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Automorphy lifting for residually reducible [-adic Galois
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Abstract

We prove automorphy lifting theorems for residually reducible Galois representations in the setting
of unitary groups over CM fields. Our methods are inspired by those of Skinner—Wiles in the setting of

GLs.
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Introduction

In this paper we prove new automorphy lifting theorems for [-adic Galois representations over CM fields
satisfying a self-duality hypothesis. The main novelty is that we can prove lifting results for Galois repre-
sentations which are residually reducible. This paper can therefore be viewed as a sequel to [Thol2|, where
we treated the residually irreducible case. However, there are a number of serious new obstacles.

Let F be an imaginary CM field with totally real subfield F*, and let ¢ € Gal(F/F*) denote the
non-trivial element. Let p : Gr — GL,(Q,) be a continuous irreducible representation. We suppose that
p is conjugate self-dual, in the sense that p¢ = pVel ™" (e denoting the [-adic cyclotomic character), and de
Rham with distinct Hodge—Tate weights, in the sense of [-adic Hodge theory. The central problem for us is
to show that p is automorphic, i.e. that p arises from automorphic forms as in Theorem [2.2] below. Choosing
a suitable finite extension K of Q; in Q; with ring of integers O and an invariant Og-lattice inside K", we
can view p as a representation Gp — GL,,(Ok). Then (writing A C Ok for the unique maximal ideal) the
reduced representation p = p mod A makes sense, and its semisimplification p*° is independent of the choice
of invariant lattice. Previous efforts have centered around the case where p is absolutely irreducible. In this
case, assuming the existence of a lift of p which arises from automorphic forms, we obtain a map ¢ : R — T,
where R is the universal deformation ring of 7 classifying deformations of a certain well-chosen type (for
example, conjugate self-dual, de Rham with fixed Hodge-Tate weights), and T is the quotient classifying
deformations which arise from a suitable space of automorphic forms (for example, automorphic forms on a
unitary group which have cohomology for a fixed system of coefficients). We can then proceed by trying to
show that ¢ is close to being an isomorphism.

If p is not absolutely irreducible, then problems arise. First, the universal deformation ring need not
exist in general. For some choices of invariant lattice, one can arrive at a p with scalar centralizer. (This
is the approach adopted in the work of Skinner-Wiles [SW99], where the authors choose p to take values
in the group Bs C GLy of upper-triangular matrices.) In this case, the universal deformation ring exists,
but there need not exist a map R — T. In general one can expect a map R¥* — T, where R denotes the
universal pseudodeformation ring of the pseudocharacter trp, but the ring R" is difficult to control using
Galois cohomology, a tool which is essential in other arguments.

In this paper we circumvent these problems in some cases by permitting p which are ‘reducible, but
not too reducible’. In fact, we allow residual representations which are Schur, in the sense of Definition |3.2
(This property was first defined in [CHTO§|.) If 5 is Schur then the universal deformation ring R exists,
and is related to the universal pseudodeformation ring RY in a simple way. This behavior is related to the
existence of elliptic endoscopic groups of U(n).

Having restricted our attention to this class of representations, we try to apply the Taylor—Wiles—
Kisin argument. The relevant arguments in Galois cohomology require the residual representation to be
absolutely irreducible (at the very least; current technology asks for it further to be adequate, in the sense
of [Thol2]). In order to circumvent this difficulty, we follow the strategy of Skinner—-Wiles [SW99], who have
proved automorphy lifting theorems for GL9, working with residually reducible representations over totally
real fields. The basic idea is that by working with Hida families we can move from the residual representation
0 to an irreducible representation with coefficients in a one-dimensional quotient of the Iwasawa algebra. One
can then try to apply the usual arguments to a localization of R at the dimension one prime corresponding
to such a representation. (This means we must restrict to representations p which are not only de Rham but
even ordinary at primes dividing [.)

There is one final hiccup. At a key point in the argument, we must show that the locus inside Spec R
of reducible Galois representations has large codimension. In contrast to the case of GLy, when working with
unitary Galois representations, there is no a priori reason for this to be the case; the endoscopic parameters



can contribute irreducible components of Spec R which have full dimension. (In the context in which we
work, one expects a universal deformation ring allowing representations ordinary at [, of variable Hodge—
Tate weights, to be equidimensional of dimension 1 + nd, where d = [F™ : Q].) For this reason, we must
impose an additional hypothesis. For example, we can ask for p to admit a place v at which the associated
Weil-Deligne representation of p|g,, corresponds under the local Langlands correspondence to a twist of
the Steinberg representation. Since this is incompatible with p being a direct sum of two representations of
strictly smaller dimension, we can force the locus of reducible deformations to be small. Our main theorem,
Theorem is an automorphy lifting theorem which makes use of this assumption.

Let us briefly describe one possible application of our work. Part of the interest of automorphy
lifting theorems in the residually reducible case is that it is often easier to verify the residual automorphy
hypothesis. For example, Skinner—Wiles take the approach of showing that the constant term of a GLq
Eisenstein series vanishes mod [, so one can apply the Deligne-Serre lemma to obtain a congruence with
cusp form. A different approach can be taken with automorphic forms on unitary groups. For example, one
can take an endoscopic lift from a product of smaller unitary groups and then apply a level-raising result (as
in, for example, the work of Bellaiche-Grafticaux [BG06] or our paper [Tho|) to obtain a congruence with an
automorphic representation which is stable. Since the automorphic representations we eventually consider
are for other reasons assumed to be square-integrable at a finite place, this approach seems particularly
effective here.

In the final section below we discuss a theorem (Theorem which combines this idea with Serre’s
conjecture for GLs over Q (now a theorem of Khare-Wintenberger and Kisin) to prove an automorphy result
for irreducible three-dimensional Galois representations over a quadratic imaginary field, with no hypothesis
of residual automorphy. In joint work with L. Clozel [CTa], [CTh], we will apply similar ideas to the problem
of symmetric power functoriality for GLs, proving for example the following theorenﬂ for which this paper
represents an essential input:

Theorem. Let E be an elliptic curve over Q, without complex multiplication. Then the 5" symmetric power

L-function of E is automorphic, and thus has an analytic continuation to the entire complex plane.

We now describe the organization of this paper. In we collect some useful results in commutative
algebra. In we recall the definition of a RAECSDC automorphic representation of GL,(Ar). In §3]
we describe the basic objects in deformation theory with which we work. In particular, we make our first
important observation, about the relation between the rings R and R'" (denoted RY™" and Ps in the body of
the paper). Namely, we show that when p is Schur, the natural map R* — R is a finite ring homomorphism.
This generalizes the well-known fact (due to Carayol for GL,,) that if p is absolutely irreducible, then R" — R
is surjective.

In §4 we define the relevant spaces of automorphic forms and recall some basic facts from Hida
theory. We prove an ‘R, = T’ theorem under some stringent hypotheses. Here p denotes a dimension one
prime of R, and (-), denotes localization and completion at that prime. Then §5|is devoted to giving some
situations when these hypotheses can be expected to hold.

In we show how to upgrade an ‘R, = T,’ theorem into information about the relation between R
and T. Since R, only knows about the irreducible components of Spec R which contain p, we need a way to
move between different components of Spec R; to do this we use some input from commutative algebra, in the
form of the notion of connectedness dimension of local rings. In §7] we give our main result, an automorphy
lifting theorem using all of the ideas discussed in this introduction. Finally, in §8|we describe an application
of our work to the Fontaine-Mazur conjecture for U(3).
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Notation

If F is a field of characteristic zero with a fixed algebraic closure F, then we write Gz = Gal(F/F) for
its absolute Galois group. If F/F* is a quadratic extension of such fields, we write dp/p+ for the non-
trivial character of Gal(F/FT). We write ¢ : Gp — Z;° for the l-adic cyclotomic character. If the prime
l is understood, we will write ¢, = €. We use the term ‘CM field’ to mean a totally imaginary quadratic
extension of a totally real number field. If F' is a CM field, then it is endowed with a canonical involution ¢
with the property that for all z € F' and for all embeddings 7 : F' — C, we have 7o ¢(z) = 7(z). Then the
subfield Ft = F°=! is the maximal totally real subfield of F.

We fix throughout this paper an algebraic closure Q, of Q; for each prime [, and write val; : @lx —-Q
for the l-adic valuation, normalized so that val;(I) = 1. If F is a number field, then we will fix choices of
algebraic closure F' of F, algebraic closures F, of the completion F, for each place v of F, and embeddings
F — F, extending the canonical embeddings F' < F,. These choices determine maps G, < Gp. If x is a
character Ay, /F* — C* of type Ay (i.e. the restriction of x to (F ®gR) is given by [, g ¢ 2% for some

integers a,), and ¢ is an isomorphism Q; — C, then we write 7,(x) : Gp — @lx for the associated l-adic
character, given by the formula

Aeoeann@ II at]=xw I =

T€Hom(F,C) T€Hom(F,C)

where Artp is the global Artin map

Artp = [[ Artr, : A} — G

We normalize the local Artin maps Artp, to take uniformizers to geometric Frobenius elements. If v is a
finite place of F', we will write Op, for the ring of integers of F,, k(v) for its residue field, and ¢, for the
cardinality of k(v). We write Ip, C Gp, for the inertia group, and Frob, € Gp, /I, for the geometric
Frobenius element. If v|l and p : Gr, — GL,(Q;) is a continuous representation, and 7 : F, — Q; is a
continuous embedding, then we write HT,(p) for the multiset of integers whose elements are the integers 4
such that gr’(p®;. g, Bar)“F # 0, with multiplicity dimg, gr'(p®; r, Bar)“Fv. Here Byr denotes Fontaine’s
ring of p-adic (or l-adic) periods, cf. [Ber04]. If p is de Rham, then this set has n distinct elements. If
p: Gp — GL,(Q)) is a continuous representation, and 7 : F' < Q is an embedding, then we write HT, (p)
to mean HT;(p|g,, ), where v is the place of I induced by the embedding 7. Thus for the character r,(x)
defined above, we have
HT-(r.(x)) = {-a:r},

and HT,(¢) = {—1} for any 7.

If v is a finite place of F', then we write recr, for the local Langlands correspondence for F,, as defined
in [HTOI]. By definition, it is a bijection between the set of isomorphism classes of irreducible admissible
representations of GL, (F,) over C, and the set of Frobenius-semisimple Weil-Deligne representations (r, N)
of Wg, over C. It is characterized uniquely by the equality of certain e~ and L-factors. If 7 is an irreducible
admissible representation of GLy, (F,), then we define recf, (7) = recp, (r®]- |(1=1)/2) " Then recy, commutes
with the action of Aut(C), and therefore makes sense over any field 2 which is abstractly isomorphic to C
(e.g. Q). If p: Gp, — GL,(Q)) is a continuous representation (which is de Rham if v|l), then we write
WD(p) = (r, N) for the associated Weil-Deligne representation. If (r, N) is a Weil-Deligne representation,
then we write (7, N)F-** for its Frobenius-semisimplification.

We write Z7} C Z™ for the set of tuples A = (A1,..., A,) of integers with Ay > --- > \,,.

If Ris aring and p C R is a prime ideal, then we write R, for the localization of R at p (i.e. the
ring (R — p) ' R), R, for the completion of R, at the ideal p(,), and k(p) = Frac R/p for the residue field
of p. If R is a local ring, then we write mp for its unique maximal ideal.



1 Preliminaries in commutative algebra

Let [ be a prime and let K be a finite extension of Q; inside Q;. We write O for the ring of integers of
K, A C O for the maximal ideal, and k = O/ for the residue field. If R is a complete Noetherian local
(O-algebra with residue field k, then we write Cr for the category of complete Noetherian local R-algebras
with residue field k.

Definition 1.1. A ring A € Co is said to be geometrically integral (resp. geometrically irreducible) if for
every finite extension E/K in Q, the algebra A®p OF is a domain (resp. Spec A®p Of is irreducible). A
ring A € Cy, is said to be geometrically integral (resp. geometrically irreducible) if for every finite extension
k' [k, the algebra A @y k' is a domain (resp. Spec A @y k' is irreducible).

Definition 1.2. Let R, S be complete Noetherian local O-algebras (not necessarily with residue field k).
We view R and S as being endowed with their mg-adic and mg-adic topologies, respectively. We define the
completed tensor product R®oS to be the completion of the algebra R®o S for the I-adic topology generated
by the ideal I = (mg, mg) C RRoS.

The completed tensor product R® S is equipped with canonical continuous maps p : R — R®0S,
o:5 = R®rS. This operation has natural commutativity and associativity properties; see [Gro60, Ch. 0,
§7.7].

Lemma 1.3. Let R, S be complete Noetherian local O-algebras. Suppose that R/mp is a finite extension of
k. Then:

1. If S is O-flat, then R®0S is R-flat.

2. R®oS is a semi-local Noetherian ring, and its mazimal ideals are in bijection with the mazimal ideals
of R/mgr ® S/mg. In particular, if R/mgr =k then RQoS is a complete Noetherian local O-algebra,
and if further S/mg =k, then R®oS is a complete Noetherian local O-algebra with residue field k.

3. Suppose that R/mpr = k. Then R®0S has the following universal property: let T be a complete
Noetherian local O-algebra, and let w : R — T, v : S — T be continuous morphisms of O-algebras.
Then there is a unique continuous O-algebra morphism w : RRoS — T such that wo p = u and
woo =u.

Proof. The first 2 parts follow from [Gro64, Ch. 0, (19.7.1.2)], the third from [Gro60, Ch. 0, (7.7.6)]. O
Lemma 1.4. 1. Let A, B € Co be O-flat domains. Then dim AR0oB =dimA+dimB — 1.

2. Let A, B € Co be O-flat and geometrically integral (resp. geometrically irreducible). Then ARoB is
O-flat and geometrically integral (resp. geometrically irreducible).

3. Let A, B € Cy, be geometrically integral (resp. geometrically irreducible). Then ARy B is geometrically
integral (resp. geometrically irreducible).

4. Suppose A € Co (resp. B € Co) has distinct minimal primes p1,...,pr (resp. q1,-..,qs). Suppose that
the rings A/p; and B/q; are all O-flat and geometrically integral. Then the distinct minimal primes
of ARoB are (piygj), i=1,...,r,j=1,...,s.

5. Suppose A € Cy, (resp. B € C) has distinct minimal primes p1,...,p, (resp. q1,...,qs). Suppose that
the rings A/p; and B/q; are all geometrically integral. Then the distinct minimal primes of A®wLB are

(pi,qj),izl,...7T,j:1,...,S.

6. Let A, B € Co, and suppose that for each minimal prime p C A (resp. q C B), the quotient A/p (resp.
B/q) is O-flat and geometrically integral. Suppose moreover that for each minimal prime p C A/(N)
(resp. q C B/(\)), p contains a unique minimal prime of A (resp. q contains a unique minimal prime
of B). Then each minimal prime of AQoB/(\) contains a unique minimal prime of A®oB.



7. Let A, B € Ci, and suppose that for each minimal prime p C A (resp. q C B), A/p is geometrically
integral over k (resp. B/q is geometrically integral over k). Suppose moreover that A and B are
generically reduced. Then ARy B is generically reduced.

8. Let A, B € Co, and suppose that for each minimal prime p C A/(X\) (resp. q C B/(\)), A/p is
geometrically integral over k (resp. B/q is geometrically integral over k). Suppose moreover that both
A/(N) and B/(\) are generically reduced. Then ARoB/()\) is generically reduced.

Proof. Parts 1-5 are contained in [BLGHTIIl Lemma 3.3]. Part 6 is contained in [BLGHTTI], Lemma 3.3],
except the authors assume in addition that for each minimal prime p C A/(\), ¢ C B/(A), the quotients A/p
and B/q are geometrically integral over k. We thank the referee for pointing out that the conclusion holds
without making this assumption, and for providing the following proof. Let q C AQp B /(A) be a minimal
prime. We must show that there is a unique minimal prime of A®» B contained inside it. Let q4 (resp. qz)
denote the pullback of q to A/(A) (resp. B/()A)). The maps

A/(N) = ABoB/(\) = A/(N&@rB/(\)

and
B/(\) = ABoB/(X\) = A/(\)@xB/())

are flat, and so q4 and qp are minimal primes. By assumption, there is a unique minimal prime p4 of
A contained in g4 (resp. a unique minimal prime pp of B contained in qp). By part 4 of the lemma,
p=(pa,pp) is a minimal prime of A®o B, which is contained in g.

Suppose that p’ is another minimal prime of A®» B which is contained in q. We can find minimal
primes p’y C A, plz C B such that p’ = (p'4,p5). We have p; C q4 and p3 C qp; by assumption, this
implies p’y = pa and plz = pp, hence p’ = p. This establishes the desired uniqueness, and completes the
proof of part 6 of the lemma.

Part 8 follows on applying part 7 to the ring (A®oB)/(\) = A/(A\)®xB/()\). We prove part 7. Let
I C A, J C B be the respective nilpotent ideals. The assertion that A is generically reduced is equivalent
to the assertion that every element x € I is annihilated by an element f € A which is not contained in any
minimal prime of A. (More precisely, it means that for every x € I and for every minimal prime p of A, there
is an element f € A — p such that fo = 0. Since Anny(x) C A is an ideal, prime avoidance implies that we
can find f € A such that fx =0 and f is not contained in any minimal prime of A.) Similar remarks apply
to B. On the other hand, if f € A and g € B are not contained in any minimal prime, it follows from part
5 of the lemma that f ® g € A®,B is not contained in any minimal prime.

The nilpotent ideal of A& B is equal to (I,J) = I- ARy B+.J- ARy B (as A/I®B/J is reduced, by
[Gro65, Ch. 1V, (7.5.7)]). Let « € I, y € J, and choose elements f € A, g € B not contained in any minimal
primes and with fz = 0 and gy = 0. Then f ® g - (tA®B + yA®,B) = 0. Since z,y were arbitrary, this
shows that A®B is generically reduced. O

Lemma 1.5. Let R, S € Co. Let P C R/(\) be a prime, and let P' = (P,mg) C R®0S. Then there is a
canonical isomorphism RpR0pS = (RRoS)p:.

Proof. We construct the maps in either direction. There are canonical isomorphisms

R®pS = lim R ®o S/mk, Rp®oS = lim Rp ®0 S/ml,

so passing to the limit with respect to the natural maps R ®@ S/mfg — Rp®o S/mfg, we obtain a homomor-
phism R®pS — Rp®pS. The pre-image of the maximal ideal (P,mg) C Rp®pS is P’, so after localization
and completion we obtain a continuous map f : (R@oS)p/ — Rp@@S. To go in the other direction, we
observe that there are natural maps

R — R®0S — (R20S)p:, S = R20S — (R®0S)pr,

and the first extends by continuity to a map Rp — (R®0S)p. The universal property of Rp®eS then
gives rise to a map g : Rp®pS — (R®0S)ps. To finish the proof of the lemma, we must show fg and gf



equal the identity. It is clear from the construction that the map fg: Rp®pS — Rp®0S agrees with the
identity on the image of R ®o S, hence on the image of R(p)y ®o S. Since this image is dense, fg equals the
identity. A similar argument shows that ¢f is the identity, and completes the proof. O

A useful special case of the lemma arises when S = O[ X7, ..., X,], for some n > 0. We then obtain
a canonical isomorphism
RP®OO[[X1, ce ,Xn]] = RHXl, R ,Xn]]p/.

The next result generalizes [Tay08, Lemma 2.7].

Proposition 1.6. Let A be an excellent local O-algebra, and let p1,...,p, be the distinct minimal primes
of A. Suppose that A satisfies the following conditions.

1. For eachi=1,...,r, A/p; is O-flat of dimension d+ 1, and A/(\) is generically reduced.
2. Each minimal prime of A/(\) contains a unique minimal prime of A.
Let B=A. Then:
1. For each minimal prime q C B, B/q is O-flat of dimension d+ 1, and B/(\) is generically reduced.
2. Each minimal prime of B/(\) contains a unique minimal prime of B.

Proof. We may suppose without loss of generality that A is reduced. The ring A is equidimensional of
dimension d + 1, so B is equidimensional of dimension d + 1 by [Mat89, Corollary 31.5]. It is also O-flat,
so A/()) is equidimensional of dimension d (by [Mat89, Theorem 31.5]) and B is O-flat (since A — B is
faithfully flat). Moreover, B/()\) is generically reduced since A/()\) is generically reduced and A is excellent
(cf. [Mat89, Theorem 23.9]). This proves the first point in the statement of the proposition.

Let A denote the normalization of A. Thus A = I ﬁi, where ﬁz is the normalization of A/p;. Let
q;,; be the distinct minimal primes of A/(p;, A). The rings A/p; and A; are O-flat domains, and the maps
A/p; — A; are finite (since A is excellent). Consequently, the rings A/(p;, A) and A4;/(\) are equidimensional
of dimension d, by [Mat89, Theorem 31.5], and the maps A/(p;, \) — A;/(\) are finite.

In fact, the q; ; are the distinct minimal primes of A/()). Indeed, they are distinct, since if q; ; = ¢,/ ;v
then p; C q;; = qirjv, so @ = ¢’ (since each minimal prime of A/(\) contains a unique minimal prime of
A, by hypothesis), and then j = j’ (by construction). They exhaust the minimal primes of A/()\), since if
o C A/(N\) is any minimal prime, then dim A/p = d = dim A — 1, so p contains p; for some i.

We now observe that A/(p:)(q, ;) = A(q, ;) isa DVR. Indeed, the ideal (A) is principal and A(q, y/(A) =

(¥

A/(N)(q. ;) is a field, since A/(X) is generically reduced. Since localization commutes with normalization, it

follows that A, ;) = Avia(ﬂi,j)' Let Q = ﬁ/A7 a finite A-module. Then @4, ;) = 0 for all 4, j, and we have
exact sequences

0 A A Q 0 (1.1)
and (after applying — ®4 B to (L.1))
0——>B——[]; Aim, ., —>Q—0, (1.2)

where the product is taken over the finitely many maximal ideals m; ; of El Let v; ; = ker(B — gzmm)
If p C B is a minimal prime, then p N A is minimal in A (by the going down theorem, cf. [Mat89]

Theorem 15.1]), so equals p;, for some i. Then Q,,) = @(p) = 0. Since By, is a local ring, it follows that

By = (Aim, .. )(p) for some pair (i, k) which is uniquely determined by p, and then p = t; ;. Since each t;
contains a minimal prime of B, it follows that the t; ; are the distinct minimal primes of B.

Now suppose that p C B/(\) is a minimal prime. Then p N A/(\) is minimal, hence equals q; ; for
some i, j, and Q(q, ;) = @(p) = 0. Again using the fact that By, is a local ring, we see that exactly one of the

localizations (Zlm +)(p) is non-zero, and it follows that p contains exactly one of the ideals t; x. Combining
this with the reasoning of the previous paragraph, we see that g contains a unique minimal prime of B. This
completes the proof. O



The following definition plays an important role in

Definition 1.7. Let R € Cn. The connectedness dimension of R is

C(R) = Ciné‘ {dlm UCGCl,DGCQC n D} R
1,2
where the infimum is taken over the set of partitions of the set of irreducible components of Spec R into two
disjoint non-empty subsets Cy,Cs.
If I C R is an ideal, the arithmetic rank r(I) of I is the minimal integer r such that there exist

elements fi,..., fr with \/(f1,..., fr) = VI.

Proposition 1.8. With R,I as above, let S = R/I. Then we have ¢(S) > ¢(R) —r(I) — 1.
Proof. This follows immediately from [BR86, Theorem 2.4]. O
We finish this section with some miscellaneous lemmas.

Lemma 1.9. Let R be an object of Ci, of dimension d > 1, and suppose given countably many ideals I, Io, . . .
such that for all i, we have dim R/I; < d — 1. Then there exists a dimension one prime p C R such that p
does not contain I; for any i.

Proof. 1If d = 1 then the result is clear. Otherwise, by the Noether normalization theorem for complete local
rings, we can find an injective finite map k[z1,...,z4] < R. We may therefore assume R = k[z1,...,z4]
and that each I, = (f;) is principal. Then R is a UFD and there exist uncountably many pairwise non-
associate prime elements g € mp —m%, as follows easily from the Weierstrass preparation theorem. Choosing
g coprime to each f; and passing to R/(g), we can reduce by induction to the case d = 1. O

Lemma 1.10. 1. Let A be a Noetherian local ring, and let M be a finite A-module. Suppose that
depthy M > dim A. Then equality holds, and Suppy M C Spec A is a union of irreducible compo-
nents of Spec A of dimension dim A.

2. Let A be a Noetherian local ring, and let M be a finite A-module. Suppose that M is nearly faithful
(i.e. Anny (M) C A is a nilpotent ideal), and let I C A be a proper ideal. Then M/(I) is a nearly
faithful AJ/I-module.

3. Let A be a Noetherian local O-algebra, and let M be a finite A-module which is flat over O. Let
o C A/(A) be a prime minimal in Supp 4,5y M/(A). Then g is not minimal in Supp 4 M.

Proof. The first part follows from the proof of [Tay08, Lemma 2.3] (if not quite its statement). The second
part is contained in [Tay08, Lemma 2.2]. We now prove the third part. Suppose that @ is minimal in
Supp,4 M. Then g is an associated prime of M (by [Mat89, Theorem 6.5]), hence consists of zero-divisors
on M (by [Mat89, Theorem 6.1]). Since A € p, this contradicts the hypothesis that M is O-flat. O

2 Automorphic forms on GL,(Ap)

In this section we define the class of automorphic representations whose attached Galois representations we
wish to study. Let F' be a CM field with maximal totally real subfield F'*.

Definition 2.1. We say that a pair (7, x) of an automorphic representation m of GL,(Ar) and a continuous
character x : (FT)*\A%, — C* is RAECSDC (regular, algebraic, essentially conjugate self-dual, cuspidal)
if it satisfies the following properties:

1. w is cuspidal.
2. =71V @xoNp/p+.

3. xo(—=1) = (=1)" for each place v|oo of F't.



4. The infinitesimal character of m agrees with the infinitesimal character of an algebraic representation
of the group Resg GL,.

We say that an automorphic representation © of GL,(Ar) is RACSDC if it satisfies these conditions with

n

X = 5F/F+'

If A= (A\r)rposc € (27)Hem(F0) et =, denote the irreducible representation of GLEm(PO) which
is the tensor product over 7 € Hom(F,C) of the irreducible representation of GL,, with highest weight A..
If 7 has the same infinitesimal character as =Y, we say that = has weight .

Theorem 2.2. Let (m,x) be a RAECSDC automorphic representation of GL,(Ar) of weight \. Fiz an
isomorphism v : Q; — C. Then there exists a continuous semisimple representation

r.(m) : Gp — GL,(Q))
satisfying the following conditions.

1. TL(T[-)C = TL(TF)Velian(X)‘GF'

2. For each place v|l of F, r,(7)|cy, is de Rham, and for each embedding T : F' — Q; we have

HT, (1, (7)) = {Mrs Aernet + 1, oo, Art + 10— 1)

3. For each finite place v of F, we have WD(r,(m)|a,, )F** = rec], (17 'm,).
These conditions characterize r,(m) uniquely up to isomorphism.

Proof. This theorem represents the culmination of the work of many people. We refer to [CH13, Theorem
3.2.3] for the existence of r, (), and [Carl2] (resp. [Car]) for the completion of the proof of local-global
compatibility in the case v {1 (resp. v|l). The uniqueness of r,(7) is an easy consequence of the Chebotarev
density theorem. O

Let A € (z7)Hom(FQ)  Given an isomorphism ¢ : Q; — C, we define (A € (Z7)Hom(F0) by the
formula (¢1A); = A\,-1,. If p: Gp — GL,(Q,) is a continuous representation and there exists a RAECSDC
automorphic representation m of weight ¢\ such that p = r,(7), we shall say that p is automorphic of weight
A. This paper is dedicated to proving that certain [-adic Galois representations arise from automorphic forms
in this sense.

As discussed in the introduction, we must restrict to automorphic forms which are t-ordinary, in the
sense of [Ger Definition 5.1.2]. Here we give a different, but equivalent definition:

Lemma 2.3. Let + : Q, — C be an isomorphism, let \ € (Zﬁ)Hom(F’@l), and let (w,x) be a RAECSDC
automorphic representation of GL,(Ar) of weight t\. Then 7 is t-ordinary if and only if for each place v|l

of F, there exist smooth characters Xy 1,...,Xvn : Ff = @ZX satisfying the following conditions:
1. For each place v|l of F, for each uniformizer w, of F,, and for eachi=1,...,n, we have
1 n—1 .
o) = = 3 (A= U5 vin 1)
T:Fy—Q,

(We write e, for the absolute ramification index of F,, and w, € F)* for a choice of uniformizer.) In
particular, we have valj(xy,1(wy)) < vali(xv2(@y)) < -+ < val(xv,n(@w)).

(Fy)

2. For each place v|l of F, m, is a subquotient of the normalized induction n-IndgL" X0l @+ @ X on-

We observe that if 7 is t-ordinary and v|l, then the tuple (xy1,- - -, Xov,n) In the statement of Lemma
is uniquely determined by ¢ and 7 (or even by (= 17,).



Proof. This follows easily from [Ger, Lemma 5.1.1]. O

Theorem 2.4. Let 1 : Q, — C be an isomorphism, let A € (Zi)Hom(F’Ql), and let (w,x) be a RAECSDC
automorphic representation of GL,(Ag) which is t-ordinary of weight t\. Let v be a place of F dividing
I, and let (X1, Xon) be the tuple of characters associated to v~ m, by Lemma . Then there is an
isomorphism

P % *
0 92 *
TL(W)|GF1, ~ . . . ’
: Lk
0 ... 0 4,
where for eachi=1,...,n, ¢¥; : Gp, — @ZX 18 a continuous character satisfying the identity
Ui(Artr, (0)) = Xxva(o) [ r(o)”Grmmemtioh (2.1)

T:Fu%@l

forall o € OF .

Proof. This follows from local-global compatibility at [ = p (cf. the proof of [Ger, Corollary 2.7.8], which
treats the case where 7, is unramified). We sketch the proof, which uses Fontaine’s theory of weakly
admissible modules, cf. [Fon94], [BM02, §2]. Let p = r,(m)|g,, , and let K C @; be a finite extension of
Q; such that p takes values in GL,(K). Let L C F, be a finite Galois extension of F, such that p|q,
is semi-stable. After possibly enlarging K, we can suppose in addition that K contains the images of all
embeddings L «— Q,. We write Ly for the maximal absolutely unramified subfield of L, and o for the
absolute (arithmetic) Frobenius of Lg.

Fontaine’s functor Dg; ;, associates (cf. [Fon94l §5.6.3]) to p a (¢, N,L/F,, K)-module D. By
definition, D is a free Ly ®q, K-module equipped with the following data:

e A 0 ® l-semilinear endomorphism ¢ of D.
e An Ly ®qg, K-linear endomorphism N of D satisfying the relation Ny = lpN.

e An L-semilinear, K-linear action of the group Gal(L/F,) on D that commutes with the action of ¢
and N.

Moreover, D is filtered: it is endowed with a decreasing, separated, exhaustive filtration Fil, Dy, of Dy =
D ®r, L by L ®q, K-submodules. With this additional data, D is weakly admissible. By definition, this
means that t y (D) =ty (D), and that for all sub-(p, N, L/ F,, K)-modules D' C D, we have t (D) > ty(D’),
where ty, ty are as defined in [Fon94| §4.4] and D’ is endowed with the induced filtration.

We have a factorization Dy, = [[..; ., x D~, and a corresponding factorization

File D, = H Fils D, .
T:L—K

The assertion that HT,(r, (7)) = {Ar.ny Arn—1 +1,..., Ar1 +n — 1} for each embedding 7 : F' < Q; implies
that for each embedding 7 : L — K, we have

1 i=Ayp,jtn—7J,somej=1,...,n

0 otherwise. (22)

dimg gr' Fil, D, = {
On the other hand, we can define a Weil-Deligne representation associated to p as follows. Given g € Wg,,
let g act on D by (g mod W) op =2 where the action of g on the residue field of F,, is given by the a(g)t"
power of the absolute (arithmetic) Frobenius. This action of Wi, is Ly ®qg, K-linear. We can therefore
decompose D = [],. Loes i Dt where D; = D ®p,+ K, and each factor D; is then invariant under the action
of Wg, and N, giving a Weil-Deligne representation WD(D) = WD(p) of Wg, over K. As the notation
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suggests, the Weil-Deligne representation WD(D) is independent of the choice of ¢, up to isomorphism. The
assertion of local-global compatibility is that there is an isomorphism

WD(D)F* @k Q; 2 rech, (1 'm,).

So far, we have not used the fact that m is t-ordinary. We now use this, in the form of the assertion
of Lemma that m, is a subquotient of a representation n—Indg X1 @ -+ @ LXyn, for some smooth

characters x,,; : F}) — @IX with

vali (Xo,i(@0)) = ei > (AT,nH_i - (”;1) +i— 1) : (2.3)

v —
T:Fy—Q

Writing rec}, (:~'m,) = (r,N), we have r ~ xy 107! - |0=m)/2 @@y et - |E7™/2, Using this fact, we
now construct an increasing filtration

G'=(0=G"cG'c---cG"=D)

of D by (¢, N, L/F,, K)-submodules, such that each G, i = 1,...,n, is free over Lo ®g, K of rank i. We will
show that each G* (equipped with the induced filtration) is weakly admissible, which implies (cf. [Fon94}
5.6.7, Théoreme]) that p can be conjugated to take image in the upper-triangular subgroup of GL,, (K).

After possibly enlarging K, we can assume that each character x,, 107 |-|(1=")/2 .y, 071 |(177)/2
takes values in K*. For each i = 1,...,n, we define G* C D to be the free Ly ®g, K-submodule such that
for each embedding t : Ly — K, G* ®re,t K C Dy is the subspace where Wg, acts by the characters
ot 7 AT™2 000y |AT™/20 Tt s clear that GP is stable under the action of ¢, N, and Gal(L/F,),
so defines a (¢, N, L/F,, K)-submodule of D. Since D is weakly admissible, we have (the second equality by
, the second inequality by ):

:ZtN(gI‘jG. = F Ql Z Z T,n+1— j+.7_1)
j=1

T Fu‘—>Qz J=1

ZtH(Gi)* Z Z] dimg gr’ Fil, G
TL‘—)@l J
Z Z Arms1— +7=1)
TL%QZJ 1

F Ql Z Z T,n+l—j .7_1)

T:F,—Q, I=1

It follows that G is weakly admissible. Moreover, an easy calculation shows that gr’G*® is the image under
Fontaine’s functor of an L-semi-stable character v; : Gp, — K> satisfying (2.1). This completes the
proof. O

Definition 2.5. Let p: Gp — GL,(Q;) be a continuous representation, and let \ € (Zi)H"m(F’@l). We say
that p is ordinary of weight A if for each place v|l of F, there is an isomorphism

P % %

0 2 *

p|GF,U ~ . . i ,
: c. . *
0 ... 0 1y,
where for eachi=1,....,n, ¢;: Gr, — @ZX is a continuous character satisfying the relation
'l/)i(AI'tFU (0‘)) = H T(O—)*()\r,n—i+1+i71)

T:Fv‘—)@l
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for all o in some open subgroup of (9;3“.

Corollary 2.6. Let ¢ : Q; — C be an isomorphism, let A € (Zﬁ)Hom(F’@l), and let (w,x) be a RAECSDC
automorphic representation of GL,(AFr) of weight t\. Suppose that 7 is t-ordinary. Then r () is ordinary
of weight .

We conclude this section with a result about soluble base change and descent.
Lemma 2.7. Let L/F be a soluble CM extension, and let v : Q, — C be an isomorphism.

1. Let (m,x) be a RAECSDC automorphic representation of GL,(Ar), and suppose that r,(7)|q, s
irreducible. Then there exists a RAECSDC automorphic representation (mwr,, xr) of GL,(AL) such that

r(mp) = r(m)la, -

2. Let p : Gp — GL,(Q)) be a continuous representation and let ¢ : Gp+ — @X be a continuous
character such that the value 1(c) is independent of the choice of complex conjugation ¢ € Gp+, and
¢ = pV ®Y|g,. Suppose that p|g, is irreducible, and that there exists a RAECSDC automorphic rep-
resentation (7', x") of GL,(AyL) such that p|g, = r. (7). Then there exists a RAECSDC automorphic
representation (w,x) of GLy(Ap) such that p = r, (7).

We will often combine Lemma [2.7] with the following observation: if (7,) is a RAECSDC auto-
morphic representation of GL,,(Ar), and there exists a place w of F such that 7, is square-integrable, then

r,(m) is irreducible (because r,(7)|g,,, is indecomposable, by local-global compatibility; cf. [TY07, Theorem
B)).

Proof. This follows, by reduction to the case L/F cyclic, from [AC89, Ch. 3, Theorem 4.2] and [AC89, Ch.
3, Theorem 5.1]; see [BLGHT1I) Lemma 1.4]. O

3 Deformation theory

In this paper we will make use of the framework for the deformation theory of conjugate self-dual Galois
representations established in [CHTO0S8|, and its modification by Geraghty [Ger] to the context of ordinary
Galois representations. We begin by recalling the definition of the group G, of [CHTO0S].

3.1 The group G,
We recall that G, is the group over Z defined as the semi-direct product

Gn = (GL,, x GL;) % {1,j} = G% x {1, },

where j acts on GL,, x GLy by j(g, )i~ ! = (u'g~!, u). It has a representation ad on Lie GL,, = gl,,, given

by the formulae
ad(g, p)(X) = gXg~", ad(j)(X) = —'X,

and a character v : G,, - GL; given by the formulae

V(gvl’(‘) =M V(]) =-1

If I is a group, R is aring and r : I' — G,,(R) is a homomorphism, then we write ad r for the representation
of I" on gl,(R), and v o r for the induced character I' = GL;(R) = R*. If A C T is a subgroup such that
r(A) C GY(R), then we write 7| for the composite homomorphism A — G%(R) — GL,,(R). More generally,
if A’ is another group equipped with a homomorphism f : A’ — A then we define r|ar = f o r|a.

Now suppose that I' = A x {1, ¢} is a group. The following result is then an immediate consequence
of [CHTO08, Lemma 2.1.1].

Lemma 3.1. Let R be a ring. There is a natural bijection between the following two sets:
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e The set of homomorphisms r: T — G, (R) such that r~1(GY(R)) = A.

e The set of triples (p, u, (-,-)), where p : A — GL,(R), p : I' = R* are homomorphisms and (-,") :
R"™ x R™ — R is a perfect R-linear pairing such that for all x,y € R™ and § € A, we have

(z,y) = —p(e)(y, x) and {p(d)x, p(0°)y) = p(6){z,y).

Under this correspondence we have = v or and (z,y) = tx A~ y, where r(c) = (A, —u(c))j.
The following definition is [CHTOS| Definition 2.1.6].

Definition 3.2. Let k be a field, and let v : T — G, (k) be a homomorphism such that r=1(G2(k)) = A. We
say that r is Schur if all irreducible A-subquotients of k™ are absolutely irreducible and if for all A-invariant
subspaces k™ D Wy D Wy with k™ /Wy and Wy irreducible, we have

(K" /W) 2 Wy @ (vor).
The following lemma follows immediately from [CHTO0S8, Lemma 2.1.7] (and its proof).
Lemma 3.3. Suppose that r : T' — G, (k) is Schur. Then:

1. r|a is semisimple and multiplicity free, and each irreducible constituent p satisfies p¢ = p¥ ® (vor).

2. Suppose that r' : T — G, (k) is another Schur homomorphism such that trr’'|a = trr|a, and that k is
algebraically closed. Then r and r' are GL,,(k)-conjugate.

3. Suppose that the characteristic of k is not 2. Then H°(T,adr) = 0.

Lemma 3.4. Let k be a field and p = ®{_1p; : A — GL, (k) a semisimple representation, with each p;
absolutely irreducible. Suppose that there is a character p: T' — k™ such that:

1. Foreachi=1,...,s, there is a perfect pairing (-, -); such that (z,y); = —u(c)(y,z); and {p(d)x, p(6°)y); =
w(0)(xz,y); for all z,y € p;, 6 € A.

2. For each i # j we have p; # p; and p§ # oY @ .

Then p admits an extension to a homomorphism r : T — G, (k) such that r—1(G2(k)) = A. The set of
GL,, (k)-conjugacy classes of such extensions is a principal homogeneous space for the group [[5_, k* /(k*)?,
with action given as follows. Write r(c) = (A, —u(c))j. Then A = @5_,A; is a block diagonal matriz, and
(o) € Hle k> acts by A; — «a;A;. Moreover, every choice of extension is Schur.

Proof. The proof is an easy generalization of the proof of [CHT08| Lemma 2.1.4]. O

3.2 Deformation of Galois representations

Let F be a CM field with maximal totally real subfield F*, and let [ be an odd prime. We fix a finite set
of places S of F™ which split in F' and write F(S) for the maximal extension of F unramified outside S.
We suppose that S contains the set S; of places of F* dividing I. We write Gp+ g = Gal(F(S)/F*) and
Gr,s C Gp+ g for the subset of elements fixing F. For each v € S we choose a place v of F' above it, and
write S for the set of these places. We choose a complex conjugation ¢ € Gp+ g.

We fix also a finite field k& of characteristic [ and a representation 7 : Gp+ ¢ — G, (k) such that
Grs =7 '(GL, x GL1(k)). Let K be a finite extension of Q; in Q; with ring of integers O, maximal ideal
A, and residue field k. Choose a character x : Gp+ g — O such that v o7 =Y.

If v € S}, then we write A, for the completed group algebra O[(I£2(1))"], where I3>(1) denotes the
maximal pro-I quotient of the inertia group of the maximal abelian extension of Fj. By class field theory,
this group is isomorphic to Oj; ( ), the maximal pro-I quotient of OX . Let A = ®'U€SL A, the completed
tensor product being over O. We will consider deformations of 7 to obJects of Cp. If v € 5, we write T\GF

for the composite
Gr, = Grs — Go(k) — GL, (k).
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Definition 3.5. A lifting of 7 (resp. T|g, ) to an object R of Co is a continuous homomorphism r :
Gr+.s = Gu(R) (resp. 7 : Gp, — GLn(R)) with r mod mp = T (resp. =Tla,. ) and vor = x (resp. no
further condition). Two liftings are said to be equivalent if they are conjugate by an element of 1+ M, (mpg) C
GL,,(R). An equivalence class of liftings is called a deformation.

Let T C S. By a T-framed lifting of T to R we mean a tuple (r; o, )ver where r is a lifting of T
and o, € 1+ My(mpg). We call two framed liftings (r; o) and (v';al) equivalent if there is an element
B €1+ M,(mg) with r' = BrB~! and o/, = fa,. By a T-framed deformation of 7 we mean an equivalence
class of T-framed liftings.

Definition 3.6. Ifv € S — S; then we define a local deformation problem at v to be a subfunctor D, of the
functor of all liftings of F|GFa to objects of Co satisfying the following conditions:

1. (k,7) € D,.

2. Suppose that (Ry,71) and (Ra,12) € Dy, that I (resp. (1)) is a closed ideal of Ry (resp. Rg) and that
f i Ri/I1 = Ro/I5 is an isomorphism in Co such that f(ry mod I1) = ro mod Iy. Let Rs denote the
subring of Ry X Ry consisting of pairs with the same image in Ry /I; & Ry /Iy. Then (Rs,r1 X1r3) € D,.

3. If (Rj,r;) is an inverse system of elements of D, then

(im R;,limr;) € D,.

4. D, is closed under equivalence.

5 If R C S is an inclusion in Co and if r : Gp — GL,(R) is a lifting of T such that (S,r) € D, then
(R,r) € D,.

On the other hand, if v € S; we define a local deformation problem at v to be a subfunctor D, of the functor
of all liftings of T|g,. to objects of Cp, satisfying the same conditions with the category Co replaced by Cp, .

Given a collection {D, },es of local deformation problems, we have a (global) deformation problem
consisting of the following data:

S = (F/F+,S, E,A,?,)ﬁ {D1J}UES> .

Definition 3.7. Let T C S, and let R € Cp. The ring R then has canonical structures of O-algebra and
A, -algebra for each v € S;. We say that a T-framed lifting (r; o )yer of T to R is of type S if for allv € S,
the restriction r|g,_ lies in D,. We say that a T-framed deformation is of type S if some (equivalently any)
element of the equi%alence class is of type S.

We let DefET denote the functor which associates to an object R of Cp the set of all T-framed

deformations of T to R of type S. If T = S then we refer to framed deformations and write Def?. Ifr=20
we refer to deformations and write Defg.
If R, denotes the ring representing the local deformation problem D,,, then we write

loc pa
RS,T - ®UETR’U7

the completed tensor product being over O. Note that Rg’fT is naturally a A-algebra whenever T' contains S;.

Proposition 3.8. Suppose that 7 is Schur. Then the functors DefET7 Defg, Defs are represented by objects
of Cpn. We write respectively RET,RE and RE™ for the representing objects.

Proof. We prove this for Def?, the other cases being similar. Consider the deformation problem in the sense
of [CHTOR, §2.3]

S = (F/F+, S, §7 O»Fv X5 {D’i)}UES,Ull U {Dv}UES,UH) )
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where for v|[l we take D) to be the unrestricted functor of liftings of 7|, to objects of Co. Then the

functor D) is represented by an object RE € Co. Moreover, the deformation problem S’ defines a functor
DefE, : Co — Sets which is represented by an object Rg, € Co (by [CHTO08| Proposition 2.2.9]). On the other
hand, for v|l D, is represented by an object R, of Ca,, and we have a canonical homomorphism RE — R,.

—

The functor Def? is represented byRE,QA@@M RO (®v|le) with its induced A-algebra structure. O

Proposition 3.9. Suppose that T is Schur, and let T = S. Then the ring RE can be presented as a quotient

of a power series ring over R¥%. in g variables by r relations, where

g—r=—dimy HO(GFJr,S, ad?(l)) - Zn(n + X(CU))/2'

v|oco
(If v|oco is a place of FT, then we write ¢, € Gp+ for a choice of complex conjugation at the place v.)

Proof. This follows from [CHTO08, Corollary 2.3.5] by the same argument as in the proof of Proposition
B3 O

3.3 Local deformation problems

In this section we define some useful local deformation problems. We shall always use the notation RE
for the ring representing the local deformation problem consisting of all liftings of 7|g, . Thus RE is an
O-algebra (resp. a A,-algebra) when v {1 (resp. when v|l). We recall (cf. [BLGHTII, Lemma 3.2]) that
to give a local deformation problem, it suffices to give a quotient R of the unrestricted universal lifting ring
R!Uj of F|GF5 which has the following two properties:

e R is reduced;

e and the ideal T = ker(RY — R) is (1 + M, (mpo))-invariant and satisfies I 7 mpo.

3.3.1 Unrestricted deformations

Proposition 3.10. Suppose that v { | and that T|G,._ is unramified, and that H°(Gp,,ad7(1)) = 0. Then
R is formally smooth over O of dimension 1 + n?.

We omit the proof, which is a standard argument in obstruction theory.

3.3.2 Ordinary deformations

Suppose that v € S;, that 7|g . is trivial, and that K contains the images of all embeddings Fy < Q;. Recall
that we have defined A, = O[({ }?(l))”]], a completed group algebra. This algebra comes equipped with the
universal characters ¢ : Ip, — A, i =1,...,n. For each minimal prime @, C A,, A,/Q, is geometrically
integral over O.

We recall that Geraghty has defined a quotient R2 of the universal lifting ring RY satisfying the
following condition (cf. [Gerl Lemma 3.1.3]):

e Let F/K be a finite extension with ring of integers O, and fix a map A, — Of of O-algebras. Let
p: Gp, = GL,(Og) be a continuous lifting of 7|g,_. Then the map RY — Op classifying p factors
through R if and only if p is GL,(Og)-conjugate to an upper-triangular representation satisfying
the following condition: if (x1,...,xn) are the characters appearing on the diagonal, then the tuple
of characters (x1|rp ,---,Xn|1p ) 1S equal to the pushforward of the universal tuple (¢/7,...,%%) along
the map A, — OE.U :
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We briefly recall the construction. Let F denote the O-scheme of full flags in O", and let G, denote
the closed subscheme of F ®o RL whose A-points for an O-algebra A are pairs (Fil?, o), where ¢ : RY — A
is an O-algebra homomorphism and Fil}, is an increasing filtration of A™ by A-direct summands which are
preserved by the pushforward of the universal lifting under ¢, and such that the action of p Ip On gri Fil} =

Fil} / Fil’! is given by the pushforward of the universal character 1) under the homomorphism A, — RY —
A. We thus have a projective morphism 7 : G, — R, and RvA is defined as the maximal reduced, O-flat

v Y
quotient of the scheme-theoretic image of 7. The quotient RY — R2 defines a local deformation problem

D2,

Lemma 3.11. Suppose that [Fy : Q] > n(n —1)/2+ 1. Then G, is O-flat and reduced. For each minimal
prime Q, C Ay, Gy @a, Ny/Qy is O-flat and integral of dimension 1+ [Fy : Qn(n + 1)/2 + n?, and
Gy Qn, Mo/ (Qu, N) is integral.

Corollary 3.12. Suppose that [F5: Q] > n(n—1)/2+1, and let R € Co be integral. Let E = Frac(R) and
choose an algebraic closure E of E. Then a homomorphism RE — R factors through the quotient R> if and
only if the following condition is satisfied:

o Let p : Gp, — GLy,(R) denote the induced lifting of T|g,. . There exists an increasing filtration
0= Filg C Flli C - CFily = E" of p®@r E by Gp, -invariant subspaces, such that each graded piece
gr' Fil? = Fil} /Filz_1 is one-dimensional, and the action of I, on this graded piece is given by the
specialization of the universal character ¥? : Ip, — A wvia the homomorphism A, — RE — E.

Proof. The lemma shows that the scheme-theoretic image of 7 is already O-flat and reduced, so that a
Spec R-point of the scheme-theoretic image of 7 necessarily factors through Spec R%. O

Proof of Lemma[3.11. We study G, by means of a finite type model. Let d, = [Fy : Q;] > n(n—1)/2+1. We
treat the case where F5 contains an [*! root of unity, the other case being similar (and simpler). Then the
pro-l group Gp,(l) admits a presentation as a quotient of the free pro-I group on generators xi,...,Zq, 42
by the single relation .

2 [xy, wol[rs, 4] - - [Tay 41, Ta,42] = 1, (3.1)

where s is the largest integer such that F contains a root of unity of order exactly I* (see [NSW00, Theorem
7.5.8]). (We note that in the above situation, d, is necessarily even.) During the course of this proof, we
write GL,, for the O-scheme of invertible n x n matrices, and U,, C B,, C GL,, for its closed subschemes
of unipotent upper-triangular and upper-triangular matrices, respectively. We write N for the O-scheme of
tuples (g1, ...,94,+2) € Bd*2 satisfying the relation .

Specifying a minimal prime @, C A, is the same as choosing roots of unity (1,...,(, € wis(O), the
prime being given by

(wi)(xl) - C17 e 7,(/):)7,(1:1) - Cn)

We suppose such a choice has been fixed, and write N, for the closed subscheme of N where the diagonal
entries of g1 are given by (,...,(,. We then have a canonical identification (since each (; has trivial image
in k):

No, @0 k={(91,- -+ 9a,+2) € (Un x By ) @0 k | g1 [91,92] - - [9a, 41, ga, +2) = 1}.

For each i = 3,...,d, +2, we write Z; C Ny, ®p k for the open subscheme where g; has distinct eigenvalues,
and f; : Z; — (U, x B%) ®¢ k for the projection which forgets g;+1 (if 7 is odd) or g;_; (if i is even). We
also write V; C (U, x B) ®0 k for the open subscheme where the i-entry (if i is odd) or the (i — 1)-entry
(if 7 is even) has distinct eigenvalues. In either case, there is a factorization

fi: Zi = Vi— (U, x B&) @0 k.

We write Z = Uf;}fQZh an open subscheme of N, ®o k.

The fibers of f; are sets of solutions h € B,, ®o k to equations hgh™! = gu, where g € B,, ®0 k and
u € U, ®o k and g has distinct eigenvalues. In particular, the non-empty fibers of f are smooth of dimension
n, being torsors for the torus Zp, (g). On the other hand, f; is a relative global complete intersection over
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V;, since Z; is obtained by imposing dim U,, ®» k = n(n — 1)/2 relations on V; x (B, ®0 k). It follows that
fi is smooth, and hence Z is smooth over k and irreducible of dimension

dim Z = dim(U,, x B&) @0 k +n = dim B! @0 k.

Since Ng, ®o k is globally cut out inside (U,, x Bﬁll“‘l) ®e k by dimU,, ®» k equations, every irreducible
component has dimension at least diim Bd*!@n k. The complement of Z is contained in the closed subscheme
of (U,, x B&*1) ®p k where none of gs, ..., g4, +2 has distinct eigenvalues, which has dimension

dim(U,, x B¥ Y @ k — d,.
Provided, therefore, that
dim(U,, x dimB%®*) @0 k — d, < dimB» " @ k — 1,

or equivalently that d,, > n(n—1)/2+1, we see that Z is dense in Ny, ®o k, with complement of codimension
at least 2. Under our hypotheses, it thus follows that Ng, ®e k is a normal complete intersection. A
similar argument shows that N, itself is an O-flat normal complete intersection, and that N is a complete
intersection. Since it is also generically reduced, N is reduced. It is O-flat since each Ny, is O-flat, and
these are the distinct irreducible components of A.

Let = € G, be a closed point, which therefore maps to the closed point of RUA. The completed local
ring of G, at x is formally smooth over the completed local ring of N at the point in its special fiber where
all the matrices are equal to the identity (cf. the proof of [Gerl Lemma 3.2.1]). It follows that G, is itself an
O-flat reduced complete intersection, that G, ®a, A,/Q, is O-flat and normal, and that G, ®x, Ay /(Qy, A)
is integral. O

If 1 <i<j<mn,wewrite I(i,j,v) C A, for the ideal generated by the relations 1} (o) — ¢} (o),
o € Ip,(l). Let I, = [[,; I(,j,v). Thus dimA,/I, = 1+ (n — 1)[F5 : Q, and V(I,) C SpecA, is the
closed subset where the characters ¢;; are not pairwise distinct.

Lemma 3.13. Let U C SpecA, denote the complement of V(I,,). Then the map my : G, v — Spec Rﬁ‘U 18
an isomorphism. In particular, for each minimal prime Q, C Ay, Ry v /(Qu, ) is integral.

Proof. The map 7y is projective, by construction. It is also quasi-finite; in fact, the fibers are singletons, as
follows immediately using the definition of G, in terms of its functor of points. It follows that 7y is a finite
morphism. To show that it is an isomorphism, it therefore suffices to check that my induces surjections on
completed local rings, and this can be proved following e.g. the proof of [CHT08, Lemma 2.4.6]. O

Proposition 3.14. Suppose that [F5 : Q] > n(n—1)/2+1. Let x € Spec R5[1/1] be a closed point, and let
y denote its image in Spec A, [1/1].
1. Suppose that for each 1 < i < j < n, we have 1} mod y # ¢j mod y, as characters Il%g(l) — k(y)*.
Then Spec RS [1/1] @4, k(y) is geometrically connected of dimension at most [Fy : Qin(n—1)/2+n2+
n(n —1)/2.

2. Suppose that for each 1 < i < j < n, we have ¥} mody # ¢7 mody and ¢y mod y # e)] mod y.
Then Spec RS [1/1] @, k(y) is reqular of dimension [F5 : Qn(n —1)/2 + n?, and Spec RS [1/1) () is
regular of dimension [Fy : Qn(n +1)/2 + n?.

3. For each minimal prime Q, C A,, R /(Q.) is geometrically irreducible of dimension 1+ [F5 : Q;Jn(n+
1)/2 4+ n?, and RS /(Q., \) is generically reduced.

Proof. The first part follows easily from Lemma [Gerl Lemma 3.4.2], and the argument of [Gerl Lemma
3.2.3] (which is essentially to calculate the Zariski tangent space of G, [1/1] at the unique point above z). The
second part of the proposition follows in a similar manner. We now prove the third part. It follows from the
second part of the proposition that for each minimal prime Q, C A,, 7(G, ®a, Ay/Q,) is a geometrically
irreducible closed subset of Spec R% of dimension 1 + [F5 : Qn(n + 1)/2 4+ n?. Thus the V(Q,) C Spec RS
are the distinct irreducible components of Spec RUA, and they are each geometrically irreducible of this
dimension. The claim that R2/(Q,, \) is generically reduced follows from Lemma and the fact (Lemma

3.11)) that G, ®x, A, /(Qy, A) is reduced. O
.
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3.3.3 Level raising deformations

Now suppose that g, = 1 mod [, and that 7|Gp5 is trivial. We recall a local deformation problem from
[Tay08]. Choose characters
Xo1s-+ s Xom : Op — O,

necessarily of finite order, which become trivial on reduction modulo A. We write DX for the functor of
liftings p of ?|GF6 to objects of Co such that for all o € I, we have

“ -1
char (X H X — Xv,i ArtF (o )) ).
i=1

This defines a local deformation problem, and we write RX for the corresponding local lifting ring.

Proposition 3.15. 1. Suppose that x. ; = 1 for each j. Then each minimal prime of RL/()\) contains a
unique minimal prime of RL, and each for each minimal prime p C R, RL/p is O-flat of dimension
n? 4+ 1. Moreover, RL/(\) is generically reduced. If K is sufficiently large, then for every minimal
prime p C RE, RL/p is geometrically integral over O; and for every minimal prime p C RL/()\), RL/p
is geometrically integral over k.

2. Suppose that the X, ; are pairwise distinct. Then Spec RY* is geometrically irreducible of dimension
n?+1, and its generic point is of characteristic zero. Moreover, Spec RX*[1/l] is formally smooth over
K.

Proof. The assertion that R./()) is generically reduced follows from [Thol2) Lemma 3.15] and [Mat89,
Theorem 23.9]. The formal smoothness of Spec RX*[1/l] when the x, ; are pairwise distinct follows from
[Tay08, Lemma 3.3]. (It is assumed in loc. cit. that [ > n. However, the proof of this lemma goes through
without change in the case [ < n.) The fact that the irreducible components of Spec R} and Spec R /()\) are
geometrically irreducible when K is sufficiently large follows from the last two parts of [BLGHTTI], Lemma
3.3]. The rest of the proposition is contained in [Thol2, Proposition 3.16]. O

Proposition 3.16. Suppose that the x. ; are pairwise distinct. Let A be a complete Noetherian local O-
algebra. (We do not assume that the residue field of A is k.) Suppose that Spec A[1/1] is (non-trivial and)
connected. Then Spec AQo RXv[1/1] is connected.

Proof. In the case that A = O, this is [Tay08, Lemma 3.4]. Let ¢ € Gp, be a lift of arithmetic Frobenius,
and let t € Ir(I) be a generator of the I-part of tame inertia. Via the assignment p — (p(¢), p(t)) = (@, %),
we see (cf. the discussion after [Tay08| Proposition 3.1]) that RXv represents the functor Co — Sets which
assigns to R € Co the set of pairs (®,X), where ® € 1+ M, (mg) and ¥ € 1 4+ M, (mpg), the characteristic
polynomial of ¥ is [T (X — Xv)i(Art;ﬁl( )71), and LR~ = Nev,

Let pg € DX»(O) be the representation corresponding to the pair

(1, diag(xov,1 (At () 7). Xom (At (£)71)).

Then po determines a homomorphism RY* — O, hence a homomorphism A®eRX*[1/1] — A[1/1]. We will
imitate the proof of [Tay08, Lemma 3.4] to show that every closed point of Spec AR RX[1/1] lies in a
connected component which intersects the closed subscheme Spec A[1/1] C Spec AR RX*[1/1] determined
by po. Since ARpRX*[1/1] is a Jacobson ring, this will show that Spec AR RX*[1/1] is itself connected.

Let P C A®oRX*[1/l] be a maximal ideal, and let P® denote the pullback of P to A®oRYX. Let
B denote the normalization of A@ORgv /P¢, and let (®,%) € GL,(B)? denote the specialization of the
universal pair. Then B is a DVR, finite over A, and A\ € mg. We write C for the complete topological ring
B{{Xi ;,Y}i<ij<n), where the brackets (-) denote power series whose coefficients tend to 0 in the mp-adic
topology. Counsider the pair of GL,, (B)-valued matrices

(Xi)®(Xi) " (X ) 2(Xi5)7h)
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This pair defines a map (notation as in the proof of [Tay08, Lemma 3.4])

n

Spec C' — M(H(X — XW(Art;ﬂ;(t))fl), qv)

i=1
such that Spec C/(mp) maps to the closed point

n

(1ns 1n) € M(JT(X = xwa(Artl (8) 1), 00) (R).

=1

In particular, we get a continuous homomorphism from the completed local ring of M (]! (X —xXy,i (Art;ﬁ1 )™H, q)
at this point:

Ry =0 > C

MATEoy (X =X s (ATt (6)71),0), (1o 1

Since C' is also tautologically a topological A-algebra, we get, by Lemma [L.3] a continuous map:
ARoRX — C.
For any choice of E € GL,,(B), we get a continuous composite homomorphism
fg: ABoRX" — C — B,

under which the pair (®,%) gets mapped to (E®E~!, EXE~1). Since C is a domain, this shows that
the point P € Spec A®o RX*[1/1] is contained in the same connected component as ker fx[1/1], for any E.
We can thus assume that ® and ¥ are upper-triangular, and that the diagonal entries of ¥ are equal to
Xo (ATt R ()7 o Xon(Artp (1)

Now let D = B(X), A = diag(1,X,..., X" 1) € M, (D), and consider the pair (A"'®A, A71TA) €
GL, (D)% This again determines a map

n

Spec D — M(H(X — XU,i(ArtE‘;(t))_l)?q’U)

i=1

with the property that Spec D/(mp) maps to the closed point (1,,1,) in the special fiber. We then get a
continuous homomorphism RXv — D, hence A@)@Rfy’ — D, hence for any choice of x € mp, a composite
map
gz : ABoRX* — D — B.
We have ker g1[1/1] = P, while go(®) = diag(as, ..., ap) and go(X) = diag(xv,l(Art;;(t))_l, ey Xv,n(Artj_Tﬁl t))=1).
Replacing P by ker gg[1/1], we can thus assume that ® and ¥ are in fact diagonal.
Now let E = B[Y1,...,Y,], and consider the pair

(diag(1 +Y7,...,1+Y,) 10, %) € GL,(E)*.

As in the previous two stages of the argument, this map determines a continuous homomorphism RXw — E,
and hence for every choice of y1,...,y, € mpg, a continuous homomorphism

h, : ABoRX* — E — B.

We have ker hg[1/l] = P. On the other hand, choosing y; = a; — 1 for each i = 1,...,n, we have h,(®) =
1, hy(X) = diag(xv1(Artz (£)7, ..., Xon(Artp (£)71). Then kerhy[1/1] lies in the closed subscheme
Spec A[1/1] C Spec ARe RX*[1/1] determined by po. Since we have shown that ker ho[1/1] and ker h,[1/1] lie
in the same connected component of Spec A®p RX*[1/1], this completes the proof. O
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3.3.4 Steinberg deformations

Now suppose that 7|, is trivial and that ¢, = 1 mod [. Then in [Tay08| §3] is defined a quotient RSt =
ROV /75tein of RO (In fact the assumption [ > n is made in this reference, but this is not needed for the
definition or the results that follow.) We recall that by definition, RS /ZSt™1 is the quotient of R defined
by the condition that the characteristic polynomial of a Frobenius lift has the form []"_ (X — aq?™*) for
some a. Then RY/Z5%™ is the maximal O-flat quotient of this ring, and defines a local deformation problem.

Proposition 3.17. The ring RSt is O-flat and geometrically integral of dimension n? + 1, and R5t/()\) is
generically reduced. Moreover, Spec R5t[1/1] is formally smooth over K. If K is sufficiently large, then every
irreducible component of Spec RSt/(\) is geometrically irreducible.

Proof. Except for the final sentence and the assertion that RSt/()\) is generically reduced, this is contained
in [Tay08|, Proposition 3.1] and [Tay08, Lemma 3.3]. To see that R5'/()) is generically reduced, we observe
that RS' is quotient of the ring R already defined in §3.3.3] hence RS'/()\) is a quotient of R!/()\). The
rings RL/(A\) and RS*/(\) are each equidimensional of dimension n?. It follows that if p C RS*/()) is
a minimal prime, then its pullback to R}/()) is also minimal, and R./(\)() is a field (since R}/(X) is
generically reduced, by Proposition @ . Since the map R}/(N)(p) — RS°/(A)(p) is surjective, we deduce
that RS*/(X)(p) is a field. Since p was arbitrary, this shows that R}'/()) is generically reduced.

To complete the proof, we must show that if K is sufficiently large, then every irreducible component
of Spec RSt /()\) is geometrically irreducible. If K is sufficiently large, in the sense of Proposition then
every irreducible component of Spec R./()\) is geometrically irreducible. The argument above shows that
Spec R5'/()\) is a union of components of Spec R} /()), so the result follows. O

Proposition 3.18. Let A be a complete Noetherian local O-algebra. (We do not assume that the residue field
of A is k.) Suppose that Spec A[1/1] is (non-trivial and) connected. Then Spec Ao RSY1/1] is connected.

Proof. The proof is the essentially the same as that of Proposition above. O

3.3.5 Taylor—Wiles deformations

Finally suppose that ¢, = 1 mod [ and that 7|, is unramified. Choose an eigenvalue @, € k of 7| ._(Frobg)
of multiplicity n,, 1 < n, < n, such that 7|g - (Frob ) acts semisimply on its generalized @,-eigenspace. Then

we can write T|g, =5, ® 1, where v, (Frobg) is equal to @, - 1,,,. We define DXV (@, ) to be the functor of
lifts p = s & ¢, where this decomposition lifts the previous one and s is unramified and ¥ may be ramified,
but the restriction to inertia is scalar. Then DIW(@,) is a local deformation problem (cf. [Thol2, Lemma

4.2]).
Fix a deformation problem

S= (F/F*, S, S, AT, x, {DU}UGS> )

a positive integer N, and a finite set Qy of primes v of F* split in F', disjoint from S. Choose for each

v € Qu a prime v of F above it, and let Qn = {v | v € Qn}. We suppose that Qn has ¢ elements and that

for each v € Qu, we have ¢, = 1 mod [V. Choose for each v € Qy an eigenvalue @, of 7(Froby), such that

7(Frobg) acts semisimply on its generalized @,-eigenspace; then the local deformation problem DIV (a@,) is

defined. We refer to the tuple (Qn, Qn, {@, }veqy) as a choice of Taylor—-Wiles data of order g and level N.
In this case we define an auxiliary deformation problem

SN = (F/F+7 Su QN7 gU @Nv A7?7 X {DU}’UES U {IDEW(EU)}’UEQN> .
This is an abuse of notation since Sy depends on the choice of Taylor—Wiles data of level N, and not just

on N. This abuse is not serious, since in practice we will use only a single choice of Taylor—Wiles data for
each integer N.
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Lemma 3.19. With the above choices, let An denote the mazimal [-power order quotient of HveQN k(v)*.

Suppose that T is Schur, so that R is defined. Then Rgzw has a canonical O[AN]-algebra structure, and
the natural surjection Rgg” — RY"™ induces an isomorphism

R/ (an) = RE,
where ay C O[Ap] is the augmentation ideal.

Proof. Let rgrl‘vi" Gp+ sy — gn(RumV) be a representative of the universal deformation. For each v € Q,
we can find a decomposition rum"\GFN = sy D Y, lifting the decomposition of r|GF in the definition of the
local deformation problem at v. There is a character ¢, : 13> — (R&V)* such that ¢U| I, = Gu® By (ny
times). Composing with the Artin map, we get a homomorphlbm Op. — (Rg‘l‘j")X which factors through
the maximal pro-l quotient of (’);ﬂ, hence the maximal [-power order quotient of k(v)* (since ﬂGFa is
unramified). Taking the product of these characters gives the desired homomorphism Ay — (Rg‘;‘vi")x. O

3.3.6 The ring Rloc

We now apply Lemma |1.4] to understand the ring RIOC for the global deformation problem
S: (F/F+a5a§7A7?7X7{Dv}v€S)7 (32)

where S is a disjoint union S = S; U S(B) U RU S,, and the deformation problems D, are as follows:
o If v €5, then 7|g,_is trivial, [F5: Q] > 1+ n(n —1)/2, and D, = R%.
e If v € S(B), then ¢, =1 mod [, T|g,._ is trivial, and D, = RS*.

e If v € R, then ¢, = 1 mod [, F|GF5 is trivial, and D, = R¥* for some tuple Xy = Xv,1 X -+ X Xu,n Of
characters x,; : k(v)* — O* which are trivial mod A.

e If v e S,, then ¢, # 1 mod [, F|GF5 is unramified and F|GFa (Frobg) is a scalar matrix, and D, = RE.

We set T'= S. For this choice of S and T', we have
R?CT = (®v€is ) Ko (®veS(B)R ) Qo (@ugRRﬁv) Ro <®v€SGRE> .

Lemma 3.20. Let S be the global deformation problem .

1. Suppose that for eachv € R, the characters x, 1, ..., Xv,n are pairwise distinct. Let Q C A be a minimal
prime. Then Spec RZOC (Q) is geometrically irreducible, and its generic point is of characteristic 0.

We have dim RE%, (Q) =1+n(n+1)[F*:Q]/2+n?T].

2. Suppose that for each v € R, the characters Xy 1,...,Xvn are trivial, and that K is sufficiently large.
Let Q C A be a minimal prime. Then for each minimal prime p C Rl"c (Q), R%%/p is O-flat
and geometrically integral of dimension 1+ n(n + 1)[F* : Q]/2 + n?|T|, and for each mzmmal prime
qC Rl“ (Q,N), RY: /4 is geometrically integral. Moreover, each minimal prime of Rl“ (Q, ) is

contamed in a umque manimal prime of Rloc (Q), and Rl"C (Q, ) is generically reduced.

Proof. Let Q@ C A = ®yue5, Ay be a minimal prime. Then there are minimal primes Q, C A, such that
Q = ({Qus}ves,), and we can write

Rloc (@) = (@)vesl R’UA/(Q’U)) ®o (@Bves(B)Rqs,t) Bo (@vERR;@) ®o (QA@UESQRE) . (3.3)

Suppose that for each v € R, the characters Xy 1,...,Xv,n are pairwise distinct. Then each of the rings
appearing in the completed tensor product (3.3) is geometrically irreducible over O with generic point of
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characteristic 0 (by Proposition if v € Si; by Proposition if v € S(B); by Propositio if
v € R; and by Proposition if v € S,). The first part of the lemma then follows from Lemma

Now suppose instead that for each v € R, the characters Xy 1,...,Xov,n are trivial, and that K is
sufficiently large, in the sense of Proposition and Proposition If v e S5uUS(B)US,, then the
corresponding factor R, in is geometrically irreducible with generic point of characteristic 0 (by the
same results as in the first part of the lemma), and each irreducible component of R, /(\) is geometrically
irreducible. If v € R, then each irreducible component of R, = RXv (resp. RXv/(\)) is geometrically
irreducible, and each minimal prime of RXv/(\) contains a unique minimal prime of RXv. The second part
of the lemma then also follows from Lemma [[4] O

Lemma 3.21. Let S be the global deformation problem , and suppose that for each v € R, the characters

Xov,1s .-+, Xon are trivial. Suppose moreover that ?|GF+(§ ) is Schur and for each complex conjugation c € Gg+,
i . .

we have x(c) = —1. Let r = |R|. Then the connectededness dimension of RE"™™ satisfies c(RE"™) > n[F™T :

Q] —rn—2.
Proof. We first give a lower bound for c(R?CT) By Lemma the minimal primes of the ring

Ro = (®v€$z R”A) ®O (®UES(B)R§t) ®O (®veSaRvD>

are in bijection with the minimal primes Q C A, each minimal prime of Ry being of the form /QRy.
In particular, if p;,ps C Rg are any distinct minimal primes, then we can find distinct minimal primes
Q1,Q2 C A such that dim Ro/(p1 + p2) = dim Ro/(Q1 + Q2) > dim Ry/(A) = dim RS, — 1 —rn?. (As ideals
of A, we have v/Q1 + Q2 = AA.) By definition of the connectedness dimension, ¢(Rp) > dim R},DE)CT —1—-rn2
It follows from the description of Rl given in [Tay08| §3] that this ring admits a presentation as a quotient
of a power series ring over O in 2n? variables by n? + n relations. Similarly, Rg’?r admits a presentation as
a quotient of a power series ring over Ry in 2rn? variables by rn(n + 1) relations. Using Proposition we
see that

C(R};CT) > dimR};CT —1—rn?+2rm? —rn(n+1)—1=[Ft:Qn(n+1)/2+n?T| —rn— 1.
Applying Proposition once more to the presentation of RE given in Proposition we find
C(RE) > c(R}é’CT) —n(n—1)/2[Ft:Q] —1>n[F": Q]+ n?|T| —rn—2.

(In applying Proposition we use our assumptions that F\GF T is Schur and x/(¢) = —1 for each complex

conjugation ¢ € Gp+. The vanishing of the term dimy H(Gp+ g,ad7(1)) follows from Lemma ) Finally,
it is clear from the definition of connectedness dimension that c(RET) = c(REY) + n?|T). O

3.4 Pseudodeformations of Galois representations

In this section we consider pseudodeformations of 7. Since we do not wish to exclude the case [ < n, we need
to use group determinants rather than pseudocharacters. We follow here the exposition of [Che]. We begin
by recalling the relevant definitions.

Definition 3.22. Let A be a ring, and M, N be A-modules. Then M (resp. N) defines a functor M (resp.
N) : A-alg — Sets by the rule B+ M ®4 B (resp. B+— N®4 B). An A-polynomial law from M to N is a
natural transformation P : M — N. Such an A-polynomial law is said to be homogeneous of degree n if for
all B € A-alg, b€ B, and m € M ®4 B, we have P(bm) = b"P(m).

If G is a group then an A-valued determinant on G of dimension n is an A-polynomial law D :
A[G] — A, homogeneous of degree n, which is multiplicative, in the sense that D(1) =1 and for all B € A-
alg, r,s € B[G] = A|G] ®a B, we have D(rs) = D(r) - D(s).
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Definition 3.23. Given an A-valued determinant D : A[G] — A of dimension n, we define the characteristic
polynomial of g € G by the formula

n

Dag(t—g) =Y (1) Ai(g)t"".

=0

If G and A are endowed with topologies, we say that D is continuous if the maps A; : G — A are continuous
for eachi=0,... n.

The following lemma collects some basic facts in the theory of group determinants.
Lemma 3.24. Let G be a group.

1. Let A be a ring, and p : G — GL,(A) a representation. FExtend p to an algebra homomorphism
A[G] = Mpxn(A). Then the formula D = detop defines an A-valued determinant on G of dimension
n.

2. Let k be an algebraically closed field, and let D : G — k be a determinant of dimension n. Then there
exists a semisimple representation p : G — GL, (k), unique up to isomorphism, with D = det o p.

Proof. The first part is elementary. The second part is [Che, Theorem 2.12]. O
We set D = deto7|q, ;.

Definition 3.25. A pseudodeformation of D to an object R of Co is a continuous determinant D : Grs — R
of dimension n such that D ®@grk = D. (Here R is given its natural profinite topology.) We write PDefg for
the set-valued functor which associates to an object R of Co the set of all pseudodeformations of D to R.

Proposition 3.26. 1. The functor PDefg is represented by an object Qs of Co.

2. Write A¥"% . G — Qg for the coefficients of the universal characteristic polynomial, and let L be a set
of finite places of F', disjoint from S, of Dirichlet density 1. Then Qg is topologically generated as an
O-algebra by the elements A¥™(Frob,,) forw € L,i=0,...,n.

Proof. The first part follows easily from [Chel Proposition 3.3] and [Chel Proposition 3.7]. For the second
part, we must show that for every r > 0,Qg/ mg, is generated as an O-algebra by the elements A (Froby,).
This follows from the Chebotarev density theorem and [Chel Corollary 1.14]. O

Definition 3.27. Fiz a global deformation problem S, and suppose that T is Schur. Then there is a natural
map Qs@oA — REW classifying the determinant of the universal deformation. We write Ps for the image
of this map.

By Proposition we could have defined Ps as the closed A-subalgebra of Rg“iv topologically
generated by the coefficients of the characteristic polynomials of elements of Gr . We have followed a
slightly circuitous route to its definition in order to have access to the following lemma.

Lemma 3.28. Suppose that 7 is Schur. Fiz an integer ¢ > 0. Then there exists an integer C' > 0 depending
only on q,7 and S such that for any set 8" D S of finite primes of F* split in F such that |S" — S| < q and
any deformation problem S’ unramified outside S’, Ps: can be written as a quotient of a power ring over O
in C' variables.

Proof. Tt suffices to prove the result for Qs/, and hence it is enough to show that dimj PDefg (k[e]) can be
bounded independently of S’. Let Fy C F denote the extension of F* cut out by 7, and let F; C F denote
the maximal extension of Fy which is pro-l and unramified outside S’. [Chel Lemma 3.8] shows that any
pseudodeformation to kle] factors through Gal(F;/F'), and [Che, Proposition 2.38] then implies that to prove
the lemma it suffices to bound the number of topological generators of Gal(Fy/F') solely in terms of |S" — S].
It is clearly enough to bound the number of topological generators of Gal(F;/Fp) in terms of |S" — S|. By
Frattini’s argument, this is equivalent to giving a bound for the degree of the maximal elementary abelian
l-extension of Fy, unramified outside S’. This is an exercise in class field theory. O
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We now attempt to clarify the relation between Ps and Rg“i". Suppose that the residual represen-
tation 7 is Schur and that 7|g, ; = p; ® Py is a direct sum of two absolutely irreducible representations.
Then the centralizer Zgr,, () (T) is equal to po X o C k* x k*. Let D, be one of the local deformation
problems defining S, and let R € Co (if v € S;) or R € Cp, (if v € S;). Then the pre-image of the group
Zar,, (1) (T) in GL,(R) acts on the set DJ(R) of all liftings of T|Gy. , but a priori it need not leave the subset
D,(R) € D(R) invariant.

Suppose that for each local deformation problem D, defining S, and for each R as above, the pre-
image of the group po x po = Zgy,, (1)(F) in GL,(R) leaves D,(R) C DL(R) invariant. (This is the case
for each of the local deformation problems defined in above.) Then the group ps X p2 acts on the ring
RYMY by conjugation of the universal deformation, as follows. If [r] is a deformation represented by a choice
of lifting 7 : Gp+ g = Gn(R), and v € g X pg, then let ¥ € GL,(R) be an arbitrary pre-image of y, and let
7[r] = [7r]. The equivalence class of this deformation is independent of the choice of lift 7. Moreover, this
deformation is of type S, because of our assumption on the local deformation problems D,. By universality,
this operation determines a map ~v* : Rgni" — Rgni", which defines the action of the element v € s X uso.

Proposition 3.29. 1. Suppose that T|g,. s is absolutely irreducible. Then the inclusion Ps C RYY™ s an
equality.

2. Suppose that T is Schur. Then the inclusion Ps C R&"™W is finite.

3. Suppose that T is Schur, that T|q,. s = py ® Py, and that the local deformation problems defining S are
among those defined in as in the above discussion. Let p C RE"™ be a dimension one prime, let
E be the fraction field of R%"™/p, and suppose that the induced representation v : Gr+ g — Gn(E) is
such that r|g, s is absolutely irreducible. Let q = PsNp. Then the group po X po permutes transitively
the primes of RE"™ above q.
Proof. For the first part, it suffices to show that the map Ps — Rg“i" induces a surjection on Zariski tangent
spaces, or equivalently that if r1, ro are liftings of 7 to k[e] such that for every = € kle][Gr,s], r1(x) and ro(z)
have the same characteristic polynomial, then 71 and ro are 1 + eM,,(k)-conjugate. By the corresponding
result for deformations valued in GL,,, we may assume that ri|q, s = r2|aps-
By Lemma the data of r; is equivalent to the data of r; |Gp,s and a matrix A; realizing the
conjugate self-duality of r;, in particular satisfying the relation

X(B) A7 ="ri(8) A7 ri(6%)

for all § € Grg. If B € GL,,(k[e]), then conjugating by B sends the matrix A; to BA;*B. By Schur’s lemma
(in the guise of [CHT08, Lemma 2.1.8]), A; and A, differ by a scalar. Since the characteristic is not 2, we
can choose a scalar matrix in 1+ eM,, (k) which takes 4; to As.

For the second part, it suffices to show that RV /(mp,) is Artinian. Suppose not; then there exists
a dimension one prime p C R¥™V/(mpg). Let A denote the normalization of REMY/p in its fraction field
E. Fix an isomorphism A =2 k'[T], where k'/k is a finite field extension. Let r : Gp+ g = G,,(A) denote
a representative of the corresponding deformation. By construction, we have detor|g,, = deto7|g, ..
Moreover, the representations r|g,  ®4 E and 7|g, s ® E are semisimple, by Lemma and because
T|Gps is Schur. It follows that we can find v € GLy,(E) with v7|¢, ;7! =Tlgps-

Let E™ = @;V; denote the isotypic decomposition under 7|g, s ®4 F, and let L; = A"NV;. The map
L;i/TL; — A" /T A" is injective, so ®;L; — A" is an isomorphism (7|g,, 5 is multiplicity-free). Similarly, let
E"™ = @;V{ denote the isotypic decomposition with respect to 7|g, s ®r E, and set L; = A" NV/. Using
once more the fact that 7|q,, s is semisimple, we see that we can write v = (v;); € ®; Homg,. ;(V;,V/), and
after scaling each 7; we can assume that v(L;) = L}, and hence v € GL,(A). Since ¥ = r mod T, we can
even assume that v € 1 + M, «,(m4). Indeed, the reduction of v; mod m4 centralizes T;, so is scalar under
the identification L;/TL; = L,/TL}. After multiplying by an element of A* we can therefore assume that
v; = 1 mod mu. Arguing as above, we find that we can choose v € 1+ M,,x,(m4) and yry~! = 7. This
contradicts the universal property of R4"Y.

For the third part, we first prove the following statement (we treat the case of p of characteristic
[ here, the mixed characteristic case being similar). Let A = E'[T], where k'/k is a finite extension, and

24



let E denote its fraction field. Let r1,ry : Gp+ g — Gn(A) be lifts of 7 such that ri|g,s ®4 £ and
r2|lGps ®a E are absolutely irreducible and det ory|g, s = det ora|g, 5. Then there exists v € GL,(A) with

77"1|GF,S’Y_1 = TQ‘GF,S'
Write A;, As for the matrices realizing the conjugate self-duality of these representations. Since
the characteristic polynomials are equal, there exists v € GL,(F) with ’YT1|GF,5771 = 72|lGps. By the

Cartan decomposition, we can write v = k; '7'k; with k; € GL,(A) and 4/ = diag(T®,...,T%) and

a; > as > --- > a,. Replacing r; with kirikfl, we can suppose that v+ = 4’. Then Schur’s lemma shows
that yA;ty = AA,, for some scalar \.
The proof will be complete if we can show that a; = --- = a,,. Suppose instead that a,, > a,;,+1 =

-+ = ay, say. After adjoining a suitable root of T' to A we can suppose that A is a unit and a; +- - - +a, = 0.

For o € G g, we write
no= (50 )= (7 W)

where the diagonal block matrices have size m and n — m, respectively. If j < m < ¢ then a; —a; <0, so
the equation

rolap s (o) = diag(T,..., T) ( a(a)  blo) )diag(T‘“l,...,T_a") € GL,(A)

implies that ¢(o) is divisible by T'. Similarly, the equation

_y—1 3 al A
Ag = A" diag(T*, ..., T )<Z W

XY )diag(T“l,...,T“") € GL,(A)

implies that W is divisible by T. We thus have

m(a)=<a(00) ZEZ%)’AL:()Z( }6)

Since 7 is Schur (and hence 7|g,. 5 is semisimple) we can find a matrix u € My, (n—m) (k) With

(o )0 am ) G 2 )= (% )

Again using the fact that 7 is Schur, we see that the matrix

1 u XY 1 0 . X+uZ+Yu Y
0 1 Z 0 ut 1 o Z 0

must be block diagonal. Since it is also non-singular, this contradiction concludes the proof of the statement.
Now suppose that p, po are primes of Rgni" above ¢, as in the statement of the proposition. We can
find a finite extension E’ of the fraction field of Ps/q with ring of integers A as above and representations
ry, 72 Gpt g — Gn(AY), where A C A is the subring of elements with image in the residue field contained
inside k, such that the induced homomorphisms Rs — A° have kernels p;, po. By what we have just proved,
there exists v € GL,(A) with yr1|g. 7" = r2|cpg, and hence yA1y! = pA, for some p € A*. After
possibly modifying v by a scalar, we see that ~ realizes the action of an element of the group ps X po. This
completes the proof.
O

3.5 Reducible deformations

In this section we suppose that 7 is Schur and that its restriction to G p s has the form 7|g . ; = p; ®p,, where
the p; are absolutely irreducible. Let n; = dimp;. Let A; = ®,cs, O #(1)™], the completed tensor product
being over O. Then the representations p; admit unique extensions to homomorphisms 7; : Gp+ g — Gp (k)
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with the property that ¥ o7; = v o7 and such that, writing 7(c) = (A, —x(¢))j, TFi(c) = (4;, —x(¢))j, the
matrix A is block diagonal with the diagonal blocks given by A;, As.

Suppose that r; : Gp+ g — Gp, (R), i = 1,2, are liftings of 7; to R, where R € Co is endowed with
structures of A;— and As—algebra. Suppose further that for each ¢ we have v or; = x. Then we can define
the direct sum

r1Pre: GF+,S — gn(R)

in an obvious manner, and v o (ry @ r9) = x.

Lemma 3.30. 1. Let A € Cp be a discrete valuation ring with fraction field E and residue field k, and let
r:Gpt g = Gn(A) be alifting of T such that v|g, s ®a E is reducible. Then, after possibly conjugating
by an element v € 1+ M, (my), there is a direct sum decomposition r =11 ®re lifting T =71 ®To. In
particular, r|q, s ®a E is semisimple and multiplicity-free.

2. Let A be as above and let v : Gp+ g — Gn(A) be a lifting of T such that r|g, s ®a E is irreducible.
Then r|gp s ®a E is absolutely irreducible.

3. Let R be an Artinian O-algebra with residue field k, and let v : Gp+ g — Gn(R) (resp. 1) be a lifting
of T of the form r1 @ ro (resp. ry ®1h), where r; (resp. r}) lifts 7;. Suppose there exists v € GL,(R)
with v = 1 mod mg, yry~! =1/. Then v is a block diagonal matriz, with blocks of size ny,no.

Proof. For the first part, taking the reduction of a Jordan-Hélder filtration of 7|g, s ®a E shows that this
representation has at most two Jordan-Hoélder factors and is Schur, hence semisimple. Let E™ = V; ® V5 be a
decomposition into simple submodules, and let L; = V; N A™. Let T be a uniformizer of A. Then the natural
map L;/TL; — A" /T A™ is injective and G s-equivariant, hence A" = L @ Ly. After renumbering, we can
assume that the image of L;/TL; in A™/TA"™ is Tilgps- Let er,... ey, be a basis of Ly lifting the standard
one, and let fi,..., fn, be a basis of Lo lifting the standard one. Then in the basis e1,...,en,, f1,---; fna,
the representation r takes the desired form.

For the second part, consider the extension of r|g, ; to an algebra homomorphism A[Gps] —
M, wn(A), and let A denote the image. Write &€ = A ®4 E. Then £ is a simple algebra by Schur’s
lemma. On the other hand, by [Chel Theorem 2.22] we can construct a family of orthogonal idempotents
e1+---+e, =1in . We must therefore have £ = M,,«,(F), and the representation is absolutely irreducible.

Finally, for the third part we may suppose by induction on the length of R that r = v’ mod I, where
I C Ris an ideal with mg - T = 0, and that v = 1 mod I. Then we can write ' = r(1+ ¢),y = 1+ m, where
¢ € ZN(Gp+ 5,adT) @, I and m € 1 + M, x,(I). A calculation shows that, writing m in block form as

(X Y
"=z w)
we have Y € Homg,. ;(72,71) ®x [ =0, Z € Homg,. ;(71,72) @1 I = 0. The result follows. O

Fix a global deformation problem
S= (F/F+a Sa §7A7?3 X5 {D’U}’UGS) .

Definition 3.31. Let R be an object of Cp. By a reducible deformation of 7 to R, we mean a deformation
whose equivalence class contains a lifting of the form r = ry @ ry, where fori=1,2 r;: Gp+ g — Gp, (R) is

red

a lifting of 7;. We write Defg® for the subfunctor of Defs of reducible deformations.

red

Proposition 3.32. Defs™ is a closed subfunctor of Defs, hence is represented by a quotient Rged of RE™™.

Proof. We must show that Defged C Defg is relatively representable. This means that for every diagram of

Artinian Cj-algebras

C
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the diagram of sets
Def§!(A x¢ B) — Def§%(A) Xpegrea () Defs(B)

| |

Defs (A Xc B) e Defg(A) X Defs(C) Defg (B)

is Cartesian. We are immediately reduced to showing that the top horizontal arrow is surjective. This is an
easy exercise using the third part of the lemma above. O

Lemma 3.33. Let p be a dimension one prime of RE"™ not containing the kernel of the map RE™™ — R,

Let Let A denote the normalization of RE"™ /p in its fraction field E, and let v : Gp+ 5 — Gn(A) denote the
induced representation. Then r|g, s ®a E is absolutely irreducible.

Proof. Let A° C A denote the subring of elements whose image modulo the maximal ideal of A lies in k.
Suppose for contradiction that r|g, s ®4 E is reducible. By the first part of Lemma above, there is
v € 14 M, (m40) such that ~ry~1 admits a direct sum decomposition r = r1 @ o, where r; lifts 7;, and this
contradicts the hypothesis on p. This shows that 7|g,. s ®4 E is irreducible. The absolute irreducibility now
follows from the second part of Lemma [3.30] O

3.6 Twisting

We suppose in this section that 7 is Schur and [ does not divide n. We fix a global deformation problem
S = (F/F+a Sa §7A7Fa X {DU}UES> )

where the local deformation problems D, are among those defined in

Lemma 3.34. Suppose that R € Cy, and that r : Gp+ s — Gn(R) is a lifting of type S. Let ¢ € Gp+ g be
a choice of complex conjugation. Suppose that ¢ : Gpg — R* is a character with trivial reduction modulo
mp such that Yy°¢ = 1, and ¢ is unramified away from the places of F' dividing . Then there exists a unique
lifting r @ ¢ : Gpr g = Gn(R) such that (r @ Y)|aps = Tlaps @Y and (r @ ¥)(c) = r(c). Moreover, r ® 1)
is of type S.

Proof. This is an immediate consequence of Lemma [3.I] and the invariance of our chosen local deformation
problems under twisting by characters (which are unramified, if v € S — 5j). O

Let A denote the Galois group of the maximal abelian pro-l extension of F' unramified outside I.
Then A is a finitely generated Z;-module, and receives an action of the group Gal(F/FT) = {1,c}. We write
A/(c+1) for the maximal quotient of A on which ¢ acts by —1. The completed group algebra O[A/(c+1)]
represents the functor of lifts of the trivial character to characters ¢ : Gp g — R*, R € Cp which are
unramified away from the primes dividing [ and satisfy the relation ¢ = 1.

Lemma 3.35. There is a commutative diagram

PS Rgnw

| |

Ps®00O[A/(c +1)] —= RE"™“&00[A/(c +1)].

The map RE™ — RE™EoO[A/(c+1)] is the one classifying the deformation [rs ®¥], where rs : Gp+ s —
Gn(RE™) is a representative of the universal deformation, and ¥ : Gps — O[A/(c+ 1)]* is the universal
character.

Proof. 1t suffices to note that the map Ps — Rs — R¥VR0O[A/(c 4 1)] has image in the subring
Ps@0O0[A/(c+1)] € R§"VR0O[A/(c+ 1)]. O
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Let ¢ : Gr,s — O denote the Teichmiiller lift of det7|g,. . We define a quotient Rgnjﬂ‘; of R‘““V

by the condition that detrs|g r.s = %o, where rs is a representative of the universal deformation.
Lemma 3.36. There is a canonical isomorphism RE"™ = R 200[A/(c+ 1)].

Proof. Let 15, : Gp+.s — gn(R“n“’) denote a representative of the universal deformation, and let ¥ :
Grs — O[A/(c+1)]* denote the universal character. The map

R&Y — REY ©0O0[A/(c+ 1)]

is induced by the lifting rs 4, ® ¥, which is of type S. We construct its inverse. Indeed, let 1)s = det rs|g, s-
Since I does not divide n, there is a unique character ¢ : A/(c+1) — (REV)* such that 1" = ¢s¢; . The
lifting s ® ¢ ~! has determinant 1, and the pair (rs ® 1»~1,%) induces a homomorphism

RN B0O[A/(c+1)] — RE™

which is the inverse of the isomorphism of the lemma. O

3.7 Localizing and completing at a dimension one prime

We suppose in this section that 7 is Schur, that 7|g,. ; = p; © Py is a direct sum of two absolutely irreducible
representations, and that [ does not divide n. Let

S = (F/F+7Sv§7A7F7X7 {DU}UGS’)

be a global deformation problem, and let p C Rg“i" be a dimension one prime of characteristic {. Let
q = pNPs. Write A for the normalization of RE"" /p in its residue field E = Frac R¥"" /p, and E’ = Frac Ps/q.
Thus A = K'[T]. After possibly enlarging O, we can suppose that k = &/, and we will assume this in what
follows. We will also assume that [F™: Q] > 1.

We suppose that A — A is finite; in this case, we can choose a finite faithfully flat extension A — A
inducing a bijection on minimal primes, together with a surjective map A — A with kernel P making the
diagram

A—sA—>A

commute. We can further suppose that for each minimal prime Q C A, 1~\/ (Q) is isomorphic to a power
series ring over O, and that the map A/(Q,\) — A/(Q, ) induces a separable extension of fraction fields.
Indeed, we can find an isomorphism A = O[X;,...,X;] ®o O[N], where N is a finite abelian l-group.
The homomorphism A — A = k[T] is given on the first factor by X; — T"™iu;, where each u; € A is
either zero or a unit, and on the second factor by the augmentation homomorphism (’)[ ] — k. We may
suppose that u; is a unit. We set A = O[Wh,...,W,] ®o O[N]. The homomorphism A — A is given by
Wi T, W;+—0,i=2,...,s. Fori=1,...,s, let ﬂi denote an arbitrary lift of u; to O[W;] C A. Then the
homomorphism A — A is given by the formulae X7 — Wi uy + WiWs, X; — —W; + W u;, i =2,...,s

Let rs be a representative of the universal deformation. Then the homomorphism Rg“iv — A induces
a representation

rs mod p : Gp+ g = Gn(A),

which we will denote by r,. Suppose that 7,|g, s ®4 E is absolutely irreducible. In this case, the group
Lo X e, acting on R“““’ permutes transitively the set of prlmes of R“n“’ above ¢, by Proposition We

define primes p = ker(RE"Y ®, A= A) and q = ker(Ps ® A A). The group p2 X po acts on R @4 A,
acting trivially on the second factor.

Proposition 3.37. Let assumptions be as above.
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1. Let (QN,@N, {@}veqy) be a choice of Taylor-Wiles data of order q and level N, and let Sy be the
associated augmented deformation problem (cf. . Let py (resp. qn) denote the pullback of p
(resp. q) to R&™™ (resp. Psy ), and let py (resp. qn) denote the pullback of p (resp. q) to RE™ @ A
(resp. Ps, ®a A). Then there exists an integer C > 0 depending only on S, q and p, and not on N or
the choice of Taylor-Wiles data, such that A-module pn /(qn + Pp3r) is finite, of cardinality at most C.

2. Suppose that E = E’. Then the primes of RE™ @ A above q are in bijection with the primes of
R above q. The natural map on localizations and completions (Ps ®x A)g — (RE™ ®4 A)j is an
isomorphism.

(We remind the reader of our convention that if R is a ring and p C R is a prime, then R,y denotes
the localization of R at p, and R, the completion of this ring at its unique maximal ideal.)

Proof. Elements in the finite A-module Hom 4 (p/(q + p?), E/A) correspond to equivalence classes of lifts 7
of ry to A® eE/A with det o7|g, ¢ = detory|a,. 5, subject to certain ramification conditions at places in S.
(This correspondence, and the fact that the relative tangent space p/(q + p2) is a module over the ring A,
which is a discrete valuation ring, is one of the main reasons for introducing A.) We can write 7 = (14 €P)Tp,
where ¢ € Z'(Gp+ 5,adr, ®4 E/A). Similar remarks apply to the finite A-modules py/(qn + p%). To
prove the first part of the proposition, it therefore suffices to show the following two claims: first, that for
any finite set S’ of places of F'T split in F' which contains S, the minimal number of generators of the finitely
generated A-module Hom 4 (H'(Gp+ g/,adry, ®4 E/A), E/A) can be bounded solely in terms of |S" — S|;
second, that there exists an Ny, depending only on r,, such that for any ¢ € Z'(Gp+ o,adr, @4 E/A),
TNog is a coboundary.

For the first claim, it suffices since 7 is Schur to bound dimy H'(Gr s/, ad F) solely in terms of [S"—S)|,
and this is immediate. For the second, it suffices (since [ is odd) to show that we can find Ny such that the
image of TN0¢ in Z'(Gp,s,adr, @ E/A) is a coboundary. We extend the representation 7|, ; to an algebra
map 7rplaps ¢ A[Grs] = Myxn(A). Since rp|g, s ®a E is absolutely irreducible, this algebra homomorphism
is surjective after extending scalars to E, and so A = 7|, s(A[GF,s]) is an order in My, x,(A). Choose
N > 0 such that TN M,,..,(A) C A.

Writing 7(a) = 7, (a) +€d(a), we have the formula §(ab) = r,(a)d(b) +d(a)ry(b), and trd(a) € E/A is
zero for all a € A[GF,s]. Suppose that a belongs to the ideal ker rp|q,. s C A[GF,s]. Then §(ab) = 6(a)ry (D).
We deduce that tr TV §(a) M, xn(A) = 0, hence TV §(a) = 0. Replacing § with TV 3, we may assume that &
is pulled back from an A-linear derivation A — M, xn(E/A).

Let B = Z;L=1 §(TNej1)TNeyj € Muxn(E/A), where e;; is the matrix with a 1 in the (j,4) spot
and 0 everywhere else. For any v € A, we have

n n

T2N§(y) = 8(T*Ny) =Y 6(TVejnTVer ) =D 6(TNe; )TN ey jy + TN ej18(TVer ),

j=1 j=1
and this last term equals By + 37, TNe;16(T ey jv). On the other hand, we have

n

T €j, 1(5 T elj'y T €j, 15 ’Yj zT €1,i = ’Yj,iT ej,léT €1,4) = ’YT 61'715T €1,i),
Nejad(Ter ) Nei10(TVer )

Jj=1 j=11i=1 i=1

and this equals —yB. It follows that after multiplying § by T2V, it becomes a coboundary. Thus we can
take Ng = 3N. This concludes the proof of the first part of the proposition.
For the second part, note that the fiber of Spec RE" @ A — Spec Ps @, A above § q is identified
with Spec R¥Y @ pg E. The map
(Ps @ N)g — (Rg™ @ M)z
is surjective; indeed, it follows from the proof of the first part of this proposition that the relative tangent
space is p/(q + p?) ®4 E = 0. For the injectivity, note that for any prime ¥ of RE¥Y @, A above g, the
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completions (REY @, K)g and (R @4 A); are isomorphic as (Ps ® /N\)a—algebras, via the action of the
group po X o (by Proposition [3.29). The map

(Ps @a A)g = RE™ @pg (Ps @p Mg = [ [(RE™ @4 A)e

T

is injective, since (Ps®x /N\)a is a flat Ps-algebra. It follows that the induced map (Ps®a K)H — (REIV®, /N\)F
must also be injective. O

It need not always be the case that Frac Ps/q = Frac R&" /p. However, let S denote the deformation
problem

S = (F/F+, S, S, AT, X, {Dv}vES) ;

where the local deformation problems D, are among those defined in §3.3] and let A denote the Galois group
of the maximal pro-/ abelian extension of L, unramified outside the places dividing I. Let ¢ : A/(c+1) — A*
denote a continuous character which has trivial reduction modulo 7. Then we have (cf. Lemma a
lifting rp, ® 1) : Gp+ g — Gn(A), and we write py, and qy for the induced ideals of RE"Y and Ps, respectively.

Lemma 3.38. 1. Let Q be a minimal prime of RE"™. Then Q C p if and only if Q C py.
2. There exists a choice of v with the property that Frac Ps/q, = Frac R&"/p, = E.

Proof. For the first part it is enough, by symmetry, to show that if @ C p then Q C py. We use the
isomorphism R o Rg“go ®00[A/(c+ 1)] of Lemma Let Qo denote the pullback of ) under the

univ univ

homomorphism R’ — Rg"". Then there is a surjection

Rgr,lill}]o/QO@OO[[A/(C + 1)]] — Rféniv/Q7
and for any minimal prime P C O[A/(¢+ 1)], the ring
WY 1Q0B00[A/(c + 1)]/P

univ

is isomorphic to a power series ring over the domain Rg")7 /Qo. Tt follows that there exists a minimal prime
Py € O[A/(c+ 1)] such that Q@ = (Qo, Py). The composite Rg“@‘; — RV — A has kernel containing Qo
(since @ C p). It follows that there is a homomorphism

REV/Q = R&Y /Qo®oO[A/(c + 1)]/Py — ASk[A/(c + 1)]/ P, (3.4)

univ

arising from the universal property of the completed tensor product Rg")" / QO®OOHA /(c+ 1)]/Fo via the
map

@Y /Qo — A — ABK[A/(c+ 1)]

and the diagonal map R
O[A/(c+ 1)]/Po = AQwk[A/(c+ 1)]/ Po.

The map cuts out an irreducible Zariski closed subset of Spec Rg“i" /@ which contains both p and p,.
In particular, we have ) C p,, as desired.

For the second part of the lemma, choose a surjection A/(c+1) — Z;, and 0 € Gp g that is mapped
to a topological generator of Z;. Write det 7y|g, o (0) = xa, where x € k* and o € A* satisfies « = 1 mod T'.
Define a character ¢ : A/(c+ 1) — A* by pulling back the character Z; — A* which sends the image of
o to the unique n' root of (14 T')/a in 1+ TA. Then det(r ® ¥)|g,.s(c) = #(1 + T), and Frac Ps/qy is
identified with a closed subfield of E = k((T")) containing T'. The only possibility is Frac Ps/qy, = E, and
this implies the lemma. O

We now suppose that S is the global deformation problem (3.2)). For the convenience of the reader,
we recall its definition here: B
§=(F/F*.8, 50,7 x{Do}res) (3.5)

where S is a disjoint union S = S; U S(B) U RU S,, and the deformation problems D, are as follows:
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o If v €5, then 7|g,_is trivial, [F5: Q] > n(n —1)/2+1, and D, = R%.
e If v € S(B), then ¢, =1 mod [, T|g,._ is trivial, and D, = RS*.

e If v € R, then ¢, = 1 mod [, F|GR7 is trivial, and D, = RY¥* for some tuple x, = Xv,1 X -+ X Xu,n Of
characters x, ; : k(v)* — O which are trivial mod .

e If v € S,, then ¢, # 1 mod [, 7|g,._ is unramified and 7|¢,._(Froby) is a scalar matrix, and D, = RU.
Let T = S. We write P'°° C R for the kernel of the composite RS — Rs — A, and P1°° C RS, =

R?CT @ A for the kernel of the natural surjection E?CT — A. Finally, we fix an integer ¢’ > 0 and define
R> = E?CT[[xh ...,xq], and P> to be the kernel of the map R>* — A sending each of x1,..., 24 to 0.

Lemma 3.39. Let Q C A be a minimal prime and let V' C Spec A/Q[1/l] denote the open subset where for
each v € S; and for each 1 < i < j < mn, we have ¢} # Y7 and ¢y # €. Let V' denote the pre-image of V
in Spec A/(Q)[1/1). Suppose finally that for each v € Sy, we have [Fy: Q)] > n(n—1)/2+ 1. Then:

1. The pre-image of V in Spec @upes, R2 @a A/ (Q)[1/1] is regular.
2. The ring @yes, RS @4 K/(Q) is geometrically irreducible over O.
Proof. Consider the two projections
f : Spec @Uegl RvA — Spec A,
f : Spec ®ves, B2 @4 A — SpecA.
We make the following observations.

° f admits a section. Indeed, it is easy to construct a section of f, and we get a section of fby base
extension to A.

. f_l(f/) is connected. The set V is irreducible, the fibers of f above closed points of V are connected
(by Proposition , and f admits a section.

o f~H(V) is regular. Because ®yeg,R> @4 A is excellent, and ®,cg, RS @5 A[1/1] is a Jacobson ring, it
suffices to check regularity at closed points of f=*(V). If z € f~(V) is such a point, then regularity

at z follows from the regularity of the fiber f~1f(z), regularity of 7\[1 /1], and the equality
dim f~1(V) = dim V 4 dim f~' f(z)
(see Proposition again).

This already proves the first part of the lemma, and shows that f’l(f/) is irreducible (even geometrically
irreducible, since we reach the same conclusion if we first enlarge the field of coefficients). We claim that

f~U(V) is Zariski dense in Spec ®yes, RS @4 A/(Q)[1/l]. To show this, it is enough to show that each
generic point 77 € Spec ®,es, RS ®a A/(Q)[1/1] is contained in f~(V). Let 7j be such a point, and let
n € Spec @yes, RS @a A/Q[1/1] denote its image under the finite, faithfully flat morphism

Spec @yes, RS @a A/ (Q)[1/1] = Spec @yes, RS @4 AJQ[1/1].

Then 7 is a generic point. Since Spec ®yeg, RS @ A/Q[1/1] is irreducible, we have n € f~'(V), hence
1 € f~Y(V). This completes the proof of the claim. The lemma itself now follows from the observation that
the ring ®,es, RS @4 A is O-flat (by Lemma. O

Lemma 3.40. With hypothesis as above, suppose in addition that:
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1. For each v € S;, the characters 1} mod p : Ili‘ig () > A = A%, i=1,...,n, are pairwise distinct.

2. For each v € S(B), ry|a,_ is unramified, and rp|c,_ (Frobz) € GLyn(A) is a scalar matriz a, - 1,,
apy €1+ my.

3. For each v € R, 1y|c,. is trivial.
Then:

1. Suppose further that for each v € R, the characters Xy 1,...,Xv,n are patrwise distinct. Then for each
minimal prime Q C A, Spec R /(Q) is irreducible of dimension n(n+ 1)[F+ : Q]/2+n?|T|+¢, and
its generic point is of characteristic 0.

2. Suppose instead that for each v € R, the characters Xy 1, ..., Xv,n ore trivial, and that K is sufficiently
large, in the sense of Proposition @ Then for each minimal prime Q@ C A, Spec R¥/(Q) is
equidimensional of dimension n(n + 1)‘FJr : Q]/2 + n?|T| + ¢, and all of its generic points are of
characteristic 0. Moreover, each minimal prime of RS- /(Q,\) contains a unique minimal prime of
R /(Q).

(The hypotheses of Lemma will hold when we apply it later during the proof of Theorem M)

Proof. We observe that we have already shown in Lemma |3.20| that the ring RloC satisfies the analogue of
the above properties. The thrust of this lemma is thus to show that these propertles are preserved under
the operations of extension of scalars to A and localization_and completlon at P>*. We begin with some
preliminary reductions. First, we can assume by Lemma that ¢’ = 0, and hence R™® = RloC and

P> = Plo¢. We can write

ploc Py O Py St | S Py AN A\ S Py X

i = (@00, 7) B0 (@) B (B 18 4 8) B0 (@, )
Suppose that for each v E R, the characters Xy 1, ..., Xo,n are pairwise distinct, and let  C A be a minimal
prime. By Lemma the ring RIOC (Q) contains a unique minimal prime £, and RloC /9 is O-flat of

dimension 1 + n(n + 1)[FJr Q]/2 + n2|T| It follows that RIOC (Q) = R¥¢ T/ @A A is O-flat of the same

dimension, hence R};‘ip Ploc/(Q) is O-flat of dimension n(n + 1)[FJr : }/2 —|— n?|T|. (The ring RIOC (Q) is

excellent, hence catenary, and P'°° has dimension 1.) We will show that the ring RL?CT Bioc (1/1/(Q) 1s a

domain. This will then imply the first part of the lemma.

Choose for each v € S(B) alift @, of @, to A. There is an induced homomorphism f5 : }gCT — Rl"C
which classifies the universal lifting for v € T — S(B), and the unramified twist of the universal hftmg by a &
for v € S(B). Then f5(P'°) is the kernel of the surjective homomorphism

IOC Py D Py oy Py A N pay Py
RST - (®v€ R, ) ®o <®veS(B)k> ®o <®UGSZRU ®AA) ®o <®veRk> -4,
which classifies rp|G,._ for v € S, U S, and the trivial lifting 7|, for v € S(B) U R. Writing P’ for the

kernel of this homomorphism, we get an isomorphism R?CT Bloe = Eg’CTq}, We define

(= 0\ 2. (< N
C= <®v€SaRv ) ®o (®v€5’z RU ®AA>
and write P for the kernel of the map C' — A. We define
_ o) St | S ) X
D= (@, ) o (@)

Thus P’ = (P,mp) C C®eD, and by Lemma there is a canonical isomorphism Ef%m, = C’qg@oD.
For each minimal prime @ C A, the ring (C/(Q))s is a formally smooth (/N\/(Q))Ig—algebra. To see this, we
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compute the relative tangent space 33/(%2, P) of the morphism (K/(Q))ﬁ — (C/(Q))gp. By Lemma m
the F-dual of this tangent space is isomorphic to the space of data of the following type: a choice for each
v|l of a pair (Fil},r) of a lifting of ry|¢, to Ele] and a filtration preserved by it, such that the diagonal
characters are the pushfowards of (¢/7,.. ] ,¥Y) via the homomorphism A/P — E, and for each v € S, an
unramified lifting of ry|c,  to Efe]. Arguing as in the proof of [Ger, Lemma 3.2.3] shows that this tangent
space has dimension equal to n(n —1)/2[F" : Q] 4+ n?|S)| + n?|S.| = dim(C/Q)yp — dim(K/(Q))ﬁ. It follows
that (C'/(Q))y is a formally smooth (K/(Q))ﬁ-algebra, and hence that this ring can be presented as a power

series ring over (A/(Q))p. In particular, (C/(Q))y is a regular local domain. (We use here that for each
1 <4< j <mn, wehave ¢y # ¢} mod p and ¢} # e} mod p. The first condition holds by hypothesis. For
the second, we observe that both the characters 1} and ¢ are trivial modulo my,. If 9 = €] mod p then
€ is trivial modulo A, which implies that ¢ = ¢} mod p, a contradiction.)

Successively applying Proposition and Proposition we see that Spec Cyy/ (Q)®oD[1/1] is

connected, hence Spec ITZISO;Tm, /(Q)[1/1] is connected. We now make the following observations.

e The morphism R};’XCT o/ @[/ — E?E,T,m'/(Q)[l/l] is regular, being a localization of a regular
morphism (see [Mat89] §32] for the definition and basic properties of this notion), and faithfully flat.

e The ring E?;T,(‘ﬁ')/( )[1/1] is regular. Indeed, 9’ lies in the set f~1(V) of Lemma

It follows (by [Mat89, Theorem 32.2]) that E}g;Tm,/(Q)[l/l] is regular. Since we have shown this ring to
have connected spectrum, it is a domain. This completes the proof of the first part of the lemma.

We now come to the second part of the lemma. We therefore now assume that for each v € R, the
characters Xy 1, ..., Xo,n are trivial, and fix a prime @ C A. We are going to apply Proposition First, we

observe that the ring RIOC (@, A) is generically reduced. We have seen (Lemma [3.20|) that RIOC (@, ) is
generically reduced (equwalently, satisfies the condition (Ry) of being reduced in codimension 0) Moreover,
under the map

Spec R$%:/(Q,\) — Spec A/(Q, A),

every generic point of Spec RIOC (Q, \) maps to the generic point of Spec A/(Q, A). Since the map
Spec RloC (Q,\) — Spec RIOC (@, \)

is faithfully flat, it follows that every generic point of Spec RIOC (Q,\) maps to the generic point of

Spec /~\/(Q, A). To show that the ring RloC (Q, \) satisfies condition (Ryp), it is therefore enough to show
that the ring
R%./(Q, \) ®z Frac A/(Q,N) (3.6)

satisfies (Rp). Let us write ng for the generic point of SpecA/(Q,\), and 7o for the generic point of

Spec A/(Q, \). The finite extension k(M) /k(ng) is separable, by construction, and the ring { is canoni-
cally isomorphic to

(R$%/(Q,A) @4 £(11Q)) Pn(ng) K(7IQ).
Since the ring R§5./(Q, \) ®a £(nq) satisfies (Ro), we deduce the corresponding condition for the ring (3.6)
and hence for RIOC (Q,N).
Second, we observe that for each minimal prime Q C RIOC (@), RIOC () is O-flat and geometrically

integral; and that each minimal prime of RIOC (Q,\) contains a unique minimal prime of R10C (Q). By
Lemma [T4] to show this it is enough to show that for each of the rings

B=RJ (veS,), RS (ve S(B)), RL (veR), and (B,e5R%) ©1 A(Q),
the following hold:

e for each minimal prime Q C B, B/ is O-flat and geometrically integral;
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e and each minimal prime of B/()) contains a unique minimal prime of B.

If v € S,, then this follows from Proposition [3.10] If v € S(B), then it follows from Proposition 3.17 If
v € R, then it follows from Proposition [3.15 provided that the coefficient field K is sufficiently large. For
the remaining ring B = ®,cs, RS> @ A/( ), it follows from Lemma

We can now complete the proof of the lemma. We have shown that the ring R?CT (Boc) /(Q) has the
following properties:

e the quotient R};,’CT (Boey /(Q, \) is generically reduced,;
e for each minimal prime 9 C R?CT (PIOF)/(Q), the quotient R?‘} (PM)/Q is O-flat;

e and each minimal prime of R};C

T)(};loc)/(Q, ) contains a unique minimal prime of R!°° )/(Q)

8,T,(Ploc
Indeed, we have shown that the ring RlOC (@) has these properties, and they are preserved under localization

at P°¢. The hypotheses of Proposition are now fulfilled, and this implies that the above properties are
preserved under completion at P'°°. This completes the proof of the lemma. O

4 Automorphic forms

In this section we define spaces of algebraic modular forms on definite unitary groups. We work with ordinary
forms; by Hida theory, it suffices therefore to work throughout with forms of weight zero (or equivalently,
with trivial coefficients). A development of this theory in the context of Galois representations was given by
Geraghty [Ger]. We will refer mostly to this work for structural results. We remark that Geraghty works
with ‘true’ unitary groups (associated to a Hermitian vector space), whereas we prefer to work with a division
algebra endowed with involution at the second kind, which may therefore be ramified at a finite set of places
(the set S(B) below). This does not, however, require any modifications to the Hida-theoretic arguments,
for which we continue to use Geraghty’s work as a reference.

4.1 Definitions

Fix an integer n > 1 and an odd prime . Let L be a CM field with maximal totally real subfield L*. We
suppose that every prime above [ splits in L/L* and that L/L" is everywhere unramified. Let S; denote
the set of places of L+ dividing I. For each place in v € S; we choose a place v of L above it and denote
the set of these by S, We write I; for the set of embeddings L — Q,, and I; C I; for the those embeddings
inducing an element of S;. We fix also a finite non-empty set of places S(B) of Lt such that

e Every element of S(B) splits in L.
e S(B) contains no place above .
e If n is even then n[LT : Q]/2 + |S(B)| = 0 mod 2.

Under these hypotheses we can find a central division algebra B over L equipped with an involution t
satisfying the following properties (see [CHTO08) §3.3]):

e dim;, B = n?.

e B*~Bw®, L.

B splits outside S(B).

For each prime w of L above S(B), B, = B®p, L, is a division algebra.

fle=c

34



e Defining a group G over L™ by the formula
G(R)={g€ BaL+ R|g'g=1}

for any L*-algebra R, we have that G(LT ®g R) is compact and G is quasi-split at every finite place
v S(B) of LT.

We can find a maximal order Og C B such that (9]:3 = Op and such that Op,, = Op®e, Or,, is a maximal
order in B,, for every place w € L split over LT. This defines an integral model for G over O+, which we
continue to denote by G.

Let v € S(B) be a finite place of L™ which splits as v = ww® in L. Then we can find an isomorphism

w0 ®o,, Opy = My(0OL,) x Mn(OL,.)
such that ¢,(g") = ?1,(g)°. Projection to the first factor then gives rise to an isomorphism
w2 G(LY) = GL,(Ly),

with the property that ¢,(G(Op+)) = GL,(Ot,). If v € S(B) then we get an isomorphism ¢, : G(L}) —
By, with the property that ¢, (G(Op+)) = Op .

Let K be a finite extension of Q; in Q;, with ring of integers © and residue field k. We write A for
the maximal ideal of O. We will suppose K large enough to contain the image of every embedding of L in
Q.

Let R be a finite set of finite places of L™, disjoint from S; U S(B) and containing only places which
split in L. Let T' > S; U S(B) U R be a finite set of places of L™ which split in L. For each v € T' we choose
a place v of L above it, extending our previous choice for v € Sj.

We suppose that U = [, U, is an open compact subgroup of G(A%, ) such that U, C .5 " Iw(3) for
v € R. Here given a place v of L, Iw(?) is the subgroup of GL,,(OL) consisting of matrices whose image in
GL,,(k(v)) is upper triangular. We will also write Iw(v) C Iw(v) for the subgroup of matrices whose image
in GL,,(k(v)) is upper-triangular and unipotent. We say that U is sufficiently small if there exists a place
v & S; of LT such that U, contains no non-trivial elements of finite order. We shall often assume this in the
applications below.

For each v € R, we choose a character x, : Iw(v)/Iwy(v) — O*. This is equivalent to the data
of an n-tuple of characters x4 1,-..,Xvn : k()< = O*. We write M = ®yecrO(xy). Then M is an
Ol[l,eg Iw(v)/ Iw1(v)]-module, free of rank 1 over O.

Definition 4.1. Let U, x = {xo} be as above. If A is an O-module, we write Sy (U, A) for the set of functions
11 GINGE) » M @o A

such that for every u € U, we have f(gu) = ul_%lf(g), where ug denotes the image of u under the projection
U= [lyerIw(@). If V is an arbitrary subgroup of G(AS% ) whose projection to the places v € R is contained
in o5 Iw(v), then we will write
S (V, Q) = lim S, (U, Qy),
Usv

the limit being taken over the directed system of all open compact subgroups U =[], U, C G(A.) such that
for each v € R, we have U, C 15" Iw(v). The group G(AZO;R) X [loer o5 ' Iw() acts on Sy ({1},Q;) by right
translation.

For integers 0 < b < ¢, and v € S;, we consider the subgroup Iw(?*¢) C GL,(OL.) defined as
those matrices which are congruent to an upper-triangular matrix modulo v¢ and congruent to a unipotent
upper-triangular matrix modulo 2°. We set U(I*¢) = U' x [Les, o3 Iw (%),

We now define certain Hecke operators as double coset operators (cf. [Ger, §2.3]). If w is a place

of L split over L* and not in 7, let w,, be a uniformizer of L,,. Then we define for j = 1,...,n the Hecke
operator
79 = ! ({GLH(OLUJ) ( w};lf . o ) GLn(OLw)]> .
n—j
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This is independent of the choice of uniformizer w,,.
If v is a place of L™ dividing [ and if u € T,,(Op, ), where T}, C GL,, is the diagonal torus, then we
write

(uy = o5 ([Iw (@) uIw(@)]) .

We fix a choice of uniformizer wy € Ly and define

0l = ({Iw(ab,c) < wzlj 1n0_j )Iw(’ﬁb’”)D :

This operator depends on the choice of uniformizer. Now [Gerl, Lemma 2.3.3] shows that these operators act
on the spaces S, (U(1*¢), A) for any O-module A and commute with the inclusions

S (U(17), 4) € S, (U (), A),

when b < b and ¢ < (.
For any O-module A there is defined a subspace of ordinary forms

STUUe), A) = eSy (U (7€), A) € Sy (U ("), A)

which is preserved by all of the above defined Hecke operators, defined as the image of the ordinary projector
e, see [Gerl, Definition 2.4.2].

Definition 4.2. We write TL (U (1), A) for the O-subalgebra of
Endo (Sy"(U(1"°), A))
generated by the operators T3, 5 =1,...,n and (T?)~' as above and {u) for

ue Tp(Op+y) = [ Tn(OL,).

vES]

We write TL(U(1>°),0) = lm TL(U(1°), 0). This algebra acts naturally on the spaces

c

S (U(I%), K/0) = lim S7(U (1), K/ O)

and
Sy (U(1),0) = S, (U(I*), K/O)" = Homo (S, (U(I*), K/O), K/O).

Let A’ denote the completed group ring of the group 7,(Op+ ;). Via the Artin map, there is a
canonical quotient map A’ — A = ®,es5,0O[I #(1)]. On the other hand, there is a canonical splitting
T(Op+1) = [lyes, Tn(Or;)(1) x [1,es, Tn(k(v)), which makes A" into an augmented A-algebra. Define a
homomorphism T, (Op+ ;) — TL(U(1°), 0)* by the formula

(u5)ves, H (ug) - H HT(%(T)J)PZ',

vES; rel i=1

where we write u = (uy, ..., u,) for a typical element of T}, and ¥(7) € S; denotes the place of L induced
by an embedding 7 € I;. This choice defines a homomorphism A’ — TT (U(1*°), 0). We will always view the
Hecke algebra TT (U (I°°), O) as endowed with this structure of A’-algebra (hence A-algebra).

Proposition 4.3. Suppose that U is sufficiently small. Then T;(U([OO), O) is a finite faithful A-algebra,
and Sy (U(1°),0) is a faithful TL(U(1>°), O)-module which is finite free over A with the induced A-module

structure.
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Proof. This is proved exactly as in [Gerl Proposition 2.5.3] and [Gerl, Corollary 2.5.4]. O

Proposition 4.4. Let m = ®],m, be a RACSDC automorphic representation of GLy(AL) of weight A = 0.
Suppose that for each finite place w of L which is inert over LT, m, is unramified, and for each place w of
L lying above a place of S(B), Ty is an unramified twist of the Steinberg representation. Then:

1. There exists an automorphic representation o = Q. 0, of G(Ap+) satisfying the following conditions:

(a) 0 is the trivial representation.

(b) For each finite place v of Lt which is inert in L, o, has a fived vector under a hyperspecial

mazimal compact subgroup of L.

(¢c) For each finite place v & S(B) of LT which is split as v = ww® in L, 0, = 7, 01t

2. Let o be as in part 1, and let U = [[, U, C G(AT) be an open compact subgroup such that for all
finite places v of L* inert in L, U, is a hyperspeczal mazimal compact subgroup. Then there exists an
automorphic representation o’ of G(Ap+) satisfying the following conditions:

(a) ol is the trivial representation.

(b) For each finite place v of L™ which is inert in L, ol has a fized vector under U,.

(c) For each finite place v & S(B) of L™ which is split as v = ww® in L, o) = 7y 015 (= 04).
Proof. The first part is contained in [CHTO8|, Proposition 3.3.2]. In fact, essentially the same argument also
gives the second part. Let G* denote the quasi-split inner form of G, and let R denote the right regular
representation of G(Ay+) on L?(G(LT)\G(A+)). Let f° € C°(G(AY)) be a locally constant function
of compact support, and let fo, € C°(G(LT ®g R)) be the constant function 1. Let f = f® ® fo €
C*(G(Ar+)). According to the proof of [Lab99, Theorem A.3.1], there is an identity (for an appropriate

choice of measures)
tr R(f) = ST (f9),

where ¢ € C®(G*(AL+)) is a transfer of f. (We refer to loc. cit. for the terms which are not defined
here.) In particular, the distribution f*° — tr R(f) is stable, and the existence of ¢’ follows from that of

o. O

4.2 Galois representations

Theorem 4.5. Let m = ®)m, be an irreducible G(AEO;R) X [Tyer t5 " Iw()-submodule of the space of auto-
morphic forms S, ({1},Q;). Then there exists a continuous semisimple representation r () : G, — GL,(Q;)
with the following properties:

1. m(m)e = ry(m)Vel .
2. If v € Sy then ri(m)|c,_ is de Rham and for each T € I, we have HT,(r(x)) = {0,1,...,n — 1}.
3. If v g S(B)UR is a place of L™ which splits as v =ww® in L, then

WD(ri(7)|a,,, )F ss’vrecg (my 0 Ly b,

4. If v is an inert place and 7, has a fized vector for a hyperspecial mazimal compact in G(L;) then /()
is unramified above v.

L Iw(?)

5. Ifve R and w7 # 0, then for every o € Ir_, we have

char,, (7 (o) (X H (X — ij ArtL (0))) .
j=1
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Proof. This follows from [CHTOS8|, Proposition 3.3.4], [CHT0S, Lemma 3.1.6] and Theorem O

We record for later use the following consequence of the proof of [CHTO08, Proposition 3.3.4] and
[TY07, Theorem B].

Lemma 4.6. Let m be an irreducible G(AZO;R) X [Iyer ts " Iw(D)-submodule of the space of automorphic
forms S, ({1},Q;). Then ezactly one of the following holds.

1. There exists a RACSDC automorphic representation I1 of GL,,(Ar), an isomorphism 1 : Q, — C, and
an isomorphism ri(n) = r,(I1). Moreover, I satisfies the following properties:

(a) If v is a finite place of L™ inert in L, and 7, has a fized vector for a hyperspecial mazimal compact
subgroup of G(L;}), then 11, is unramified.

(b) If v ¢ S(B)UR is a finite place of L split in L as v = ww®, then I, = 7, o1,'.
GO 4)
(c) If v e S(B) and 2 £ 0, then Il is an unramified twist of the Steinberg representation.
Finally, v (m) is irreducible.

2. There exists an integer m > 1 with m|n, a continuous representation p : G — GLn/m(@l) with

c~ V_m—n

p° = pVe , and an isomorphism r(T) 2 p® pRe 1@ - - D p@ ™.

Proposition 4.7. Suppose that U is sufficiently small. Let m be a mazimal ideal of ’]Tz(U([OO), O). Then,
after possibly enlarging K, we can identify Tg(U(I‘X’),O)/m = k and there is a continuous semisimple

representation
Tm: G — GLn(k),

unique up to isomorphism, such that:
1. 7
2. T s unramified outside T'. For all v & T splitting in L as v = ww®, the characteristic polynomial of

Tm (Froby,) is

X" 44 (_1)j(qw)j(j*1)/2T5}anj Foet (_1)n(qw)n(n71)/2T£.

Proof. This is proved exactly as in [Ger| Proposition 2.7.3]. O]
We remark that the proof of [Ger, Proposition 2.7.3] shows that any maximal ideal m C TL (U (1*°), O)
is the pullback of a maximal ideal m; C TT (U(IM!'), 0). If ¢ > 1 is an integer, then we define
T c,c T 1,1 T 1,1
m. = ker(T) (U(I°),0) = T, (U(I""),0) = T, (U(I""),0)/m;.

Definition 4.8. We say that a maximal ideal m as above is residually Schur if writing ¥ = ®;_1p; as a
sum of irreducible subrepresentations, each p; is absolutely irreducible and for each 1 <1i,j <'s, i # j, we

have p; % p; and p§ # ﬁ}/ ®elmm,

Suppose that 7 is an irreducible G(A‘ZO;R) X [loer 15" Iw(v)-submodule of S ({1},Q;) such that
TN SYIU(19°),Q;) # 0 for some ¢ > 1. We can then associate to m a maximal ideal m of the algebra
TE(U(1°°), 0). Indeed, the Hecke eigenvalues of 7 give rise to a homomorphism T (U(1°), 0) — Z; — Fy,
and we take m to be the kernel of this homomorphism. If this maximal ideal m is residually Schur, then the
first alternative of Lemma [4.6 holds for .

Proposition 4.9. Let m C ']I‘Z;(U([OO), O) be a residually Schur mazimal ideal. Then, after possibly enlarging
K, 7w admits an extension to a continuous homomorphism

?m . GL+ — gn(k)7

with the property that 7' (GL, x GL1(k)) = G and voTy = 61*"52/L+. Moreover, this extension is Schur.
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Proof. Choose an irreducible submodule 7 of S, ({1},Q;) such that r;(7) has reduction equal to 7. By
[CHTO08, Lemma 2.1.5], after possibly extending K we can assume that r;(7) is valued in GL,(O) and
find an extension to a representation 7(7) : Gp+ g — G,(O). By the main result of [BC11], we have
vor (m) = 61*”52/L+. It now suffices to take the reduction mod A of this extension. The representation
obtained in this way is Schur, by Lemma [3.4] O

Proposition 4.10. Suppose that U is sufficiently small, and let m C ']Ig(U([OO),O) be a residually Schur
mazimal ideal. Fizc> 1, and let p C m. be a minimal prime. Then there exists a finite field extension E, of
the fraction field of 71‘§(U([C’C)7 O)/p with ring of integers Oy and a continuous representation ry : G+ p —
Gn(Oy) such that ry mod mop, = Tm and satisfying the following: for any embedding E, — Q, there is
an irreducible G(AEO;R) X [Toer ts " Iw(v)-submodule of the space Sy({1},Q;) inducing the homomorphism
TL(U (1), 0) — Q. and such that rp|c, » ®o, @ = ri(T).

Proof. This follows the existence of r;(7) and [CHT08, Lemma 2.1.5]. O

In contrast to the residually irreducible case, T, need not admit a lifting to Tg(U([OC), O)m. The
best we can hope for is the following.

Proposition 4.11. Suppose that U is sufficiently small, and let m C Ti(U([w),(’)) be a residually Schur
mazimal ideal. Define a group determinant over k by Dy, = det oTm|a, s- Then Dy, admits a unique lifting

to a pseudodeformation
Dm : G[“T — Tz;(U([OO)? O)m

satisfying the following property: for all v € T splitting in L as v = ww®, the characteristic polynomial of
Dy, (Froby,) is ' N _ _
X" (=1) () UT2TI X o (=) (o) D2T,

Proof. It suffices to construct such a lifting to Dy, : G — TL(U(1°¢), O)m,, as the uniqueness ensures
that we can then pass to the limit. Let A C k& P, Op denote the subring of elements (z, (y,)) such
that * = y, mod m, for each p. By the previous proposition, there exists a continuous representation
re = ®prp : G — Gn(A), and we now take Dy, = detor.|g, .. By the second part of Proposition
3.26) Dy, is actually valued in TZ (U (1), O)m, C A. It is now easy to see that Dy, satisfies the required
properties. [

4.3 Deformation rings and Hecke algebras

We now specialize to the following situation. Let S =T = S;URUS(B)US,, and that U =[], U, has the
following form:

e For v inert in L, U, C G(L}) is a hyperspecial maximal compact subgroup.

e For v ¢ T split in L, U, = G(O, +).

v

For v € S(B), U, is a maximal compact subgroup.

For v € S;,U, = G(Op+).
e Forve R.U, ="' Tw(?).
e For v € S,,U, = ¢5 " ker(GL,(Or,) — GL,(k(D))).

We suppose that S, is non-empty and that for every v € S,, v is absolutely unramified, 7, is unramified
above v, adT(Frob,) = 1 and v does not split in L(¢;). Then H°(Gp,,ad7(1)) = 0, and U is sufficiently
small. We leave the characters x, for v € R unspecified, but suppose that they are trivial mod A\. We fix a
residually Schur maximal ideal m C TT (U(1°), 0).
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Suppose also that for each v € S;URUS(B), Tm|g,_ is trivial and that for each v € RUS(B), ¢, =
1 mod I. Under these assumptions we can define a global deformation problem (using the local deformation
problems defined in :

SX = (L/L+7 S, gv A,Fm, 617“52/L+a {RUA}vESl U {R?)cv }1)ER U {Rqs;t}vES(B) U {RE}UESQ) .

Because Twm|g,_ is trivial for each v € S, it follows from Theorem and Theorem that the natural
homomorphism A" — Tg(U([OO), O)m factors through its quotient A. Moreover, the ring Ti(U([m), O is
topologically generated as a A-algebra by the unramified Hecke operators T at the places w ¢ L which are
split over LT,

Proposition 4.12. The natural map Qs®@oA — T;C(U([OO), O)m is surjective and factors through the quo-
tient Qs@oA — Ps. .

Proof. The map is surjective since since Tg’;(U (I°°),O)n is topologically generated as a A-algebra by the
coeflicients of the characteristic polynomial of the group determinant D.,, evaluated at the Frobenius elements
at places of L split over L1, Let I = ker(Qs®@oA — Rgzi"), and let J = ker(Qs®@pA — TE(U(1°°), O)m).
To complete the proof of the proposition, we must show that I C J. We claim that there exists a Zariski
dense set Y of maximal ideals p C T (U(I°°), O)w[1/1] with the following property:

e For each p € Y, there is a finite extension E, of Ti(U([oo), O)wm[1/1]/p with ring of integers O, and
a lifting 7, : Gp+ ¢ — gn(og), where Og C Oy is the subring of elements whose image in the residue
field lies in k, such that 7y is of type S, and the following diagram commutes:

Qs®oA —=TL(U(1°°), O)m

| |

univ X 0

The claim implies the proposition. Indeed, if p € Y then after identifying p with a maximal ideal of
Qs®oA[1/1], we have I[1/1] C p. Since TT(U (1), O)m[1/1] is reduced, it follows from this and the fact that
Y is Zariski dense that I[1/1] C J[1/1]. Since TT (U(I>°), O)n is O-flat, it follows that I C .J.
We now prove the claim. Let X C Spec A[1/]] be the set of maximal ideals corresponding to tuples
of characters
OV st ol I%g(l) — @IX, v E Sy,

where each ¢ : I}> — Q,' is of finite order. Let Y denote the pre-image of X in Spec TE(U(1°°), O)m[1/1].
Then X is Zariski dense in Spec A[1/1], so Y is Zariski dense in Spec T (U (1), O)n[1/1], by Proposition
Furthermore, if p € Y lies above a point q € X corresponding to a tuple of characters (¢%)ves, i=1,... n» Which
are all of conductor at most ¢, for some ¢ > 1, then there exists an irreducible G(AZO;R) X [Toer t ' Iw(D)-
submodule 7 of S, ({1},Q;) such that 7 N Sy (U(1¢), O)m # 0, and p is the kernel of the homomorphism

T (U (1), 0)w[1/1] = T (U (1), O)[1/1] = Q,

associated to the Hecke eigenvalues of m. The existence of the Galois representation 7, follows from Propo-
sition The fact that it is of type S, follows from local-global compatibility (cf. Theorem and
Theorem [2.4)). O

Let us write A for the Galois group of the maximal abelian pro-l extension of L, unramified outside
l. If t > 1 is an integer we write A; for its quotient, the Galois group of the maximal abelian pro-I extension
of L, unramified outside [ and of conductor ¢ at each place of L above .
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Proposition 4.13. There is a commutative diagram of A-algebras

RY™ Ps, TY(U(1°), O)m

| | |

RE"@00[A/(c+1)] <— Ps, 800[A/(c+ 1)] — TL(U(1), 0)mB0O[A/(c + 1)],

which extends the diagram of Lemma[3.55

Proof. Let t > 1 be an integer. We construct maps T2 (U(1**), O)m, — TL (U ("), O)m, @0 O[A¢/(c+ 1)]
for each b > t. It will then be clear from the construction that these maps fit into an inverse system, and
passing to the limit with respect to b and t gives the diagram of the proposition. We therefore fix a choice
of integer b > t for the remainder of the proof.

We will give another construction of Tz(U([b’b), O)m, - Fix an isomorphism ¢ : Q; — C. Let P, denote
the finite set of RACSDC automorphic representations m of GL, (Af) satisfying the following conditions:

SS
~)

e 7 is t-ordinary of weight A = 0, and there is an isomorphism of residual representations r, () Tm-
e If v is a finite place of LT inert in L, then 7, is unramified.
e If v = ww® is a finite place of L+ which splits in L and not lying in S(B) U S; U R then m'»U+ # 0.

e If v € S(B), then 7y is an unramified twist of the Steinberg representation

e If v € 5, then the subspace of L_lﬂéwi(b’b) where each operator LgUg, 7 =1,...,n acts with eigenvalues
which are [-adic units is non-zero.
e If v € R, then 75 is a subquotient of a normalized induction n—IndgL”(Lﬁ) Xv,1 ® ... Xv,n, Where each

Xv,i : LZ — C* is a smooth character satisfying 21&“0; = Lx;zl-.
We make the following observations, which follow from [CHTOS8, Proposition 3.3.2] and Proposition

o If 7 € Py, then there is an irreducible G(A;O;R) X [lyer t> " Iw(v)-submodule o of the space of auto-
morphic forms Sy ({1}, Q;) such that r,(7) = r;(0), and o N STYU ("), O) # 0.

e Conversely, if ¢ is an irreducible G(AZO;R) X [T,er t5 " Iw(v)-submodule of the space of automorphic
forms Sy ({1},Q;) and o N STYU ("), O)m # 0, then there exists a representation m € Py such that
r,(m) 2 (o), and 7 is then unique.

Let S, denote the set of representations o of G(Af;R) X [Toer Lgl Iw(?) satisfying the second point. Then
there is a surjective map S, — Py, and if 0 — 7 and v = ww® is a place of L™ split in L, not lying in S(B),
then there is an isomorphism (=17, = ¢, ot !.

It follows that T (U(I"?), O)n, can be identified with the O-subalgebra of ] P, Q, generated by
the unramified Hecke operators 1,77, j = 1,...,n and w a place of F split over F'™ and not dividing T, and
the diamond operators vz (u) for v € S;, w € T,,(Op, ) (1).

Now suppose given a character ¢ : Ay/(c+ 1) — @lx. If 7 € P, then 7 ® 1) € P, and we write
fu: HwePb Q - HT(EPL Q, for the automorphism induced by the permutation 7 +— 7 ® 11 of the finite set
P,. An easy calculation shows that if ¢ takes values in O* then f, takes the generators of TL(U(I*?), O)p,
to O*-multiples of themselves, and so induces an automorphism of this Hecke algebra. In any case, the

product of these homomorphisms over all characters ¢ : Ay/(c+ 1) — @lx gives a homomorphism
Ty (U (1), O)m, — II T (U(1), O)m, ©®0 @ = TY(U ("), O)m, ®0 Qi[Ar/(c + 1)]
Y/ (c+1)=Q "

which actually takes values in the subring TZ (U(**), O)m, ®o O[A¢/(c + 1)]. Under this homomorphism,
the Hecke operator T3 is mapped to T7 @ Frob? . This concludes the proof. O
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Corollary 4.14. Let p C Rg;”” be a dimension one prime of characteristic I, and let Js, = ker(Ps, —
Tz;(U([OO), O)m. Let A denote the normalization ong’;i”/p in its fraction field E, and let ¢ : A — 14+my C
A* be a continuous character such that ¢ = 1. Let py denote the ideal obtained by twisting p by (see
Lemma . Suppose that Js, RS™ C p. Then Js R C py.

Proof. The ideal p,, is the kernel of the composite homomorphism

R®Y 5 RBVE,LO[A/(c+1)] — A,

the homomorphism O[A/(c+ 1)] — A being induced by the character ¢. The previous proposition now
implies that Js, is mapped to zero by this homomorphism. O]

4.4 Auxiliary levels

We continue with the assumptions of the previous section. Let g, N be positive integers and fix a choice of
Taylor-Wiles data

QN> Qn, (@ }ocoy)

of order ¢ and level N, where @, is an eigenvalue of 7,,,(Frobz) of multiplicity n,. We assume that for each
v € Qn, [ does not divide n,. A choice of Taylor—Wiles data having been fixed, we have defined an auxiliary
deformation problem (cf. the discussion preceding Lemma [3.19))

SX;N = (L/L+a SN) §N7 Aa Fm’ el_néz/l‘Jr7
{RyA}vESl U{R}"}ver U {Rst}v)ES(B) U {RE}UGSQ U {DUTW(a”)}UEQN) '

Let Ay denote the maximal [-power order quotient of [, ., k(0)*. For v € Qn we let pl € GL,(Oy.)

denote the standard parahoric subgroup corresponding to the partition n = (n — n,) + n,, and p?\u denote
the kernel of the homomorphism

pY——=GLy, (Or,)— k(D)< ——k(B)* (1).

Thus [T,cq, Pi/Ph = An. Finally we set Up(Qn) = T, Uo(Qn)v, where Up(Qn)o = Uy if v ¢ Qn
and Up(QnN)w :~Lg1p?\, ifve @y Weset Ui(Qn) = [I, U1(@nN)v, where U1 (Qn)y = Uy if v ¢ Qn and

Ur(@Qn)o = 15 'p% 1 if v € Qn.
We have natural maps of A-algebras

TV (17 (@) (1), 0) = TIH (Tp(Qu (%), 0) = T2 (U(1%), 0) — TL(U(1%), 0).

The first two maps are surjective, the third is injective. In an abuse of notation, we write m for the pullback of
the maximal ideal m to each of these algebras. After localizing at m the third map becomes an isomorphism,
since each localized Hecke algebra can be viewed as the image of the universal pseudo-deformation ring
Ps, -

Fix for each v € Qn a choice of uniformizer wy of O, . In [Thol2| §5] we have constructed operators
pr = [[,cq, Prw, Which act on the spaces Sy (U(I°°), O)m, Sx(Uo(Q@n)(I°°), O)m, and Sy (U1(Qn)(I°°), O)m
compatibly with all maps and in a manner commuting with the action of the Hecke operators at primes not
in Qu. See in particular the proof of [Thol2, Theorem 8.6]. We set

Hy = S, (U(1¥),0)m = (S (U(1%), K/O)m) ",
Hy o = (pr Sy (Uo(@n) (1), K/O)m)”,
Hy v = (prSy(U1(Qn)(1%), K/O)m)".

42



For v € Qn, « € k(0)*, we define a Hecke operator V, on S, (U1 (Qn)(I°°), 0) as follows. Let & € Or, be
any lift of a. Then we define

R O Li—n, 0 v
Vo =15 ([pNal( 0 diag(@,1,...,1) )M;D-

This definition is independent of the choice of &. This operator preserves the spaces Hy n,1. For a = (o;) €
Ay, we set Vo =[], Va,. The assignment o +— V,, defines an action of the group Ay on the spaces Hy 1.

Theorem 4.15. Let T, = Tg(U([“’), O)m and let Ty n,; denote the image of the map
TTYON (U;(Qn)(I°°), O)m — Enda(Hy,n,s).-

1. The natural homomorphism A[An] — Rgzlj”v factors through Ps,_, C Rgzi]”v, and the pseudodeforma-
tion Dy : G .sugny — Ty,n,1 constructed above induces a surjective map Ps, v — TynN1-

2. The operator pr induces an isomorphism Hy no = Hy of TLY9N (Uy(Qn)(1%°), O)m-modules.

3. Hy N, is free over A[AN] and we have a canonical isomorphism

(Hy,n1)ay = Hyno
induced by restriction.
4. The natural map Ty no — Ty is an isomorphism.

5. The two structures on H, ny1 of A[An]-module, induced by the Hecke operators V,, o € Ay, and
the homomorphism A[AN] — Ps_, — Ty N1, are the same. In particular, for each a € Ay, V, €
Enda(Hy n,1) actually lies in Ty n1.

Proof. For v € Qn, o € I, the universal trace in Rg‘:‘}’v has the form (n —n,) + n,¢(c), where ¢ : I —
(Rg;“‘}’v)x is the character through which, by construction, inertia at v acts on the universal deformation of
type Sy,n; see the proof of Lemma @ Since we have assumed that [ does not divide n,, it follows that
#(o) € Ps, . The surjectivity of the map Ps,_, — T, n,1 is proved in the same way as the first part of
Proposition [4.12] This proves the first part of the theorem. The remainder of the theorem can be deduced
from the finite level case just as in the proof of [Thol2l Theorem 8.6]. O

4.5 Soluble base change

We put ourselves in the setting of In this section we suppose that M/L is a soluble CM extension,
linearly disjoint over L from the extension of L({;) cut out by Tw|c, ), in which every prime above S;US,UR
splits. (Thus M/L is a good extension, in the language of the proof of Theorem below.) We write
Tnry Sty Rary S(B) ar, Sa v for the sets of primes of M T above the sets T, S;, R, S(B), and S, respectively.
We write Ty for the set of places of M above T. Ifv € Ty, then we write v for the unique place of Tt
above v.

Let Apr = ®yes, , O3 (1)"] denote the Iwasawa algebra of M. There is a natural homomorphism
Apr — A, induced by the norm homomorphism (Op+ ® Z;)* — (Op+ @ Z;)*. We will frequently use the
following simple lemma.

Lemma 4.16. Suppose that A € Co, and for each v € S;, suppose given continuous characters ¢y, ..., ¢y :
IfP(l) — A*. Then the homomorphism Ay — A induced by the restrictions ©f|a,, for u € Sy dividing
v € Sy factors through the homomorphism Ay — A above.
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Proof. We reduce immediately to the universal case A = A. In this case the lemma follows from the
commutativity of the diagram

Art Mg

MEXH

O

The characters x,,; : k(v)* — O* for v € R induce characters of the groups k(v)* for v € Ry,.
By abuse of notation, we denote this collection of characters for v € Ry by x. We can then define a new
deformation problem

SX’M = (M/M+a T, TM? AM>?m|GM+ ) 61_TL(SJY\LMMJM {R’UA}UESLJM U {R?v}veRM

U{Rgt}vES(B)M U {RE}UESQ,M> .

Thus the universal deformation ring R};‘:‘A’J and its Aps-subalgebra Ps, ,, are defined. We write Ups = [[ Uy i
for the (sufficiently small) open compact subgroup of G(A%;,) defined as follows:

e For v inert in M, U, C G(M;") is a hyperspecial maximal compact subgroup.

e For v & Ty split in M, U, = G(O+).

For v € S(B) s, U, is a maximal compact subgroup.

For v € Sl,M7 U, = G(ONIJ)
e For v e Ry,U, = L-El Iw().
e For v € Sqr, Uy = 15 ' ker(GL, (Onr,) — GL, (k(D))).

Here for v € Ty — S(B)a, t5 is an isomorphism G(M;F) = GL, (M), defined in the same way as the

isomorphism v for v € T — S(B). The Hecke algebra T2 (Up(1°°),0) is defined in the same way as

above. By [CHTO0S, Proposition 3.3.2], Lemma and Proposition there exists a homomorphism

TP (Up (1°), ©) — Fy, whose kernel we denote by mys, such that T, |G, = Fmla,- The maximal ideal

myy is residually Schur and we can make our choices so that 7,,, = Tulc
We now have a diagram of A,;-algebras

M+

R?;X/I PSX,M Tz;M (UM([OO)’ O)mM'

43 : ot ; ; univ univ e d ;
Proposition 4.17. Restriction of deformations r — 7’|C;M+ induces a map RSx,M — RSX . This is a finite

univ

homomorphism of Ap-algebras, where RSX is given a Apr-algebra structure by the homomorphism Ayy — A.

univ

Proof. Let rgr:" denote a representative of the universal deformation. The existence of the map RSX.M —
Rgii" is equivalent to the assertion that ngi"|GM . is of type S, as. This is a local problem. Since we chose
M to be split above the primes in S; U S, U R, we only need to show that if w € S(B), is a place dividing
v € S(B), then the restriction of the universal lifting induces a natural map RS' — RS'. However, this is

clear from the definitions. We now obtain a commutative diagram of Aj;-algebras

PSX,M PSX

L

univ
Sx.m

S R%IHV .
X
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univ

To finish the proof of the proposition, it suffices to prove that the ring RSX (m Runiv ) is an Artinian k-
X, M

algebra. This ring classifies deformations of 7, containing a lifting whose restriction to G M+ equals Fm|GL .
Let My denote the extension of M* cut out by Fm|GM .- Then any such lifting is trivial on the finite index
subgroup Gy, of G.L+'

It p € RSV / (ng;;,VM) is a prime ideal, then the coefficients of the characteristic polynomial of
rg‘x“"(a) mod p for ¢ € G, are amongst the sums of roots of unity of bounded order, so are finite in number.
Arguing as in the proof of [BLGGT] Lemma 1.2.2], we see that the subring of Rg‘:" /p topologically generated
by these elements is a finite k-algebra, and hence Rgii" /p is itself a finite k-algebra (being finite over the

subring topologically generated by the coefficients of these characteristic polynomials, by Proposition [3.29)).
It follows that RS /(mpyniv ) is a k-algebra of dimension 0, hence an Artinian k-algebra. O
x,M

Proposition 4.18. There is a commutative diagram of Aps-algebras

Ry Ps, TZ (U (1), 0

L |

RE™W <——Ps_\ —= T (Un(1°), O,
In particular, if we write Js, = ker(Ps, — TL(U(I°), O)w) and similarly for Js, ,,, then we have Js,_,, Ps, C

Js, .

X

Proof. It remains to construct a map TLM (Up(I°), O)m,, — TL(U(I°),0)n and show that the right-
hand square commutes. For each integer ¢ > 0, let mys . and m. denote the images of the maximal ide-
als my; and m in the Hecke algebras T (U (1), 0) and T} (U (1), 0). Tt suffices to construct maps
TP (Unr (1), O)mare = TH(U(19€), O)m, and show that the resulting square

Ps, TY (U (1), O)m

| |

Ps .. —— ']I‘):CNI(UM([C’C),O)mM7C

c

X, M

commutes. We fix an isomorphism ¢ : Q; — C, and write P, for the set of RACSDC automorphic represen-
tations m of GL,,(AL) which satisfy the following conditions:

SS
o~

e 7 is t-ordinary of weight A = 0, and there is an isomorphism of residual representations r, () Tm-
e If v is a finite place of L™ inert in L, then 7, is unramified.

e If v = ww® is a finite place of L which splits in L and not lying in S(B) U S; U R then m'=Uv £ 0.

e If v € S(B), then 7y is an unramified twist of the Steinberg representation

e If v € S, then the subspace of L71W%W5(07C) where each operator L;Ug, j=1,...,n acts with eigenvalues
which are l-adic units is non-zero.

e If v € R, then 7y is a subquotient of a normalized induction n—IndgL"(La) Xv,1 ® ... Xvn, Where each

Xv,i : LZ — C* is a smooth character satisfying va,i|of = LX;%.
We write S.. for the set of irreducible G(AEO;R) xT,er t5 " Iw(v)-submodules o of the space Sy ({1}, Q;) such

that NS (U (1), O)m, # 0. Similarly, we write P, 5/ for the set of RACSDC automorphic representations
7 of GL, (Ajs) which satisfy the following conditions:
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e 7 is t-ordinary of weight A = 0, and there is an isomorphism of residual representations r, (’R’)bb > Tmleuy-
e If v is a finite place of M inert in M, then m, is unramified.

e If v = wwC is a finite place of M+ which splits in M and not lying in S(B)a U S;p U Ry then
qu’,,Uu £0.

o If v € S(B)u, then 7y is an unramified twist of the Steinberg representation

o If v € S; s, then the subspace of Lflwéwﬁ(c’c)
eigenvalues which are [-adic units is non-zero.

where each operator LgUg, j = 1,...,n acts with

e If v € Ry, then 7y is a subquotient of a normalized induction n—IndgL"(MT’)

Xv,i : M — C* is a smooth character satisfying Xovi|px = LX;%.
; iloy, ,

Xv,1® ... Xuv,n, Where each

We write Sy, . for the set of irreducible G(Aﬁ’f””) X[ lyery, 15" Iw(v)-submodules o of the space S, ({1}, Q;)
such that o N S (Up (1), O)my,.. # 0. Just as in the proof of Proposition there are surjective maps
Se. — P, and Sy, — Par,c given by base change. By Lemma @ there is a map f. : P. — Py given by
base change m — m. The algebra TL (U(1), O)p, may be identified with the O-subalgebra of [lrep, @
generated by the images of the Hecke operators described in §4.1} and also with the image of the natural
ring homomorphism Ps, — [[,cp. Q. Similar remarks apply to the algebra TgM (Un (199),0) . There

MM, c

is a map [yep,, . Q= [rep, Q given by (zm)nepy,, — (Try)rep., and a commutative diagram

PSX - l_[‘n'EPC @l

]

PSX,M > l_Il'IePJVLC Ql'

After identifying the images of the horizontal arrows in this diagram with the respective Hecke algebras, this
gives the desired commutative square. O

4.6 A patching argument

We put ourselves in the setting of We leave the characters x, for v € R unspecified, but suppose
that they are all trivial mod A. Note that the rings Rg‘;i" (M) for varying x are canonically identified.
Similar remarks apply to the rings Ps, , R}é’;T etc. and the spaces of automorphic forms S, (U(I°°), O)n.
In particular, the sets of prime ideals containing A in each of these rings are in canonical bijection. In the
following we will abuse notation and view such a prime ideal as belonging to any one of these rings, depending
on the context. The level U will be fixed throughout this section, so we write H, = S, (U(*°), 0)n and
T, = ']Tz(U([‘X’), O)n for this space of automorphic forms and Hecke algebra, respectively, as in We
will also adopt the notations H, 1 and T, n, of that section for the corresponding objects at auxiliary
levels, once we make a choice of Taylor-Wiles data of level N.

Let Js, = ker(Ps, — T,). We suppose that p O Js_ Rg‘:" is a prime ideal of dimension one and
characteristic [. Write A for the normalization of Rg‘;iv /p in its fraction field . We let ¢ = Ps_Np. Suppose
that the map A — A is finite. Arguing as in we can choose a finite faithfully flat extension A — A
inducing a bijection on minimal primes, together with a surjective map A — A with kernel P and making
the diagram

A—sA—>A

commute, and extensions p (resp. q) of p (resp. q) to the rings Rgr:" ®a A (resp. Ps, ®a A).
We set RV = RV @y A, Ps, = Ps, @a A, and Ty, = Ty @x A. We set T = A[{ X1 }veri<ij<nl
and T = T ®, A. For each x we fix a choice of lifting rgzi" G+ s — gn(R};‘;iV) representing the universal
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univ

deformation [r s, ]. We suppose that the different choices are identified modulo A. Having made this choice

we get an isomorphism REXT & RgiiV®AT7 which classifies the T-framed lifting (rgzi"; {(Xv,i,j)i,j}ver). In
order to simplify the notation slightly, we now choose an ordering of the variables X, ; ; and write them as
X1,...,Xp2s, where t = |T|. Thus we have T = A[Xq, ..., X,2]-

We define PSDX T =Ps, ®aT so that there is a commutative diagram

Ps, —— Ps @\T — PSDXT

]

univ univ o\ Or
R —> REWE\T — RY".

For varying x these diagrams are identified modulo A, by the choice of universal lifting. For any choice of
Taylor-Wiles data of level ¢ and level N, we obtain a diagram

O
PS XT:N PSX f[
oc O univ
R}SX T R 5; N R N A

We write pn, qn for the kernels of the respective maps REXTN — A and PSDXTN — A. We write P'°° for the
kernel of the map RS . — A. We define

X

pd O A pUd d A pl 1 Y

RS;N = RS;N QA A, PSXT,N = PSX?N ®a A, Réf,T = R;;’T @4 A,
and let py, qn, and P'°c denote the natural extensions of the ideals PN, qn, and P°°¢ to prime ideals of these
rings.
Theorem 4.19. Suppose that p satisfies the following hypotheses.

1. There exists an integer ¢ > [Lt : QIn(n—1)/2 and for each positive integer N, a choice of Taylor-Wiles
data of order q and level N as above such that there is an isomorphism of A-modules

gN/(ﬁloc +5?\f) ~ A(q_[L+;Q]n(n—1)/2) @ T(N),
where T(N) is finite of cardinality bounded independently of N.

2. TmlGrs = P1 ® Py is a direct sum of two absolutely irreducible representations. The representation
Tplars ®a B : Gps — GL,(E) is absolutely irreducible.

3. For each v|l, the pushforwards of the universal characters y,..., 92 to A are pairwise distinct and

[Ly : Q] >n(n—1)/2+ 1.

4. For each v € R, 1y|c,_ is the trivial representation, and if IV ||q, — 1 then I > n. For each v € S(B),
Tpla,_ is unramified and ry(Frobg) is a scalar matriz. The field K is sufficiently large, in the sense of
Proposition and Proposition [3.17,

5. Frac Ps, /q = Frac Rs_/p.
Then the map 1331 g ?Tlﬁ has nilpotent kernel.
Before giving the proof of Theorem we discuss the role played by each of the above hypotheses.

1. The first condition asserts the existence of sufficiently many Taylor—Wiles data. We will show the
existence of these data under some additional conditions on the image of 7, in @ below.
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2. The second condition that ry|q, s be absolutely irreducible implies (cf. Proposition that for each
choice of x, the relative tangent space of the morphism Ps_— Rg’;” vanishes after localization at p.
In particular, we will be able to control the rings Ps_ (and by extension, their Hecke algebra quotients)
locally at p by controlling Rg™ locally at p, and this latter problem can be attacked using the usual
Galois-cohomological methods.

The condition that 7n|g, s has only 2 irreducible constituents is imposed because we have carried out
a full analysis of the maps Ps_— Rg‘:" (cf. Proposition D only in this case.

3. The third set of conditions on 7, and L locally at the primes above | are necessary to use the results
of §3.3.2] about the rings R%.

4. The fourth set of conditions is imposed so that we can apply Lemma[3.40] As is usual in the application
of the Taylor—Wiles—Kisin method, we need to control the irreducible components of the completed
tensor product of the local lifting rings; in our special situtation, we need to control the irreducible
components even after localization and completion at p, and we can do this only under these extra
assumptions on the local behavior of the reprsentation ry, at the primes of RU S(B).

5. The fifth condition is imposed so that we can apply the second part of Proposition [3.37] which is
convenient for technical reasons.

We also pause to mention the role played by the variable choice of characters x. In order to prove automorphy
lifting theorems without restriction on the local behavior of the representations considered, we must allow
arbitrary unipotent ramification (corresponding to the choice x, = 1 for each v € R). However, in this
case the local lifting rings R} (v € R) have many irreducible components, which causes problems when one
wants to apply the Taylor—-Wiles—Kisin method. Taylor [Tay08] introduced a beautiful trick to get around
this issue, by allowing a variable choice of characters x which are all trivial modulo A\. We have adapted this
method to our purposes here.

Corollary 4.20. With hypotheses as in Theorem let @ C p be a minimal prime of Rg:””. Then
Js, RS™ C Q.

Proof of Corollary[{-20. The theorem shows that the ideals Jg, Egl 5 and hence Js, Eg?‘% are nilpotent.
Since the map Rg‘;i‘(’p) — (ﬁg‘fiv)g is faithfully flat, it follows that Js, Rg‘l‘i‘(’p) is nilpotent, hence Js, R

i S1,(Q)
is nilpotent. This implies Js, Rg" C Q. O

The remainder of this section is now devoted to the proof of Theorem We fix an integer ¢
and for each integer N > 1 a choice of Taylor-Wiles data as in the statement of the theorem. We define
H, = H, ®, A, and introduce auxiliary Hecke modules

70 _ 77 _ »Or O _ 77 _ pOr
HY = Hy®p, P57, HYx = Honi®p, P,

SXJ\’

Then f[? N is a free 7~'[A ~]-module, with A N-coviriants isomorphic to IT{E, by Theorem We now set
Soo = T[S1,.-.,5], and write a = ker(Sec — A), P = ker(Soc = A — A). We choose for every N
a surjection Soo — T[An], and write ¢y = ker(S, — T[An]). With these choices PSDXTN, REXTN become
Seo-algebras for every N, and .FNIE N is a free Soo/cy-module (by Theorem . We have isomorphisms

ﬁ)EN/(a) = ﬁx and EE:N/(C‘) o~ Egr;iv

by Lemma We write by C So for the ideal (m%7 (S + 1) —1,.., (Sq + nt 1L x L ,Xf:;t).
Thus ¢y C by and HE,N/E’N is a free S /by-module.
Let ¢ = (¢ — [L" : QJn(n —1)/2). We define

S e
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We fix for every xy and N > 1 a homomorphism of Rl"C r-algebras
oo »U
RE = Rg™ |

mapping yi, ..., Yy into py and onto a basis of the maximal free quotient of the A-module 51\//(]510‘3 +p3)-
We suppose that these are chosen to be identified upon reduction modulo A. We write P> for the kernel of
the surjective homomorphism RY® — A. Thus P> is the pullback of P along the natural augmentation
Roo N Rloc

In we have defined an action of the group o X s on the rings Rgziv and Rgz“l’v, fixing pointwise
the subrlngs Pg C Ru““’ and Ps,_, C R“m" We make p9 X po act on the rings

Pg" = Ps ®,T C Rg™ = REVEAT

and
Ps! = Ps yBAT C Rg!, = RN EAT,

by this action on the first factor and the trivial action on 7. Similarly, we make po x 2 act on the rings
PSD TN, RE N Pg , and R‘”“V by giving A the trivial action. These actions are compatible with the maps
between these objects and 1dent1ﬁcat10ns modulo A. (We note that we do not define an action of ps X g on
RY.)

Let rar = M(q + n*t)si™, where s = dimy, ﬁx/mx. (Note that s is independent of the choice of x.)
For any integer M > 1 we define a patching datum (A, ar, By ar, My, ar)y of level M to be for each choice
of x a commutative diagram of complete Noetherian local /N\—algebras with residue field k:

opP

Soo AXVM ]SSX/(m%ZX + [JM)

R

¢ r
R By — > REMY/(m mz +bar)

together with an A, p-module MX u killed by bas and a homomorphism ¢z : My pr — PNIX/(bM) inducing
an isomorphism M, ar/(a) = H, /(by). We fix also the data of identifications between these diagrams and
modules mod A for varying x. We require further that M, ps be finite free as an S /bas-module. We also
fix the data of an action of the group po X po on the rings A, ar and B, such that the arrows in the
right-hand square of the above diagram are equivariant for the action of this group.

A morphism (Ay ar, By,mr, My, m)x = (A5 ars By ars Moy ar)x of patching data of level M is, by
definition, the data for each x of isomorphisms A, ar — A;(’M, By v — B;(’M compatible with the action of
H2 X 12 and a compatible isomorphism of modules M, s — M;( M making the diagram

Seo Agm Ps, (w3l +ba)
/
A l
R;o Bx,M \L égilv/(mgzx + b]\/[)
\ , /
BX,M

commutative, and such that the identifications mod A are preserved.
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For each pair of positive integers M < N we can construct a patching datum D(M, N) of level M
by taking for each x the diagram

SOOHISEXT /(m f‘éT +bM)*>>PS /(m TM JFbM)

xN

| |

RY — Rg", /(m ?é +bar) —»R“mv/(mm + b)),
Sy,N

with Hecke modules H N/(bM) — HX/([JM) The action of the group pe X pe on these rings is induced
from its action on Ps T PSX N®AT and R . ﬁSX,Né@K%

Lemma 4.21. 1. The ring PST /(m ”é + bM) acts on ﬁEN/([’M)- In particular, this does indeed
5 N

define a patching datum of level M .
2. Fix M. Then as N > M wvaries, the patching data D(M, N) fall into finitely many isomorphism classes.

Proof. For the first part it suffices to show that m;M HDN C [JMH - Suppose that = € meo, - Then
N

Sx, Sx.N

z is nilpotent on the s-dimensional k-vector space
~D ~J
Hx,N/(mK + Cl) = HX/(mT\)a
so x° acts as the zero map. It follows that
2 HYy € (mz, Sty 8q, X1,y X2 ) HD

and hence

lM l}\/l

lM
, X1 X2

+n2t)st™ 770 1M 770
I(q n )9 HX7NC(mK7S]_ P S geeey )HXN—

M M
(mz, (51 + 1) =1, (S, + D) — 1 Xt x)HD
Then we have
M ~ M M M M |~
MmO {0 e md (5 4+ ) — 1, (S + DY - xE LX) H D
as required. _
For the second part, it suffices to show that the orders of the rings PSDXT,N (mgéT + b)) and
Sx,N
/ ”é + bys) can be bounded solely in terms of M, this being clear for all other objects in the
X N
diagrams above. For the quotient of PSDXTN, this is an immediate consequence of Lemma On the other
hand, note that Rs o/ (m ~DXTN) = E‘g:" /(m Ps, ), hence for any N > 1 EE}:N is generated as a ﬁE;N—module

by dimy, R‘”“V (mp, ) elements. The result follows. O

We now patch to obtain objects at ‘infinite level’. For every fixed M, the patching data D(M, N)
for N =M,M+1,... fall into a finite number of isomorphism classes. Thus we can find an infinite sequence
1 < N1 < Ny < ... of integers such that for all fixed M, the patching data D(M, N;) for j > M are all
equivalent. Choosing for each M an isomorphism of patching data D(M, Nps41) = D(M, Nps) we obtain an
inverse system and can therefore pass to the limit to obtain for each x a diagram of rings

Soc — > Ay 0o — ]55X

|

00 univ
RX —_— Bx,oo —_— Rsx
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and a module M, , for A, o, which is free over S, of rank s. Moreover for varying x these diagrams are
identified modulo A, and ps X us acts on A, o and By  in such a way that the arrows in the right-hand
square are equivariant for this action.

Let qoo, Poo denote respectively the pullback of § and p to A, and By . It follows from Proposition
that peo/(deo + p%) is a finite torsion A-module. On the other hand, there is by construction an
isomorphism By oo/ qoc = Rg‘;i" /4, compgtible with the action of us x ps. By Proposition , this group
acts transitively on the set of primes of R above g
Lemma 4.22. 1. B, « is a finite Ay o-algebra, and the map Ay - — By oo has nilpotent kernel.

2. The map Ay co,q0c = By,00,po 5 surjective, with nilpotent kernel.

»doo

Proof. For the first part, the finiteness follows from the corresponding fact at finite level, and the completed
version of Nakayama’s lemma. To calculate the kernel we use Fitting ideals. Recall that if R is a Noetherian
ring and M is an R-module that can be generated by r elements, we have (Anng M )" C Fittg M C Anng M,
and for any homomorphism R — S we have Fitts M @r S = Fittg M - S. For each M > 1 we have

Or _ : Or _
AnnﬁSDT RSX,NM =0, hence FlttﬁsDT RSX,NM = 0, hence
XNy X, Npr
. O T
Fitt -0 RI™  /(m™  4by) =0
pPoT "M Sy, N =0r M )
SX,NM/(mIBDT +barr) XN g PSX,NM
X, N g
hence
. T . pUr M —
Fitta, . By,co = @FmtﬁET S ba) RSX,NM/(“‘;;DT +by)=0.
M x:Npg BT Sx Ny

XNy

For the second part, the surjectivity follows from the vanishing of the relative tangent space. Indeed,
this tangent space is Poo/(qoo + p%) ®a E = 0, since poo/(qoo + p%) is a torsion A-module. To see that
the kernel is nilpotent, we note that the map Ay o q.. = By,c0,q00 = [l Bx,00,r.. has nilpotent kernel, the
product being over primes to, of B,  above q.. However, for any such prime t., the rings B, o . and
By oo,v.. are isomorphic Ay 4. -algebras, by the po x po-action. The result follows. O

Lemma 4.23. 1. ﬁx,ﬁ is a direct factor of ﬁx,ﬁ and is a non-zero free Kﬁ-module.

2. My 00,40 15 a direct factor of My o p.., and is a non-zero free Soo p,. -module, with My o q.. /0 = H, 3

compatibly with the action of Ay co.q. — Ps, 3
3. The induced map R poo — By oo,p., is surjective.

Proof. For the first part, ﬁx,ﬁ =H, ®x K};. The action of lggx on fNIX factors through a quotient T~I‘X which

is finite over A, hence 'ﬁ‘x ®x Ap has ﬁvx,ﬁ as a direct factor. To see that ﬁx,ﬁ is non-zero, note that Trx,ﬁ is

non-zero and acts faithfully on H, 5. The second part can be proved in a similar way.

For the third part, we must show that the A-module p, /(P> +p2,) vanishes after tensoring with E.
This this A-module is the cokernel of an inverse limit of maps whose cokernels are finite torsion A-modules
of uniformly bounded cardinality (by hypothesis 1 of the theorem). O

By Lemma [3.40] we know the following:

e Suppose that for each v € R, the characters X, 1,...,Xv,n are pairwise distinct. Let Q C A be a
minimal prime. Then there is a unique minimal prime p C R{%p/(Q), and Rpe /p is O-flat of
dimension n(n + 1)[L* : Q]/2 + n?|T| + ¢'.

e Suppose instead that for each v € R, we have xy,1 = -+ = Xu,n = 1. Let Q@ C A be a minimal
prime. Then for each minimal prime p C R’p/(Q), the quotient RY°po /p is O-flat of dimension
n(n+1)[LT : Q]/2+n?|T|+¢. Each minimal prime of R‘;’Pm/(Q, A) contains a unique minimal prime
of R /(Q),
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In either case, for each minimal prime p C RY°po /(Q) we have

dim RPpec /(p) = n(n + 1)[L* : Q]/2 4+ n®|T| + ¢
=nn+ D)L :Q]/2+n?|T|+q—nn—1)[L":Q]/2
=n[LT: Q]+ n*T| +q = dimSw r_/(Q).

We can now complete the proof of Theorem We recall that we have constructed for each choice of x a
commutative diagram

Soo == Ay 0o — Ps,

|

RY —— By oo —> Rgr:"
and a module M, o, for A, . which is free over S of rank s. For varying x these diagrams are identified
modulo A. The map R{’poc — By oo p.. 18 surjective, and the map Ay « q.. = By,c0,p.. IS surjective with
nilpotent kernel. We can therefore identify Spec A, 4., With a closed subspace of Spec RY pec.

We now suppose either that x = 1 or that for each v € R, the characters xy.1,. .., Xo,n are pairwise
distinct. For any minimal prime @ of A, My « q../(Q) is a free Soo p._ /(Q)-module, and S p._/(Q) is a

regular local ring. It follows that

depthy . /(@) Mx,o0,a0/(Q) = depthg /gy My 00,0, /(Q) = dim S p. /(Q)
= dim R pee /(Q) = dim Ay 6 g /(Q).

It now follows from the first part of Lemma@ that Supps . /(@) Mx,00,0/(Q) is a union of irreducible
components of Spec Ay « q.. of dimension equal to dim RY pe. Vlewmg this support as a closed subspace of
Spec R pe /(Q), we see that it is a union of irreducible components of Spec R%pe /(Q), which are necessarily
all of characteristic zero.

Suppose now that x # 1. Then Spec RY’pe /(Q) is irreducible, and hence

SupPA, . .. /(@) My 00,00/ (Q) = Spec Ay 0,9,/ (Q) = Spec BT p /(Q). (4.1)

Because everything is identified modulo A as y varies, it follows from (4.1)) and the second part of Lemma
[L10] that

SuppAlm,qm/(Q,A) Mi,00,q.. /(@A) = Supprym,qm/(Q,A) My 0,40/ (@5 A)
= Spec R pe /(@ M)
= Spec RyTp /(Q, A)
= Spec A1 00,9 /(Q, N).

We now argue directly that

SupP A, . /(@) Mi,00,00.. /(@) = Spec A1 o0 4., /(Q) = Spec Ry pe /(Q). (4.2)

It suffices to show that each generic point of Spec R%po /(Q) is contained in Suppy, _ . /(@) M1,00,9./(Q)-
Let B C Spec R°po /(Q) be a minimal prime (necessarily of characteristic 0), and let p C Spec R%pe / (B, A)
be a minimal prime. Then g is minimal in Suppy, _ . /@.n) Mi,00,a../(Q,A). 1t follows from the third
part of Lemma that o is not minimal in Supp,, _ . /@) Mi,00,9../(Q). (Note that My 4. /(Q) is
O-flat, since it 15 Tree over S p,. /(Q) and this last ring is itself O-flat.) Since 9B is the unique prime of
Spec R{%p= /(Q) properly contained in p, we deduce that % lies in Suppy, _ . /(q) M1,00,9.. /(@) Since B
was arbitrary, this shows the equality [@.2).

We deduce that Ay 4. /(Q) acts nearly faithfully on M o 4. /(Q), and hence that A 4. /(Q,a)
acts nearly faithfully on M o 4. /(Q,a) = ﬁlﬁ/ (Q). This action factors through the surjective homomor-
phism _

Al,oo,qoo/(Qv CL) - Psl,ﬁ/(Q),
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so we finally deduce that ]551 5/(Q) acts nearly faithfully on H 1,5/(Q). Since Q was arbitrary, it follows that
H, 3 is a nearly faithful Ps, 3-module. This concludes the proof.

5 Taylor—Wiles systems

5.1 Group theory

Let k be a finite field of characteristic [ > 3, A = k[T], and E = Frac A. If M is an A-module and z € M is
killed by a power of T'; we will call the least integer m > 0 such that 7"z = 0 the order of z.

Let T' = A x {1, ¢} be a profinite group. We suppose given a continuous representation r : I' —
Gn(A) such that A = r71(G%(A)). This section is devoted to some group theoretical results about such
representations, which will allow us to show the first hypothesis of Theorem in certain situations. We
assume:

1. For each open subgroup N C A, r|y ®4 F is absolutely irreducible.

2. There exists o9 € A such that r(op) € GL,,(A4) is regular semisimple, and its eigenvalues lie in A*
and do not satisfy any non-trivial Z-linear relation in A*. (It may be helpful to recall that there is an
isomorphism A% = kX x [[.2, Z;.)

3. The integer n is not divisible by .
4. Let p =vor. Then u(c) = —1. Equivalently, writing r(c) = (J, —p(c)), J is a symmetric matrix.

Proposition 5.1. Let G = r(A) C GLy(A) X GL1(A), and let G denote the image of G in PGL,(A). There
exists a closed subfield K C E and a descent H of PGL,, to K such that G is identified with an open compact
subgroup of H(K).

Proof. By [Pin98, Theorem 0.7], it suffices to show that G is Zariski dense in PGL,,, viewed as algebraic
group over E. Write J for the connected component of the Zariski closure; this is reductive. Since og € A,
J contains a maximal torus of PGL,,. In other words, J C PGL, is a subgroup of maximal rank. We claim
that J has trivial center. Indeed, J(E) NG C G is a finite index subgroup. If the center of .J is non-trivial,
then the inverse image of J(E) in GL,,(E) centralizes a finite index subgroup of r|a(A) C GL,,(E), which
contradicts our assumption that for each open subgroup N C A, r|y ®4 E is absolutely irreducible. By the
Borel-de Siebenthal theorem (the naive generalization which holds here, since | > 3; see [Gil]), it follows
that J = PGL,,. O

Lemma 5.2. Suppose that A’ C A is a closed normal subgroup such that AJA’ is abelian. Let G' = r(A’),
and let G denote the image of G’ in PGL,(E). Then:
1. The group G has finite index in G.

2. Let ad’r C adr denote the subspace of trace 0 endomorphisms. There exists an integer Ko > 1 such
that for any integers a,m > 0 and any A[G']-submodule M C ad’r @4 A/T™ containing an element

of exact order m — a, we have
T Ko ad’ r @4 A/T™ C M.

In particular, T*°HO(G',ad’ r @ 4 A/T™) = 0.

3. Suppose further that plar = 1 and A’ is normalized by c. Then there exists an integer K1 > 1 such
that
T HY G adr @4 AJT™)="1 =0

for allm > 0.
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Proof. For the first part, it is enough to show that the maximal Hausdorff abelian quotient of G is finite.
The triple (K, H,G) is minimal, in the sense of [Pin98, Definition 0.1]. It follows from [Pin98, Theorem
0.2, (c)] and the fact that the universal covering H' — H of H has non-vanishing derivative that the closed
subgroup of G generated by commutators is open in G. Since G is profinite, this implies the desired finiteness.
The proof of the second part of the lemma is elementary, using that the adjoint representation of PGL,, is
irreducible and G is Zariski dense in H.

We now come to the third part of the lemma. Let [¢] € H*(G’,ad’ r®4 A/T™)°="" be a cohomology
class. Since [ # 2, we can assume that ¢° = —¢, where by definition we have

¢°(0) = ad(c)d(0°) = —J'¢(0°)J .

For o € G', we have ¢(0¢) = Ji¢(o)J ! and 0¢ = Jlo~1J 7! (since p|ar = 1). Let us write p : G’ — GL,,(A)
for the representation induced by the composite G' C GL,(A) x GL;(A) — GL,(A). We can view ¢ as
attached to a representation pg : G' — GL,(A & €¢A/T™) via the formula py(c) = (1 + €p(o))p(o). The
cocycle ¢ represents the trivial cohomology class if and only if this representation is 1 + eM,,xn(A4/T™)-
conjugate to p. For each o € G’, we have

trpg(o™!) =trp(a™!) +etrg(a™)pa™),

tr ps(0°) = trp(0°) + etr $(0)p(0°) = tr p(0) + etr $()p(o~") = tr p(0°) — etr (o (o).

Thus if 0¢ and o~! are G'-conjugate, then trps(c~1) = trp(c™1). Let X denote the closure of the set of
elements o € G’ such that o¢ and o' are G’-conjugate. Then X is stable under conjugation by G’, and if
o € X, then tr py(c™) = tr p(¢™) for each m € Z. Writing the characteristic polynomials of p(c) and py(o)
for o € G’ as

det(z1, — p(o)) = Z(—l)iAi(U)xn_ia

det(zl, — pp(0) = Y _(—1)'Ag ()2,

i=0
we obtain for each o € X the equalities

trp(o) = A1(0) = Ag1(0)
Az(0) = Ay 2(0), As(0)

trpy (o),
55(0). (5.1)

Ag3(o)
Indeed, A;(c), Ag(o) and Az(o) can be expressed in terms of tr p(o),tr p(0?) and trp(c?). (We use here
that the characteristic is [ > 3.)

We claim that X has positive Haar measure in G’. Conjugation by ¢ induces an involution of él,
which by [Pin98, Corollary 0.3] is induced by an involution 8 of H. (We apply loc. cit. to the inverse image
of G in H'(K); this is valid since the isogeny H’ — H is separable and H' is simply connected. Of course,
after extending scalars to E, # is given by the map g — Jg~1J~1.) Since K is infinite, we can choose a
regular semisimple element x of h%=—1; then the centralizer of 2 in H is a maximal torus T on which 6 acts
by h + h™1 (cf. [Lev07], Lemma 2.4). (This uses that the matrix J is symmetric.) If ¢ € G’ maps to
an element of T'(K) N G c él, and trg=! # 0, then g € X. Indeed, there is a scalar A\ € E* such that
g¢ = Ag~ 1, hence (by comparing traces) A = 1 and ¢g¢ = g~!. Let T(K)? C T(K) denote the subset of
elements t € T(K) with trt=! # 0. It follows from the above remarks that

(T(K)° NG ={gtg™" [t € T(K)° NG g€ G}

in G’ is contained in X. Moreover, this pre-image will have positive Haar measure in G’ if (T'(K)" N él)Gl

has positive Haar measure in G'. To prove that X has positive Haar measure in G’, it therefore suffices to
—/ ’ —/ —/ ’

show that (T'(K)°NG ) has positive measure in G, and this is true since (T(K)°NG )& contains an open
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subset of G . Indeed, the adjoint map H x T"— H is smooth in the neighborhood of an element (1,t) with
t € T(K)° regular; now apply [Ser06, Part IT, Ch. III, §10].

For any proper Zariski closed subset C C PGL,, over E, C(FE) NG has Haar measure zero. This can
be deduced easily from the argument of [Tay93| §2, Lemma 2]. In particular, given countably many Zariski-

closed subsets C1,Cy, ... of PGL,, we can find elements of X whose image in PGL,,(E) is not contained in
any C;(E),7 > 1. Using this observation, we choose o € X whose eigenvalues A1, ..., A, satisfy the following
conditions:

1. For each sequence of integers r1 =0 < ro < --+ < 1,, the determinant of the matrix

g g
)\7{" )\Q" e )\:ln

is not zero.

2. Write M = (g) For each sequence of integers 1y =0 < ry < --+ < rp/, the determinant of the matrix

1 1 . 1
(AA2)™ (AA)™ o (A1 An)™
(A1A2)™  (AAg)™ oo (A1 )"
(AMA)™ (A Az)™ oo (Apm1An)™

is not zero.

3. Write instead M = (3). For each sequence of integers r{ =0 < ry < --- < rp, the determinant of the

matrix
1 1 .. 1
(AMA2A3)™ (AMAA)™ o (A2 dn—1An)™
(A1 A2A3)™ (A1 daAa)™ oo (Ap—2dn—1An)™
(A A2A3)™ (A Ao A)™ oo (Ap—2An—1An)™
is not zero.

Moreover, since the definition of X does not depend on ¢, the element o be chosen independently of ¢.
After possibly enlarging E and replacing ¢ by 7™ ¢ for some N depending only on o, we may assume that
p(o) = diag(A1, ..., Ay). For each integer ¢t > 0 we have

trpy(o’) — trp(cot) = GZ tAip(0)i = 0.
i=1

Multiplying ¢ by the determinant of the matrix

)\l1+1 )\12+1 . /\anrl
)\gnfll)lJrl )\énf.l)lJrl » )\glnf-l)H»l

we can thus suppose that ¢(o); ; = 0 for each i. Further multiplying ¢ by the element A;/A; —1 with highest
valuation, ¢ # j, we can alter ¢ by a coboundary to assume that ¢(o) = 0 and hence ps(c) = p(o). Indeed,
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for any y € adr ®4 A/T™, we have (ocyo~' —y)i; = (\i/Aj — 1)y, ;. so after scaling ¢ we can find y with

(oyo™" —y) = ¢(0).

Since X has positive measure we can find integers 11 = 0 < 19 < -+ < T(n) such that ¥ =
3

.
XNno"XN---No ()X has positive measure. If v € Y, then for each M =1,...,n we have

n

trpg (0™ y) = > AM py (7). € A.
i=1

Thus after multiplying ¢ by the determinant of the matrix

AR e AR
PYCID VD Ve
AT A

the diagonal entries of pg(y) must lie in A.
Now since Y has positive measure, we can choose 7 € Y satisfying the following conditions:

1. Write p(7) = . For all integers 1 <14, j < n, x; ; is not zero.

2. For all integers 1 < i < j < k < n, the determinant of the matrix

Li,j Lji
Tk, kTi,j — Ti,kTk,j Ljilkk — Tkiljk
is not zero.

3. For each sequence s1 = 0 < s9 < --- < sy, and for each integer ¢t = 1,...,n define a matrix A(t);; =
p(7°%); ;. Then det A(t) # 0.

We claim that after changing ¢ by a coboundary and multiplying by a power of T" depending only on o
and 7, we shall have pg(7) = p(7). To see this, first note that py(7);; = p(7);, for each i = 1,...n. After
multiplying ¢ by the element p(7); ;41 with largest valuation and scaling the basis elements of A” by elements
of 1+ €A/T™ (equivalently, changing ¢ by a coboundary), we can assume that pg(7); 41 = p(7); 41 for
each j=1,...,n—1and ps(o) = p(0).

We now use the equalities (5.1)), i.e. that for i = 1,2,3 and for each g € X, we have A;(g) = Ag,i(g)-
We consider first Az(g). This is the sum, up to signs, of the determinants of the 3 x 3 submatrices obtained
by fixing 1 <14 < j < k < n and taking the intersection of the i, j, k rows and the 4, j, k columns. Comparing
these determinants for p(7) and p(c™7), we see that they differ by (A\;A;Ar)™. Thus, multiplying ¢ by the
determinant of the matrix

1 1 1
(A1 A2A3)"> (AMA2A)™ o (Ap—2An—1An)™
(A1 A2Ag)" (A1 d2Ag)™ o (A2 A1 A,)"™
Mdars) G o) G) o (oh ) ()

the determinants of these 3 x 3 submatrices agree for p(7) and py(7). Multiplying by the determinant of a
similar (TQL) X (72’) matrix, we obtain the same result for the 2 x 2 submatrices obtained by deleting all but
the 4, j rows and columns for fixed i # j.

We now show by induction on |i — j| that, modifying ¢ at each step in a way depending only on
p(7), we can assume that p(7); j = ps(7)s,; for each ¢, j. The cases of i = j and i = j — 1 have already been

56



solved. To conserve notation let us temporarily write p(7) = x and p4(7) = x + ¢X. To take care of the
remaining case when j = ¢ — 1, note that determinants

Tii Ty
det ( s @y ) T TiATid T TigTii
i T,

253 1,775 2,v7,9
Tjit+eXji g e A o

have been shown to be equal; multiplying ¢ by x; ; kills X ;.
For the induction step, fix i < k < j and consider the determinants

det ( Tiyi i > = det ( Lii Tij+eXij )
Lji  Ljj Tji+ €Xj; Lj,j

Tii Tk Ty R Tig Tij+eXi
det Tki Tkk Lkj = det, Thi Th,k Tk, j ,
Tii Tk Ty Tii+eXji Tk T

resulting in equations
JZ@ijJ + xj7iXi,j =0
and
(Tr iy — T k) Xji + (25iT0k — Thiik) Xij = 0.

Multiplying ¢ by the determinant of the matrix

Ti,j Lj,i
Th,kTi,j — Ti,kTk,j Ljilkk — Tkiljk

completes the induction step.

Since Y has positive measure, we can find integers s; = 0 < s5 < --- < s, such that Z =
YN7r7%2Y N---N77%Y has positive measure. If ( € Z then for each M =1,...,n we have 7°#( € Y and
hence for each i =1,...,n

n

po(T Q)i = Y p(T )i kpo (ki = p(T° Qii = Y (7™M )i k()i
k=1

k=1

After multiplying ¢ by the quantity det A(:) with largest valuation, we have that ps(() = p(¢) for all ¢ € Z,
and hence for all ¢ in the closed subgroup generated by Z. Being of positive measure, this subgroup is open
of finite index in G, and contains an open normal subgroup N. We note that the definition of Z depends
only on G’ and not on ¢, and N can therefore be chosen to depend only on G’ and not on ¢. We now use
the inflation restriction exact sequence for N:

0— HY(G'/N,(ad’r @4 A/T™)N) = HY(G',ad’ r @4 A/T™) — H'(N,ad’r @4 A/T™).

We have shown that for any cocycle ¢ for G’ with ¢ = —¢, the restriction of the cohomology class of ¢
to N is annihilated by 752 for some integer K> depending on G’ but not on ¢. By the second part of the
lemma applied to N, the first group in this sequence is annihilated by some T%° depending only on N. The
third part of the lemma now follows on taking K7 = Ko + K. O

5.2 Galois theory

We now return to the notation of the beginning of Thus F is a CM field with maximal totally real
subfield F'*. We fix a finite set of places S of F* which split in F, and write F(S) for the maximal extension
of F unramified outside S. We write Gp+ g = Gal(F(S)/F") and Gp,gs C Gp+ g for the subgroup fixing

F. For each v € S we choose a place v of F' above it, and write S for the set of these places. We choose a
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complex conjugation ¢ € Gp+ g. We suppose that S contains all places dividing [. We fix a finite extension
K/Q inside Q; with ring of integers O, residue field k, and maximal ideal A\, and define as in the previous
section A = k[T], E = Frac E. We assume that [ > 3.

We now suppose given a representation r : Gp+ g — G, (A) satisfying the following conditions:

1. r|lgps ®a E is absolutely irreducible.
2. (¢ F, ?|GF+(§ ) is Schur, and 7|g,. is primitive (i.e. not induced from any proper subgroup of Gr).
l

3. The image of F|GF<<1> has no non-trivial quotients of [-power order. This will be the case if, for example,
the irreducible constituents of 7|g, ., are adequate in the sense of [Thol2].

4. There exists 09 € Gp g such that r(op) € GL,(A) is regular semisimple, and its eigenvalues lie in A*
and do not satisfy any non-trivial Z-linear relation in A*.

5. The integer n is not divisible by .
6. Let p =vor. Then u(c) = —1. Equivalently, writing r(c) = (J, —p(c)), J is a symmetric matrix.
Weset A =GpandI' = Gp+ = Gp x {1,c}.
Proposition 5.3. For every open subgroup N C A, r|n is absolutely irreducible.
We can therefore apply the results of

Proof. Suppose not. After replacing N by an open subgroup, we can assume that N is normal in A. We
have ¢ € N for some a > 1, and hence the representation 7|y ®4 E is multiplicity-free (being already
semisimple). Let p C r|y ® 4 F be a simple subrepresentation. By [Kar89, Ch. 2, Theorem 2.2] (i.e. Clifford
theory), it follows that the action of N on p extends to an action of a subgroup N’ C A and that there is
an isomorphism 7| 2 Ind%, p over E. Then 7| = Ind%, 5. Since we have assumed that 7| is primitive,
it follows that N’ = A and p = r|y ®4 F, and hence this representation is irreducible. Enlarging the field
E does not affect our hypotheses, so we see that the representation is even absolutely irreducible. O

We now introduce a slight variant of the cohomology groups defined in [CHTO8| §2.2]. Fix a A-
algebra structure on A and a deformation problem

S = (F/FJ’_’Su §7A7?a 61_n§?7‘/F+7{D’U}U€S> )

such that r is of type S. We fix T'= S, T=25. (Thus T denotes both a set of places of F* and an element
of the base ring A, but we hope that this will not cause confusion.) Fix also a choice of Taylor—Wiles data
(Qn,Qn, {A}veqy) of order ¢ and level N. (We allow the case ¢ = 0.) If n, is the multiplicity of @, as an

eigenvalue of 7(Frobg) then we suppose n, prime to I. We write Sy = SUQy, Sy = SuU @N. This induces
an auxiliary deformation problem

Sy = (F/F+, Sy SNy AT, €78 i {Dy ues U {DEW@)}UEQN) .

Then for each integer m > 1 and place v € QQn there are associated submodules L, ,, C Hl(Gpg,adr XA
A/T™). To define these, we note that the choice of Taylor—Wiles data induces a direct sum decomposition
7°|Gqu = 5, ® Y,. We have a natural map

HY(Gp,,adr @4 A/T™) — H (Iz,adr @4 A/T™)"F5

— H'(Iz,ads, ®4 A/T™) @ H (I3, ad ), @4 A/T™).
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We define L, ,, to be the pre-image in H'(Gg,,adr ®4 A/T™) of the submodule H' (I3, Z () @4 A/T™),
where Z(¢,) C ad, denotes the submodule of diagonal matrices. We write L} ,,, for the pre-image in the
cochain group CY(Gp,,adr @4 A/T™) of Ly .,. Then we define

CgNVT(Ger’SN,adT ®aA/T™) =

C'(Grr sy, adr @4 A/T™) @ D O (Gryyadr @4 AJT™) M5,

vESN
where M/ ,, =0 unless v € Qn and i = 0, in which case we set M}, = C°(Gp,,adr @4 A/T™) or v € Qn
and ¢ = 1, in which case we set M, = L, ,,. The boundary map is given by the formula

a(¢7 (1/15)1;651\;) - (8¢a (¢|F5 - aw’ﬁ)UGSN)'

The groups HEN)T(GF+75N,adr ®4 A/T™) are then by definition the cohomology groups of this complex.
We are also given dual Selmer conditions Lim C HY(Gp,,adr(l)®@4 A/T™) for v € Qn, defined to
be the annihilator of L, ,, under the local duality pairing. We define a group

HY, (Gre sy adr(1) @4 A/T™) =

ker H'(Gp+ sy, adr(1) @4 A/T™) — € H'(Gr,adr(1) @4 A/T™) /Ly,
vEQN

Finally, we write

Hg, 1(Gp+ sy, adr @4 BJ/A) =lim Hg 7 (Gpi 5y, adr @4 A/T™),

and similarly for Hg, .(Gp+ g,,adr(1) ®a E/A).
N>

Proposition 5.4. 1. For each m > 0, we have

Hg, 7(Gpi sy,adr @4 A/T™) = Hg  7(Gp+ gy, adr @4 E/A)T™].

2. For each m > 0, we have
Hg) p(Grpe sy adr(1) @4 A/T™) = Hg, p(Gp+ sy, ad (1) @4 B/A)[T™].
3. For each m > 0, we have
|HS,, 7(Gp+ sy adr ®4 A/T™)| =
HY, p(Gre syoadr(1) @a A/T™)] x [A/Tm |7 D/200,
Proof. Write M,,, = adr @4 A/T™, M = li%m/\/lm = adr ®4 E/A. We have exact sequences for every

m' >m

0 Mo, M My —q — 0.

Since 7 is Schur, we have H°(Gp+ 5, M1) = 0 and hence H*(Gp+ g, M,,) = 0 for each m > 1. Tt follows
that we have exact sequences

0 —— HY (Gp+ g, Mp) —= HY(Gp+ g, M) — H (Gp+ 5, M)

for each m’ > m. Since the multiplication by 7™ map on M,,, factors M,,, — M/, = M,,» and this
last inclusion also induces an injection on H', we find that we can identify

Hl(GFJr,Sa Mm) = Hl(GF+,Sa Mm/)[Tm]-
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The second part now follows on noting that for every m’ > m and v € Qy, the natural maps

Hl(GFava(l))/LL - Hl(GFmMm/(l))/LL

v,m v,m’

are injective, and moreover that H°(Gp+ g, My, (1)) = H°(Gp+ 5, M;,) = 0 (since Tlg
Lemma .

For the first part, we note (cf. the discussion after [CHTOS, Definition 2.2.7]) that Hg 1(Gp+ sy, M)
fits into an exact sequence

is Schur; cf.
FH(¢) S ’

0 —_— @UETHO(GFWMW,) —_— HéN’T(GFJr,SNaMm) —_—> Hl(GF+,SN7Mm).

It follows that we have inclusions for every m’ > m
Hg, 7(Gps sy, Mm) C Hg 7(Gpt sy M) [T™].

We show equality. Suppose that (¢, (az)yes) represents a cohomology class in the group on the right. By
the above reasoning, we can assume that ¢ € Z'(Gp+ 5, M,,). Then we have

T™((¢, (a5)ves)] = [(0, (T az)ves)] = 0,

and so there exists Q € M, such that (0, (T™az)ses) = 0Q. Thus Q € H(Gry 5, Mpy) = 0 and hence
T™a, = 0, as desired.

The third part is proved exactly as in [CHTO08| Lemma 2.3.4]. (We use here our assumption that
the conjugate self-duality of r is symmetric; in the notation of loc. cit., this means that x(c,) = —1 for every
choice of complex conjugation ¢, € Gp+ g. We also use the calculation of the length of the finite A-module
Ly for v e Qn; if m =1, then M,, = ad7 and we have

dimy Ly; — dimy H°(GF,,ad7) = 1.)
O

We now define certain field extensions. Let Ff be the extension of F* obtained by adjoining all
l-power roots of unity. For m, N > 1, let L,, n be the extension of F*({;~) cut out by the representation

rmod T™ : Gp+ g — Gn(A/T™).
Let Lo be the extension of Fif cut out by 7.

Lemma 5.5. Let adr = ad’r @& Z denote the natural decomposition of adr into its trace 0 and diagonal
parts.

1. For every N,m > 1,
HY(Gal(F (G ) /F*), Z(1) @4 A/T™) = 0,

2. There exists an integer Ko > 0, not depending on N or m, such that for every Nym > 1 and a > 0
and for any GF+(CLN)—subm0dule M cad’rog A/T™ containing an element of exact order m — a, we

have
T Ko ad%r @4 A/T™ C M.

In particular, we have TKOHO(GF+(<ZN), ad’r @4 A/T™) = 0.
3. There exists an integer K1 > 0, not depending on N or m, such that every N, m > 1,

TE HY(Gal(Ly n/FT),ad’ r(1) @4 A/T™) = 0.
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Proof. There is an isomorphism Z(1) ®4 A/T™ = k(edp/p+) @ A/T™ of Gp+ g-modules. By restriction,
we have an isomorphism
HY(Gal(F(Gn)/F*), k(ebpyp+)) = HY (Gal(F(Gr) /F(G)), k) /.

This latter group is identified with the set of homomorphisms f : Gal(F((;~)/F((;)) — k such that for all
x € Gal(F((n)/F(G)), y € Gp+g, we have f(yay™') = €dp/p+(y)f(z). Since the conjugation action of
Gp+,s is trivial, but the character edp,p+ is non-trivial, this group is in fact 0. This shows the first part of
the lemma. The second part follows from the second part of Lemma applied with A" = G .. po- For the
third part, we use the inflation-restriction exact sequence. First, we have an exact sequence

0 — HYGal(FL/F 1), (ad®r(1) @4 A/T™)rE) — HY(Gal(Loo/F*),ad’ r(1) @4 A/T™) — (5:2)
— HY(Gal(Loo/F),ad’ r(1) @4 A/T™)CaMFL/FT) - 0

The first term in the sequence is killed by a power of T' independent of m, by the second part of Lemma [5.2
Moreover, inflation gives an injection of A-modules

HY(Gal(Ly, n/FT),ad r(1) @4 A/T™) — HY(Cal(Loo/F*),ad’ 7(1) @4 A/T™).
To complete the proof of the lemma, it therefore enough to show that the last term of the sequence (5.2)) is
killed by a power of T" independent of m. Restriction gives an isomorphism
HY(Gal(Loo/FE),ad’r(1) @4 A/T™) SN F</FT) o FY(Gal(Loo /F - F),ad’ r(1) @4 A/T™) G0 Fo/FT)
and this last term is a submodule of
HY(Gal(Loo/F - FL),ad’r(1) @4 A/T™)"! = HY(Gal(Loo/F - FY),ad’r @4 A/T™)=1
(since €(c) = —1). The desired result then follows from the third part of Lemma applied with A’ =
Gppt- O
Lemma 5.6. We can find a constant C > 0, an integer ¢ > n(n—1)/2[F* : Q] and for each N > 1 a choice
of Taylor-Wiles data (Qn, @n, {Qytveqy) of order ¢ and level N such that:
1. For all Nym > 1,
Hg, p(Grp+ sy adr(1) @4 A/T™)
s a finite A-module of cardinality bounded by C'.
2. For each N > 1, there is an isomorphism of A-modules
H},, r(Gs sy, adr @4 BJA) = (B/A)" (D g T(N),
where T(N) is a finite A-module of cardinality bounded by C.

Proof. By Proposition [5.4} the second part of the lemma will follow from the first. We prove the first.
Suppose given a tuple (Qn, Qn, {® }veqy) of Taylor-Wiles data of level N, and consider adding an extra
place u to Qn to obtain Q = Qn U {u}, QVQV =QnU {u} for some place u of F' above u, and choosing an
eigenvalue @, of 7|g,. (Frobg) such that 7|¢, (Frobg) acts semisimply on its @,-generalized eigenspace, to
obtain a new choice of Taylor-Wiles data: ’

(Q/Nv @/N» {av}'UGQN U {au})'

Then, writing Sy and Sy for the respective augmented deformation problems, we have for each m > 1 a
commutative diagram with exact rows:

0—— H!

SV’T(GFﬂS;V,adr(l) ®A A/Tm) —_— Hl (GF+7SN,adr(1) ®A A/Tm) —_— A/Tm

Sx.,T

| |

00— HéJ,VJ_’T(GFJr’S;V,adT(l) X a E/A) Hé‘JJ\-”T(GFﬂSN’adT(l) Xa E/A)

E/A
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The last arrow in each row is given on cocycles by the map ¢ — treprob, m, #(Frobg), where epob, a, IS
by definition the unique r|g, -equivariant projection of A™ onto a direct summand A-module lifting the
ay,-eigenspace of Flg . (FI‘Obg)u.

Suppose that H‘éJJ\}7T(GF+7SN’ adr(l)®a E/A) = (E/A)" ® X, where X is a finite A-module, annihi-
lated by T™. Suppose that there exist integers K, m > 0 and a cohomology class [¢] € Hé‘]%nT(GFJr,SN ,adr(1)®a
A/T™) of exact order m such that the image of this class in A/T™ has exact order at least m — K, with
m — K > M. Then there is an isomorphism Héj’vL,T(GFﬂSﬁwadr(l) ®4 E/A) = (E/A)"! @ X', where
X' < |X| % |A/T"].

To prove the lemma it therefore suffices to show that there is an integer K > 0, such that for any
QN as above, and for any integer m and cohomology class [¢] € HéﬁyT(Ger’SN,ad r(1) ®a A/T™) of exact

order m, we can find data (u, @, &, ) such that tr epob, &, ¢(Frobg) € A/T™ has exact order at least m — K.
(We can then use induction on the size of Qn.) We will show that we can choose K = Ky + K3, where Ky
and K7 are as defined in Lemma Let us therefore fix a choice of @, an integer m, and a cohomology
class [¢] € Héﬁ’T(GF+7SN,ad r(1) ®a A/T™) of exact order m.

Using the decomposition adr(1) = ad’r(1) @ Z(1), we can suppose that ¢ is valued either in
ad’r(1) @4 A/T™ or Z(1)®4 A/T™. Suppose first that ¢ is valued in ad” (1) ®4 A/T™. By the third part
of Lemma the image of [¢] in H'(G, ad’ r(1)®4 A/T™)Cr+ has order at least m — K. Let us write
f for this restriction, which can be viewed as a homomorphism f : G, , — ad’r ®4 A/T™ whose image is
invariant under the action of G+ (). Moreover, the image of f contains an element of exact order m — K.

By the second part of Lemma [5.5, we have

m,N?

imagef D TEH K1 200 (1) @4 A/T™.

Choose 0 € Gp(c,y) such that 7|g,(0) has an eigenvalue @ of multiplicity 1 < p < n — 1, with (p,1) = 1,
and such that 7|g, (o) acts semisimply on its a-generalized eigenspace. (It is easy to see that such a o
exists.) If tre,z¢(o) has exact order at least m — Ky — Ki, then let o9 = o. Otherwise, we can find
T € Gp,,  such that tre,f(7) has exact order at least m — Ko — K1. Now set 09 = 7o. In this case we
have r(0p) mod T™ = r(o) mod T™ and ¢(cg) = ¢(7) + ¢(0), so that

tr €go,aP(00) = treqzd(o) + treq,zf(T)

also has order at least m — Ky — K7. In either case, we see that trey, z¢(co) has exact order at least
m — Ko — K;. By the Chebotarev density theorem, we can now find a place v of '™ with extension % to
F, split in F*({;~), such that tr epon, a¢(Froby) has exact order at least m — Ko — K. This completes the
proof in this case.

Now suppose instead that ¢ is valued in Z(1). By the first part of Lemma the image of [¢] in
HI(GF(ClN), Z(1) ®4 A/T™) has exact order m. We can view this image as a homomorphism

o: GF(CLN) — Z®4 A/Tm

Choose 0 € Gp(,y) such that @(0) has exact order m. Now, ker ¢ projects surjectively onto 7|q,. (GF(C,N))7
since this latter group has no non-trivial quotients of [-power order. In particular, we can choose 7 € ker ¢
such that 7|, (7o) has an eigenvalue @ of multiplicity p prime to [, and acts semisimply on its @-generalized
eigenspace. Taking oo = 70, we have tre,, z¢(00) = pd(o), which is therefore of exact order m. Applying
the Chebotarev density theorem once more now completes the proof. O

Corollary 5.7. Suppose that we are in the situation of 4.6, and that the hypotheses of this section hold for
r =71y and S = S,. Then hypothesis 1 of Theorem holds.

Proof. With notation in we must construct an isomorphism of A-modules

Hom (px /(P + %), B/A) = Hy 1(Gp+ 5y, adr ©4 E/A).
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The first term here is naturally isomorphic to
HOHlA(EEXTN/(E?V7 ﬁIOC)’ A 6E/A)

Let (7; aw)yer denote a representative of the T-framed deformation of 7 over A corresponding to the ideal
pn. The above group is in bijection with the set of equivalence classes of T-framed liftings (7; &, )yer of T
to A® eE/A which are equivalent to (7; o )yer after reduction modulo e, are of type Sy, and such that for
each v € T, o 7'|GF a, is equal to r|GF This set is itself in bijection with the set of T-framed liftings
(7; @ty )per Over A @ eE/A which are equal to (75 ay)per after reduction modulo €, are of type Sy, and such
that for allv € T, ay T|GF @y =gy, taken up to 1+ eM, (E£/A)-conjugation. (It is an abuse of language
to speak of hftlngs to ADeE /A, since this ring does not lie in Cy; however, this does not cause problems,
cf. the discussion before [CHTOS8|, Definition 2.2.2].)

Given such a T-framed lifting (7; &y )yer, we write 7 = (1+€¢)r, with ¢ € Z(Gp+ sy, adr@a E/A),
and a, = a, + ez, vz € M, (E/A). The cohomology class

(6, (¥5)ver)] € Hsy 1(Gr+ sy, adr @4 E/A)

then depends only on (7; &y )ver up to 1+ €M, (E/A)-conjugation, and it is now easy to check (following
[CHTO8|, Proposition 2.2.9]) that this assignment gives the desired isomorphism of A-modules. O

6 The main argument

In this section we combine the results of the previous two sections to prove the analogue of an R = T theorem
in our context. We take up the notations of the beginning of Thus L is a CM field with maximal totally
real subfield L™, G is a unitary group over Lt of dimension n, and S =T = Sl URUS(B)US, is a set of
primes of L spht in L. We fix an open compact subgroup U = [[, U, of G(A?% ) having the following form:

e For v inert in L, U, C G(L;) is a hyperspecial maximal compact subgroup.

e For v ¢ T splitin L, U, = G(O+).

For v € S(B), U, is the unique maximal compact subgroup.

For v € 5,,U, = G(Op+).

e For v € S,,U, = 15 ' ker(GL,(Or,) = GL,(k(D))).
e Forv e R, U, = ;' Iw(d).

We suppose that m C T7 (U(I°°), O) is a residually Schur maximal ideal, giving rise to a residual Galois
representation 7, : G+ ¢ — Gn(k). We suppose that 7y, satisfies the following hypotheses:

1. Tu(GrL(e)) has no non-trivial quotients of I-power order. This will be the case if the irreducible
constituents of Tm|, ., are adequate, in the sense of [Thol2].

2. Tmla,s = P1 ® Po is a direct sum of two absolutely irreducible representations. If dimp; = n; then
nina(ny + ne) is coprime to I.
3. Tm|c, s Is primitive, i.e. not induced from a proper subgroup of G, s.

We suppose that S, is non-empty and that for every v € S,, v is absolutely unramified, 7, is unramified
above v, ad7(Frobs) = 1 and v does not split in L(¢;). Then H%(Gp,,ad7(1)) = 0, and U is sufficiently
small. Suppose also that for each v € S; U RU S(B), Tm|g,_ Is trivial, and that for each v € RU S(B),
q¢» = 1 mod I. We suppose as well that K is sufficiently large in the sense that it contains the image of every
embedding L < @Q;, and the conclusions of Proposition and Proposition hold for v € RU S(B).
Under these assumptions we have defined a global deformation problem

S (L/L+ T, T A »T'm, € 1 n(SL/L+7 {R’UA}UESL U {st;t}vES(B) U {RE}UeSa U {Rzlj}veR) .

This section is devoted to the proof of the following theorem.
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Theorem 6.1. With assumptions as above, suppose further that:

1. The quotient Rgeld of Rg:”” classifying reducible deformations is finite over A and of dimension bounded
above by n[L* : Q] — rn(n + 1) — 5, where r = |R|.

2. The prime [ is strictly greater than 3, and for each v € R, the highest power of | dividing q, — 1 is
strictly greater than n.

3. For each v € S, we have [Ly : Q] > sup(rn(n+ 1) +5,n(n —1)/2 + 1).

Let r : Gp+.s — Gn(O) be a lifting of Tm of type Sy such that r|q, is ordinary of weight X, for some
A€ (Zn)Hom(L:Q) | Then r is automorphic of weight \.
Let us say that a soluble CM extension M/L is good if it is linearly disjoint from the extension of

L({;) cut out by Twla, ., and every prime above S U S, U R splits in M. If M/L is a good extension we
have constructed in a deformation problem & s and a diagram of Ajps-algebras

Rg Ps, TH(U(%), O)m

] |

grluzl -~ P31,M - T{M (UM([OO)v O)mM
We have defined an ideal
Jsir = ker (Ps, = T (Unf (), Oy, ) -

We write Jyr = Js, ,mPs,. Let p C R};rl‘iv be a prime ideal. We say that p is potentially pro-automorphic if
there exists a good extension M/L such that Jy; C p.

Let p C R“érl‘i" be a prime ideal of dimension 1 and characteristic [. For each v € S; there are
universal characters ¢y,..., 9% : T %}; (1) = A (ct. §@) Let A denote the normalization of R /p, and
E = Frac A. We say that p is generic if it satisfies the following properties:

e The representation ry|g, ®4 E is absolutely irreducible.
e For each v € S;, the characters 7, ...,y are distinct modulo p.

e There exists v € S; and 0 € IZE; (1) such that the elements ¥} (c) mod p,..., 92 (c) mod p € A* satisfy
no non-trivial Z-linear relation.

The interest of these concepts is the following consequence of our work so far.

Proposition 6.2. Let p C Rg?w be a prime which is potentially pro-automorphic and generic. Suppose
further that for each v € R, the restriction ry|c, _ is trivial. Then every minimal prime Q C p is potentially
pro-automorphic.

Proof. By hypothesis, there exists a good extension My/L such that Jy;, C p. By making a further soluble
extension, we can find a good extension M;/L containing My such that for every prime w of M; above a
prime of S(B), ry|a,,, . is unramified and r,(Frobg) is scalar. In fact, if {7 denotes a generator of the
I-part of tame inertia at the place 1, rp(t) is a unipotent matrix in GL, (A4), hence of finite (and [-power)
order. After making a finite local extension to kill off the image of inertia, Frobenius is mapped to a
unipotent element times a scalar matrix (since ¢, = 1 mod [). A further I-power extension now gives a local
representation of the desired form.

Then Jy, C Ju,, by Proposition Let pas, C R denote the pullback of p. Then JIsy oy C

S1,Mm, i
par,- Let @ be as in the proposition, and let Qs denote its pullback to RPSI;‘X/Il' We will show that
Jsi i, € @ny - This will imply Jay, C @, which is what we need to prove. By Lemma and Proposition
Tplay, ®a E is absolutely irreducible and so pas, is generic. Arguing as in the proof of Lemma W
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we can find a character ¢ : Gur,,s,,, — 1+ ma such that pas, y is defined and satisfies hypotheses 2-5 of
Theorem [£.19] In particular, we have Js, a7, C par, ¢ by Corollary [£.14} and we can choose the character 1
so that ¥|a,, _ is trivial for each v € Ry, , because

M Q] = [M : LY[L" : Q] > [Rag, | = [My : L],

by hypothesis 3 of Theorem By Corollary par, . also satisfies hypothesis 1. Let Q" C Qar, be a
minimal prime of RngLl Then Q' C pur,, s0 Q" C pary , by Lemma Corollary now implies that
sy, C Q' C Qpr, - This completes the proof of the proposition. (In order to make sure that the hypotheses
of Theorem are satisfied, we use here assumptions 2 and 3 of Theorem ) O

Proof of Theorem[6.1 Let J red - Rg‘lﬂ" denote the ideal cutting out the subspace of reducible deformations,
and let 1**d C A denote the pullback of J*4 to A. Hypothesis 1 of Theorem implies that the dimension
of A/I"*% is at most n[Lt : Q] — rn(n + 1) — 5.

For each v € [, let of,...,0y denote a basis of a maximal free Z;-summand of (’)f6 (1), where
d, = [Ly : Q. For each 4, j,v € S, define an ideal

I(i,j,v) = (A Ai (o) — ¥] (k) tr=1,....d,) C A

Then A/I(i,j,v) has dimension n[L" : Q] — d,. On the other hand, suppose given for each v € S; an n x d,
matrix of integers af ; such that each column contains a non-zero entry. Let J(a; ;) denote the ideal of A
generated by A\ and the elements

(Hd}f(aj)“;j> —lasj=1,...,d, and v € S].
i=1

Then A/J(af ;) has dimension (n — 1)[L* : Q]. (These ideals are related to the notion of being generic. If
p C A/()) is a prime and p contains no ideal I(i,7,v), then for each v € S, the characters 1! mod p and
¥ mod p are distinct if i # j. If p contains no ideal J(ay;), then there exists v € S; and o € Ir,,(I) such
that the elements 9! (0) mod p, ..., 9" (o) mod p € (A/p)* satisfy no non-trivial Z-linear relation.)

Together 1™ I(i,4,v) and J (af ;) define a countable collection of ideals of A whose quotients have
dimension bounded above by n[L* : Q] —rn(n+1) —5. (This uses assumption 3 of Theorem [6.1]) It follows
from Lemmathat for any good extension M /L, any quotient of Rg’;“" (X, Jar) of dimension at least n[L* :
Q] —rn(n+1)—4 contains a generic potentially pro-automorphic prime p. (Note that R&"Y/.Jy is finite over
A, since it is finite over RE™Y /Js, ,, (by Proposition 4.17)), hence over Ps, i/ Jsi0 = T (Upr (1), O) s,
(by Proposition [3.29), hence over Ay (by Proposition [4.3).)

Fix a choice of lifting rg"" representing the universal deformation. This induces for each v € R
a homomorphism R} — Rgrlli", and we let Jr denote the ideal generated by the images of mpi,v € R.
This ideal is independent of the choice of lifting, and for any quotient Rgrl‘i" /I of characteristic [, we have
dim R /(Jg, 1) > dim RZ™ /I — rn?, by [Mat89, Theorem 15.1]. It follows that there exists a generic
prime p C RE"V/(Jg, J1), since dim RZ/Jp > dim A = 1+ n[L" : Q. (Indeed, there is a finite ring map
TH(U(1°°), O) — REMY/J;, with nilpotent kernel, and we have dimT? (U(1*°), O), = A, by Proposition
) By Proposition any minimal prime @ C p of Rgrl‘i" is potentially pro-automorphic.

We now consider the partition of the set of minimal primes of Rg"" into two sets Ci,Ca, consisting
of those primes which respectively are and are not potentially pro-automorphic. We have shown that C; is
non-empty. We claim that Cy is empty. Otherwise, it follows from Lemma and Definition [I.7] that we
can find minimal primes @)1 € C1, Q2 € Cy such that

dim R /(Q1,Q2) > ¢(R&™) > n[LT : Q] —rn — 2,
and hence

dim R /(Q1,Q2, Jr) > n[LT : Q] —rn —rn® =3 =n[LT : Q] — rn(n+1) — 3.
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In particular, this ring contains a generic potentially pro-automorphic prime p. Applying Proposition [6.2
once more, we deduce that (o is potentially pro-automorphic, a contradiction.

Now let 7 : G+ g = Gn(O) be a lifting of 7, which is ordinary of weight A and of type Si, as in the
statement of the theorem. This induces a homomorphism Rgrl‘i" — 0. Let @ be a minimal prime contained
inside the kernel of this homomorphism. Then there is a good extension M /L such that Jy; C @, and so
the induced homomorphism Rg‘f‘;{ — O kills Js, ,,, and the map Ps, ,, — O induced by r factors through

TIM (Upr (1), O)m,, - It now follows from [Cer, Lemma 2.6.4] and [CHTOS, Proposition 3.3.2] that r|q,, is
automorphic. The automorphy of 7|, then follows from Lemma (The representation r|g, is irreducible
because the set S(B) is non-empty.) O

7 The main theorem

Let [ > 3 be a prime. Let K be a finite extension of Q; inside Q;, with ring of integers O and residue field
k. In this section we prove the following result.

Theorem 7.1. Let F be an imaginary CM number field with mazimal totally real subfield F*, and let n > 2
be an integer. Suppose that p : Gp — GL,(K) is a continuous semisimple representation satisfying the
following hypotheses.

cr~ V_ 1—n

1. p°=pYe
2. p is ramified at only finitely many places.
3. p is ordinary of weight X\, for some \ € (Zi)Hom(F’@l).

4. F({) is not contained in Frereden)

5. p* = Py @ Py, where pilcy ., and Pa|Gp,, are adequate, in the sense of [Thol2, §2]. (In particular,
they are each absolutely irreducible, and each n; = dimp,; is not divisible by 1.) Moreover, p*° is

primitive, in the sense that it is not induced from any proper subgroup of Gr, and n is not divisible by
l.

6. Py % Py and €' ~"py 275,
7. There exists a finite place vy of F', prime to l, such that p|‘°§’Fﬂ0 =~ @I e for some unramified
character ¢ : Gp,, — K*.
8. There exists a RACSDC representation 7 of GL,(Ar) and 1 : Q; — C such that:
(a) 7 is t-ordinary.
) Tl =
(c) Ty, is an unramified twist of the Steinberg representation.

9. There exists a CM extension Fy/F linearly disjoint from the extension of F((;) cut out by ﬁSS|GF(<L)
and RAECSDC representations (71, x1), (72, X2) of GLy, (AR,) and GLy,,(AR,), respectively, such that
w1, Ty are L-ordinary and -

r.(mi) 2 piley, fori=1,2.

Then p is automorphic.

Before giving the proof of Theorem [7.I} we discuss the role played by some of the assumptions.
Assumptions 1-3 assert that p is ‘geometric’ and related to the ordinary automorphic forms on unitary
groups of the type considered in Assumption 4 is of a technical nature, and is used to ensure in
to ensure that the level subgroup U can be chosen to be ‘sufficiently small’. The assumption 5 of residual
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reducibility of p is the main novelty of the above theorem; the assumption that the irreducible constituents
P, and p, of p are adequate is required so that we can apply pre-existing automorphy lifting theorems to p;
and p,. The assumption that p** is primitive is used in and holds automatically e.g. if n; and ny are
coprime. Together with this, assumption 6 implies that any extension of p to a G, -valued representation will
be Schur, in the sense of

Assumption 7 asserts that p|g Fay corresponds, under the local Langlands correspondence, to a twist
of the Steinberg representation; this is the lever we use to control the space of reducible deformations of p.
Assumption 8 is the usual residual automorphy hypothesis for p. Finally, assumption 9 asserts that p; and
Do are ‘potentially automorphic’, which is often known to be the case, cf. [BLGGT]; this condition is used,
together with the method of Khare-Wintenberger, to control the dimension of the universal deformation
rings of p; and p,.

Proof of Theorem[7.1} After possibly enlarging the field K, we can find a self-dual O-lattice for p inside K,
so we can view p as a representation Gg — GL,(O) such that p: Gp — GL, (k) is conjugate-self-dual (see
[CHTO08, Lemma 2.1.5]). We do the same for r,(7) to obtain a homomorphism p’ : Gp — GL,,(O). Then p
is semisimple, and we can assume after conjugating p’ by an element of GL, (O) that p = 7.

After replacing F' by a preliminary soluble extension, and « by its base change (Lemma, we can
assume that F', p and 7 satisfy the following additional conditions:

10. Every finite place of F which divides [ or at which p or 7 is ramified splits in F/FT, and F/F¥ is
unramified at all finite places.

11. [F* : Q) is divisible by 4.
12. The place Ty is split over F'T. We write vy for the place of '™ below it.

13. For each place w of I above a place at which p or 7 is ramified, or dividing I, p|q, is trivial, and, if
v {1, then ¢, = 1 mod [, the highest power of I dividing g, — 1 is strictly greater than n, and p|a,,,
and p'|g, are unipotently ramified.

(This reduction is valid since we will show that p is irreducible and automorphic after restriction to the
Galois group of this soluble extensmn Automorphy of p over the original choice of F' will then follow by
soluble descent, by Lemma ) We can find a set X of finite places of F satisfying the following conditions:

° )Z'O does not contain any place of F' at which p or 7 is ramified, or which divides v or I.
e Let E/F((;) denote the extension cut out by p|g,,,- Then for any Galois subextension £/E’/F with
Gal(E'/F) simple and non-trivial, there exists a place of Xy which does not split in E.

Fix a choice of )Z'O satisfying these conditions, and let X denote the set of places of F* below )Z'O. It is easy
to see if that L/F is any Galois CM X,-split extension, then L satisfies the following conditions:

e There exists a place v; of L split over L*, absolutely unramified, such that gz, # 1 mod I and p(Frobg, )
is a scalar. (Use hypothesis 4 of the theorem.)

e For each i = 1,2, pj|c,,,, is adequate and py|c, # Polc., PilG, Z Polds, € 7"
e The representation p|g, is primitive. (Use that p is primitive, and p(Gr) = p(Gpr).)

If LT /F7 is a Galois Xo-split totally real extension and L = LT - F, then L is CM and Xy-split. We claim
that we can find a soluble Xy-split CM extension L/F satisfying the following conditions:

e Let R denote the set of places v of Lt such that p|g, or 7y is ramified above v, but v does not divide
[ or vg. Let 7 = |R|. Then for each prime w|l of L, [L,, : Q;] > sup(rn(n +1) +5,n(n —1)/2+ 1).
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e Let S(B) denote the set of places of LT dividing vg, let A denote the Galois group of the maximal
abelian [-extension of L unramified outside I, and let Ay denote the Galois group of the maximal
abelian l-extension of L unramified outside ! in which every place above S(B) splits completely. Let
c € Gal(L/L") be complex conjugation. Then we have

dimg, ker(A ®z, Q; = Ag ®z, Q)" > 6 +rn(n+1).

e The cardinality of S(B) is even.

Let }N/O denote the set of places v # vy, v§j of F dividing [ or at which p or 7 is ramified, and let Y denote the set
of places of F+ below a place of Yp. (By construction, every place of Yy splits in F', and YoN(XoU{ve}) = 0.)
For any odd integer d > 1, we can choose (by [AT09) §X.2, Theorem 5]) a cyclic totally real extension My of
F of degree d and satisfying the following conditions:

e The extension My/F* is X U {vg}-split.
e If v € Yy then v is totally inert in M.

Let M; be a totally real quadratic extension of F'* which is XoU{vo }UYp-split. We will take L+ = F+. My- M
and L = L*-F. We claim that if d is chosen appropriately, then L will indeed satisfy the above requirements.
For this we recall that

—  Nc=—1
dimg, ker(A @z, Q) — A¢ ®z, Q)= = rankg, (OZ,S(B)) '

(Here the overline denotes the closure of the image of the units inside J[,, Or.(1).) Tt follows from [Jau83|
Théoreme 3] that the latter quantity is equal to 2d. (We note that in [Jau85] this theorem is stated only for
an abelian extension K/Q, but the same proof gives the result relative to any abelian extension of number
fields, cf. [Mai02, Proposition 19]. We apply this result of Jaulent to the finitely generated Q;[Gal(L/F™)]-
submodule of (’)ES(B) ®z, Q; on which ¢ acts by —1, which has dimension 2d as Q;-vector space. We
can calculate its decomposition into simple Q;[Gal(L/F™)]-submodules using the generalized Dirichlet unit
theorem, cf. [Gra03, Part I, 3.7, Theorem].)

If we choose d to be prime to the absolute residue degrees of all elements of Yj, then each place of
M, above a place of Y, will be totally inert in the cyclic degree d extension L /M;. Thus |R| < 2|Yp| in this
case, and each place w|l of L has absolute residue degree at least d. It follows that L will have the desired
properties provided that d is chosen to be prime to the absolute residue degrees of all elements of Yy and
strictly larger than

sup(2|Yp|n(n+1) +6,n(n —1)/2+1).

We now fix such a choice. Let S(B), R be as above, and let S; denote the set of places of Lt dividing I. Let
01 be a place of L which is absolutely unramified, split over L™, not split in L((;), and such that p(Frobg, )
is a scalar, and let S, = {v1}, where v; is the place of L™ below v;. Let T =S = S(B)U S, US, UR. We
choose lifts of these sets to sets S(B), S;, S, and R of places of L, and set T = § = S(B)U S, U S, UR.
With the above hypotheses, we can choose a definite unitary group G over L™ as in

By Lemma [3.1] and the discussion in the first paragraph of the proof of this theorem, we can choose
an extension of p|g, ¢ to a homomorphism r : Gr+ ¢ — G,(O) with r(c) & GO(k) and vor = 61_”62/L+.
Similarly, we can choose an extension of p’|¢, to a homomorphism 7" : G+ ¢ — G,(O) with 7 = 7 and
vor' =vor.

We now have a deformation problem

§= (L/LJrv T, T? Av?v elinéz/LJﬂ {RUA}UESL U {Rgt}vES(B) U {RE}UESQ U {quj}veR> )
and both r and r’ are of type S. If we can show that the hypotheses of Theorem are satisfied, then it will

follow that p|e, is automorphic; the automorphy of p itself will then follow by Lemma It thus remains
to show that the quotient R of R is finite over A and of dimension at most n[L* : Q] — rn(n+ 1) — 5.
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In fact, it suffices to show that for any minimal prime @ C Rred red /@ is finite over A and of dimension
at most n[LT : Q] —rn(n+1) — 5.

To show this we write 7 =71 &7 and A; = ®UESL Ay = @Uele[[Iz‘; (1)™], as in and introduce
the auxiliary deformation problems

S = (L/L+vT7 Cfv Alv?lv 61_7L‘$E/L+v {RvA}UGSz U {RE}UGSQ U {R’})}UGRUS(B)) y

82 = (L/LJ’_,T7 T, AZ’?Q’el_néz/L+7 {RUA}vGSl ) {RE}vESa U {Ri}veRuS(B)) ’

where the local deformation problems are now taken with respect to the 7;. (We are abusing notation here
by writing the same symbols R%, RD, and R} for the local liftings rings of the n;— and no—dimensional
Galois representations 7|g,_.) It follows from [Th012, Corollary 8.7] and [BLGGT!| Lemma 1.2.3] that for
i = 1,2, R&Y is finite over A; of dimension 1+ n;[L™ : Q]. (This is where we use hypothesis 9 of Theorem
as Well as the assertion of hypothesis 5 that p; and p, are adequate.)

Let us write R = R¥4/Q, and rq : G+ — G, (R) for a lifting representing the induced deformation
over R. We may choose rg to be of the form rg = r1 @ ro, where r; is a lift of 7;. Let E = Frac(R), and
choose an algebraic closure E. For each place v € S;, we have the unrestricted lifting ring R , a A,-algebra,
and its quotient RUA. We recall (cf. §3.3.2) that there is a projective morphism G, — R , Where G, is
O-flat and reduced, and that RUA is defined as the scheme-theoretic image of this HlOI‘phlSHl. In particular,
the induced map RS — R — E lifts to an E-point of G,, and hence there exists an increasing filtration
0=Fil Cc Fil, C --- C Fill" = role,. ®r E of rQlc., ®r E with the property that the action of 1, on
gri = Fili / Filf)_1 is given by the specialization of the universal character ) : Ir. — A via the morphism
A, — RY — E. We set F! = Fil’ N(rile,. ®r E) and G = Fil}, N(rale,. ®r E). Then F? and G? are
increasing filtrations with graded pieces of dimension at most one, and F}' & G} = Fil;, = r¢la L; ®R E. We

write af, ..., a, for the characters Iy, — E” afforded by the non-trivial graded pieces gr' F*, i =1,...,n,
and B7,..., 3, for the characters afforded by the non-trivial graded pieces gr’ G7. Let us write 77,...,v,
for the characters af,...,a; , 87, .. ,BM There exists a unique permutation o, increasing on{l,...,n1}
and {n1+1,...,n1+ns}, such that ~7 is the specialization of the universal character 7,[1 v1a the morphlsm
A, — E.

The permutations o, define isomorphisms A, ; @OAU,Q >~ A, and A;®pAs 2 A in an obvious manner.
Moreover, via these isomorphisms, R obtains the structure of Aj- and As-algebra, and it makes sense to ask
whether the liftings r1, 79 over R are of type S1 or Ss, respectively. Let us introduce the further auxiliary
deformation problems

S = (L/L+ T, T VAT e "5L/L+7 {RE}’UESL ) {RE}’UESQ U {R}J}veRuS(B)) )

Sé = (L/LJr, T, T, A27F27 Elin(sz/L-H {RE}UESL U {RE}UESQ U {qu)}veRUS(B)> .

It is clear that r and ro are of type S] and S), respectively. To show that they are of type S; and S, it
remains to show that for each prime v € Sj, the restrictions r;|¢ L, D fact define points of the quotients RA
of RY classifying ordmary liftings of dimension n;. However, this follows from Corollary - The induced
homomorphism R“n“’® R“n“’ — R is surjective, by universality, and is a homomorphism of A-algebras, by
construction. Slnce the former ring here is a finite A-algebra, by the above, we deduce that R is also a finite
A-algebra.

It remains to bound the dimension of R. For i = 1,2 let ¢; : G s — O* be the Teichmiiller lift
of det7;|q, . Write ngmlz for the quotient of R‘m“’ where the determinant of the universal deformation

restricted to G, g is equal to ¢;. By Lemma 3 we have R = gm;@(g(?[m/ (c+1)], and
REVBoREY /N =2 REY, RoREY, /A@kk[A/(c + 1)]|@kk[A/(c+ 1)], (7.1)

and the ring on the left hand side is flat over k[A/(c + 1)[@rk[A/(c + 1)]. Write U1, Uy : A/(c + 1) —
E[A/(c+ 1)]@rk[A/(c+ 1)]* for the universal characters valued in this ring.
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If p ¢ R/(N\) is a prime ideal and v € S(B), then there exists & € R/p such that r(Froby)
has characteristic polynomial (X — «)™ and ro(Froby) has characteristic polynomial (X — «)™. Since
Tle,  is trivial, by assumption, we have 1;(Frobg) = ¢2(Frobz) = 1 and @ = 1 mod mp. Comparing the
determinants of r1, 7o We obtain the relation

Uy (Frobg)™™ = detrs, |q,_ (Frobg)" = detrs,|q,, (Frobg)™ = ¥s(Frobg)™ ™ mod p,

hence
U (Frobg)™ "™ = Wy (Frobz)""? mod p. (7.2)

Since p C R/(A) was arbitrary, the relation (7.2)) holds in the underlying reduced subring of R/(\) for each
v € S(B). The quotient of the ring k[A/(c 4+ 1)|@rk[A/(c+ 1)] defined by these relations for v € S(B) has
codimension at least 6+rn(n-+1), by the choice of L. Since the ring (7.1) is flat over k[A/(c+1)]|®@rk[A/ (c+
1)], we obtain

dim R < 1+ dim REY®oREY/(A) — (6 + rn(n+ 1)) < n[LT : Q] —rn(n+1)/2 — 5,

as required. This completes the proof. O

8 An application to the Fontaine-Mazur conjecture

We now combine our main theorem with Serre’s conjecture for GL2(Ag) to deduce the following result.

Theorem 8.1. Let E/Q be a quadratic imaginary extension and let I be a prime. Suppose that p : Gg —
GL3(Q)) is a continuous irreducible representation satisfying the following hypotheses:

1. p is ramified at only finitely many places.

cn~ oV, —2

2. pc=pe
3. p% =Dy ® Py, where:

(a) dimp; =2 and plG,, is irreducible.

4. p is crystalline ordinary of weight \ for some A € (Zi)Hom(E’@l). Moreover, | splits in E and for each

embedding T : E < Q,, we have A\r1 > A2 > A\r3 and 6 + Z?:1(Ar,j —Ar3) <1/2.
5. There exists a place vy of E split over Q and not dividing | and an unramified character 1y : GE,,0 —

@lx such that p°*° is ramified at vy and (,0|GEUO)SS = 9y B ey B €2)y. Moreover, | does not divide
IL-i(ad, — 1)
Jj=1 q’U(] °

Then p is automorphic, in the sense that it arises from a RACSDC automorphic representation of GLs(Ag).

Proof of Theorem [8.1 We fix an isomorphism ¢ : @, — C. Let K C @ be a finite extension of Q; over
which p is defined. We write, as usual, O for the ring of integers of K and k for its residue field. After
possibly conjugating p and enlarging K, we can extend p to a continuous representation r : Gg — G3(O).
Let u=vor:Gg— OX. If ¢c € Gy is a complex conjugation and r(c) = (A4, —pu(c))j, then *A = —pu(c)A.
Since 3 is odd, A must be symmetric and therefore p(c) = —1.

Reducing modulo the maximal ideal of O, we see that there is an extension of p; to a homomorphism
71 : Gg — Ga(k) such that if 1 = vory then u;(c) = —1. Let ¥ = det p;. Then xx° =€ *. Since dimp; = 2,
we have p, = pYX. Since (Ye2)(x€2)¢ = 1, we can find a character ) : Gg — F, such that "/ = Ye.
(Indeed, it suffices to note that the group H'(Gal(E/Q), H'(E,Q/Z)) vanishes, since E is totally complex.)
The representation 5,1 now satisfies

—_ 7 Nf*ficfoffficfo
(pr)* = pie Y 2p Y € =y



Thus the representation p,¢) extends to a continuous representation R; : Gg — GLa(F;). In fact, this
representation is odd (det R;(c) = —1): the self-duality of R; is symplectic, the conjugate self-duality of 5,1
is orthogonal, and an easy calculation shows that the difference of these signs is given by det Ri(c). (We
learned this observation from Frank Calegari. Compare [Calll].)

Fix an embedding 7 : E < Q,, and let v denote the induced place of E above I. Since p is crystalline
of weight A, we have

€ s * *
p|IE,,J = 0 e (Ratl) * )
0 0 e~ (A1+2)

and hence

—= o €9 x
RlIEU'l/]< 0 gfb )7
for some a < b in {3, A2 + 1,A1 + 2}. Let c denote the other element of {3, A2 + 1, A1 + 2}. By Serre’s
conjecture [KW09], R; is residually automorphic.
Let us write p for the prime of Q below vy. Let Ey be an imaginary quadratic field in which [ splits,

p is inert, and in which every other prime below a place of E at which p or E is ramified splits, and such
that p; remains absolutely irreducible. Let E1 = Ey - E. Then E;/ Ef“ is an everywhere unramified

quadratic extension, split at every prime at which p is ramified, and p is inert in Efr . Let wgy be the unique
place of E; above vy. By [BLGGl Theorem A] and [BLGGT, Theorem 4.4.1], we can find an ¢-ordinary
RAECSDC automorphic representation 7 of GLa(Ag,) such that 7§ = )| - |~! and r, () is crystalline
with HT,, (r,(m1)) = {a,b}, for any embedding 71 : E; — Q; such that 7|g = 7. (We note that the latter
reference requires the assumption [ > 2(n + 1) = 8; this is clearly implied by hypothesis 4 of the theorem.)
We may further suppose that m 4, is an unramified twist of the Steinberg representation. Let py = r,(m1).

We can also (cf. [CHTO08, Lemma 4.1.6]) choose a lift of py to a character ps : Gg — @IX satisfying
pS = pye 2, unramified at vy, and such that py is crystalline with HT,(p2) = {c}. Let w2 denote the
RAECSDC automorphic representation of GL1(Ag,) corresponding under ¢ to ps|g,, . Then 5§ = 7] - |=2.

|GE0-E((l)

The automorphic representation II = ] - |1/ 2@y - | is regular algebraic and conjugate self-dual,
and satisfies 7, (IT) = p; ® p2. (We have not defined here the Galois representation associated to a regular
algebraic and conjugate self-dual but not necessarily cuspidal automorphic representation, but it exists and
satisfies the analogous properties to Theorem see [Thol Theorem 2.1].) One can now check that the
hypotheses of [Tho, Theorem 7.1] apply to II. Indeed, hypothesis 5 implies that [ is a banal characteristic

for GL3(FE1,4,), and that the image under n(H)SS of a generator of the [-part of tame inertia at wg has 2
Jordan blocks, and hypothesis 4 implies the required conditions on the weight of II. It follows that there
exists an ¢-ordinary RACSDC automorphic representation m of GL3(Ag, ) such that mbb = p%|g,, and
Tw, 18 an unramified twist of the Steinberg representation.

We claim that Theorem now applies to p|g, . Conditions 1-3 are immediate. Condition 4
holds because [ splits in Ey and p;|c,, is irreducible. Indeed, it follows from the classification of finite
subgroups of PGLy(TF;) that the abelianization of the projective image of P1lcp, has order strictly less that
| —1=[Ei(G) : E1]. Condition 5 holds by [Thol2, Theorem A.9]. (The representation p|q,, is primitive
because its irreducible constituents have coprime dimension.) Condition 6 is automatic. Condition 7 holds
by hypothesis, and conditions 8 and 9 hold by construction. Theorem therefore implies that p\GE1 is

automorphic, and it follows by Lemma [2.7] that p itself is automorphic. This completes the proof. O
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