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Abstract

A new model describing the microstructure and strength of lath martensite is

introduced. The packet and block size were found to linearly depend on the prior–

austenite grain size when introducing relevant crystallographic and geometric rela-

tionships of their hierarchical arrangements. A mechanism for the lath boundary

arrangement within a block is postulated to ensure complete carbon redistribution

to the lath boundaries. Accordingly, the dislocation density is obtained by consid-

ering the lattice distortion energy within a lath being equal to the strain energy

of the dislocation density at the lath boundaries. Tempering effects are introduced

by estimating the extent of carbon diffusing away from the lath boundaries; this

mechanism relaxes the Cottrell atmospheres of lath dislocations and coarsens the

boundaries. The yield stress and microstructure evolution during tempering is suc-

cessfully predicted by combining these results. The model is further extended to

describe the yield stress in dual–phase steel microstructures by employing the iso–

work principle. The model predictions are validated against experimental data in

seven martensitic and five dual–phase steels, where the prior–austenite grain size,

carbon content, tempering conditions and martensite volume fraction are employed

as input. These results cover wide composition, initial microstructure and temper-

ing conditions.
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1. Introduction

Lath martensite is one of the most important phases in low and medium carbon steels

for high–strength applications. During quenching, the transformation from austenite to

martensite produces high shear strains from the supersaturated carbon content in the
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matrix and thin laths form in order to minimise the strain energy [1, 2]. This process is

characterised by inducing a high dislocation density, being this one of the main contrib-

utors to the high strength of martensite [3,4]. The transformation process also results in

a complex microstructure, consisting of hierarchically arranged substructures within the

prior–austenite grains, namely packets and blocks of individual laths.

Extensive experimental characterisation has been performed to aid unravelling the

complex nature of lath martensite. For instance, several authors have employed

electron–backscattering diffraction measurements to identify the microstructural and crys-

tallographic features of martensite [2, 5–8]. They have concluded that the hierarchical

arrangement of packets/blocks and lath boundaries allows to accommodate the crystallo-

graphic shears of the transformation; this ensures that the net strain in the prior austenite

grain is pure dilatation. Additionally, experimental evidence has shown that the prior–

austenite grain size has a strong effect on the scale of packets and blocks and almost

negligible effects on the lath substructure development [9–12]. This implies that the mi-

crostructure in the lath boundaries is practically independent of the prior–austenite grain

size.

Atom–probe tomography has shown that carbon atoms tend to segregate towards the

lath boundaries [13]. It has been suggested in low–carbon steels that Cottrell atmospheres

form at the lath boundaries for as–quenched conditions [14, 15]; further carbon redistri-

bution occurs during tempering forming precipitates at the boundaries [13]. Chang et

al. [16] observed in two steels containing 0.45 and 0.85 at% carbon that the matrix was

almost depleted in carbon, whilst carbon–rich regions extending for radial distances of at

least 3 nm could be seen from the dislocation lines [17]. Wilde et al. [14] extended this

work to quantify the carbon atom distribution and concentration within the atmospheres;

they found the carbon saturation in the atmosphere to be at about 7–8 at%. Sherman

et al. [18] have attributed in a medium carbon steel (1.31 at% carbon) the formation of

Cottrell atmospheres in the vicinity of the dislocation cores in the martensite matrix, and

that approximately 90% of carbon atoms are located within the range of the atmospheres.

The remaining carbon was located in thin films of retained austenite. Interestingly, the
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lath boundaries show a carbon peak concentration of ∼ 7 at% in the specimen with the

highest cooling rate in as–quenched conditions; this value corresponds to the concentra-

tion saturation of a Cottrell atmosphere. TEM measurements showed no clear images or

diffraction patterns of either austenite or carbides at the lath boundaries for this case.

Similarly, Miller et al. [13] measured in Fe–Ni–C lath martensite for as–quenched condi-

tions a peak concentration at the lath boundaries of 7.8 at%. One aim of this work is

to employ these results to propose a model being able to describe the structure of lath

martensite, and to relate it to its mechanical properties in as–quenched and tempered

conditions.

There are a number of strengthening mechanisms in the martensitic structure, includ-

ing high–angle grain boundary strengthening [9], increase in the dislocation density [2],

and carbide precipitation during tempering [4]. Although the occurrence of these mech-

anisms is well accepted, there are limited microstructure–sensitive models linking the

evolution of the martensitic structure and its respective strength for as–quenched and

tempered conditions; this can be due to the fact that models for describing the disloca-

tion density as a function of carbon content and processing parameters are practically

non–existent. This is also reflected by the fact that existing modelling approaches for

martensite strengthening and dual–phase steels require the “calibration” of the dislo-

cation density to reproduce the experiments [19–21]. This in turn leads to inaccurate

estimations on the individual effects of the respective strengthening mechanisms, and be-

comes more prominent when tempering effects are also introduced. For instance, some

authors have considered in the yield strength equation a stress term of carbon acting

as interstitial solid solution, as if the microstructure were ferritic [15, 22]. However, as

carbon strongly segregates to the lath boundaries and most likely forms Cottrell atmo-

spheres, this suggests that the carbon content is mostly related to the dislocation density

increment rather than solid solution strengthening [23].

The objective of this work is to introduce a model for describing the microstruc-

ture and strength evolution of lath martensite and to validate it with low and medium

carbon martensitic and dual–phase steels. This includes postulating: 1) crystallography–
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based relationships interlinking the prior–austenite grain, packet and block boundaries;

2) physics–based expressions linking carbon content with the dislocation density and lath

boundary width; 3) predicting the yield strength evolution of martensitic and dual–phase

steels as a function of the internal microstructure and carbon content; and 4) describing

carbon diffusion effects during tempering and the respective recovery effects. Possible

scenarios for alloy and heat treatment design to increase the yield strength are also ex-

plored. It is demonstrated that the complex martensitic hierarchical structure can be

described by the present model by employing as input parameters the prior–austenite

grain size, carbon content and tempering conditions. A summary of the main equations

for the strength and microstructure in martensite is shown in the Appendix.

2. Materials and processing conditions

Table 1 shows the chemical composition and denomination of the materials studied in

this work; all experimental results have been obtained from the literature. They cover

seven martensitic and five dual–phase steel families. In most cases, low alloying additions

of up to six substitutional elements are present. Contributions from other elements are

neglected.

Table 2 shows the initial microstructure and tempering conditions for all steels con-

sidered here. t and T stand for the tempering time and temperature, respectively; Dg

stands for the prior–austenite grain size; rp and fp are respectively the mean radius and

volume fraction of the carbides forming during tempering; and Vf is the martensite vol-

ume fraction of the dual–phase steels. It is worth noting that for Mart1 and Mart5, no

precipitation characterisation is shown since only the microstructure is described and no

yield strength is predicted. Additionally, no prior–austenite grain size and carbide char-

acterisation were reported for Mart6, and these values were assumed to be consistent with

typical tempering conditions [4]. In the case of DP1, DP2 and DP3, no carbide character-

isation was reported, and fixed volume fraction and particle size were assumed in all cases

to be consistent with the experimental characterisation in pure martensitic steels, as it

has been shown that tempering in dual–phase steels display similar precipitation kinetics
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than pure martensitic steels [24].

3. Microstructure evolution modelling

This section presents the theoretical aspects of the model to describe the packet/block

and lath size, as well as the dislocation density as a function of the prior–austenite grain

size, carbon content and tempering conditions. This work is defined upon four main

assumptions to simplify the analysis:

i) It is assumed that martensite has been fully formed at room temperature after

quenching. No cooling rate and Ms effects are considered to affect the initial mi-

crostructure.

ii) No precipitation kinetics during tempering is described and the volume fraction and

mean carbide radius are obtained directly from the experiments.

iii) Only carbon is assumed to control martensite’s behaviour and to fully segregate

to the lath boundaries. No other compositional effects in the martensitic structure

evolution are considered.

iv) A simplified martensite morphology is considered: prismatic prior–austenite grains

with hexagonal shape, packets of polygonal shape, and rectangular blocks and laths.

Their depth equals to the prior–austenite grain size.

Assumption i) is consistent with the fact that the phase transformation occurs at a

very high speed and the quenching rates for the conditions tested in this work are very

high [15, 25]; additionally, Villa et al. [26] have found no effect of the cooling rate on the

microstructure arrangement in a number of steels. However, other phases can be present

such as thin films of retained austenite at the lath boundaries when increasing carbon con-

tent [27–29] or carbides at lath boundaries or their interiors. Retained austenite can affect

the yield stress by removing carbon atoms from the matrix and softening the steel, since

carbon is more soluble in austenite [1]. Additionally, Morito et al. [29] have suggested

that retained austenite films can also increase the work–hardening rate in martensite by
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increasing the number of barriers for dislocation motion. The presence of carbides can aid

in increasing the yield stress in the steel by precipitation of non–shearable particles [30],

although they also remove carbon atoms from the laths and potentially soften the ma-

trix. The interplay between precipitation hardening and matrix softening depends on the

processing conditions and requires an accurate description of precipitation evolution [4].

Nevertheless, assumption ii) is introduced to account for precipitation during tempering

and its effect in the yield stress. The effective carbon content in the matrix for the dislo-

cation density is considered by removing the carbon content in the precipitate from the

total content in the steel.

Assumption iii) is introduced since most of the steels tested in this work contain low

alloying additions of several substitutional elements (Table 1). In the case of Mart1, a

highly alloyed steel, only the packet size is predicted in this work. Additionally, although

carbon atoms can also be located at dislocations in the lath interiors, a very high segrega-

tion fraction at the lath boundaries has been found with atom–probe tomography [14,15].

Assumption iv) is introduced based on experimental observations of a typical marten-

site structure with a three–level hierarchy and its complex morphology [4, 5]; since mi-

crostructure characterisation has been estimated from two dimensional micrographs, the

volume of these structures is better represented by cross–sectional areas of constant depth

(Dg). Additionally, since packets display irregular shapes [31] and only the mean sizes

(dpacket) are usually reported, polygons with cross–sectional area equal to the area of cubic

packets with d2packet are considered for simplicity and to be consistent with experimental

observations. Figure 1(a) shows a schematic representation of the martensite lath, block,

and packet distributions in a prior–austenite grain size. The solid thin lines represent

the packet boundaries, the dashed and dotted lines represent block and lath boundaries,

respectively. The packet volume is also shown in the Figure and the volume of a block

is dblockdpacketDg, where dpacket and dblock are the packet and block size, respectively. Fig-

ures 1(a),(c) and (e) show a schematic representation of the hierarchical nature of the

martensitic structure produced by carbon redistribution; the dotted line in (e) represents

a boundary–dislocation.
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3.1 Martensite grain boundaries: hierarchical effects

During martensite formation, an austenite grain is divided into packets (laths with a

common transformation habit plane), which are further subdivided into blocks (laths with

the same orientation variants). This implies that the prior–austenite volume VPAGS =

3
√
3

8
D3
g is composed by the total packet volume NpVpacket, where Np is the total number of

packets per austenite grain and Vpacket is the mean packet volume; accordingly, the volume

of a packet is composed by the total block volume NpVblock, where Np is the total number

of blocks per packet and Vblock is the mean block volume. By taking assumption iv) into

consideration, the cross–sectional area of a packet and block are d2packet and dblockdpacket,

respectively; the previous relationships are mathematically expressed as:

VPAGS = NpVpacket = Npd
2
packetDg

Vpacket = NbVblock = NbdblockdpacketDg. (1)

It is worth noting that the prior–austenite volume is taken to be equal to the martensite

volume, i.e. no dilatation is introduced, since measurements of Dg are performed directly

on the martensite, where dilatation has already occurred. Np and Nb can be known from

the crystallographic arrangements of the transformation.

Several authors have confirmed that the number of packets per austenite grain is

dictated by the number of variants in the Kurdjumov–Sachs (K–S) orientation relationship

for low and medium carbon martensite [2, 5–7,9, 32]:

{111}γ||{011}α′ 〈110〉γ||〈111〉α′ .

Since packets are formed by laths sharing a common habit plane, there are four possible

variants of the {111}γ planes in the K–S relation, giving the total packet number per

austenite grain equal to Np = 4; this value is consistent with experimental observations [2,

32]. On the other hand, the strain controlling the martensitic transformation is composed

by a dilatation, remaining constant for each K–S relation, and a shear strain differing

from each variant [32]. Hence, all six lath orientation variants in a given packet should

be present in order to minimise the elastic energy and decrease the overall strain [5,7,32].
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This indicates that the possible number of blocks per packet should be Nb = 6. Morito

et al. [31] have outlined that in a packet there are 3 blocks and each block contains 2

sub–blocks where laths of two specific K–S variant groups are present; sub–blocks in a

block have low misorientation angles. Since sub–blocks and blocks both define the lath

boundary distribution domain [32], no distinction is made between them at this stage,

giving a total number of 6 structures of laths with common orientation. Combining these

results, the packet and block size are equal to:

dpacket =

√
3
√

3

8Np

Dg =

√
3
√

3

32
Dg = 0.40Dg,

dblock =
1

Nb

dpacket =
1

6
dpacket = 0.067Dg. (2)

Figure 2 shows the relationship between Dg and (a) packet and (b) block size for a

number of steels with different carbon content, Mar4, Mar5 and two steels with 0.2C wt%

obtained from [9]. The solid lines represent the predictions employing equations 2 and

the bullet points represent the experiments.

The model displays remarkable agreement with the measurements, indicating that the

packet and block size are composition–independent, although constant block sizes are

apparent for Dg > 75 µm; this can be due to the formation of additional sub–blocks [9].

The model predictions may differ for Dg < 10 µm, since Morito et al. [33] have shown

that the linear relationship breaks down and not all blocks can form when the prior–

austenite grain size is lower than 5–10 µm. This will affect the number of packets per

prior–austenite and blocks per packet, since not all the crystallographic variants of K–S

relation are present [33]. This can be explored more in detail in future work. This result

also allows us to fully describe the number density of high–angle grain boundaries if the

prior–austenite grain size is known and the complexity of the martensitic structure can

be further simplified. Our study will now focus on describing the microstructure of the

martensite laths, since they are closely related to the dislocation density and the material’s

strength [34].

At the sub–block level, extensive experimental and theoretical evidence has shown
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that lath boundary formation is determined by the lattice deformation, which dictates

the variant selection of a lath, whilst holding the same crystallographic orientation within

a block [32,35,36]. Whilst this result provides qualitative insights into the nature of lath

boundary formation, there is less evidence on how to link the lath size with the lattice

strain or carbon content, since the lath size is independent of the prior–austenite grain

size [9]. Based on the fact that laths form to minimise the strain energy produced by

the lattice distortions around carbon atoms, a simple mechanism is proposed to deter-

mine the lath size: Since no significant residual strains are present in the martensitic

microstructure [32], complete carbon redistribution to the lath boundaries should occur

within a block (assumption iii)); additionally, the lattice strain at this length scale is

accommodated by the formation of interfacial dislocations at the lath boundaries [34].

This phenomenon suggests that Cottrell atmospheres form within the boundaries, and

the randomly distributed carbon atoms in the austenite phase (lath interiors) should

relocate around these atmospheres [15]. Figures 1(b) and (c) show a schematic repre-

sentation of a cross–section in the block interiors showing carbon redistribution from the

austenite (b) to the lath boundaries in (c); the latter scheme is supported by atom–probe

experiments [15]∗. This implies that the lath boundary spacing (lath size) is such that it

ensures complete carbon segregation within a block and the extent of carbon segregation

in a lath boundary is controlled by the thickness of a Cottrell atmosphere dCottrell. Thus,

the lath size after quenching (dlath,0) is proportional to the Cottrell atmosphere and the

effective carbon content available for segregation from the austenite. If a cross–sectional

area of a lath is considered, this is mathematically expressed as:

dlath,0 = dCottrell
l2C
b2
, (3)

where lC = b/(xα
′
C )1/3 is the mean carbon spacing [37], b is the magnitude of the Burgers

vector and xα
′
C is the carbon atom fraction in the martensitic structure; l2C/b

2 represents

the effective carbon content available for segregation. xα
′
C is obtained by removing the

carbon content in the precipitate (based on the experimental particle fraction fp) from

∗It is assumed that a Cottrell atmosphere is defined as the radial distance between the dislocation
core and a critical distance where its hydrostatic interaction with carbon is practically null [14].
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the total concentration. If cementite is considered this gives: xα
′
C = xC(1 − fp/4), where

xC is the total carbon content in the steel (obtained from Table 1). It is worth noting

that the previous equation may not be valid for higher carbon content, since the presence

of lath–boundary carbides and retained austenite films can reduce the frequency of Cot-

trell atmospheres and carbon content [38]. The thickness of a Cottrell atmosphere has

been experimentally found to be approximately 7 nm [14]. Figure 2(c) shows the model

predictions for the lath size (width) for various carbon concentrations and the compari-

son against experimental measurements for as–quenched conditions (no precipitates are

present) in Mar2, Mart7†, and two steels with composition 0.2C–0.01Ni–0.02Cr (wt%)

and other minor substitutional additions and 0.098C–0.25Si–0.5Mn–0.87Cu–0.31Ni–9Cr–

0.39Mo–1.87W–0.05Nb (wt%); the experimental data were obtained from [39,40] and [41],

respectively. The Burgers vector was considered equal to b = 0.286 nm. The model shows

good agreement with the experimental trends as the lath size is finer as the carbon con-

tent increases. Additional results on lath size predictions are shown in Section 3.2 (via

the dislocation density) and in the Results section for Mar4 and Mart7, where temper-

ing effects have also been included. Once the complete boundary arrangement has been

described, the dislocation density at the lath boundary level can be obtained.

3.2 Dislocation density

During quenching, carbon atoms redistribute into lath boundaries. Since no cooling rate

and Ms effects are initially considered, it is assumed that carbon atoms segregate into

lath boundaries in the form of Cottrell atmospheres around interfacial dislocations [14,15].

This assumption is consistent with Olson and Cohen’s classical martensite formation the-

ory [34], as they propose that a number of interfacial dislocations must nucleate and form

lath boundaries in order to conceal the local distortions produced by the carbon atoms.

However, carbon segregation at the lath boundaries can also be due to the presence of

other phases such as thin films of retained austenite or carbides, although this mechanism

depends on prior processing conditions. For instance, Sherman et al. [18] have stud-

†These data show the measurements at the lowest tempering temperature which show negligible
coarsening effects [25].
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ied carbon redistribution in a medium–carbon steel with different fractions of retained

austenite. In the samples with the lowest austenite volume fraction (highest cooling rate)

for as–quenched conditions, the carbon concentration at the lath boundaries corresponds

to the concentration saturation of a Cottrell atmosphere (∼ 7 at%). Additionally, their

TEM measurements showed no clear images or diffraction patterns of either austenite or

carbides at the lath boundaries. This result supports the assumption that carbon redis-

tribution can be due to Cottrell atmospheres for the case when the fraction of retained

austenite and carbides is very low.

Carbon redistribution around interfacial dislocations suggests considering the dislo-

cation and lattice strain energy at the lath boundaries to be equal, in order to ensure

that the overall strain during the transformation is pure dilatation [32]. If the lath

boundaries are formed by dislocation loops [34], the energy per unit volume required

to nucleate an interfacial dislocation of length 4dlath,0 (lath boundary perimeter) is given

by [30] Edisl = 1
2
µbρ(4dlath,0)/4, where ρ is the lath dislocation density, µ = 80 GPa is

the shear modulus and the 1
4

factor accounts for the shared dislocation density on ad-

jacent lath boundaries. On the other hand, the lattice strain energy produced during

the phase transformation can be estimated by the Stibitz equation on the lath bound-

aries [42]. Carbon redistribution requires introducing an additional factor to account

for the localised distortions at the lath boundaries. This is given by comparing the

cross–sectional area where carbon locates in the lath boundaries (around a dislocation),

Alath =
(
(dlath,0 + dCottrell)

2 − (dlath,0 − dCottrell)
2
)

= 4dlath,0dCottrell, and the equivalent

area when carbon is randomly distributed in the austenite, Arandom = d2lath,0. Figures

1(d) and (e) show a schematic representation of the comparison between these areas; the

dotted line represents a boundary–dislocation. The lattice strain energy can be expressed

as [42]:
Elattice =

3Eε2

2(1 + 2ν2)

Alath
Arandom

=
3Eε2

2(1 + 2ν2)

4dCottrell
dlath,0

, (4)

where E = 211 GPa is the Young’s modulus, ν = 0.3 is the Poisson ratio, and ε is

the lattice strain produced by carbon redistribution. Equating Edisl and Elattice, the

dislocation density becomes:
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ρ =
3E

(1 + 2ν2)µ

4ε2dCottrell
d2lath,0b

. (5)

It is interesting noting that this equation is very similar to that employed by a number

of authors to estimate the dislocation density in lath martensite by neutron diffraction

measurements [3, 25]; however, equation 5 successfully illustrates the link between lath

size and carbon content. ε can be calculated by obtaining the root mean square of the

lattice strain induced on each lattice direction from FCC to the martensitic structure:

ε =
√
ε2x + ε2y + ε2z; this can be done since all crystallographic distortions have been con-

cealed by packet and block formation. Experimental evidence has shown that martensite

with carbon concentration below 0.6 wt% shows almost no tetragonality since the lattice

parameter aspect ratio cα′/aα′ is very low [35]. For instance, Xiao et al. [43] have mea-

sured the lattice parameter in martensite to be practically constant in steels with carbon

content up to ∼0.6 wt%, where the maximum cα′/aα′ ratio is 1.006. In addition, Udyan-

sky et al. [44] have predicted that martensite with carbon content less than 0.14–0.16 wt%

has a BCC structure at room temperature. Nevertheless, Morito et al. [5] have shown

in ultra–low carbon steels (carbon content equal to 0.0049 wt%) that lath martensite

still forms even for such low carbon content. This suggests that the non–symmetrical

distortions produced by carbon atoms occur locally in the lath boundaries, increasing the

dislocation density during the transformation from austenite to martensite [1]. Consider-

ing the cell parameters of martensite aα′ = 0.288 nm [43] and austenite
√
2
2
aγ =

√
2
2

0.355

nm [4], where the
√
2
2

factor accounts for the rotation term of the Bain transformation in

a unit cell [1, 36], the lattice strain on each direction equals: εx = εy = εz =

√
2

2
aγ−aα′√
2

2
aγ

.

Figure 2(d) shows a comparison between the predicted dislocation density for different

carbon contents (in wt%) and experimental estimations employing transmision–electron

microscopy and the mean intercept method for as–quenched conditions; the experimental

data were obtained from [2]. The model displays good agreement with experimental

trends although considerable scatter in the measurements is observed for higher carbon

concentrations; this can be due to the formation of plate martensite containing twins and

reducing the dislocation density. Additional predictions for ρ are shown in the Results
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section. These results show that the dislocation density and the lath thickness can be

estimated if the carbon content is known.

3.3 Martensite tempering

Two major microstructural changes occur during tempering affecting the material’s strength

[4]: 1) Carbon diffusion coarsens the lath boundaries [45]; dislocation recovery also occurs

since the lattice strains are released by carbon migration [41]. 2) Fine carbide precipita-

tion occurs as a result of carbon migration. Boundary coarsening can be estimated by

following Cottrell and Bilby’s original approximation on carbon segregation towards dis-

locations [46]: The lath thickness increases by the decrease in the population of Cottrell

atmospheres when carbon atoms diffuse away from the dislocations:

dlath = dlath,0 + λ0x
α′

C

√
Ddiff t, (6)

where dlath,0 is the lath thickness after quenching,
√
Ddiff t is the mean carbon diffusion

length, Ddiff = 6.2×10−7 exp
(
− 80,000

RT

)
m2/s is the diffusion constant of carbon in iron [1],

R = 8.31 J K−1mol−1 is the gas constant and λ0 = b/dCottrell is a constant accounting for

a diffusion barrier for carbon atoms segregated into the Cottrell atmospheres.

Carbide precipitation may increase the matrix yield strength by the dispersion of

non–deformable particles impeding dislocation glide [47]. Such effect is prescribed by the

Orowan–Ashby mechanism, where the additional applied stress for dislocations to bypass

fine carbides is [25,48]:

σp = 0.26
µb

rp
f 1/2
p ln

(
rp
b

)
, (7)

where fp and rp are the volume fraction and mean radius of the carbides, respectively

(Table 2). Yield strength in a martensitic steel can now be obtained, as the high–angle

grain boundaries and dislocation density have been characterised.

4. Yield stress

Four strengthening contributions are considered: 1) Solid solution; 2) grain boundary

(Hall–Petch); 3) dislocation accumulation; and 4) precipitation hardening. Item 1) ac-
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counts for substitutional solution strengthening, since all the studied steels in this work

contain various alloying elements. The Fleischer equation [23,49] is employed to estimate

solid solution strengthening. It is worth noting that since carbon atoms are trapped at

the lath boundaries (via the dislocation network), no interstitial solid solution is needed

in the strengthening equation. For item 2) Morito et al. [9] have pointed out that the

block size can be considered as the “effective” grain size; similar conclusions have been

outlined by other authors [50, 51]. Moreover, it has been shown that the prior–austenite

grain, packet and block boundaries are all interconnected, hence it is consistent to consider

the block boundaries as the effective barriers for dislocation motion. The strengthening

contribution by the dislocation density is given by the Taylor equation [52]. The effective

martensite strength σMart is given by the combination of items 2) and 3). Item 4) is

given by equation 7. When more than one strengthening mechanism is present (marten-

site+precipitation hardening), a mixture rule is introduced to account for their combined

effects [25, 53]. The yield strength can therefore be calculated from:

σMart =
300√
dblock

+ 0.25Mµb
√
ρ,

σY = σ0 +
∑
i

(β2
i xi)

1/2 +
(
σ2
Mart + σ2

p

)1/2
, (8)

where σ0 = 50 MPa is the lattice friction stress [22], xi is the atom fraction of substitu-

tional element i and βi is the strengthening constant related to the lattice and modulus

mistift of element i with respect to iron; the Hall–Petch constant (300 MPa µm1/2) was

adjusted to predict the yield stress in the steels tested and this value is consistent with

other experimental results [9, 10]; and M is the Taylor orientation factor. Details on βi

estimation are shown in the Appendix.

4.1 Dual–phase steels

Dual–phase steels are typically low-carbon steels with a composite microstructure con-

taining hard martensite and soft ferrite. These alloys possess good tensile strength and

ductility, the former being imparted by martensite, whereas the latter is mostly con-

trolled by the volume fraction of ferrite. The ferrite grains plastically deform earlier than
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the martensite grains to accommodate strain; as the stress increases, strain localisation

occurs at the ferrite/martensite boundaries produced by geometrically–necessary disloca-

tions [54]; this mechanism prevents describing the yield strength as a simple mixture rule,

since strain partitioning is heterogeneous [55]. However, the partitioning behaviour in

these steels is still not fully understood [56]. Bouaziz and Buessler [57] have proposed an

alternative approach to describe plasticity in multiphase materials based on the assump-

tion that the mechanical work on each constituent is equal: σ1ε1 = σ2ε2, where σ1,2 and

ε1,2 are the stress and strain induced on each phase, respectively. This model is consistent

with the strain partitioning behaviour in dual–phase steels in which ferrite displays lower

strength and higher ductility, whereas in martensite most of the external work is due to

its higher strength.

In the elastic regime upon yielding, since defining a yield criterion for dual–phase

materials is complex [55,57], the offset yield point at 0.2 % strain is adopted to estimate

σY for simplicity. This leads to the macroscopic elastic stress–strain response to be a

linear relationship in ε [30]: σ = σY (ε/0.002), where the 0.002 factor is the strain offset;

ε partitions as ε = (1− Vf )ε1 + Vfε2 [57], where Vf is the martensite volume fraction and

ε1 and ε2 are the strains on ferrite and martensite, respectively; the previous relation is

valid for stress levels up to σY , for σ > σY a plastic flow rule should be introduced. The

elastic stress on each phase is [57]: σ1 = σFerr(ε1/0.002) and σ2 = σMart(ε2/0.002), where

σFerr and σMart are the yield strength of ferrite and martensite, respectively. Combining

the previous equations, it can be shown that the yield stress equals [57]:

σY = 50 +
∑
i

(β2
i xi)

1/2 +
VfσMart

√
σFerr + (1− Vf )σFerr

√
σMart

Vf
√
σFerr + (1− Vf )

√
σMart

, (9)

where the first two terms account for the friction stress and solid solution strengthening

(assuming even elemental partitioning) in both phases. It is interesting noting the strain

offset of 0.002 (which has been arbitrarily defined) cancels out during the calculations and

the macroscopic yield strength only depends on the yield strength on each phase. If no

precipitation is occurring in ferrite, σFerr is given only by grain boundary strengthening:

σFerr = 600√
DFerr

, where the Hall–Petch constant has been obtained from [58]. When the
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steel is tempered, σMart in the previous equation is replaced by (σ2
Mart+σ2

p)
1/2 to account

for carbide precipitation in the martensitic phase.

Equation 9 allows us to estimate the yield strength of dual–phase steels for differ-

ent initial microstructures for as–quenched conditions and after tempering (equation 6),

although two additional considerations are required: a) Carbon mostly partitions into

martensite, due to its very low solubility in ferrite; the effective carbon concentration in

martensite is given by [59] xα
′
C = xC

Vf
(1− fp/4). b) The effective ferrite and prior austenite

grains are partitioned by the volume fraction of martensite [60]: DFerr = Dg(1 − Vf )1/3

and DMart = DgV
1/3
f .

5. Results

The model results for the yield stress at room temperature, dislocation density and

martensite boundaries are tested against experimental measurements in 7 martensitic and

5 dual–phase steel families. Details on the model implementation and its input parame-

ters are shown in the Appendix. In addition, MATLAB scripts with the model solution

for both martensitic and dual–phase steels are included as supplementary material.

Figure 3(a) shows the model predictions and experimental measurements on the yield

strength evolution as a function of the tempering temperature in Mart6; the initial mi-

crostructure is described in Table 2. The model shows very good agreement for temper-

atures between 100 and 700 ◦C; however, it predicts higher values than the experiments

for temperatures between 25 and 100 ◦C. These discrepancies can be due to predicting a

higher precipitation strengthening contribution, since carbides might not be fully precip-

itated at lower temperatures [1], or due to the presence of thin films of retained austenite

inducing early work hardening since the carbon content in these steels is higher [29]. Par-

tial precipitation has not been considered in the model, rp and fp were considered fixed

and their values may not be valid for all tempering conditions; nevertheless, this can be

introduced in future work. Figure 3(b) shows the experimental and predicted yield stress

evolution for various tempering temperatures of a medium carbon steel (Mart7), and its

respective microstructure evolution, (c) the dislocation density and (d) lath width; the
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model shows very good agreement with respect to the experiments for all three cases.

It is predicted that the strength and microstructure evolution in the steel is practically

constant between room temperature and at about 250 ◦C, since carbon diffusion rate is

relatively low and slow carbide precipitation during this stage might occur; these results

are in agreement with experimental evidence [1, 4]. At lower temperatures (25–350 ◦C)

the martensite (dislocation density and block boundaries) strengthening contribution is

∼1500 MPa‡, whereas carbide strengthening accounts for about 300 MPa; solid solution

increase the strength by about 190 MPa; martensite contribution gradually decreases

upon being only 450 MPa at 700 ◦C, whereas the relative contribution of the carbides is

now ∼540 MPa (assuming the same volume fraction and particle size than at lower tem-

peratures); this shows that the martensite strength gradually decreases with temperature

to hold values in the same order of magnitude than those for precipitation hardening. All

these results demonstrate that the model is able to completely characterise the martensitic

structure and its strength for different processing conditions.

To illustrate the effect of the tempering time in the martensite strength and mi-

crostructure evolution, Figure 4 shows the (a) Yield strength, (b) packet, (c) block and

(d) lath size evolution in Mart4 tempered at 650 ◦C; the model again shows very good

agreement with most of the measurements. The model predicts a Yield strength ∼1350

MPa in as–quenched conditions, and it gradually decays towards lower values; the exper-

imental packet size shows apparent coarsening, however the block size is almost constant.

The lath size coarsens from ∼0.15 µm up to 0.3 µm after two hours. Figure 5(a) shows

the effect of block size in the yield strength evolution for the same steel tempered at 650

◦C for 75 minutes; the horizonal axis is expressed in terms of (dblock)
−1/2 to illustrate

the Hall–Petch relationship. Although higher stress levels are predicted due to the lower

block size predicted (Fig. 4(c)), the slope in the model is in agreement with the mea-

surements; this result shows that the grain boundary strengthening effect in equation 8

has a weak effect in the overall strength of martensite and most of the strength is due to

the very high dislocation density, since this is not affected by the prior–austenite grain

‡This value is obtained with the relation: σ2
Mart/

(
σ2
Mart + σ2

p

)1/2
, to account for the relative contri-

bution of each term inside the square–root term; same was done for σp.
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size. Additionally, temperature effects on the strength and microstructure evolution in

Mar4 are shown in Figure 5, (b) the yield strength, (c) and (d) the block and lath size

evolution, respectively. The model shows good agreement for temperatures up to 650 ◦C;

however, it overpredicts the yield strength at higher temperatures; these discrepancies

can be due to the temperatures being close to the transformation temperature, increasing

the boundary coarsening rate [1]. Nevertheless, the lath size coarsening rate shows good

agreement with the experiments. These results further support the model’s ability to

account for tempering effects in the coarsening and yield stress behaviour.

Figure 6(a) shows the yield strength predictions in dual–phase steels employing equa-

tion 9 and their comparison against experimental measurements in DP1 with different

carbon content, martensite volume fraction and prior–austenite grain size; chemical com-

positions are displayed in Table 1; each mark represents a different austenite grain size;

detailed experimental characterisation can be found in [60]. The model shows remarkable

agreement with the experimental measurements, covering wide ranges in composition and

initial microstructural conditions. Figure 6(b) shows additional yield stress predictions for

DP2, DP4 and DP5 in as–quenched and tempered conditions (Table 1). The model shows

very good predictions in the case of DP2 and DP4; however, discrepancies are shown for

DP5 (as–quenched), where the model predicts strengths up to 270 MPa higher than the

experimental measurements. These discrepancies can be due to the iso–work assumption

in equation 9 overestimating the strength for higher martensite volume fraction [57], as

the marteniste/ferrite grain morphology and distribution changes with higher martensite

fraction [56, 61]; another possibility is the martensitic matrix undergoing static recovery

as the intercritical annealing temperatures in DP5 are below the Ms temperature [61].

For the latter, a more sophisticated approach is needed to account for martensite trans-

formation kinetics during the intercritical annealing. Nevertheless, this can be considered

in future work. Figure 6(c) shows a comparison between the model predictions and ex-

perimental measurements for the yield stress and stress partitioning ratio during various

tempering temperatures in DP3; the latter is defined as the ratio between the measured

stress in martensite and ferrite and it has been obtained by measuring the nano–hardness
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distribution in both phases with micro–indentation [55]. The partitioning ratio in the

model is calculated by using the martensite and ferrite strength terms in equation 9,

i.e. considering iso–work effects:
σMart

√
σFerr

σFerr
√
σMart

. The model shows good agreement with the

experimental trends, although it slightly overestimates the yield stress and stress parti-

tioning ratio; this indicates that either the ferrite strength prediction should be higher or

the martensite strengthening contribution should be lower.

To illustrate how the martensite volume fraction and carbon content affect the strength

evolution in dual–phase steels, Figure 6(d) shows the hypothetical yield strength evolution

in a steel with different carbon content and martensite volume fraction, assuming a prior–

austenite grain size of 10 µm and no carbides being present for as–quenched conditions.

The model predicts strength increments up to 1250 MPa when transitioning form pure

ferrite up to fully martensitic steels with 0.5 C wt% content; the carbon content becomes

more prominent as the martensite volume fraction increases; these results are in good

agreement with early experimental observations for the ultimate tensile strength [59].

6. Discussion

A new modelling framework for describing the microstructure and strength evolution of

lath martensite has been proposed. The packet and block size where shown to be propor-

tional to the prior–austenite grain size, where the proportionality constants are determined

by the variant number of the austenite/martensite transformation habit planes within an

austenite grain and the crystallographic orientation of the laths within a packet, respec-

tively. This result was confirmed with experimental characterisation in several steels. The

lath size was obtained by postulating a mechanism where the lath boundary spatial con-

figuration is such that every carbon atom successfully segregates to the lath boundaries;

this is controlled by the thickness of the Cottrell atmosphere. The dislocation density

evolution was obtained by considering the lattice distortion energy around a lath bound-

ary being equal to the strain energy of the lath dislocation density; the latter was then

expressed as a function of the carbon content and the lath size. This assumption is con-

sistent with neutron diffraction measurements on the dislocation density evolution as a
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function of the measured lattice strain [3, 25]. Tempering effects were included by con-

sidering carbon atoms diffusing away from the lath boundaries and relaxing the Cottrell

atmospheres of the boundary dislocations; this leads to lath coarsening by static recovery

and was shown to be controlled by the mean atom diffusion length. This mechanism is

consistent with Cottrell and Bilby’s original model of yielding and strain ageing in fer-

rite [46]. These results allowed us to describe the yield strength evolution by including

substitutional solid solution effects, Hall–Petch strengthening from the block boundaries,

carbide precipitation during tempering and lath dislocation hardening. The latter was

mostly controlled by the carbon content and tempering conditions. Strength evolution

in dual–phase steels was described by employing the iso–work principle, which dictates

that the applied work is equal in both phases; this allowed us to obtain an expression

for the yield stress which considers the stress and strain partitioning in the equations.

These results were successfully applied to several steels covering wide carbon content,

prior–austenite grain size, and tempering conditions.

Although the model showed good results with the assumption of Cottrell atmospheres

forming at lath boundaries, further work should be done to include the possibility of

carbon segregation due to the presence of other phases such as interlath retained austen-

ite or carbides. This would require developing a model for carbon redistribution during

quenching to estimate the volume fraction of retained austenite and carbon clustering [18].

Additionally, carbide precipitation kinetics was not considered and the volume fraction

and mean radius were mostly obtained from experiments. Future work will be on in-

troducing a model for precipitation kinetics, since it is well established that a higher

boundary and dislocation density promotes carbide precipitation [62]. These features

will allow us to modify the assumption that not all carbon atoms segregate towards the

lath boundaries in the form of Cottrell atmospheres and introduce cooling rate and Ms

effects. Additional extensions to this work include considering compositional effects on

carbon diffusion and the martensitic structure other than pure carbon and solid solution

strengthening; higher carbon steels will require revisiting the crystallographic features

of the transformation mechanism, introducing lattice strain accommodation by twinning
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within the martensite plates and carbon partitioning into the retained austenite; this can

be done in future work. Additionally, dislocation evolution during strain hardening can

be further described to obtain the ultimate–tensile strength and elongation evolution with

different heat treatments.

6.1 Tempering effects on martensite strength

One of the most important parameters for alloy design in martensite–containing steels is

the tempering step, since the material’s ductility and toughness can increase with respect

to the as–quenched material, although the tensile strength can be drastically reduced

without a proper tempering schedule [4]. To the authors knowledge, only qualitative

insights for tempering design are available and these are mostly based on empirical ev-

idence. The aim of this work is to provide a mathematical tool that can quantitatively

describe the strength contribution of the martensitic structure under different processing

routes and chemical compositions. For instance, Figure 7 shows a parametric analysis on

the martensite stress (σMart) evolution under different tempering temperatures and times

in a (a) low (0.25 wt%) and (b) medium (0.5 wt%) carbon steel (only Fe and C are con-

sidered); an austenite grain size was assumed equal to 20 µm and carbide strengthening

was neglected for simplicity. It is worth noting that precipitation hardening contributions

should be properly accounted for to prescribe the actual yield stress values. The contour

lines represent the conditions for constant stress; these lines increase in steps of 50 MPa

in (a), and in steps of 100 MPa in the remaining figures. In the case of the lower carbon

steel, the model predicts a constant martensite strength contribution of 1050 MPa if the

steel is tempered at 475 ◦C for 0.25 hours than if it were tempered at 300 ◦C for nearly 3

hours. A similar case occurs for the medium carbon steel. Moreover, Figure 7(c) and (d)

respectively show the temperature and time effects of tempering for steels with different

carbon content; same initial conditions were assumed than in the previous case. The

model predicts (Fig 7(c)) that the same martensite strength contribution of 1000 MPa

can be obtained in a low carbon steel with 0.21 C (wt%) tempered at temperatures below

300 ◦C and than in a medium carbon steel (C≥ 0.3 wt%) tempered at temperatures in
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excess of 450 ◦C. Tempering time effects are less sensitive to strength evolution, although

higher precipitation strengthening contribution might be present [24]. These results illus-

trate that poorly–designed tempering treatments may lead to overaging conditions where

the yield strength may dramatically decrease.

7. Conclusions

The following conclusions can be outlined from this work:

• A new model for the microstructure and strength evolution of lath martensite has

been introduced. This includes predicting the packet, block and lath size, the dislo-

cation density and yield stress for various compositions and tempering conditions.

• A mechanism for the lath boundary arrangement has been proposed. This is based

upon considering the lath boundary spacing to be arranged in such form that it

ensures complete carbon segregation to the lath boundaries after the transformation

occurs. It was found that the lath size is controlled by the thickness of Cottrell

atmospheres and the carbon concentration available for segregation.

• The dislocation density was shown to be proportional to the lattice strain by carbon

atoms and it is inversely proportional to the lath size. The former is related to the

shear strains from the supersaturated carbon content in the matrix during the phase

transformation.

• Tempering effects were introduced by estimating the carbon fraction diffusing away

from the Cottrell atmospheres of the lath–boundary dislocations; this mechanism

simultaneously induces dislocation recovery and lath boundary coarsening.

• The yield stress of martensite can be predicted by only introducing a block bound-

ary strengthening, dislocation density and carbide strengthening terms; the latter

becomes active during tempering. It was also shown in 0.56 C wt% (Mart7) that

at lower tempering temperatures most of the martensite’s strength is dictated by
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dislocations and this gradually decreases upon being about the same value than

carbide strengthening.

• By using the iso–work principle, it was shown that the predicted stress partitioning

ratio in ferrite and martensite and yield stress were very close to the experimentally–

measured values in dual–phase steels.
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Appendix

The main equations of the yield stress model for martensitic steels are the strength of

martensite (8), lath dislocation density (5), lath thickness (in as-quenched 3 and tem-

pered 6 conditions), carbon partitioning in the matrix, block size (2) and precipitation

strengthening (7):

σY = 50 +
∑
i

(β2
i xi)

1/2 +
(
σ2
Mart + σ2

p

)1/2
σMart =

300√
dblock

+ 0.25Mµb
√
ρ,

ρ =
3E

(1 + 2ν2)µ

4ε2dCottrell
d2lathb

xα
′

C = xC(1− fp/4)

dlath = dlath,0 + λ0x
α′

C

√
Ddiff t

dlath,0 = dCottrell(x
α′

C )2/3

dblock = 0.067Dg

σp = 0.26
µb

rp
f 1/2
p ln

(
rp
b

)
.

(10)
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The model parameters for σMart and ρ are: M = 3 [52]; dCottrell = 7 nm is taken from

atom–probe measurements [14]; λ0 is a fitting constant accounting for a diffusion barrier

for carbon atoms segregated into Cottrell atmospheres, and it is adjusted as b/dCottrell

to validate the yield stress model with experimental data of the tested steels. The input

parameters for the precipitation hardening term (fp and rp) are listed in Table 2 in Section

2.

The solid solution constants βi are estimated with Fleischer’s formula [23, 49]: βi =

κµ(η′i + 16δi)
3/2, where κ is a fitting parameter; η′i = ηi/(1 + 0.5ηi) is a constant; ηi =

|µi−µFe|
µFe

and δi = |ri−rFe|
rFe

are the modulus and lattice distortion of element i with respect

to pure iron, respectively; and µi and ri are the shear modulus and atomic radius of

element i obtained from [63], respectively. κ = 0.0045 was obtained by adjusting βi to

the measured critical–resolved shear stress of Fe–based alloys obtained from [64]. Table

3 shows the values of these parameters for the alloying elements employed in this work.

The main equations of the yield stress model for dual–phase steels are the strength of

the respective phase (8), carbon partitioning into the martensite and grain sizes:

σY = 50 +
∑
i

(β2
i xi)

1/2 +
VfσMart

√
σFerr + (1− Vf )σFerr

√
σMart

Vf
√
σFerr + (1− Vf )

√
σMart

,

σFerr =
600√
DFerr

,

xα
′

C =
xC
Vf

(1− fp/4),

DFerr = Dg(1− Vf )1/3,

DMart = DgV
1/3
f (11)

In this case, xα
′
C and DMart are used to estimate dlath, dblock and σMart. The remaining

parameters for martensite are those employed in pure martensitic steels.
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Table 1: Chemical composition (in wt%) of the steels tested in this work.

Steel C Si Mn Cr Al Ni Mo Co W Ref.

Mart1 0.076 - - 8.83 - - – 2.99 3.11 [65]

Mart2 0.12–0.48 0.23–1.25 0.77–1.7 0–1.31 0.04–0.13 0–0.81 - - - [15]

Mart3 0.2 0.01 0–2 - - - - - - [9]

Mart4 0.25 0.26 0.5 1 0.03 0.04 0.75 - - [10,11,66]

Mart5 0.39 0.27 1.36 1.95 - 1 - - - [12]

Mart6 0.4 0.27 0.69 0.79 0.03 1.78 0.26 - - [67]

Mart7 0.56 1.4-2.3 0.69-0.72 0.89 - - - - - [25]

DP1 0.034–0.23 0.01 0.22-0.35 - - - - - - [60]

DP2 0.05–0.18 1.47 2 - - - - - - [68]

DP3 0.1 0.92 2 0.03 0.03 - - - - [55]

DP4 0.13 0.3 1.18 0.047 - - - - - [69]

DP5 0.21 0.1 1.7 - - - - - - [61]
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Table 2: Heat–treatment conditions and initial microstructures of the studied steels.

Steel Conditions t (min) T (◦C) Dg (µm) rp (nm) fp (%) Vf (%) Ref.

Mart1 Tempered 60 260 20–70 - - - [65]

Mart2 As–quenched - - 10–40 - - - [15]

Mart3 As–quenched - - 5–400 - - - [9]

Mart4 Tempered 0–75 600–700 10 25 11 - [10,11,66]

Mart5 Tempered 240 540 20–80 - - - [12]

Mart6 Tempered 60 25–650 20 25 8 - [67]

Mart7 Tempered 30 250–450 12 7.5 8 - [25]

DP1 Tempered 10 260 7–93 50 10 3–51 [60]

DP2 Tempered 30 150 12 50 10 25–72 [68]

DP3 Tempered 10 280–550 9.8 50 10 54 [55]

DP4 As–quenched - - 20 - - 47–69 [69]

DP5 As–quenched - - 25 - - 38–80 [61]

Table 3: Solid solution constants.

Element ri (nm) µi (GPa) δi (nm/nm) ηi (GPa/GPa) βi (MPa/at)

Fe 0.124 80 - - -

Al 0.124 26 0 0.67 129

Cr 0.130 115 0.05 0.43 434

Mn 0.129 75 0.04 0.06 213

Mo 0.146 126 0.17 0.57 2143

Ni 0.117 76 0.06 0.05 334

Si 0.114 50 0.08 0.37 732
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(a) (b) (d) Random distribution of C (austenite)  

(e) Boundary segregation (martensite)  
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dlath,0

dblock

dlath,0

2dCottrell

2dCottrell
dlath,0

3 3
8

Dg
3

dpacket
2 Dg

Packets 

Blocks 

Laths 

Prior-austenite grain 
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Figure 1: (a) Schematic illustration of a martensite hierarchical structure within a prior–

austenite grain size. (b–e) Comparison between the cross–sectional area covered by car-

bon in austenite (random distribution) and in martensite (high segregation into the lath

boundaries). (b) and (c) show the comparison at the block level, whereas (d) and (e)

show carbon distribution at the lath–boundary level.
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Figure 2: Link between the prior–austenite grain size and (a) packet and (b) block size

in various steels. (c) Lath width and (d) dislocation density variation as a function of the

carbon content in martensite.
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Figure 3: (a) Yield stress predictions for different temperatures in Mart6. (b) Yield stress,

(c) dislocation density and (d) lath width predictions and comparison with experiments

in Mart7.
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Figure 4: Effect of the tempering time in Mart4 and the evolution of (a) Yield stress, (b)

packet, (c) block, and (d) lath size.
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Figure 5: (a) Block size effects on the yield strength in Mart4. Effects of the tempering

temperature in Mart4 and the evolution of (b) Yield stress, (c) block, and (d) lath size.
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Figure 6: (a) Comparison between yield stress predictions and experiments in DP1 for

various austenite grain sizes and martensite volume fractions; (b) additional predictions

in DP2, DP4 and DP5. (c) Yield stress and stress partitioning predictions in DP3. (d)

Carbon content and martensite volume fraction effects in the yield stress evolution.
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Figure 7: Parametric analysis on tempering conditions affecting the martensite strength

for (a) Fe–0.25C (wt%) and (b) Fe–0.5C (wt%). Carbon effects on the tempering (c)

temperature and (d) time. The contour lines delineate iso–stress.
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