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SKEW LEFT BRACES OF NILPOTENT TYPE

FERRAN CEDO7 AGATA SMOKTUNOWICZ, AND LEANDRO VENDRAMIN

ABSTRACT. We study series of left ideals of skew left braces that are analogs of
upper central series of groups. These concepts allow us to define left and right
nilpotent skew left braces. Several results related to these concepts are proved
and applications to infinite left braces are given. Indecomposable solutions of
the Yang-Baxter equation are explored using the structure of skew left braces.
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INTRODUCTION

The Yang—Baxter equation was first introduced in the field of statistical mechan-
ics. It depends on the idea that in some scattering situations particles may preserve
their momentum while changing their quantum internal states. The equation states
that a matrix R satisfies

(R®id)(id ® R)(R®id) = (id ® R)(R ® id)(id ® R).

In one dimensional quantum systems, R is the scattering matrix and if it satisfies the
Yang—Baxter equation then the system is integrable. The Yang—Baxter equation
also appears in topology and algebra mainly because its connections with braid
groups. It takes its name from independent work of Yang [34] and Baxter [6].

In [10] Drinfeld observed that the Yang-Baxter equation also makes sense even
if R is not a linear operator V®V — V ®V but amap X x X — X x X where X
is a set. In this context, non-degenerate solutions are interesting. Recall that a set-
theoretic solution of the Yang-Baxter equation (X, r) is said to be non-degenerate
if r(z,y) = (04(y), 7y(x)) for all x,y € X, where o, and 7, are permutations of X.
Permutation solutions are examples of non-degenerate solutions: if X is a set, o

Key words and phrases. Keywords: Yang-Baxter equation, set-theoretic solution, brace, skew
brace, radical ring, bijective 1-cocycle, Kothe conjecture.
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and 7 are permutations of X such that o7 = 70 and r(z,y) = (o(y), 7(z)), then the
pair (X, r) is a non-degenerate set-theoretic solution of the Yang—Baxter equation.

The first papers where non-degenerate set-theoretic solutions were studied are [11,
15, 21, 31]. It turns out that set-theoretic solutions have connections for example
with groups of I-type, Bieberbach groups, bijective 1-cocycles, Garside theory, etc.
In [23] Rump found a new and unexpected connection between set-theoretic so-
lutions and Jacobson radical rings: such rings produce involutive solutions. This
observation was the key for introducing a new algebraic structure that generalizes
Jacobson radical rings. To strengthen the connection with rings, Rump conceived
the name braces. New connections appeared, for example with regular subgroups
and Hopf-Galois extensions [2], left orderable groups [5], flat manifolds [25].

In [18] braces were generalized to skew left braces and this structure was used to
produce and study not necessarily involutive solutions. Skew braces are useful for
studying regular subgroups and Hopf—Galois extensions, bijective 1-cocycles, rings
and near-rings, triply factorized groups, see for example [30].

A skew left brace is a set with two compatible group structures. One of these
groups is known as the multiplicative group; the other as the additive group. The
terminology used in the theory of Hopf-Galois extensions suggest that the additive
group determines the type of the skew left brace. For example, skew left braces of
abelian type are Rump’s braces, i.e. those braces with abelian additive group.

A skew left brace is a triple (A, +, o), where (A, +) and (A4, o) are (not necessarily
abelian) groups such that the compatibility

ao(b+c)=aob—a+aoc

holds for all a,b,c € A.
Radical rings are certain examples of skew left braces where the additive group
(A, +) is abelian. For a,b € A one defines

axb=—a+aob—b.

In the case of Jacobson radical rings, the operation * is the multiplication of the ring.
For arbitrary skew left braces the operation * is not associative, but nevertheless
the relation with radical rings suggests how to translate ideas from ring theory to
the world of skew left braces.

In [11, Definition 3.1] Etingof, Schedler and Soloviev introduced multipermu-
tation solutions. As the name suggests, such solutions are generalizations of per-
mutation solutions. Gateva—Ivanova’s strong conjecture [13, 2.28(I)] states that
square-free involutive non-degenerate set-theoretic solutions are multipermutation
solutions. Despite the conjecture was proved to be false [32], it was the motivation
of several original investigations [8, 9, 14, 26].

Braces provide a powerful algebraic framework to work with set-theoretic solu-
tions. In [18, Theorem 3.1] it is proved that for a skew left brace A, the map

ra: AXA— Ax A, ra(a,b)=(—a+aob,(—a+aob) oaob),

is a non-degenerate set-theoretic solution of the Yang-Baxter equation. In [30,
Theorem 4.5] it is proved that if (X,r) be a non-degenerate solution of the Yang—
Baxter equation, then there exists a unique skew left brace structure over the group

G=G(X,r)=(X:xzoy=wuov whenever r(z,y) = (u,v)}
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such that
XxX -5 XxX

LXL\L J{LXL

GxG 5 GxaG

where ¢: X — G(X,r) is the canonical map. Moreover, the pair (G(X,r),¢) has
the following universal property: if B is a skew left brace and f: X — B is a map
such that

XxX "> XxX

fxfl lfxf

BxB 243 BxB

then there exists a unique skew left brace homomorphism ¢: G(X,r) — B such
that
X —=G GxG—%5 GxG

X‘ Lﬁ and qwﬂ lqsxaa
B

BxB -2, BxB

commute.

To study Gateva—Ivanova’s strong conjecture Rump introduced two sequences of
left ideals [23]. These sequences turned out to be very important for understanding
the structure of Rump’s braces. It makes sense to consider similar sequences in the
context of skew left braces. The right series of a skew left brace A is defined as the
sequence

AD AP > AB® ...
where A"t = A(") &« A denotes the additive subgroup of A generated by elements
of the form z x a for a € A and € A™. Each A™ is an ideal of A, see Proposi-
tion 2.1. A skew left brace is said to be right nilpotent if there is a positive integer
n such that A = 0. The left series of a skew left brace A is the sequence

ADA* DA D ..,

where A"t = Ax A™. Each A" is a left ideal of A, see Proposition 2.2. A skew left
brace is said to be left nilpotent if there is a positive integer n such that A™ = 0.
Following [28] we also define the sequence

AD AR D AB o ..

where Al = A and A+ is the additive subgroup of A generated by all the
elements from the sets Al « A= for 1 < i < n. Each A" is a left ideal of A,
see Proposition 2.28. A skew left brace A is said to be strongly nilpotent if there is
a positive integer n such that A"} = 0. Theorem 2.30 states that a skew left brace
A is strongly nilpotent if and only if it is left and right nilpotent.

The sequence of the Al is a basic tool for understanding problems similar to
Kothe conjecture in the context of skew left braces, see Section 2.

One of our main goals is to study the connection between left and right nilpotency
and the structure of skew left braces. We study the connection between right
nilpotent skew left braces and multipermutation solutions (see Theorem 2.20). We
also explore the cases where the groups of the skew left brace are nilpotent. If the
skew left brace is finite and both groups are nilpotent, then it is possible to write
the skew left brace as a direct product of skew left braces of prime-power order (see
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Corollary 4.3). This result is then applied to study infinite skew left braces with
multiplicative group isomorphic to Z (see Theorems 5.5 and 5.6); this answers [30,
Question A.10]. Left nilpotent skew left braces are also studied. We show that a
finite skew left brace with nilpotent additive group is left nilpotent if and only if
its multiplicative group is nilpotent (see Theorem 4.8).

This paper is organized as follows. In Section 1 basic definitions are recalled.
These definitions include skew left braces, left ideals and ideals. In Section 2 we
define left and right nilpotent skew left braces. In Theorem 2.8 and Proposition 2.26
we prove analogs of Hirsch’s theorem for nilpotent groups. We use these results
in Theorem 2.20 to prove that, under mild assumptions, a skew left brace is right
nilpotent if and only if it has finite multipermutation level (see Theorem 2.20). In
Section 3 we deal with perfect skew left braces. Using wreath product of skew left
braces to show that one cannot produce an analog of Griin’s lemma for skew left
braces. Skew left braces of nilpotent type are studied in Section 4. Our first result
is Corollary 4.3, where we prove that if both groups of a finite skew left brace are
nilpotent, then the skew left brace is a direct product of sub skew left braces of
prime-power size. Theorem 4.6 is the consequence of applying Hall’s results from
[19] to the case of skew left braces. We prove in Theorem 4.8 that a finite skew
left brace of nilpotent type is left nilpotent if and only if its multiplicative group
is nilpotent. In particular, skew left braces of prime-power size are left nilpotent.
In Section 5 we prove that skew left braces of abelian type with infinite-cyclic
multiplicative group are trivial, see Theorem 5.5. Theorem 5.8 shows that this
result cannot be extended to skew left braces. Finally, in Section 6 some of our
results are used for studying indecomposable set-theoretic solutions. In this section
we give a positive answer to [29, Question 5.6].

1. PRELIMINARIES

Recall that a skew left brace is a triple (A,+,0), where (A,+) and (4,0) are
(not necessarily abelian) groups such that

ao(b+c)=aob—a+aoc

holds for all a,b,c € A. The group (A,o) will be the multiplicative group of the
skew left brace and (A, +) will be the additive group of the skew left brace. We
write a’ to denote the inverse of a with respect to the circle operation o. A skew
left brace (A, +,0) such that aob =a+b for all a,b € A is said to be trivial.

Definition 1.1. Let X be a property of groups. A skew left brace A is said to be
of X -type if its additive group belongs to X .

Rump’s braces are skew left braces of abelian type.
Convention 1.2. Skew left braces of abelian type will be called left braces.

If A is a skew left brace, the multiplicative group acts on the additive group by
automorphisms. The map A: (A,0) — Aut(A,+), a — A,, where A\, (b) = —a+aob,
is a group homomorphism, see [18, Corollary 1.10].

Remark 1.3. Let A be a skew left brace. Then the following formulas hold:
aob=a+ A\(b), a+b=ao\;*(b), Ao(a') = —a.
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Let A be a skew left brace. For a,b € A let
axb=X(b)—b=—a+aob—b.
The following identities are easily verified:
(1.1) ax(b+c)=axb+b+axc—Db,
(1.2) (aob)yxc=(ax(b*xc))+bxc+axc,

These identities are similar to the usual commutator identities.

Theorem 1.4. Let A be an additive (not necessarily abelian) group. A skew left
brace structure over A is equivalent to an operation Ax A — A, (a,b) — axb, such
that ax (b+c¢) =a*xb+b+ax*c—>b holds for all a,b,c € A, and the operation
aob=a+ax*xb+b turns A into a group.

Proof. 1t is straightforward. O

A left ideal of a skew left brace A is a subgroup I of the additive group of A such
that A\, (I) C I for all @ € A. Tt is not hard to prove that a left ideal is a subgroup
of the multiplicative group of the skew left brace. An ideal of A is a left ideal I of
A such that aol =Toaand a+ I =1+ a for all a € A.

Definition 1.5. For a skew left brace A let
Fix(A) ={a € A: A\y(a) =a for all x € A}.
Proposition 1.6. Let A be a skew left brace. Then Fix(A) is a left ideal of A.

Proof. A routine calculation proves that Fix(A) is a subgroup of the additive group
of A. Clearly \;(Fix(A)) C Fix(A) for all z € A. O

The following example shows that in general Fix(A) is not an ideal:

Example 1.7. Consider the semidirect product A = Z/(3) x Z/(2) of the trivial
braces Z/(3) and Z/(2) via the non-trivial action of Z/(2) over Z/(3). We have

A(m,y) (av b) = (xvy)(aa b) - (LE, y) = (SL’ + (_1)ya7y + b) - (x,y) = ((_1)1/@’ b)

Hence Fix(A) = {(0,b) | b € Z/(2)}. Clearly Fix(A) is not a normal subgroup of
the multiplicative group of A. Thus Fix(A) is not an ideal of A.

If X and Y are subsets of a skew left brace A, X xY is the additive subgroup of
A generated by elements of the form xxy, x € X and y € Y, i.e.

X+«Y=(zxxy:zeX,yeY),.

Lemma 1.8. Let A be a skew left brace. A subgroup I of the additive group of A
s a left ideal of A if and only if AxI C 1.

Proof. Let a € A and z € I. If I is a left ideal, then a x z = A\ (z) —x € I.
Conversely, if AxI C I, then \;(z) =axxz+x €I O

Lemma 1.9. Let A be a skew left brace. A normal subgroup I of the additive group
of A is an ideal of A if and only A\oy(I) C I for alla€ A and I« AC 1.
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Proof. Let x € I and a € A. Assume first that [ is invariant under the action of A
and that I * A C I. Then

aoxoad =a+ N(rod)
(1.3) =a+ (x4 Ae(d) =a+ Ao(2) + XN Ae(d) +a—a
=a+ N+ XNe(d)—d)—a=a+ N(z+2x%d)—a.

and hence [ is an ideal.
Conversely, assume that I is an ideal. Then I * A C I since

rxa=-—-r+roa—a
=-x+4+ao(doxoa)—a=—-x+a+A(d oxoa)—acl.
This completes the proof. (I

The socle of a skew left brace A is defined as
Soc(A)={xr€A:zoca=z+aand x+a=a+z, forall a € A}.

Clearly Soc(A) = ker(A\) N Z(A,+). In [18, Lemma 2.5] it is proved that Soc(A) is
an ideal of A.

Lemma 1.10. Let A be a skew left brace and a € Soc(A). Thenb+boa =boa+b
and My(a) =boaol forallb e A.

Proof. Let b € A. Since b’ o (boa+b) =a—b and b’ o (b+boa) = -V + a, the
first claim follows since a € Z(A,+). To prove the second claim one computes:

boaob =bo(aob)=bo(a+b)=boa—b=—-b+boa=N\(a),

and the lemma is proved. O

2. LEFT AND RIGHT NILPOTENT SKEW LEFT BRACES
Let A be a skew left brace. Following [23] one defines A() = A and for n > 1
APTD — Ay A = (zxa:xe A aec A),,

where (X). denotes the subgroup of the additive group of A generated by the
subset X. The series A1 D A2 2 AG) > ... D> AM ... i the right series of A.

Proposition 2.1. Let A be a skew left brace. Each A" is an ideal of A.

Proof. We want to prove that for each n € N, A™ is a normal subgroup of (4, +),
that A\, (A™) C AM™ for all @ € A and that A™ is a normal subgroup of (A4, o).
We proceed by induction on n. The case n = 1 is trivial. We assume that the claim
is true for some n > 1. We first prove that A(*1 is a normal subgroup of (A, +).
Let a,be Aand x € A™. Then a +z b —a € A®HD gince

at+zxb—a=a+N(b)—b—a
=a+X(b)—(a+b)=a+A(—a+a+b)—(a+D)
=a+ N(—a)+ A(a+b)—(a+b)=—xxa+x*(at+D).
Now we prove that A+1) is an ideal. Let a,b € A and zz € A", Then
Aa(@ % D) = Ag(Az(b) — b) = Ag Az (D) — Ao ()

@) — Nszoar(ha(B)) = Aa(B) = (a0 w0 ) # Ay (b) € A
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since aozoa’ € A™ by the inductive hypothesis. From this it immediately follows
that \,(A+D) C AP+ Now let y € AT, By using (1.3) one obtains that
aoyod = a+ M (y+yxa’)—ac A", Thus the result follows by induction. [
Let A be a skew left brace. Following [23] one defines A! = A and for n > 1
A = Ax A" = (axxz:a € A, x € A™),.
The series A' D A2 D A3 D -.- D A® D --- is the left series of A.
Proposition 2.2. Let A be a skew left brace. Fach A™ is a left ideal of A.

Proof. We proceed by induction on n. The case n = 1 is trivial, so we may assume
that the result is true for some n > 1. Let a,b € A and z € A™. By the inductive
hypothesis, A,(z) € A™ and hence

Nalbx2) = (@oboa’) x Ay(x) € A,

where the equality follows by (2.1). This implies that \,(A"T) € A"*!. Thus the
result follows by induction. O

The second term of the left series is particularly important:

Proposition 2.3. Let A be a skew left brace. Then A? is the smallest ideal of A
such that AJA? is a trivial skew left brace.

Proof. Since A2 = A®)| A2 is an ideal by Proposition 2.1. Let I be an ideal of A
and m: A — A/I be the canonical map. Then A/I is trivial as a skew left brace
if and only if A\,(b) — b € I for all a,b € A. Since this condition is equivalent to
A? C I, the claim follows. O

Definition 2.4. A skew left brace A is said to be right nilpotent if A™ =0 for
some m > 1.

Lemma 2.5. Let f: A — B be a surjective homomorphism of skew left braces.
Then f(A(k)) = B® for all k. In particular, if A is right nilpotent, then B is right
nilpotent.

Proof. We proceed by induction on k. The case k = 1 is trivial. Let us assume
that the result is valid for some k > 1. Since f(A®)) = B®*),

JAEED) = F(AR 5 A) = f(AW)  f(A) = B® « B = BETY.
From this the second claim follows. O

Lemma 2.6. Let A be a right nilpotent skew left brace and B C A be a sub skew
left brace. Then B is right nilpotent.

Proof. By induction, B%) C A®) for all k. Hence the claim follows. O

Lemma 2.7. Let Ay,..., A be right nilpotent skew left braces. Then the direct
product Ay X --- X Ay is right nilpotent.

Proof. 1t is enough to prove the lemma in the case where k = 2. This case is trivial
since (a,b) * (¢,d) = (a * ¢,bx d). O

Theorem 2.8. Let A be a right nilpotent skew left brace of nilpotent type and I be
a non-zero ideal of A. Then I N Soc(A) # 0.
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Proof. Since (A, +) is nilpotent and each I N A®) is a normal subgroup of (4, +),
it follows from [22, 5.2.1] that I N A®) N Z(A, +) # 0 whenever I N A®) £ 0. Let
m =max{k € N: TN A% N Z(A,+) #0}. Since

(INAM™ N ZA+)xACTIN(A™ xA) =10 AMD =,
it follows that 7 N A(™ N Z(A,+) C I N Soc(A). O

Corollary 2.9. Let A be a non-zero right nilpotent skew left brace of nilpotent type.
Then Soc(A) # 0.

Proof. 1t follows directly from Theorem 2.8 O

Corollary 2.10. Let A be a right nilpotent skew left brace of nilpotent type and I
be a minimal ideal of A. Then I C Soc(A).

Proof. Since I N Soc(A) is a non-zero ideal of A by Theorem 2.8, I N Soc(A) = I
by the minimality of I. O

Definition 2.11. Let A be a skew left brace. A s-series of A is a sequence
A=1h2L2L2---21,=0
of ideals of A such that I;_1/I; C Soc(A/I;) for each j € {1,...,n}.
Remark 2.12. Let A be a left brace. Rump in 23] defined the socle series Socy,(A)
of A as follows: Socy(A) =0 and, forn >1,
Soc,(A) ={x € A: z*xy € Soc,_1(A)}.

There are examples of nonzero left braces A such that Soc,(A) = 0 for all positive
integers n.

Definition 2.13. Let A be a skew left brace. We define Soco(A) = 0 and, for
n > 1, Soc, (A) is the ideal of A containing Soc,—1(A) such that

Soc,(A)/Soc,—1(A) = Soc(A/Soc,—1(A)).
Note that this definition coincides with the definition of Rump for left braces.

Lemma 2.14. Let A be a skew left brace and let A=1p0 D2 11 21, D---21,=0
be a s-series for A. Then AUtV C I, for all i.

Proof. We proceed by induction on . The case ¢ = 0 is trivial, so let us assume
that the result holds for some ¢ > 0. Let m: A — A/I;;1 be the canonical map.
Since 7 (I;) € Soc(A/I;i11), 7(I; * A) = w(I;) * m(A) = 0 and hence I; x A C I;14.
The inductive hypothesis then implies that AC+2) = AGTD « A C I; x A C I;y,.
Thus the result follows by induction. O

Lemma 2.15. Let A be a skew left brace. Then A admits a s-series if and only if
there exists a positive integer n such that A = Soc,,(A).

Proof. Suppose that there exists a positive integer n such that A = Soc,,(A). Then
A = Soc,(A) 2 Socp—1(A4) D -+ 2 Socy(A) =0,

is a s-series.
Conversely, suppose that A admits a s-series. Let

A=1ph2h 2L 2 21,=0
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be a s-series of A. We shall prove that I,_; C Soc;(A) by induction on j. For
j =0,1I, =0 = Soco(A). Suppose that j > 0 and I,,_;11 C Soc;_1(A). Since
Infj/In7j+1 C SOC(A/In,jJrl)7 Infj x A - In,jJrl - SOijl(A), by the induction
hypothesis. Furthermore, for all z € Aandally € I,_j,x+y—2x—y € l,_j11 C
Socj_1(A). Therefore I,,_; C Soc;(A). Hence A = Iy = Soc,(A) and the result
follows. (|

Lemma 2.16. A skew left brace of nilpotent type is right nilpotent if and only if it
admits a s-series.

Proof. Let A be a skew left brace of nilpotent type. If A admits a s-series, then A
is right nilpotent by Lemma 2.14.

Conversely, suppose that A is right nilpotent. There exists a positive integer
such that A(™ = 0. We shall prove that A admits a s-series by induction on m.
Form =1, A =AM = 0 is a s-series. Suppose that m > 1 and that the result
is true for m — 1. Consider A = A/A(™~1_ Since A~V = 0, by the induction
hypothesis A admits a s-series. Thus there is a sequence

A=1yD0 1 2[2:_)...21n:A(Trl—l)

of ideals of A such that I;_1/I; C Soc(A/I;) for each j € {1,...,n}. Since A™ =
0, we have that Am~—1 C ker(\). Since A is of nilpotent type, there exists a
positive integer s such that v (A) = 0, where 7;"(A) denotes the lower central
series of the additive group of A, that is ;" (4) = A and ;" (A) = [4,7;(4)]4,
for all positive integers i. Let I,,.;_1 = A~ W;F(A) for j = 1,...,s. Note
that I,,4;—1 is a normal subgroup of the additive group of A invariant by A, for
allz € A, and I,,1;_1 % A =0, for all j = 1,...,s, because A"~ C ker()\). By
Lemma 1.9, I,,4;_1 is an ideal of A, for all j =1,...,s. Note that I,,1;_1/I+; C
Z(A/I4j,+), for all j =1,...,s — 1. Therefore, since I,4;_1 C ker(\), we have
that I,,4j_1/Int; C Soc(A/Inj), forall j=1,...,s— 1. Hence

A=, 2L 2L2 - 2L,=A"Y DL, 1D Dl 1=0
is a s-series of A, and the result follows by induction. O

Proposition 2.17. Let A be a skew left brace such that A/Soc(A) is right nilpotent.
Then A is right nilpotent.

Proof. Note that (A/Soc(A))*) = 0 if and only if A%} C Soc(A) by the definition
of the factor brace. Then A¥*+1) = A() « A C Soc(A) * A = 0 as required. O

Proposition 2.18. Let I be an ideal of a skew left brace A such that I N A% = 0.
Then I is a trivial skew left brace.

Proof. Since I + A C INA%2 =0, I C ker \. From this the claim follows. (I

A skew left brace A has finite multipermutation level if the sequence S,, defined
as S1 = A and S, 11 = S, /Soc(S,,) for n > 1, reaches zero.

Proposition 2.19. Let A be a skew left brace. Then A has finite multipermutation
level if and only if A admits a s-series.

Proof. Let S; = A and S,,+1 = S,/Soc(Sy,), for n > 1. We shall prove that
Spt1 =~ A/Soc,(A), by induction on n. For n = 0, it is clear since Socg(A4) = 0.
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Suppose that n > 0 and the result is true for n — 1. Hence, by the induction
hypothesis,

Sp = Sn—1/S0c(Sp—1) =~ (A/Soc,—1(A))/Soc(A/Soc,_1(A))
= (A/Socn—1(A))/(Soc,(A)/Socn_1(A)) ~ A/Soc,(A).

Therefore S, = 0 if and only if A = Soc,(A). Now the result follows from
Lemma 2.15. U

Theorem 2.20. Let A be a skew left brace. Then A has finite multipermutation
level, if and only if A is right nilpotent and (A, +) is nilpotent.

Proof. Suppose that A has finite multipermutation level. We proceed by induction
on the multipermutation level n. The case n = 1 is trivial. Let A be a skew left
brace of finite multipermutation level n + 1. Since A/Soc(A) has multipermuta-
tion level n, the inductive hypothesis implies that (A/Soc(A))(™ = 0 for some
m and (A/Soc(A),+) is nilpotent. This implies that A(™) C Soc(A) and hence
Am+1) — 0, furthermore, since Soc(A) is central in (4, +), we have that (A, +) is
nilpotent. Conversely, suppose that A is right nilpotent and (A, +) is nilpotent. By
Lemma 2.16, A admits a s-series. Thus the result follows by Proposition 2.19. [

The following example shows that the assumption on the nilpotency of the ad-
ditive group of the skew left brace is needed for Theorem 2.20.

Example 2.21. Let A be a non-zero skew left brace such that aob = a + b for
all a,b € A. Then A® =0, thus A is right nilpotent. But if Z(A,+) = 0, then
Soc(A) = 0 and A does not have finite multipermutation level. For example, we
can take (A,+) = (A, o) any non-abelian simple group.

Definition 2.22. A skew left brace A is said to be left nilpotent if A™ = 0 for
some m > 1.

Lemma 2.23. Let f: A — B be a surjective homomorphism of skew left braces.
Then f(A*) = B¥ for all k. In particular, if A is left nilpotent, then B is left
nilpotent.

Proof. 1t is similar to the proof of Lemma 2.5. (]

Lemma 2.24. Let A be a left nilpotent skew left brace and B C A be a sub skew
left brace. Then B is left nilpotent.

Proof. 1t is similar to the proof of Lemma 2.6. ]

Lemma 2.25. Let Aq,..., A be left nilpotent skew left braces. Then the direct
product Ay X -+ x Ay, is left nilpotent.

Proof. 1t is similar to the proof of Lemma 2.7. O

Proposition 2.26. Let A be a left nilpotent skew left brace and I be a non-zero
left ideal of A. Then I NFix(A) # 0.

Proof. Let m = max{k : INA* # 0}. Since Ax(INA™) C INA™*! =0, it follows
that there exists a non-zero x € I N A™ such that axx = 0 for all a € A. Thus
0#£xzeFix(A)NI. O

Corollary 2.27. Let A be a non-zero skew left brace. If A is left nilpotent, then
Fix(A) # 0.
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Proof. Apply Proposition 2.26 with I = A. a

Another important series of ideals was defined in [28] for braces. Let A be a
skew left brace. Let Al = A and for n > 1 let A" be the additive subgroup of
A generated by elements from {All « APH1=1 1 < i <n}, ie.

Al — <U Al & A[n+1—i]>
+

i=1
for all n > 2. One easily proves by induction that Al D AR > ...,
Proposition 2.28. Let A be a skew left brace. Each AM™ is a left ideal of A.

Proof. Bach A" is a subgroup of (4, +). Since A x A"l C AP+ C A" the claim
follows from Lemma 1.8. (]

We will show that there exists a left brace A such that A" = A"+ are non-zero
for some positive integer n and A2 = 0.

Example 2.29. Let
G=(rs: 18 =s>=1,srs =77) ~ Dyg,
X=(a,b:8a=20=0,a+b=b+a)~Z/(8) x Z/(2).
The group G acts by automorphisms on X via
r-a=a+b r-b=4a+b, s-a=3a, s-b=4a+0.

A direct calculation shows that the map 7m: G — X given by

1—0, > a, % 2a +b, 3 Ta +b,
rt i 4da, r® +— ba, % 6a + b, r’— 3a+b,
rs +— 6a, r?s — Ta, r3s b, rts > 5a + b,

r°s — 2a, r%s — 3a, r7s— da + b, s+ a—+Db,

is a bijective 1-cocycle. Therefore there exists a left brace A with additive group
isomorphic to X and multiplicative group isomorphic to G. The addition of A is
that of X and the multiplication is given by

roy=n(r"Yx)r (y), =,yecX.
Since
axa=—-a+aoa—a=—a+ (2a+b)—a=0,
(ba+b)xa=—(5a+b)+ (ba+boa—a=—(5a+b)+b—a=2a,
it follows that AP contains (2a,b), = {0,2a,4a,6a,b,2a + b, 4a + b, 6a + b}, the
additive subgroup of (A,+) generated by 2a and b. Therefore AP = (2a,b), since

ARl £ A (this can be proved by hand or using Theorem 4.8). Routine calculations
prove that

ABl = 40,24 4 b,4a, 6a + b}, AR = APl = 10, 44}, Al = {0},

The relation between the sequence of the A"l and the left and right series is
given in the following theorem.

Theorem 2.30. Let A be a skew left brace. The following statements are equiva-
lent:
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(1) AlYl =0 for some a € N,
(2) AB) =0 and AY =0 for some B, € N.

Proof. To prove that (1) = (2) one proves by induction that A" C A" and
A C Al for all positive integer n. Let us prove that (2) = (1). We proceed
by induction on 8. If 8 € {1,2}, then 0 = A® = A2 = A2 and the result is true.
Fix g € N and suppose that the result holds for this 3, so for every ~ there exists
a = a(y) depending on v such that Al®] = 0. We need to show that AB+TD =0
and A7 = 0 imply that A for some n. Let n > a(y). Every element of A" is
a sum of elements from Al x A[j]7 where i +j =n and 1 < i <n — 1. Note that
ifa(y)<i<n-1,a; € Al and a,,_; € A"~ then by the inductive hypothesis
applied to the quotient A/A(B), a; € A® and thus a; * a,_; € AP = 0. Hence
we may assume that the elements of A are sums of elements from Al « AUl for
1 <i<a(y)and j > n — «ay) such that i + j = n. Then

Al C Ax Aln—a()] C A2

Applying the same argument for n’ = n— «(v) we obtain that A*'1 C Ax Aln' —a()]
provided that n’ > a(y). Therefore

Al C A% (A x A[n*2a(v)]) C A3
provided that n > 2a(y). Continuing in this way we obtain that A" C AF provided
that n > (k — 1)a(7). Then it follows that Al(v—De(M+1] C 47 = 0. O

Definition 2.31. A skew left brace is said to be left nil if for every a € A we have
ax(ax(ax---)) =0 (for sufficiently large number of brackets in this equation).

It is known that every finite left nil left brace is left nilpotent, see [27]. Right nil
skew left braces are defined in a similar fashion.

Definition 2.32. A skew left brace A is said to be strongly nilpotent if there is a
positive integer n such that A" = 0.

Definition 2.33. A skew left brace A is said to be strongly nil if for every a € A
there is a positive integer n = n(a) such that any x-product of n copies of a is zero.

We do not know the answer to the following questions:
Question 2.34. Let A be a finite right nil skew left brace. Is A right nilpotent?

Question 2.35. Let A be a finite strongly nil skew left brace. Is A strongly nilpo-
tent?

3. PERFECT SKEW LEFT BRACES

A skew left brace A is said to be perfect if A2 = A. Let G be a perfect group, that
is G =[G, G]. By Griin’s Lemma (see [17, page 3]), Z(G/Z(G)) = {1}. Let B be
the skew left brace with multiplicative group G and addition defined by a+ b = ba,
forall a,b € G. In B we have axb = —a+ab—b =b"taba™!, for all a,b € G. Hence
the multiplicative group of B x B is [G, G]. Note also that x € Soc(B) if and only
if 1 = a lzaz™?!, for all a € G. Thus Soc(B) = Z(G). Since Z(G/Z(Q)) = {1}, we
have that Soc(B/Soc(B)) = {1}.

Thus the following question appears to be natural.

Question 3.1. Let A be a perfect skew left brace. Is Soc(A/Soc(A)) =07
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We shall see that the answer is negative.

Let By and By be skew left braces. Recall that the wreath product By B; of the
left braces By and Bj is a left brace which is the semidirect product of left braces
Hy X By, where Hy = {f: B1 — Ba | |[{g € B1 | f(g) # 0}| < oo} is a left brace

with the operations (f1 o f2)(g) = fi(g) o f2(g9) and (f1 + f2)(9) = fi(9) + f2(9),
for all f1,fo € By and g € By, and the action of (Bj,0) on Hsy is given by the

homomorphism o: (By,0) — Aut(Ha, +, o) defined by o(g)(f)(x) = f(¢’ o x), for
all g,z € By and f € Hy. Recall that the operations of Hy x B; are

(hg, bl) o} (kg, Cl) == (hg o bl(kg), bl o Cl),

(h2,b1) + (k2,c1) = (ha + k2,b1 + c1),
where we denote o (by)(k2) simply by by (ka).

The wreath product of left braces appears in [9, Corollary 1] (see also [4, Section
4]). This construction also works for skew left braces (see [30, Corollary 2.39]).

Theorem 3.2. Let B be a finite perfect left skew left brace. Let p be an odd prime
non-divisor of the order of B. Let T = Z/(p) be the trivial left brace of order p.
Then the subbrace W x B of T2 B, where W = {f: B — T | >, 5 f(b) = 0}, is
perfect and Soc(W x B) =W x {0}.

Proof. Note that
(3.1) (h1,b1) * (ho,ba) = (—hy + hy 0 by (ha) — ha, by * by),
for all Ay, ho € W and all by, by € B. In particular,
{0} x B={0} x (B*B) = ({0} x B) * ({0} x B) C (W % B) « (W x B).

Let fp,: B — T be the function defined by f, (b2) = dp, b, (the Kronecker delta),
for all by,bs € B. Note that {f, — fo | b € B} generates the additive group of
W. Since p is not a divisor of |B|, there exists |B|~! € Z/(p) = T, and fo —
|BI™' Y cp fo € W (note that the additive group of W is a vector space over
Z/(p)). Now we have

(0,01) % (fo = | BI™" Y f5,0) = (01 (fo = [BI7* D fo) = (fo = |BI™" Y f1),0)

beB beB beB

and

bi(fo—IBI7' DY fo)(ba) = (fo—|BI™" Y fo)(¥) 0 bo)

beB beB
= fo(thoba) = [BI™" Y fy(b) 0 bs)

beB

= fuo, (b )—\B\‘1
= fou(b2) = [BI™" D fulbo)

beB

= (for = [BI7' D fo)(ba)

beB

for all by,by € B. Hence
(0,b1) * (fo = Bl £5,0) = (fo, — fo0,0),

beB
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for all by € B. Thus W x {0} C (W x B) x (W x B). Hence
W xB=W x{0}+{0} x BC (W x B)x* (W x B).

Therefore W x B is perfect.
Let (h1,b1) € Soc(W x B). Then, by (3.1), hy oby(he) = hy + hy and by x by = 0,
for all ho € W and all by € B. Hence

h(b) 4 ha(b) = hy(b) 0 by (h2)(b) = hi(b) 0 ha(b} 0 b) = hy(b) 4 ha(b) 0 b),
and thus
ha(b) = ha(by 0 b),

for all hg € W and all b € B. In particular, (f5, — fo)(b1) = (fs, — f0)(0). Suppose
that by # 0. Then 1 = (fy, — fo)(b1) = (fo, — f0)(0) = =1 in Z/(p), a contradiction
because p is odd. Hence b; = 0. Note that by (3.1),

(hl,O) * (h2,b2) = (7h1 + hl OO(hg) — hQ,bl * O) = (7h1 —+ hl e} hg — hQ,O) = (0,0),

for all hy,ha € W and by € B. Hence Soc(W x B) = W x {0}, and the result
follows. .

Note that in Theorem 3.2, if B is a left brace, then W x B also is a left brace.
The following result answers Question 3.1 in the negative:

Corollary 3.3. For every positive integer n, there exists a finite perfect left brace
B such that Soc(B/Soc,(B)) # {0}.

Proof. We shall prove the result by induction on n. For n = 1, let By be a finite
simple non-trivial left brace (see [3]). Then by Theorem 3.2, there exists a perfect
finite left brace By with non-zero socle. By Theorem 3.2, there exists a perfect
finite left brace B, with non-zero socle such that By/Soc(Bs) = Bj. Therefore
Soc(Bz/Soci(B2)) = Soc(B1) # {0}, and this proves the result for n = 1.

Suppose that n > 1 and that there exists a perfect finite left brace B, with
Soc(By,/Soc,—1(By)) # {0}. By Theorem 3.2, there exists a perfect finite left
brace Bj,+1 such that Soc(By+1) # {0} and B, 1+1/Soc(By,+1) = B,,. Hence

Soc(Bn+1/50¢n(Bn+1)) = (Soc((Bn+1/S0c(Bn+1))/(Socn (Bni1)/Soc(Bn1))
= Soc(Bp/Socn—1(By)) # {0},

by the inductive hypothesis. By induction the result follows. O

4. SKEW BRACES OF NILPOTENT TYPE

We first prove that if both groups of a finite skew left brace A are nilpotent, then
A can be decomposed as a direct product of skew left braces of prime-power size. A
similar result was proved by Byott in the context of Hopf-Galois extensions, see [7,
Theorem 1].

Lemma 4.1. Let A be a skew left brace such that the additive group is a direct sum
of ideals I, I, that is A =11+ Iz and Iy NIo = {0}. Then the map f: A — I X I
defined by f(a1 + az) = (a1,a2), for all a1 € I} and ay € Iy, is an isomorphism of
skew left braces.
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Proof. Recall that the operations of the skew left brace I; x I5 are defined compo-
nentwise. Clearly f is an isomorphism of the additive groups of A and I; x I5. Let
ay € I; and ag € I5. Since I; and I are ideals we have that

a1 + as —a; — ag, a1 * as,as x ay € Iy NI, = {0},
thus a1 + a2 = as + a1 and a1 o as = a1 + as = as o a;. Hence

f((a1+a2)o (b1 +b2)) = flaroazobyioby)= f(ayobyoazobs)
fa10by 4+ azo0bs) = (a1 0by,az0by)
(a1,az) o (by,b2) = f(a1 +az) o f(by +b2),

for all a1,b, € I; and ag, by € I5. Therefore, the result follows. O

Theorem 4.2. Let n be a positive integer. Let A be a skew left brace such that
the additive group is a direct sum of ideals I, ..., I,, that is every element a € A
is uniquely written as a = a1 + --- + an, with a; € I; for all j. Then the map
frA—= L x---x1I, defined by f(a1 + -+ an) = (a1,...,ay), for all a; € I;, is
an isomorphism of skew left braces.

Proof. We shall prove the result by induction on n. For n =1, it is clear. Suppose
that n > 1 and that the result is true for n —1. Let Ay = I1 +---+1I,,_1. Then A;
is an ideal of A and A is the direct sum of the ideals A; and I,,. By Lemma 4.1, the
map f1: A — Ay x I, defined by f(a + a,) = (a,a,), for all a« € A; and a,, € I,
is an isomorphism of skew left braces. By the induction hypothesis, the map

for Ay =L x---x1Ihq, folar 44 apn_1)=(a1,...,0n-1),

is an isomorphism of skew left braces. Therefore f = (foxid)of; : A — I} x---X I,
is an isomorphism of skew left braces and f(a1 + -+ + an) = (a1, ...,ay), for all
aj € I;. Therefore, the result follows by induction. O

Corollary 4.3. Let A be a finite skew left brace such that (A,+) and (A, o) are
nilpotent. Let I,...,I, be the distinct Sylow subgroups of the additive group of
A. Then I,...,I, are ideals of A and the map f: A — I X --- x I, defined by
flar + -+ an) = (a1,...,a,), for all a; € I;, is an isomorphism of skew left
braces.

Proof. Since (A, +) is nilpotent, for every prime divisor p of the order of A, there
is a unique Sylow p-subgroup I of (A, +). Hence I is a normal subgroup of (4, +),
and A, (b) € I for all a € A and b € B. Thus I is a left ideal of A and thus it
is a Sylow p-subgroup of (A,0). Since (A, o) is nilpotent, I is the unique Sylow
p-subgroup of (A, o) and, thus, it is normal in (A, o). Therefore I is an ideal of A.
Hence I4,...,1I, are ideals of A and clearly the additive group of A is the direct
sum of Iy, ..., I,. The result follows by Theorem 4.2. O

Let A be a skew left brace. Let G be the multiplicative group of A and X be
the additive group of A. Since G acts on X by automorphisms, one forms the
semidirect product I' = X x G with multiplication
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Identifying each g € G with (0,¢g) € T and each x € X with (z,0) € T', we see
that

[9,2] = gzg~'a™" = (0, 9)(=,0)(0,9')(—=,0)
= ()\g(:r),g)(—)\;l(x),g’) = (Ag(z) —2,0) = Ag(z) —x =g * 2.
Let
Xo=X=A',
Xn1 =[G, X, = A2 forn > 0.

Thus the elements of the left series of A are indeed iterated commutators of
the group I'. This observation has strong consequences. Our first application is
the following useful result, which was proved by Rump for classical braces using
different methods (see the corollary after Proposition 2 of [23]).

(4.1)

Proposition 4.4. Let p be a prime and A be skew left brace of size p™. Then A
is left nilpotent.

Proof. Let G be the multiplicative group of A and X be the additive group of
A. Since the semidirect product I' = A x G is a p-group, it is nilpotent. Thus
there exists k such that the k-repeated commutator [[',T', ..., I, where I" appears
k-times, is trivial. Since

AP =1[G,...,G,X]C[L,....T],
it follows that A is left nilpotent. |
The following results follow immediately from theorems of P. Hall:

Lemma 4.5. Let A be finite skew left brace such that A> = 0. Then the additive
group of A2 is abelian. In fact A? is a trivial brace.

Proof. The first part follows by [19, Theorem 6]. Note that (A?)? C A3 = 0, hence
aob=a+bforall a,b € A%, and the result follows. O

Theorem 4.6. Let A be left nilpotent skew left brace. Then the following statements
hold:

(1) The additive group of A% is locally nilpotent.

(2) The multiplicative group of A/ ker X is locally nilpotent.

Proof. Since each element of the left series of A is a repeated commutator, the first
claim follows from Hall’s theorem [19, Theorem 4]. To prove the second claim, we
use the notation above Proposition 4.4. Let K = [G, X]G C T and H = [G, X]|X.
Let C be the centralizer of H in K. Then by [19, Theorem 4], K/C is locally
nilpotent. Note that, since X is normal in I';, H = X. Hence GNC is the centralizer
of X in G, that is

GNC = {geGlgzg ' =z, forall z € X}
= {geA|N(z) ==, forall z € A} = ker \.
Thus (GC)/C =2 G/(GNC) = G/ker X is locally nilpotent. O

We shall introduce some notation. Let A be a skew left brace. We denote by
v*(a,b) = a+b—a—b the commutator of a,b in (A, +), for all a,b € A. Let B,C
be two subgroups of (4, +). We define v (B,C) = (y*(b,¢) | b€ B, c € C),, the
additive subgroup generated by the elements v+ (b, ¢), for b € B and ¢ € C. We also
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write x(a,b) = axbfor alla,b € A, and *(B,C) = BxC = (x(b,c) |b€ B, ce O)4.
Let M be the free monoid with basis {y*,*}. Then the elements of M are words
in the alphabet {yT, x}, that is, if m € M then

m = €1€2 - €g,
for some non-negative integer s and ¢; € {y",*}. In this case, we say that m has
degree s and we write deg(m) = s. Furthermore, if s > 0, we define
m(aiag...asy1) = €1(ar, ea(az, ... (es(as, as+1))-..)),
for all ay,...,as41 € A, and if Ay, ..., As4q are subgroups of (A, +), we define
m(A1A2 ce A5+1) = 61(141, 62(142, [N (68(A87 AS+1)) ce ))
Finally we denote by A;(t) the word A1 A; ... A; of length ¢ in the letter A;. We
order M with the degree-lexicographic order, extending * < ~+T. Note that if
mgo > my are elements of M, then
m2(a1 e adeg(mg)Jrl) + ml(bl ce bdeg(ml)Jrl)
= mi(b1 ... bdeg(mi)+1) T M2(a1 ... Gdeg(my)+1)
—’Y+(—m1(51 e bdeg(m1)+1)7 —ma(ay ... adeg(m2)+1))'
In particular, the elements of the additive subgroup generated by
{m(A(deg(m) + 1)) | m € M, with deg(m) > t}
are of the form aj +as +- - - + as, where a; € m;(A(deg(m;) +1)), deg(mq) > t and
mp < --- < mg. We denote this additive subgroup by
> m(A(deg(m) +1)).
{meM|deg(m)>t}
Lemma 4.7. Let A be a skew left brace. Let Gy = ker A\, and for i > 1, let
Gi=[A,Gi—1] =(aoboad ol |ac A, be G;_1). Let M be the free monoid with
basis {yT,«}. Then
G.C S m(A(deg(m) + 1)),
{meM|deg(m)>n—1}
Proof. Let a € ker A and g € A. Note that
ocaog od =qgo(a+¢)+ad
(42) goaog gola+yg)
=goa—g—a=g+X(a)—g—a.
We shall prove the result by induction on n. For n =1,
Gi=ker A\C A= Z m(A(deg(m) + 1)).
{meM|deg(m)>0}
Let n» > 1 and suppose that
GorC S m(A(deg(m) +1)).
{meM|deg(m)>n—2}
Let g € A and a € G,,—1. Then since G,,_1 is a subgroup of ker A, by (4.2) we have
goaog od =g+ N (a)—g—a.
Let a,, € m(A(deg(m) + 1)) be such that

a:am1+amg+"‘+am57
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with deg(m1) >n — 2 and m; < --- < ms. We have
goaog od = g+N(a)—g—a
= g+ Ag(@m, + amy + -+ am,) =g = (m; + Gy + -+ am,)
g+ Ag(am,) + -+ Aglam,) — g — (@my + Qmy + -+ + am,)
= g+ (g*am +am)+ -+ (g*am, +am,)—g
—(amy + Ay + -+ am,)-
‘We shall prove that

g+(g*am1 +am1)+"'+(g*ams +am5)_g
s F g+t am) €S m(A(deg(m) + 1)
{meM|deg(m)>n—1}
by induction on s. For s = 1 we have
GHGH*am, +amy —g—amy = V(g 9% )+ g* Ay + g+ Gy — g~ Ay
= 7(g:9%am,) + g% am, +77(g,am, ).

Since 71 (g, g * am,) € v x m1(A(deg(m1) + 3)), g * am, € *my(A(deg(m) + 2))
and Y1 (g, am,) € v m1(A(deg(m) + 2)), we have that

g+ g*amy +amy —g— 0m,; € Z m(A(deg(m) + 1))
{meM|deg(m)>n—1}

(

Suppose that s > 1 and g+ (g * am, +am,) + -+ (g*Qm,_, + Qm,_,) — g —
(@my + amy + -+ m, 1) € X fnemdeg(my>n—1} M(A(deg(m) +1)).
We have that
g+ (g*am, +am,) + -+ (g*am, +am,) —g
,(aml + am, + -+ ams)
= gt (g*xam +am)+-+(g*am, , +am, )
+g*Am, Fm, — 9= Am, 9~ g~ (Qmy + Cmy + -+ O, )
= gt (@*xam T am)+ -+ (g*am, _, +am, )
+g* Am, — 7+(_gaams) =g (amy +am, + +am,_,)
= g+ (g*am tam,)+ -+ (g*am, , +am, ,)—g
_(aml + Gy 4+ ams_l)
TG * Qm, — '7+(_g7 am, )
_7+(am1 tam, + tam,, + 977+(_9»am5) —g*am,)
€ > m(A(deg(m) + 1)).
{meM|deg(m)>n—1}
Hence
goaog od € > m(A(deg(m) +1)).
{meM|deg(m)>n—1}
Note that ¢, rrjdeg(m)>n—1; M(A(deg(m) + 1)) is a left ideal of A. Therefore
Gn C > m(A(deg(m) + 1)),
{meM]|deg(m)>n—1}

and the result follows by induction. ([l
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The following result generalizes [28, Theorem 1].

Theorem 4.8. Let A be a finite skew left brace with nilpotent additive group. Then
A is left nilpotent if and only if the multiplicative group of A is nilpotent.

Proof. Let us first assume that (A4, 0) and (A, +) are nilpotent. By Corollary 4.3,
the skew left brace A is the direct product of skew left braces with prime-power
orders. By Proposition 4.4 all such skew left braces are left nilpotent, hence A is
left nilpotent by Lemma 2.25.

Suppose now that (A, +) is nilpotent and A is left nilpotent. There exist positive
integers n1,ny such that A™ = 0 and v/, (A) = 0, where 'y;-LH(A) = (v")I(AG +
1)), using the notation above Lemma 4.7. By Theorem 4.6, we know that the
multiplicative group of A/ker A is nilpotent. Let 71 (A4) = A and for ¢ > 1 let

7i(A) = [A,7i—1(A)] = (aobod oV |a € A, bey_1(A)).
Thus there exists a positive integer k such that v;(A) C ker A. Using the notation

in the proof of Lemma 4.7, we have that y44+,;(A) C G;41 for every nonnegative
integer j. Hence, by Lemma 4.7

Vitnina (A) C Gnyng+1 C Z m(A(deg(m) +1)).
{meM|deg(m)=nina}

Let m € M be an element with deg(m) > nins. Note that if v© appears ¢ times
in m, then m(A(deg(m) + 1)) C (7" (A(t + 1)). In particular, if ¢ > ng, then
m(A(deg(m) + 1)) = 0. Suppose that v+ appears at most ny — 1 times in m. In
this case, there exist m,ms € M such that m = mq(x)™msy. In this case,

m(A(deg(m) +1)) = ma (%)™ (A(deg(m1) + n1)ma(A(deg(mz) 4 1)))
€ ma(+)" (A(deg(m1) + n1 + 1))
= my(A(deg(m,)A™)) = 0.

Hence Ygtn,n,(A) = 0. Therefore the multiplicative group of A is nilpotent, and
the result follows. O

The assumption on the nilpotency of the additive group in Theorem 4.8 is needed
(see Example 2.21).

Corollary 4.9. Let A be a finite skew left brace of size p™ for some prime number
p and some positive integer n. Then either A is the trivial brace of order p or it is
not simple.

Proof. By Theorem 4.8, A is left nilpotent. In particular, if A # 0, then A? # A.
Since A2 is an ideal either A is not simple or A2 = 0. Assume that A% = 0. In this
case, aob =a+b for all a,b € A. Therefore [A, A] is a proper an ideal of A. Hence,
either A is not simple or [A, A] = 0. Assume that A% = [4, A] = 0. In this case A
is a trivial brace and the result follows. (I

Lemma 4.10. Let A be a finite skew left brace with nilpotent additive group. Let
p and q distinct prime numbers and let P and @Q be Sylow subgroups of (A,+) of
sizes p" and ¢, respectively. Then P, Q and P+ Q are left ideals of A.

Proof. Let us first prove that P is a left ideal. Since (A, +) is nilpotent, P is a
normal subgroup of (4,+). Let a € A and z € P. Then A\,(x) € P since )\, is
a group homomorphism. Similarly one proves that @ is a left ideal. From this it
follows that P + @ is a left ideal. O
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The following is based on [27, Theorem 5(1)]. However, the proof is completely
different.

Theorem 4.11. Let A be a finite skew left brace with nilpotent additive group. Let
p and q distinct prime numbers and let A, and Ay be Sylow subgroups of (A,+) of
sizes p™ and q™, respectively. If p does not divide q* —1 for allt € {1,...,m}, then
Apx Ay = 0. In particular, \;(y) =y for allx € A, and y € A,.

Proof. By Lemma 4.10 A, A, and A,+A, are left ideals of A. In particular, A,+A4,
is a skew subbrace of A and A, and A, are Sylow subgroups of (4, + A,,0). By
Sylow’s theorem, the number n, of Sylow p-subgroups of the multiplicative group
of A, + Ay is
n, = [A, + A, : N] =1 mod p,

where N = {g € A, + A, : go Ay og = Ap} is the normalizer of A, in the
multiplicative group of A, + A,. Since [4, + A, : N] = ¢° for some s € {0,...,m}
and p does not divide ¢! — 1 for all t € {1,...,n}, it follows that s = 0 and hence
A, is a normal subgroup of the multiplicative group of A, + A,. Thus A, is an
ideal of the skew left brace A, + A,. Since A, is an ideal of A, + A; and A4, is a
left ideal, we have that A, x A; C A, N Ay =0, and the result follows. O

Corollary 4.12. Let A be a skew left brace of size pi™* ---pp*, where p1 < pa <
- < pg are prime numbers and aq, ..., qp are positive integers. Assume that the
additive group of A is nilpotent. Let A; be the Sylow p;- subgroups of the additive

group of A. Assume that, for some j < k, p; does not divide p? — 1 for all
ti € {l,...q;} for all i # j. Then Soc(A;) C Soc(A).

Proof. Write A = Ay + --- 4+ Ay. Let a € Soc(4;) and b € A. Hence there exist

elements by € A such that b = by + -+ - + bg. By Theorem 4.11, A\, (b;) = b;, for all

i # j. Then Ag(b) = Aq(b1) +-- -+ Aa(bg) = b1+ -+ b, = b and hence a € Soc(A).

Thus the result follows. ]
5. BRACES WITH CYCLIC MULTIPLICATIVE GROUP

As a consequence of a result of P. Hall one proves that the multiplicative group
of a finite left brace is solvable. The following example shows that this fact does
not hold for infinite left braces:

Example 5.1. Let K be a field of characteristic 0. The Jacobson radical of
My (K|[z]])) is J = Ma(zK[[z]]). Thus (J,+,0) is a two-sided brace, where

forall A,B € J. The map f: J — GL(M2(K]|[z]])) defined by f(A) = Io+ A, for
all A € J, where Iy is the identity 2 X 2 matriz, is a monomorphism of groups:

f(AoB)=I,+AB+ A+ B = (I + A)(Io+ B) = f(A)f(B).
By [33, Lemma 2.8, the subgroup of (J,0) generated by
< 0 0 ) ( 0 =« )
z 0 )’ 0 0
is free of rank two. Therefore (J,0) is not solvable.

The following result is due to Rump (see the proof of [24, Proposition 6]).
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Theorem 5.2 (Rump). Let A be a left brace of type Z. Then either A is the trivial
brace isomorphic to Z or its multiplication is defined by

(5.1) (ma) o (na) = ((=1)"n +m)a,

for all m,n € Z, where a € A is a fixed generator of its additive group.

Now we shall study the left braces with multiplicative group isomorphic to Z.
Note that these are two-sided braces. Thus this is equivalent to the study of the
Jacobson radical rings such that its circle group is isomorphic to Z.

Lemma 5.3. Let R be a Jacobson radical ring with its circle group tsomorphic to
Z. Then the additive group of R is finitely generated.

Proof. Let © € R be a generator of the circle group (R,0) of R. Let y € R the
inverse of z in (R, o). Then

Rz{é(?)mi|n>l}u{é (’Z)yi|n>1}u{o}.

Since z 4+ y € R one of the following conditions holds:
(1) 4+ y = 0. In this case, 0 = zy = —z?%, thus R = {2z | 2 € Z} and the
additive group of R is isomorphic to Z.
(2) There exists a positive integer n such that

n

n .

T+y= E (Z>xz
i=1

Since y # 0, we have that n > 1. Then

n n ‘ n n .
0 = = — g Z'
oyt ty x( Y ()x> £ (1)
Hence R = 2Z + 2*Z + - - - + 2" Z.
(3) There exists a positive integer n such that

r+y= Z (?)yl
i=1

Since x # 0, we have that n > 1. Then

O—yw+x+y—y<—y+i(?>yi> +§:<:L)y

Hence R = yZ + y*Z + - - - + y"Z.
Therefore the result follows. O

Theorem 5.4. Let R be a Jacobson radical ring with its circle group isomorphic
to Z. Then ab=0 for all a,b € R.

Proof. Let p be a prime number. Since the additive group of R is infinite and
finitely generated, pR is a proper ideal of R and R/pR has order p™ for some
positive integer m. Since the only simple left brace of order a power of p is the
trivial brace of order p, there exists a maximal ideal I, of R such that pR C I, and
R/I, has order p. Let = be a generator of the circle group of R. Then it is clear
that the circle group of I, is generated by x°7, (where 2°" =z o--- oz (n times)).
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Let a,b € R. We have that (a + I,)(b + I,) = I, because R/I, is a ring with zero
multiplication. Hence ab € I,,, for all prime numbers p. Now

(| L= () {&°*]z€z}={0}.

p prime p prime

Therefore ab = 0, and the result follows. ([l
As a consequence we have the following result.

Theorem 5.5. Let A be a left brace with multiplicative group isomorphic to 7Z.
Then A is a trivial brace, in particular the additive group of A is isomorphic to 7.

A natural question arises: Is it possible to extend Theorem 5.5 to skew left
braces? One can prove Theorem 5.5 for skew left braces of finite multipermutation
level. However, the following result shows that nothing new is covered in this case.

Theorem 5.6. Let A be a skew left brace with multiplicative group isomorphic to
Z. Then A has finite multipermutation level if and only if A is of abelian type.

Proof. We proved in Theorem 5.5 that skew left braces of abelian type with multi-
plicative group isomorphic to Z have finite multipermutation level. Let us assume
that A has finite multipermutation level. Let ¢ € Soc(A) \ {0}. Then ¢°* = ke for
all k € N. Since (4, o) is torsion-free, c°* # ¢°! if k # [. Observe that \,(c°*) = ¢°%
for all @ € A and k € N, because (A,0) is commutative. For k > 0 let I} be the
ideal of A generated by ¢*. Then Iy, = {klc:1 € Z} and (-, Ir = {0}. Let k> 0.
Since ¢ # 0, A/} is a finite skew left brace of finite multipermutation level. By
Theorem 2.20, A/I} is of nilpotent type. Thus Corollary 4.3 implies that A/I} is a
direct product of skew left braces of prime-power size. Using results of T. Kohl [20]
quoted in [30, Example A.7], such skew left braces are either of abelian type or of
size 2% for some «. Let us assume that A is not of abelian type and let a,b € A be
such that a + b —a — b # 0. For each k > 0 there exists m(k) € N such that

2" (g 4+ b—a—a) € I
Since Iy, = {klc: 1 € Z}, for each a,b € A and each k > 0 there are m(k) € N and
q(k) € Z such that
20 (4 +b—a —b) = q(k)ke.
Let k be an odd prime number coprime with 3¢(3). Then
2" g(k)k — 2™ ¢(3)3)(a + b —a — b) = 0.

Since k is an odd prime number coprime with 3¢(3), it follows that there exists
n # 0 such that n(a+b—a—0b) = 0. Then nq(3)3c = 0, a contradiction. Therefore
A is a skew left brace of abelian type. O

Remark 5.7. In [16], Greenfeld showed that adjoint groups of Jacobson radical
and not nilpotent algebras cannot be finite products of cyclic groups. His results

are general but hold only for algebras over fields; therefore our results do not follow
from [16].

The following result shows that Theorem 5.5 cannot be extended to skew left
braces. Recall that the infinite dihedral group is the group

Do = (r,5: 878 =11, 52 =1) ~Z xZ/(2).
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Theorem 5.8. There exists a skew left brace with multiplicative group isomorphic
to Z, and additive group isomorphic to the infinite dihedral group Do .

Proof. Let G = (g) ~ Z. A direct calculation shows that the operations
_1\k
gk +gl _ gk+( 1) l’ gk Ogl _ gk+l’ If,l c Z,

turn G into a skew left brace with additive group isomorphic to the infinite dihedral
group D, and multiplicative group isomorphic to Z. (Il

6. INDECOMPOSABLE SOLUTIONS

Let A be a skew left brace and a € A. We say that the skew left brace A is
generated by a if A is the smallest sub skew left brace of A containing a. Let (X, r)
be a non-degenerate set-theoretic solution of the Yang—Baxter equation, where
r(x,y) = (02(y), 7y()). Recall from [12] that (X,r) is said to be decomposable if
there exist disjoint non-empty subsets X; and X of X such that X = X; U X5
and r(X; x X;) = X; x X, for all 4, j < 2. If it is not possible to find such subsets
X1 and X5 of X, the solution (X,r) is said to be indecomposable. By the orbit
of an element z € X we will mean the smallest subset Y of X such that z € YV
and 0, (y),0; (y), 72(y), 7, (y) € Y, for all y € Y and 2 € X. That is, if H
is the subgroup of the symmetric group S(X) over X generated by o, 7, for all
x € X, then the orbit of z € X is Y = {h(z): h € H}. Note that a non-degenerate
set-theoretic solution (X,r) of the Yang—Baxter equation can be decomposed into
orbits X;, for i € I, such that (X, x X;) = X; x X, for all {, j € I. Each restriction
(Xi,7|x,xx,) is again a non-degenerate set-theoretic solution of the Yang—Baxter
equation. However, such restricted solutions need not to be indecomposable.

Example 6.1. Let (A, +,-) be a commutative nilpotent ring with generators x,y
and relations x + v =y +y =0, 22 =y> = 0. Let (A, +,0) be the associated brace
and (A,r4) be the associated involutive non-degenerate set-theoretic solution. Then
Y = {x,x + yx} is an orbit. Observe that the solution (Y,r|yxy) is decomposable
and Y = {z} U{z + zy} is the decomposition of Y into its orbits.

Recall that if A is a skew left brace, then its associated solution (A, r4) is defined
by ra(a,b) = (04(b),7(a)), for all a,b € A, where o,(b) = A (b) and 7,(a) =
Aa(b) 0oaob (see [18]). In [18, Theorem 3.1] it is proved that (A,r4) is a non-
degenerate set-theoretic solution of the Yang—Baxter equation.

Remark 6.2. Let (X,r) be an involutive non-degenerate set-theoretic solution of
the Yang-Baxter equation. We write r(x,y) = (04(y), 7y(x)). Since r is involutive
we have that Ty (x) = U;l(y) () and 04(b) = T;%a)(b), Note that the orbit of v € X
18

Oy = {Uleyz c Oyor 1 Tyam ('T) Y1, -Yom € X U {O}}v
where 0 ¢ X and o9 = 79 = idx. This is because

o, (z) = Uazl(ogl(y))(z) =T,-1(,)(%) € O,
and

T;l(z) = TT:ET;I(y))(z) =0,-1(,(2) € O,
forall z € O, and all y € X.

Therefore our definition of orbit of an element of a non-degenerate set-theoretic
solution of the Yang—Baxter equation coincides with the definition of orbit in [29,
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Section 2.1] in the involutive case. It is easy to see that these definitions of orbits
also coincide for finite non-degenerate set-theoretic solutions of the Yang—Baxter
equation. However our definition of orbit does not coincide with the definition of
orbit in [29, Section 2.1] for arbitrary infinite non-degenerate set-theoretic solution
of the Yang—Baxter equation, as the following example shows.

Example 6.3. Consider the map r: ZxZ — ZXZ defined by r(a,b) = (b+1,a+1),
for all a,b € Z. It is easy to check that (Z,r) is a non-degenerate set-theoretic
solution of the Yang—Baaxter equation. With our definition of orbit, the orbit of
every element a € Z is Z. With the definition of orbit in [29, Section 2.1], the orbit
of a € Z is
X, ={a+n:n is a non-negative integer}.

Note that the restriction v’ = 7|x,xx,: Xa X Xoa = Xo X Xq of 7 to X, x X, 18
non-bijective map. In fact (Xq,r'") is a non-bijective set-theoretic solution of the
Yang-Bazter equation. Furthermore, if we write r'(b,c) = (op(c), 7e(b)), for all
b,ce X,, then op: X, — X, is not bijective.

Proposition 6.4. Let A be a skew left brace generated (as a skew left brace) by an
element x. Let X = {A\g(x): a € A}. Then A= (X); = (X)o.

Proof. Note that z = Ao(z) € X. Since A : (A4,0) — Aut(4,+) is a homomorphism
of groups, it is clear that \,({(X)y) C (X)), for alla € A. Let y,z € (X),. We
have that
yoz =y+ A (2) =y+ A\(=Ar(2)) € (X) .

Hence (X)) is a sub skew left brace of A containing z and thus A = (X) .

Let t € (X)o. Then t = Ay, (z)* 00X, (z)°", for some a; € Aand ¢; € {/,1}
(where a! = a). We shall prove that A\,(t) € (X), by induction on n. For n = 1,
we may assume that t = Ay, (z)’. In this case

Aa(t) = Aa(=Ae(Aa, (2))) = —Adotoa, ()
= X< Auston, (@) (Aaotoas () € (X)o

Suppose that n > 1 and that Ay(Ap, ()" 0 -+ 0 Ay, _,(z)""1) € (X),, for all
b,b1,...,bp—1 € Aand vj € {/,1}. Thus
Aa(t) = Aa(Aay ()7 + Ax,, ()51 (Map ()72 0+ 0 Ag,, (2)7))

= Aa(Aar (2)7) + Aaor,, (m)er Moz ()72 0 - 0 Ag,, (2)7)

= Xa(Aay (2)71) 0 A(n, (Aa, (2)71)) 0000, ( z)El( ()00 N, (2)7) € (X)o,
by the inductive hypothesis. Therefore A\, ((X)o) C (X)o, for all a € A.

oz

Let ¢,z € (X)o. We have that —t 4+ z = A\(t/ 0 2) € (X),. Hence (X), is a sub
skew left brace of A containing = and thus A = (X), and the result follows. O

As a consequence we obtain a generalization of [29, Theorem 5.4] to skew left
braces. In particular, by Remark 6.2, we answer in positive [29, Question 5.6].

Proposition 6.5. Let B be a skew left brace and let © € B. Let A = B(x) be the
smallest sub skew left brace of B containing x. Let (A,r4) be the solution associated
to the skew left brace A and let X be the orbit of x in (A,ra). Then (X,ralxxx)
is indecomposable.
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Proof. Recall that ra(a,b) = (04(b),7(a)), where o4(b) = A (b) and 7(a) =
Aa(b) caob, for all a,b € A. By [18, Corollary 1.10], the map A: (A,0) — Aut(A, +)
defined by A(a) = A,, for all @ € A, is a homomorphism of groups. By [,
Lemma 2.4], the map 7: (4,0) — S(A) defined by 7(a) = 7, is an antihomo-
morphism of groups.

Let X1 = {A.(x): a € A}. Note that X; C X. By Proposition 6.4, A = (X1),.
Let z,t € X. Hence there exist a1, ..., a2,,b1,...,bam € X1 U X] U{1}, such that
Z=Aa1Tay """ Aagy_1 Tas, (SL') and t = X, Ty, = Aby, 1 Tho, ($)7

where X1 = {y': y € X;}. Thus
t:AblTbZ-..AmeflTmeTaénA "'Taé)‘ai(z)'

Therefore the result follows. O

’
Aop—1

Proposition 6.6. Let (X,r) be a non-degenerate set-theoretic solution of the Yang—
Baater equation, and suppose that (X,r) is decomposable with X =Y U Z, then
Y and Z are unions of orbits. In particular, every non-degenerate solution with a
unique orbit is indecomposable.

Proof. If (X, r) is a decomposable non-degenerate solution, then X is the union of
two disjoint non-empty sets Y and Z such that (Y xY) =Y xY,r(Zx2Z) = Zx Z,
rYxZ)=ZxY and r(Z xY) =Y x Z. Therefore r(X xY) =Y x X and
rY x X) = X xY. We write r(z,y) = (0(y), 7y(z)). Let y € Y and z € X.
Hence have o,(y) € Y and 7,(y) € Y. Similarly 0,(z),7.(2) € Z for all z € Z
and z € X. Since 0,(0,;1(y)) =y € Y forall y € Y and = € X, we have that
o' (y) € X\ Z =Y. Similarly, 7, *(y) € Y for all y € Y and all z € X. Hence Y
and Z are unions of orbits of elements. In particular, every non-degenerate solution
with a unique orbit is indecomposable. ([l
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