pa(c) and b > v4(c).

Definition 2.7 ([5]). (i) An IFP ¢(a,b) in X is said to be quasi-
coincident with the IFS A = (z, u4,v4), denoted by c(a, b)qA,
iff a >wva(c)orb< pa(c).

(ii)) Let A = (z,pua,va) and B = (x,up,vp) be two IFS’s in X.
Then, A and B are said to be quasi-coincident, denoted by AgB,
iff there exists an element z € X such that pa(z) > vp(x) or

va(z) < pp(x).

Proposition 2.8. Let f: X — Y be a function and c(a,b) be an IFP
m X.
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(i) If for IFS B in'Y we have f(c(a,b))qB, then c(a,b)qf 1 (B).
(ii) If for IF'S A in X we have c(a,b)qA, then f(c(a,b))qf(A).

Proof. (i) Let f(c(a,b))gB for IFS B in Y. Then a > vg(f(c)) or
b < up(f(c). (equivalently, (f(c)e > vp or 1 — f(c)1_p < up).
This gives that a > f~1(vg)(c) or b < f~1(ug)(c) (equiva-
lently, ¢, > f~Y(vp) or 1 — ¢, < f~1(up)) which implies
e(a,b)af 1 (B).

(ii) Let c¢(a,b)qA, for IFS A in X. Then a > va(c) or b < pa(c).
This implies a > inf, ¢ p-1(f()) va(®) or b < SUp,e-1(5(c)) HA(T)
which gives a > f_(rva)(f(c)) or b < f(pa)(f(c)). Thus we have
F(ela, b))af (A). )

Proposition 2.9. Let A be an IF'S in IFTS in X and c(a,b) be an IFP
in X. If c(a,b) € A, then c(a,b)qA.

Proof. Let c(a,b) € A, then a < pa(c) and b > v4(c) which implies
c(b,a)qA. O

Here we give the definitions of intuitionistic fuzzy topological space
and some types of intuitionistic fuzzy continuity introduced by Coker
[@]. Also, some of results is of interest.

Definition 2.10 ([4]). An intuitionistic fuzzy topology (IFT, for short)
on a nonempty set X is a family W of IFS’s in X satisfying the following
axioms:
(i) 0,1 € ¥,
(ii) A1 A Ay € U for any Ay, Ay € U;
(i) VA; € W for any {A; : j € J} C .
In this case the pair (X, ¥) is called an intuitionistic fuzzy topological

space (IFTS, for short) and each IF'S in ¥ is known as an intuitionistic
fuzzy open set (IFOS, for short) in X.

Definition 2.11 ([2]). The complement A of IFOS A in IFTS(X, V) is
called an intuitionstic fuzzy closed set (IFCS, for short).

Definition 2.12 ([4]). Let (X, ¥) be an IFTS and A = (x, pa(z), va(x))
be an IFS in X. Then the fuzzy closure and fuzzy interior of A are
denoted and defined by: ¢l(A) = A{K : K isan IFCS in X and A < K}
and int(A) = V{G : G is an IFOS in X and G < A}.

Definition 2.13 ([T4]). Let A be IFS in an IFTS (X, ¥). A is called an

(1) intuitionistic fuzzy regular open set (briefly ITFROS) if A =
intcl(A).
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(i) intuitionistic fuzzy regular closed set (briefly IFRCS) if A =
clint(A).

Definition 2.14. Let (X, V) be an IFTS and A = (z, pa(x),va(z)) be
a IFS in X. Then the fuzzy d closure of A are denoted and defined by
cs(A) = N{K : K is an IFRCS in X and A < K} and ints(A4) = V{G :
G is an IFROS in X and G < A}.

Definition 2.15. Let (X, V) and (Y,¢) be IFTS’s. A function f :
(X, ) — (Y, ®) is called intuitionistic fuzzy continuous [@] if f~1(B) is
an IFOS for every B € .

Definition 2.16 ([d]). Let X be an IFTS. A family {(x, ug,,vq,) i € I}
of IFOS’s in X satisfying the condition \J{(z, puq,,va,) i € I} = 1 is
called an intuitionistic fuzzy open cover of X.

A finite subfamily of an intuitionistic fuzzy open cover {(x, ug;,va;) |t
€ I} which is also an intuitionistic fuzzy open cover of X is called a finite
subcover of {(z, ug,,va,)|i € I'}.

An IFTS X is called intuitionistic fuzzy compact if and only if every
intuitionistic fuzzy open cover has a finite subcover.

Definition 2.17 ([4]). Let A be an IFS in an IFTS X. A family
{{z,pa,, vg,)|i € I} of IFOS’s in X satisfying the condition A C
U{(x, na,;,va,;) |1 € I} is called an intuitionistic fuzzy open cover of
A.

A finite subfamily of an intuitionistic fuzzy open cover {(z, uq,, va,) |
€ I} of A which is also an intuitionistic fuzzy open cover of A is called
a finite subcover of {(x, ug,,vq,) i € I}.

An IFS A = (x,pa,v4) in an IFTS X is called intuitionistic fuzzy
compact if and only if every intuitionistic fuzzy open cover of A have a
finite subcover.

3. INTUITIONISTIC FUZZY e-OPEN SETS

Now we introduce the following definition.

Definition 3.1. Let A be an IFS in an IFTS (X, V). A is called an intu-
itionistic fuzzy d-semiopen (resp. d-preopen, f-open) set (IFGSO (resp.
IF6PO, IFBO), for short), if A < cl(ints(A)) (resp. A < int(cls(A)),
A < cl(int(cl(A)))). Ais called an intuitionistic fuzzy d-semiclosed (resp.
d-preclosed, p-closed) set (IF6SC (resp. IFIPC, IFSBC) (for short)) if
A > int(cls(A)) (resp. A > cl(ints(A)), A > int(cl(int(A)))).

Definition 3.2. Let A be an IFS in an IFTS(X,¥). The intuition-
istic fuzzy J-semi-closure (d-semi-interior) (resp. d-pre-closure (J-pre-
interior)) of A is denoted by scls(A) (sints(A)) (resp. pels(A)(pints(A)))
and defined as follows:
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(i) scls(A)(pcls(A)) = AN{K : K is an IF6SCS (resp. IFOPCS) in
X and A < K},

(i) sints(A)(pints(A)) = V{G : G is an IF§SOS (resp. IFOPOS) in
X and G < A}.

It is clear that A is an IFJSCS (resp. IFSPCS, IF4SOS, IFSPOS) iff
A = scls(A) (resp. A =pcls(A), A= sints(A), A= pints(A)).
Theorem 3.3. Let A be an IFS in an IFTS(X, V), then

(i) pcls(A) > AV el (ints(A)) and pints(A) < AN int (cls(A));

(i) scls(A) > AVint (cls(A)) and sints(A) < AAcl (ints(A)).
Proof. We will prove only the first statement of (i) and the second is
similar. Since pcls(A) is IFOPCS, we have

cl(ints(A)) < clints(pcls(A)) < pcls(A).
Thus AV cl(ints(A)) < pcls(A). O
Definition 3.4. Let (X,V) and (Y,¢) be IFTS’s. A function f :
(X,¥) — (Y,®) is called intuitionistic fuzzy d-semicontinuous (resp.
d-precontinuous, S-continuous) (IFdsemi-cont. (resp. IFdpre-cont., IF -

cont. for short)) if f~1(B) is an IF§SO (resp. IFSPO, IFBOS) for every
Becd.

In the sequel, we introduce and study in IFTS’s the concept of fuzzy
e-open (closed) sets which generalized the concepts of IFOS’s (IFCS’s).

Definition 3.5. Let A be an IFS in an IFTS(X, V). A is called
(i) an intuitionistic fuzzy e-open set (IFeOS, for short) in X if

A < clints(A) Vintcls(A),

(ii) an intuitionistic fuzzy e-closed set (IFeCS, for short) in X if
A > clints(A) Nintels(A).

(iii) an intuitionistic fuzzy e*-open set (IFe*OS, for short) in X if
A < clintcls(A).

(iv) an intuitionistic fuzzy a-open set (IFaOS, for short) in X if
A <intclints(A).

Remark 3.6. From the above definition and some types of IFOS’s, we
have the following diagram:

IFFPOS IFe*08
IFOS IFe0S ——p [FHOS
Th— 0 g
e \IF:IEZJ:.\' /

The converse of the above implications need not be true in general as
shown by the following examples:
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Example 3.7. Let X = {a,b} and
A — ‘,177 i? i bl i? i )
0.3°0.2 0.5 0.5
a b a b
p=(=(5705) (a702))

Then the family ¥ = {0, L, A} is an IFT on X. Since B < clintcl(B) =
A and B < clintcls(B) = A then B is an IFSOS and IFe*OS in X, but
not IFeOS since B £ clints(B) Vintcls(B) =Q V A = A.

Example 3.8. Let X = {a,b} and
A = x, i? i ) i? i )
0.270.1 0.770.5
Be{a (2 D) (2 2O
0.3 0.5 0.7 0.2

Then the family ¥ = {0,1, A} is an IFT on X. Since B < clints(B) V
intcls(B) = AV A = A, B is an IFeOS,and IF30S but not IF§POS, and
IFaOS hence B £ intcls(B) = A and B £ intclint;(B) = A

Example 3.9. Let X = {a,b,c,d} and

ab c d ab ¢ d
A: T, \ 75 s 7o s\ A3 A &0 1 )
1'0°0.2°0 0'1°0.7"1
B (20 cd) (abc d\
0'1°0°0 1’0°1°0.1
oc(p (2 b cd) (fab cd
a "\1°’0°0°1/7\0°02°0°0 '

Then the family ¥ = {Q,1,A4,B,AV B} is an IFT on X. Since C <
clints(C) V intcls(C) = Q VvV 1L = 1, C is an IFeOS, but not IF4SOS,
hence C' £ clints(C) = Q.

Example 3.10. Let X = {a,b} and
a b a b
A= (e (a505) (53))
Be{a (L DY) (2 2O
0.770.2 0.370.2

Then the family ¥ = {Q, 1, A} isan IFT on X. Since B < clintcl(B) =1
then B is an IFS0S in X but not IFe*OS. Since B £ clintcls(B) =0

Example 3.11. Refer to Example B9, C' < intcls(C) = 1, C is an
IF§POS, but not IFOS.



138 V. CHANDRASEKAR, D. SOBANA, AND A. VADIVEL

Example 3.12. Refer to Example B8, B < clints(B) = A, B is an
IF$SOS, but not IFOS.

Remark 3.13. (1) It is clear that the union of any family of IFeOS’s
is IFeOS.
(ii) The intersection of two IFeOS’s need not be IFeOS as illustrated
by the following example.

Example 3.14. Refer to Example B, B is an I FeOS and also

a b a b
C—<$’(m’w)’(m’m)>’

is an IFeOS, since C < clints(C) V intcls(C) = AV A= A. But

a b a b
sno=(a(ra3) (7753))
is not IFeOS, since BAC £ clints(BAC) Vintcls(BAC)=QV A= A.

Proposition 3.15. Let A be an IFS in an IFTS(X, V).

(i) If A is an IFeOS and ints(A) = Q, then A is an IFSPOS.
(ii) If A is an IFeOS and cl5(A) =Q, then A is an IF6SOS.
(iii) If A is an IFeOS and IF5CS, then A is an IF§SOS.

(iv) If A is an IF6SOS and IF5CS, then A is an IFeOS.

Proof. (i) Let A be an IFeOS, that is

A < clints(A) Vintcls(A) = Q Vintels(A) = intcls(A).
Hence A is an IFOPOS.

(ii) Follows from (i).

(iii) Let A be an IFeOS and IFJCS, that is

A < clints(A) Vintcls(A) = clints(A) Vint(A) = clints(A).

Hence A is an IF4SOS.

(iv) Let A be an IF§SOS and IFJCS, that is

A < clints(A) < clints(A) Vintcls(A).

Hence A is an IFeOS.
O

Theorem 3.16. Let A be an IFS in an IFTS(X, V), A is an [FeOS if
and only if A = pints(A) V sints(A).

Proof. Let A be an IFeOS. Then A < cl(ints(A)) V int(cls(A)). By
Theorem B3, we have

pints(A) V sints(A) = (AN int(cls(A))) V (A Acl (ints(A)))
= AN (int(cls(A)) V cl (ints(A)))
= A.
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Conversely, if A = pints(A) V sints(A) then, by Theorem B=3
A = pints(A) V sints(A)
= (A Nint(cls(A))) V (AN cl(ints(A)))
= A A (int(cls(A)) V cl(ints(A)))
<int (cls(A)) V cl (int5(A)),
and hence A is an IFeOS. O
Definition 3.17. Let (X, ¥) be an IFTS and A = (x, ua,v4) be an IFS

in X. Then the intuitionistic fuzzy e-interior and intuitionistic fuzzy e-
closure are defined and denoted by:

cle(A) = M{K : K is an [FeCS in X and A < K},
and
inte(A) = V{G : G is an IFeOS in X and G < A}.
It is clear that A is an IFeCS (IFeOS) in X iff A = cl.(A)(A = int.(A)).

Proposition 3.18. For any IFS A in an IFTS(X, V) we have:

(i) cle(A) = int.(A), int.(A) = cl.(A).
(i) cle(AV B) > cle(A) V cle(B), inte(AV B) > int.(A) Vint.(B).
(iii) cle(ANA B) < cle(A) Aele(B), inte(AN B) <int.(A) Nint.(B).

Remark 3.19. The inclusion of the results (ii) and in the above Propo-
sition can not be replaced by equality. In the following example we shall
shown one of them.

Example 3.20. Let X = {a,b,c,d} and

ab ¢ d ab ¢ d
A= N LY R S Y ’
1°'0°02°0 0°1°071
B = z, g>9757g 3 9797£>i )
0°1°0°0 1'0°1°0.1
abcd a b cd
C: Tl sy 7 sV AvAaar a0 A )
1°'0°0°1 0°02°00
Dol (@b ¢ dy (ab cd
S \"’\0709°0371/)°\1°0°0.2"0 '

Then the family ¥ = {Q,1,A,B, AV B} is an IFT on X. Notice
that C' and D are IFeCS’s in X, then cl.(C) = C and cl.(D) = D. But
cle(CV D) = 1 (obviously, C'V D is not IFeCS). Then

L=1cl(CVD)<Lcl(C)Vecl(D)=CVD.

Proposition 3.21. For any IFS A in an IFTS(X, V), we have:
(i) cle(A) > clints(A) Nintcls(A).
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(ii) inte(A) < clints(A) V intcls(A).
Proof. (i) cle(A) is an IFeCS and A < ¢l.(A), then
cle(A) > clintscle(A) Nintclscle(A) > clints(A) A intcls(A).

(ii) Follows from (i) by taking the complementation.

Theorem 3.22. Let A be an IFS in an IFTS(X, V), then
cle(A) = pcls(A) A scls(A).

Proof. 1t is obvious that, cl.(A) < pcls(A) A scls(A). Conversely, from
Definition BT7 we have

cle(A) > cl(ints(cle(A))) Nint(cls(cle(A))) > cl(ints(A)) Aint(cls(A)).
Since cle(A) is IFeOS, by Theorem B=3, we have

pels(A) A scls(A) = (AV cl(ints(A))) A (A V int(cls(A)))
= AV (cl(ints(A)) Nint(cls(A)))
=A<cl(A).

4. INTUITIONISTIC FUZzZY e-CONTINUITY

Definition 4.1. A function f: (X, V) — (Y, ®) is called an

(i) intuitionistic fuzzy e-continuous (IFe-cont., for short) if f~!(B)
is an [FeOS in X, for every B € .
(ii) intuitionistic fuzzy e*-continuous (I Fe*-cont., for short) if f~!(B)
isan [Fe*0OS in X, for every B € ®.
(iii) intuitionistic fuzzy a-continuous (IFa-cont., for short) if f~1(B)
is an [FaOS in X, for every B € .

From the above definition and some known types of intuitionistic fuzzy
continuity, one can show the following diagram:

Fe*-cont.

/' IFSP-cont.
\ [Felcont —pw [Ef-cont
\\ IF(SS-CGHI.”//' ‘\[
Fa-cont

IF-cont.

Now, the following examples shows that the converses of these implica-
tions are not true in general.
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Example 4.2. Let X = {a,b,c}, Y ={1,2,3} and

o e b c)y(fa b c
“\Y\0202403)'\010504)/

Now, the family ¥ = {0, 1, A, B} of IFS’s in X is an IFT on X and the
family ® = {Q,1,C} of IFS’s in Y is an IFT on Y. If we define the
function f: X — Y by f(a) =3, f(b) =1, f(c) =2 then

But
FHC) £ clints (f7H(C)) Vintels (f7H(C)) =0V A= A,
and
F7HC) & intelints (F71(C)) = 0.

Thus f is IFS-cont. and IFe*-continuous but not IFe-cont. and IFa-
continous.

Example 4.3. Let X =Y = {a,b} and
A= T, i? i ’ i? i )
0.2°0.1 0.770.5
Be{a (2 D) (2 2O
0.3°0.5 0.7°0.2

Consider the IFT’s ¥ = {Q,1, A} and ® = {Q,1,B} on X. Then the
identity function f : (X,¥) — (Y, ®) is IFe-continuous, but not IFdp
cont. and IFa-continous (Indeed, B < intcls(B) V clints(B) = AV A =
A, but B £ intcls(B) = A and B £ intclints(B) = A).

Example 4.4. Let X =Y = {a,b} and
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Consider the IFT’s ¥ = {Q,1, A} and ® = {Q,1, B} on X. Then the
identity function f : (X, V) — (Y, ®) is [ F-continuous, but not [ Fe*-
cont. (Indeed, B < clintcl(B) = 1, but B £ clintcls(B) = Q).

Example 4.5. Let X =Y = {a,b,¢,d} and

a b ¢ d ab c d
A= T, S35y 7o N 1N~ 1
0.1°'0°02°0 07170771
Bo{(z (22 cd)y (abec d
0°1°00 1707170.1
o ab c dyfab c d
“\"\1'102°0)°\070 0.7 01
Now, the family ¥ = {Q0,1,A,B,AV B} of IFS’s in X is an IFT on

X and the family ® = {0, 1, C’} of IFS’s in Y is an IFT on Y. Then
the identity function f : (X,¥) — (Y, ®) is IFe-continuous, but not
IF6S cont. (Indeed, C < intcl(;(C) Vlints(C) =1L VR =1, but C £
clints(C) = Q).

Example 4.6. Refer to Example B3, the identity function f : (X, V) —
(Y, @) is IF0P-continuous, but not IF cont. (Indeed, C' < intcls(C) = 1,
but C' is not open in (X, ¥)).

Example 4.7. Refer to Example B3, the identity function f : (X, V) —
(Y, ®) is IFdS-continuous, but not IF cont. (Indeed, B < clints(B) = A,
but B is not open in (X, ¥)).

Definition 4.8. Let (X, ¥) be an IFTS on X and ¢(a,b) an IFP in X.
An IFS N is called ee-nbd (eeg-nbd) of c(a,b) if there exists an IFeOS
G in X such that ¢(a,b) € G < N (c(a,b)qG < A).

The family of all ee-nbd (eeg-nbd) of ¢(a,b) will be denoted by N¢
(Ne?)(e(a, b)).

Theorem 4.9. An IFS A of an IFTS(X, V) is an IFeOS iff for every
IFPc(a,b)qA, A € N(c(a,b)).

Proof. A= (x,ua,va) beanlFeOS of X and c¢(a,b)gA. Then c¢(a,b)gA <
A. Hence A € N7 (c(a,b)).

Conversely, let c(a,b) € A, this implies a < pa(c) and b > v4(c).
Since a,b € (0,1) and a + b < 1, we have c(a,b)gA and by hypothesis
A € N (c(b,a)), then there exists an IFeOS G such that c(a,b)qG < A
which implies ¢(a,b) € G < A. Hence by Remark B3 (i), we have that
A is an IFeOS. O

Theorem 4.10. Let f : (X,¥) — (Y, ®) be a function. Then the
following are equivalent:
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(i) f is IFe-continuous.
(ii) for every B € N&%(c(a,b)), there exists A € N&¥(c(a,b)) such
that f(A) < B

Proof.(i) =(ii) Let c(a,b) be any IFP in X and B € N&4(f (c(a,b))).
Then there exists an IFOS G of Y such that f(c(a,b))qG <
B. Since f is IFe-continuous, f~1(G) is an IFeOS of X with
c(a,b)qf~1(G) (by Proposition ER). Let A = f~(G) then A €
N¢&(e(a, b)) such that f(A) = ff~1(G) <G < B.

(ii) = (i) Let B be an IFOS in Y and c(a,b) € f~1(B). This implies
that f(c(a,b)) € B. Thus by Proposition 29 f(c(a,b))¢B, i.e.,
B € N2 (f (c(a,b))). So there exists A € N (c(b,a)) such that
f(A) < B. Then there exists an IFeOS H of X such that
(a bjgH < A < f~Y(B). This implies that c(a,b) € H <

L(B). Hence by Remark B3 (i), f~!(B) is an [FeOS.
g

Theorem 4.11. Let f : (X,V) — (Y,®) be a function. Then the
following are equivalent:

(i) f is an IFe-continuous.

(i) f~Y(B) is an IFeCS in X, for every B € ®.

(i) f(cle(A)) < cl(f(A)) for every IFS A in X.

(iv) ce(f~1(B)) < f~(cl(B)), for every IFS B in Y.
(i

Proofi) = (ii) Obvious.
(ii) = (iii) Let A be an IFS in X. Then cl(f(A)) is an IFCS in Y. By (ii),
F(cl(f(A))) is an TFeCS in X, and so

FHA(f(A)) = cle (£ (el (£(A)))) -
Since A < f~1f(A), we have
cle(A) < cle(f7f(A))
< ele(fH(elf(A)))
= f7H(cf(A)).

Hence f(cle(A)) < cl(f(A)).
(iii) = (iv) Let B be an IFOS in Y. By (iii), we have

F(ele(f7H(B))) < e(ff7H(B)).
Hence
cle (f7H(B)) < fTH( (FF71(B))) < f7H(el(B)).
(iv) = (i) Let B be an IFOS in Y. Then B is an IFCS. By (iv), we have
cle (f71(B)) < f71 (cl(B)) = £~ (B)
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which implies

fHB) 2 cle (f71(B)) = inte (f71(B)).

Hence f~1(B) is an IFeOS in X.
O

Theorem 4.12. Let f : (X,¥) — (Y, ®) be a function. Then the
following are equivalent:

(i) f is an IFe-continuous.

(ii) clints(f~1(B)) Nintels(f~1(B)) < f~(cl(B)), for every IFS B
nY.

Proofii) = (ii) Let B be an IFS in Y. Then cl(B) is an IFCS. By (i)
and using Theorem EIT, we have f~1(cl(B)) is an IFeCS in X.
Hence

f7H(cl(B)) > clints (7 (cl(B))) Aintels (f~1 (cl(B)))
> clints (f~1(B)) Aintels (f~1(B)).

(ii) = (i) Let B be an IFCS in Y. Then by (ii)
clints (f1(B)) Nintels (f1(B)) < f1 (c(B)) = f1(B),

which implies f~!(B) is an IFeCS in X.
U

Theorem 4.13. Let (X, V), (Y,®) and (Z,Q) be IFTS’s. If f: X —» Y
is IFe-continuous and g : Y — Z is IF-continuous, then g o f is IFe-
continuous.

Proof. Obvious. O

Remark 4.14. The composition of two IFe-continuous functions need
not be IFe-continuous as shown by the following example.
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Example 4.15. Let X =Y = Z = {a, b, ¢} and

pol, (& b ¢\ fa b c
- \"7\0.5705705/7\05°05705) /"
Bele (L b ) (o b )\

0.5°0.5 0.5 04705 0.5

a b ¢ a b ¢

F= — L — ——, —
<$’ (0.4’ 0.3’ 04> ’ (0.5’ 0.5’ 0.5>>’

Golp (2 b )\ (fa b ¢
- \"7\0.3704704/)°\04°04°05) /"

Then the family ¥ = {Q0,1,A4,B}, ® = {0,1,C,D,E,F} and Q =
{0,1,G} are IFS’s in X respectively. If we define the identity functions
f: X —>Yandg:Y — Z,itis clear that f and g is IFe-cont., but go f
is not IFe-cont..

5. INTUITIONISTIC FUZZY e-COMPACT SPACES

Definition 5.1. Let X be an IFTS. A family {(x, puq,,vq,)|i € I} of
IFeOS’s in X satisfying the condition

U {<x>MGi7 VGi> |Z € I} =1,
is called an intuitionistic fuzzy e-open cover of X.
A finite subfamily of an intuitionistic fuzzy e-open cover

{<x7lu’Gi7VGi> "L S I} )
which is also an intuitionistic fuzzy e-open cover of X is called a finite
subcover of {(x, ug,,vg,) |t € I}.

Definition 5.2. Let X be an IFTS. A family {(x, ug,,vq,) |t € I} of
IFeCS’s in X has the finite intersection property if every finite sub-family
{{z, ne, va,) i =1,2,...,n} satisfies the condition

M (@, ne,,ve,) i€ I} #0.

k=1
Definition 5.3. An IFTS X is called intuitionistic fuzzy e-compact if
and only if every intuitionistic fuzzy e-open cover has a finite subcover.
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Example 5.4. Consider the IFTS(X, ), where X = {a, b},

a b a b
Ap = <$ (n n+1> ’ (1’ 1>>
n+1l n42 n+2 n+3

and 7 = {Q, L} U{A, : n € N}. Note that |, An is an open cover for
X, but this cover has no finite subcover. Consider

A= (zx ii a4 b
=\ \05 06 0.3 0.25

a b a b
A3_<$’(m’w)’(m’m>>’

and observe that A1 U Ao U A3 = As. So, for any ﬁnite subcollection

{An, : i € I, where I is a finite subset of N}, U,.c; An; = Am # 1,
where m = max{n; : n; € I'}. Therefore IFTS(X, 1) is not compact.

Theorem 5.5. An IFTS X is intuitionistic fuzzy e-compact if and only
if every family {(z, pa,,va,) i € I} of IFeCS’s with the finite intersec-
tion property has a nonempty intersection.

Proof. Suppose X is intuitionistic fuzzy e-compact and {(z, uq,,vq,) i €
I} is any family of IFeCS’s in X such that

ﬂ{@qui,VG) liel}=AQ.
Therefore A{{uq,)|i € I} =0 and J{(vg,)|i € I} = L. Then
\ (@, v i € I} = 1,

so {(z, ug,,va,) |t € I} is a intuitionistic fuzzy e-open cover of X. Since
X is intuitionistic fuzzy e-compact there is a finite subcover

{{z,pa,,va,)i=1,2,...,n}.

Then .
U{<$7HG“VG¢> |7, € I} - l
k=1
Hence
\/ {VG1(1)|Z = 1,2,. . .,n} = ;L’
and
Finally

n
m (x, na,;,ve,;) i € I} =0Q.
k=1
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We have proved that if X is intuitionistic fuzzy e-compact space, then
given any family {(x,ugq,,vq,;)|i € I} of IFeCS’s whose intersection is
empty, the intersection of some finite subfamily is empty. Conversely, let
X has the finite intersection property. It means that if the intersection of
any family of IFeCS’s is empty, the intersection of each finite subfamily
is empty. Suppose {(z, pg,, vq,) | € I} is any intuitionistic fuzzy e-open
cover of X. Then

A, nave,) lie I} = L.
Therefore,
Ve, @liely =1,  N{ve()iel}=0.
Hence
(@, na, ve) i€ Ty =AQ,

so {(x, pa,,va,) |i € I}is afamily of IFeCS’s whose intersection is empty.
According to the assumption, we can find finite subfamily

{{z,pa;,va,) i =1,2,...,n},

such that
n
) {{x, peysve,) i € I = Q.
k=1
Then
n
U {<x7/’LG7L7 VGi> |7’ € I} =1,
k=1
so {{z,ug,,ve,;) |t =1,2,...,n} is a finite subcover of
{<x7luGi7VGi> ’Z S I} :
Therefore, X is intuitionistic fuzzy e-compact. O

Remark 5.6. Since every IFOS is an [FeOS, from the definition above
we may conclude that every intuitionistic fuzzy e-compact IFTS is in-
tuitionistic fuzzy compact.

Theorem 5.7. Let f : X — Y be an intuitionistic fuzzy e-irresolute
mapping from an IFTS X onto IFTS Y. If X is intuitionistic fuzzy
e-compact, then Y 1is intuitionistic fuzzy e-compact, as well.

Proof. Let {(y, pc;,va,) |i € I} be any intuitionistic fuzzy e-open cover
of Y. Then
U, ne,,ve i€ I} = 1.

From the relation

1 (Ut wanvali € 1) = 1,



148 V. CHANDRASEKAR, D. SOBANA, AND A. VADIVEL

follows that
U{<%NGN VG¢> |Z S I} - l,

so {f~*({{y, ug,, vg,)|i € I} is a intuitionistic fuzzy e-open cover of X.
Since X is intuitionistic fuzzy e-compact, there exists a finite subcover

{f_1(<x7lu“Gi7VGi>)|i =12... 7n}'

Therefore
U{f_l«ya HaG;s VGi))‘Z. =1,2,... ’n} = 1.

Hence

F (U (@aneiva)li = 1,2,....n}) = 1,
SO

U{f(f_l«ynqu ve))li=1,2,...,n} =1L
From

U {(<y7/~LG¢7 VGi>)|i =12,..., n} =1,

follows that Y is intuitionistic fuzzy e-compact. O

Theorem 5.8. Let f : X — Y be an intuitionistic fuzzy e-continuous
mapping from an IFTS X onto IFTS Y. If X is intuitionistic fuzzy
e-compact, then Y is fuzzy compact.

Proof. 1t is similar to the proof of the Theorem b7 U
Definition 5.9. Let A be an IFS in an IFTS X. A family

{<x7:U’Gi7VGi> ’Z € I}7
of IFeOS’s in X satisfying the condition A C J{(z, ug,,va,)|i € I} is
called intuitionistic fuzzy e-open cover of A.

A finite subfamily of a intuitionistic fuzzy e-open cover

{<‘T7IU’G~L7 VGi> |7’ S I}
of A which is also a intuitionistic fuzzy e-open cover of A is called a
finite subcover of {(x, ug,,vq,;)|i € I}.

Definition 5.10. An IFS A = (x, 14,v4) in an IFTS X is called intu-
itionistic fuzzy e-compact if and only if every intuitionistic fuzzy e-open
cover of A has a finite subcover.

Theorem 5.11. An IFS A = (x,pua,va) in an IFTS X is intuitionistic
fuzzy e-compact if and only if for each family {(z, pa,,va,)|i € I} of
1FeOS’s with properties

,LLAS\/{,MGA’L'EI}, 1_VASV{1_VGi‘i€I}7
there exists a finite subfamily {(z, pa,,va,) i = 1,2,...,n} such that
pa =V{pg,li=1,2,...,n}, l—va=V{l—-vgli=1,2,...,n}.
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Proof. Suppose A = (x, u4,v4) is a intuitionistic fuzzy e-compact set in
IFTS X and {(z, pug,,vq,) |i € I} be any family of IFeCS’s in X satisfies
the condition

wa < V{pg,li € I}, 1—vy < V{1l —vg,li € I}.
Then 1 —vyq <1—ANuvg,li € I}, so va > Nug,|i € I}. Hence

Ac |l ne, va,) li € T}
According to the assumption there exists finite subfamily

{{z, pa,,va,) i =1,2,...,n},
such that

Ac| @ ne,va) li=1,2,... ,n}.
It follows that
pa =V{pgli=1,2,...,n}, l—va=V{l—-vgli=1,2,...,n}.
Conversely, let A = (z,uqg,,vq,) be any IFS in IFTS X and let
{{z,pa,,va,) i € I} be any family of IFeCS’s in X satisfies the con-
dition
wa < V{pg,li € I}, 1 —vyg <V{l —vg,li € I}.

From 1 — vy <1— A{vg,li € I} follows that ua > AM{vg,li € I}, so

AC U{<x7MGi’l}Gi> ‘7‘ S I}'

Hence {(z, pg;,va,) | € I} is a intuitionistic fuzzy e-open cover of IFS
A. According to the assumption there exists finite subfamily

{{z, peisve) i =1,2,...,n},
such that
pa =V{pgli=1,2,...,n}, 1—va<V{l—-vgli=1,2,...,n}.
From
pa < V{pg,li=1,2,...,n}, va > Mpgli =1,2,...,n},
we obtain that
Ac | J(@ pava,) li=1,2,...,n}.
Therefore, A is intuitionistic fuzzy e-compact. O

Remark 5.12. From the definition above it is not difficult to conclude
that every intuitionistic fuzzy e-compact IFS in an IFTS is fuzzy com-
pact.
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Theorem 5.13. Let f : X — Y be an intuitionistic fuzzy e-irresolute
mapping from an IFTS X onto IFTS Y. If A is intuitionistic fuzzy
e-compact, then f(A) is intuitionistic fuzzy e-compact.

Proof. Let {(y, pa;,va;) |i € I} be any intuitionistic fuzzy e-open cover
of f(A). Then

f(A) - U{<y’MGi7yGi> |Z S I}
From the relation
ac (Ut neovenlie 13,
follows that
A\ Wy nava))li € I

so {f~Y({y, pa,,va,))|i € I} is an intuitionistic fuzzy e-open cover of A.
Since A is intuitionistic fuzzy e-compact, there exists a finite subcover

{f_1(<y»HGi7VGi>)|i =1,2,... ,n}. Therefore
A g U{f71(<y7MGi7VGi>)‘i = 172, e ,n}.

Hence
1) € £ (U Qe ve Dl = 1.2, n})
= J ¢ (o nenve)) li=1.2,... n}
=l e, ve))li=1,2,...,n}
so f(A) is intuitionistic fuzzy e-compact. 0

Theorem 5.14. Let f : X — Y be an intuitionistic fuzzy e-continuous
mapping from an IFTS X onto IFTS Y. If A is intuitionistic fuzzy
e-compact, then f(A) is fuzzy compact.

Definition 5.15. An IFTS X is called intuitionistic fuzzy e-Lindel6f
(fuzzy Lindel6f) if and only if every intuitionistic fuzzy e-open (fuzzy
open) cover of X has a countable subcover.

Definition 5.16. An IFS A = (z, ua,v4) in an IFTS X is called intu-
itionistic fuzzy e-Lindelof (fuzzy Lindelof) if and only if every intuition-
istic fuzzy e-open (fuzzy open) cover of X has a countable subcover.

Definition 5.17. An IFTS X is called countable intuitionistic fuzzy
e-compact (countably fuzzy compact) if and only if every countable in-
tuitionistic fuzzy e-open (fuzzy open) cover of X has a finite subcover.

Definition 5.18. An IFS A = (x, pua,v4) in an IFTS X is called count-
able intuitionistic fuzzy e-compact (countably fuzzy compact) if and only
if every countable intuitionistic fuzzy e-open (fuzzy open) cover of A has
a finite subcover.
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Remark 5.19. From the definitions above we may conclude that
(i) Every intuitionistic fuzzy e-Lindeldf of IFTS (IFS in IFTS) is
fuzzy Lindelof;
(ii) Every countably intuitionistic fuzzy e-compact of IFTS (IFS in
IFTS) is countably fuzzy compact;
(iii) Every countably intuitionistic fuzzy e-compact of IFTS (IFS in
IFTS) is intuitionistic fuzzy e-compact.

Theorem 5.20. If an IFTS X is both intuitionistic fuzzy e-Lindelof and
countably intuitionistic fuzzy e-compact, then it is intuitionistic fuzzy e-
compact.

Theorem 5.21. If an IFS A in an IFTS X is both intuitionistic fuzzy
e-Lindeldf and fuzzy countably intuitionistic fuzzy e-compact, then A is
ntuitionistic fuzzy e-compact.

Theorem 5.22. Let X be an intuitionistic fuzzy e-Lindelof IFTS. Then
X is countably intuitionistic fuzzy e-compact if and only if X is intu-
itionistic fuzzy e-compact.

Proof. In the Remark B9 it is mentioned that if X is intuitionistic
fuzzy e-compact, then it is countably intuitionistic fuzzy e-compact.
Conversely, let {(z,puq,,vq,) i € I} be any intuitionistic fuzzy e-open
cover of X. Since X is intuitionistic fuzzy e-Lindelof, there exists a
countable subcover {(z, uq,,vg,) i = 1,2,...} of {(z, na,,va,) i € I}.
Therefore {(z, pg,,va,) |i = 1,2,...} is countably intuitionistic fuzzy e-

open cover of X, so there exists subcover {(z, pug,;,va,) i = 1,2,...,n}
of {(z, pa,;,va,) i = 1,2,...}. Hence X is intuitionistic fuzzy e-compact.
Il

Theorem 5.23. Let an IFeOS A be intuitionistic fuzzy e-Lindeldf in an
IFTS. Then A is countably intuitionistic fuzzy e-compact if and only if
A is intuitionistic fuzzy e-compact.

Proof. The proof is similar to the proof of the previous theorem. O

Theorem 5.24. Let f : X — Y be an intuitionistic fuzzy e-irresolute
mapping from an IFTS X onto IFTS Y. If X is intuitionistic fuzzy
e-Lindelof (countably intuitionistic fuzzy e-compact), then Y is intu-
itionistic fuzzy e-Lindelof (countably intuitionistic fuzzy e-compact), as
well.

Proof. 1t is similar to the proof of the Theorem BE. O

Theorem 5.25. Let f : X — Y be an intuitionistic fuzzy e-continuous
mapping from an IFTS X onto IFTS Y. If X is intuitionistic fuzzy
e-Lindelof (countably intuitionistic fuzzy e-compact), then Y is fuzzy
Lindeldf (countably fuzzy compact).
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Proof. 1t is similar to the proof of the Theorem B=R. Il

Theorem 5.26. Let f : X — Y be an intuitionistic fuzzy e-irresolute
mapping from an IFTS X onto IFTS Y. If A is intuitionistic fuzzy e-
Lindeldf (countably intuitionistic fuzzy e-Lindelof (countably intuitionis-
tic fuzzy e-compact)), then f(A) is intuitionistic fuzzy e-Lindeldf (count-
ably intuitionistic fuzzy e-compact), as well.

Proof. 1t is similar to the proof of the Theorem BT3. 0

Theorem 5.27. Let f : X — Y be an intuitionistic fuzzy e-continuous
mapping from an IFTS X onto IFTS Y. If A is intuitionistic fuzzy
e-Lindelof (countably intuitionistic fuzzy e-compact), then f(A) is fuzzy
Lindeldf (countably fuzzy compact).

Proof. 1t is similar to the proof of the Theorem BT14. O

6. CONCLUSION

The initiations of e - open sets, e - continuity, e - compactness and re-
lated studies in topological spaces are due to [6-I0]. This present paper
contains the next steps of fuzzy e-open sets, fuzzy e*-open sets, fuzzy
a-open sets, fuzzy e-continuity and fuzzy e-compactness in intuitionis-
tic fuzzy topological spaces are studied. After giving the fundamental
concepts of intuitionistic fuzzy sets and intuitionistic fuzzy topologi-
cal spaces, we present intuitionistic fuzzy e-open sets and intuitionistic
fuzzy e-continuity and other results related topological concepts. Several
preservation properties and some characterizations concerning intuition-
istic fuzzy e-compactness have been obtained.
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