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The papers 9], [10], [15], [2], 3}, (1], (6], [11], [4], [16], [7), [3], [5], [17), [13], [14],
and [12] provide the terminology and notation for this paper.

1. DIFFERENTIATION FORMULAS

For simplicity, we adopt the following convention: a, x denote real numbers,
n denotes a natural number, A denotes a closed-interval subset of R, f, fi denote
partial functions from R to R, and Z denotes an open subset of R.

One can prove the following propositions:
(1) Suppose Z C dom((the function sec) - é) Then
(i)  —(the function sec) - é is differentiable on Z, and
(ii)  for every x such that x € Z holds (—(the function sec) - é)’rz(m) =
(the function sin)(%)

z2-(the function cos)zga%)2 '
(2) Suppose Z C dom((the function cosec) - (the function exp)). Then
(i)  —(the function cosec) - (the function exp) is differentiable on Z, and

(ii)  for every x such that x € Z holds (—(the function cosec) - (the function
(the function exp)(z)-(the function cos)((the function exp)(z))

exp))/FZ (.T) - (the function sin)((the function exp)(z))2 :
(3) Suppose Z C dom((the function cosec) - (the function In)). Then
(i)  —(the function cosec) - (the function In) is differentiable on Z, and
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(ii)  for every x such that € Z holds (—(the function cosec) - (the function
n)Y __ (the function cos)((the function In)(zx))
n)) 1z (33‘) " z-(the function sin)((the function In)(z))2 "

(4) Suppose Z C dom((the function exp) -(the function cosec)). Then
(i)  —(the function exp) - (the function cosec) is differentiable on Z, and
(ii)  for every x such that z € Z holds (—(the function exp) - (the function

(the function exp)((the function cosec)(z))-(the function cos)(z)
(the function sin)(z)2 :

(5) Suppose Z C dom((the function In) -(the function cosec)). Then
(i)  —(the function In) - (the function cosec) is differentiable on Z, and
(ii)  for every z such that x € Z holds (—(the function In) - (the function
cosec))},(x) = (the function cot)(z).

(6) Suppose Z C dom((1") - the function cosec) and 1 < n. Then
(i)  —(O") - the function cosec is differentiable on Z, and
(ii)  for every z such that x € Z holds (—(O") - the function

n-(the function cos)(z)
the function sin)(z)"t1"

(7) Suppose Z C dom(-L the function sec). Then

cosec)) () =

cosec)|,(r) = (

iy
(i) —é the function sec is differentiable on Z, and
(ii)  for every z such that x € Z holds (—ﬁ the function
1 O] (the function sin)(x)
/ __ (the function cos)(z) 5 ———
SGC) Iz (ZL‘) - x2 (the function cos)(z)?"

(8) Suppose Z C dom(- the function cosec). Then
Z
(1) —é the function cosec is differentiable on Z, and
(ii)  for every z such that x € Z holds (—ﬁ the function

(the function cos)(x)
(the function sin)(x) + =
z2 (the function sin)(z)2 "
(9) Suppose Z C dom((the function cosec) -(the function sin)). Then
(i)  —(the function cosec) - (the function sin) is differentiable on Z, and

(ii)  for every z such that x € Z holds (—(the function cosec) - (the function

cosec),(z) =

NV __ (the function cos)(z)-(the function cos)((the function sin)(x))
sin)) 1Z (z) = (the function sin)((the function sin)(z))?2 )
(10) Suppose Z C dom((the function sec) -(the function cot)). Then
(i)  —(the function sec) - (the function cot) is differentiable on Z, and

(ii)  for every z such that x € Z holds (—(the function sec) - (the function

(the function sin)((the function cot)(x))

/ _ (the function sin)(x)2
COt)) 1Z (l‘) " (the function cos)((the function cot)(x))?"

(11) Suppose Z C dom((the function cosec) -(the function tan)). Then
(i)  —(the function cosec) - (the function tan) is differentiable on Z, and
(ii)  for every z such that x € Z holds (—(the function cosec) - (the function

(the function cos)((the function tan)(z))

/ _ (the function cos)(x)2
tan)) I1Z (1:) " (the function sin)((the function tan)(zx))2"

(12) Suppose Z C dom((the function cot) (the function sec)). Then
(i)  —(the function cot) (the function sec) is differentiable on Z, and
(ii)  for every x such that x € Z holds (—(the function cot) (the function
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1

/ ___(the function sin)(2)2 (the function cot)(z)-(the function sin)(z)
sec)) 1Z (1’) - (th};} ffunction cos)(z) (the function cos)(z)2
(13) Suppose Z C dom((the function cot) (the function cosec)). Then
(i)  —(the function cot) (the function cosec) is differentiable on Z, and

(ii)  for every x such that x € Z holds (—(the function cot) (the function
1

/ ___(the function sin)(x)2 (the function cot)(z)-(the function cos)(z)
COSGC)) 1Z (.’B) ~ (the function sin)(x) + (the function sin)(z)2 :

(14) Suppose Z C dom((the function cos) (the function cot)). Then
(i)  —(the function cos) (the function cot) is differentiable on Z, and
(ii)  for every x such that € Z holds (—(the function cos) (the function

cot))}(x) = (the function cos)(x) + ((tt}i S fili;tlfr? S‘igj)(g)z

2. INTEGRABILITY FORMULAS

We now state a number of propositions:
(15) Suppose that
) ACZ

) for every x such that x € Z holds f(z) =
(iii)  Z C dom((the function sec) - ),

)

)

(the function sin)(%)
z2-(the function cos)(%)z’

idgz
Z =dom f, and
fTA is continuous.

1
Then /f(x)dx = (—(the function sec) - T)(SUP A) — (—(the function
dz
A
sec) - é)(inf A).
(16) Suppose that
(i) ACZ
(ii)  for every x such that x € Z holds f(x) =
(iii)) Z C dom((the function cosec) -é),
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(m)dw = ((the function cosec) -é)(sup A) — ((the function
A
cosec) -é)(inf A).
(17) Suppose that
i) ACZ

(ii) for every x such that x € Z holds
__ (the function exp)(z)-(the function sin)((the function exp)(zx))
f(fL‘) - (the function cos)((the function exp)(z))? ’

(iii) Z C dom((the function sec) -(the function exp)),
(iv) Z =dom f, and
(v)  flA is continuous.

(the function COS)(%)
z2-(the function sin)(%)z’

— — — ~— —
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Then / f(x)dx = ((the function sec) -(the function exp))(sup A)—((the function
A

sec) -(the function exp))(inf A).

(18) Suppose that
i) ACZ

(ii)  for every z such that x € Z holds

f( ) __ (the function exp)(z)-(the function cos)((the function exp)(x))
r) = (the function sin)((the function exp)(z))? )

(ili) Z C dom((the function cosec) -(the function exp)),
(iv) Z =dom f, and

(v)  flA is continuous.

Then /f(:v)dx = (—(the function cosec) - (the function exp))(sup A) —
A

(—(the function cosec) - (the function exp))(inf A).
(19) Suppose that

(i) Acz
(ii)  for every z such that x € Z holds
f(:l?) __ (the function sin)((the function In)(z))

~ z-(the function cos)((the function In)(z))?°’

(ii) Z C dom((the function sec) -(the function In)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(ac)d:c = ((the function sec) -(the function In))(sup A) — ((the function
A

sec) -(the function In))(inf A).
(20) Suppose that

i) Acz,
(ii)  for every x such that x € Z holds
f(.’IJ) __ (the function cos)((the function In)(z))

~ z-(the function sin)((the function In)(z))2°’

(iii)) Z C dom((the function cosec) -(the function In)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(a;)dx = (—(the function cosec) - (the function In))(sup A) — (—(the
A

function cosec) - (the function In))(inf A).
(21) Suppose that

(i) ACZ

(ii))  f = ((the function exp) -(the function sec)) (tth};e ffu‘;‘l‘;i‘)‘;lncs;:)%
(ii) Z =dom f, and
(iv)  flA is continuous.
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Then / f(z)dz = ((the function exp) -(the function sec))(sup A)—((the function
A

exp) -(the function sec))(inf A).

i) Acz,
(ii))  f = ((the function exp) -(the function cosec)) m%,
(ili)) Z =dom f, and

(iv)  flA is continuous.

Then /f(:n)d:z: =  (—(the function exp) - (the function cosec))(sup A) —

(—(the function exp) - (the function cosec))(inf A).
(23) Suppose that
i) ACZ
(i)  Z C dom((the function In) -(the function sec)),
(ili)) Z = dom (the function tan), and
(iv)  (the function tan)[A is continuous.

Then / (the function tan)(z)dz = ((the function In) -(the function

sec))(su?) A) — ((the function In) -(the function sec))(inf A).
(24) Suppose that
ACZ,
Z C dom((the function In) -(the function cosec)),
Z = dom (the function cot), and
(—the function cot)[A is continuous.

Then / (—the function cot)(x)der = ((the function In) -(the function

cosec))éup A) — ((the function In) -(the function cosec))(inf A).
(25) Suppose that
i)y ACZ,
(il)  Z C dom((the function In) -(the function cosec)),
(ii) Z = dom (the function cot), and
(iv)  (the function cot)[A is continuous.
Then / (the function cot)(z)dx = (—(the function In) - (the function

A
cosec))(sup A) — (—(the function In) - (the function cosec))(inf A).

(26) Suppose that
i) ACZ

(ii) for every x such that z € Z holds f(z) = - (the function sin)(z)
)
)

(the function cos)(z)»+1>
Z C dom((O") - the function sec),

(iv) 1<n,
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(v) Z=dom f, and
(vi)  flA is continuous.

Then /f(:c)dx = ((@") - the function sec)(sup A) — ((d") - the function

A
sec)(inf A).
(27) Suppose that
i)y ACZ
(if)  for every o such that @ € Z holds f(x) = e tacioncoult),
i) Z C dom((O") - the function cosec),

)
)
)
(iv) 1<n,
)
)

Z =dom f, and

fTA is continuous.

Then /f(:c)dx = (—(O") - the function cosec)(sup A) — (—(O") - the
A

function cosec)(inf A).
(28) Suppose that
(i) ACZ
(iil)  for every z such that x € Z holds f(z) = (the function exp)()

(the function cos)(z)

(the function exp)(z)-(the function sin)(x)
(the function cos)(z)2 ’

(iii) Z C dom((the function exp) (the function sec)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then / f(z)dx = ((the function exp) (the function sec))(sup A)—((the function
A

exp) (the function sec))(inf A).
(29) Suppose that
(i) AcCz
(i)  for every x such that x € Z holds f(x) = (the function exp)(z) _

(the function sin)(z)

(the function exp)(z)-(the function cos)(x)
(the function sin)(x)2 ’

(ili)) Z C dom((the function exp) (the function cosec)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(:c)da: = ((the function exp) (the function cosec))(sup A) — ((the func-
A

tion exp) (the function cosec))(inf A).
(30) Suppose that
i) ACZ

(ii)  for every z such that x € Z holds

f( ) __ (the function sin)(a-x)—(the function cos)(a-x)?
r) = (the function cos)(a-z)2 ’
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) Z C dom( ((the function sec) - f1) —idz),
iv)  for every z such that x € Z holds fi(z) =a-x and a # 0,
(v) Z =dom f, and

)

fTA is continuous.
Then /f(x)dx = (% ((the function sec) -f1) — idz)(sup A) — (2 ((the function
A

sec) -f1) —idz)(inf A).
(31) Suppose that
i)y ACZ,
(ii)  for every x such that x € Z holds

f( ) __ (the function cos)(a-x)—(the function sin)(a-x)?
x) = (the function sin)(a-z)? )

) Z C dom((—1) ((the function cosec) - f1) —idz),
(iv)  for every x such that z € Z holds fi(z) =a -z and a # 0,
(v) Z =dom f, and

) flA is continuous.

(i

(vi

1
Then /f(a;)d:c = ((—=) ((the function cosec) - f1) —idz)(sup A) — ((—1) ((the
a
A
function cosec) - f1) —idz)(inf A).
(32) Suppose that
(i) Acz
1
(ii)  for every z such that € Z holds f(z) = (hefwetioncolln)

T
(the function In)(x)-(the function sin)(z)
(the function cos)(z)? ’

(iii) Z C dom((the function In) (the function sec)),
(iv) Z =dom f, and
(v)  flA is continuous.
Then /f(m)dx = ((the function In) (the function sec))(sup A) — ((the function
A

In) (the function sec))(inf A).
(33) Suppose that
i) ACZ
1

(ii)  for every x such that # € Z holds f(x) = {(hefwctionn@)

x
(the function In)(z)-(the function cos)(z)
(the function sin)(z)2 )

(iii) Z C dom((the function In) (the function cosec)),
(iv) Z =dom f, and
(v)  flA is continuous.
Then /f(ac)dx = ((the function In) (the function cosec))(sup A) — ((the func-
A

tion In) (the function cosec))(inf A).
(34) Suppose that
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AC Z,
1 (the function sin)(x)

for every = such that € Z holds f(x) = (ke function conlz)

)

) z2 " (the Fanction cos)(z)?2’
(iii)) ZC dom(diz the function sec),

)

)

Z = dom f, and
fTA is continuous.

1 1
Then /f(:n)dm = (_E the function sec)(sup A) — (—d— the function
z

A 14z
sec)(inf A).
(35) Suppose that
i) Acz
} — (the function cos)(x)
(ii)  for every  such that « € Z holds f(z) = {hefumctgn se) 4 (the Tunction sin)(z)2

Z =dom f, and

)
)
(ili) ZC dom(diz the function cosec),
)
) flA is continuous.

1 1
Then /f(a;)dac = (——— the function cosec)(sup A) — (——— the function
A

idZ idZ
cosec)(inf A).
(36) Suppose that
(i) Acz

(ii)  for every z such that x € Z holds

f( ) __ (the function cos)(z)-(the function sin)((the function sin)(z))
x) = (the function cos)((the function sin)(z))2? ’

(ili)) Z C dom((the function sec) -(the function sin)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(a:)da: = ((the function sec) -(the function sin))(sup A) — ((the function
A

sec) -(the function sin))(inf A).
(37) Suppose that
i)y ACZ,
(ii)  for every x such that x € Z holds

f(CE) __ (the function sin)(z)-(the function sin)((the function cos)(x))
- (the function cos)((the function cos)(z))? ?

(ili) Z C dom((the function sec) -(the function cos)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(:z:)dm = (—(the function sec) - (the function cos))(sup A) — (—(the
A

function sec) - (the function cos))(inf A).

(38) Suppose that
i) ACZ
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(ii)  for every z such that x € Z holds
__ (the function cos)(z)-(the function cos)((the function sin)(x))
f(fl)) - (the function sin)((the function sin)(z))? ’

(iii)) Z C dom((the function cosec) -(the function sin)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(:n)dz: = (—(the function cosec) - (the function
A

sin))(sup A) — (—(the function cosec) - (the function sin))(inf A).

(39) Suppose that
i) AcCZ

(ii)  for every x such that = € Z holds
__ (the function sin)(z)-(the function cos)((the function cos)(x))
f(:E) - (the function sin)((the function cos)(z))? ’

(ii) Z C dom((the function cosec) -(the function cos)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(x)d:z = ((the function cosec) -(the function cos))(sup A) — ((the func-
A

tion cosec) -(the function cos))(inf A).

(40) Suppose that
i) ACZ
(ii) for every x such that x € Z holds

(the function sin)((the function tan)(x))

(the function cos)(z)2

f([l?) ~ (the function cos)((the function tan)(z))2 ’
(iii)) Z C dom((the function sec) -(the function tan)),

(iv) Z =dom f, and

(v)  flA is continuous.

Then / f(z)dz = ((the function sec) -(the function tan))(sup A)— ((the function
A

sec) -(the function tan))(inf A).

(41) Suppose that
i)y ACZ
(ii)  for every x such that = € Z holds

(the function sin)((the function cot)(x))

(the function sin)(x)2
:U) (the function cos)((the function cot)(z))2?’
(iii) Z C dom((the function sec) -(the function cot)),
Z =dom f, and

(v)  flA is continuous.
Then /f(:c)dm = (—(the function sec) - (the function cot))(sup A) — (—(the
A

function sec) - (the function cot))(inf A).

(42) Suppose that
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(i) ACZ
(ii)  for every x such that = € Z holds
(the function cos)((the function tan)(z))
_ the function cos (z)z

f(x) ~ (the functio(n} sirfl)((the fur)1ction tan)(z))2"
(iii) Z C dom((the function cosec) -(the function tan)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(a:)da: = (—(the function cosec) - (the function tan))(sup A) —

A

(—(the function cosec) - (the function tan))(inf A).

(43) Suppose that
(i) ACZ
(ii)  for every z such that x € Z holds

(the function cos)((the function cot)(z))

_ the function sin)(x)2
f(.’IJ) " (the functio(n sin)((the fuilction cot)(x))2?
(iii)) Z C dom((the function cosec) -(the function cot)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then / f(x)dx = ((the function cosec) -(the function cot))(sup A) — ((the func-
A

tion cosec) -(the function cot))(inf A).

(44) Suppose that
G) Acz
1

(i) for every x such that & € Z holds f(z) = e fuctioncon@@? 4

(the function cos)(x)
(the function tan)(z)-(the function sin)(z)
(the function cos)(z)2 ’

(ili) Z C dom((the function tan) (the function sec)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then / f(x)dx = ((the function tan) (the function sec))(sup A)—((the function
A

tan) (the function sec))(inf A).
(45) Suppose that
(i) AcZ,
1
(ii) for every x such that * € Z holds f(z) = et sin)(2)2 - _

(the function cos)(z)
(the function cot)(z)-(the function sin)(x)
(the function cos)(z)? ’

(iii)) Z C dom((the function cot) (the function sec)),
(iv) Z =dom f, and
(v)  flA is continuous.
Then /f(:z:)d:z‘ = (—(the function cot) (the function sec))(sup A) — (—(the
A
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function cot) (the function sec))(inf A).

(46) Suppose that
i) ACZ
1

(ii) for every x such that z € Z holds f(x) = heuocton co)(@?2_

(the function sin)(z)
(the function tan)(z)-(the function cos)(x)
(the function sin)(z)?2 )

(iii) Z C dom((the function tan) (the function cosec)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then / f(z)dz = ((the function tan) (the function cosec))(sup A) — ((the func-
A

tion tan) (the function cosec))(inf A).

(47) Suppose that
i) ACZ
1

(ii) for every x such that © € Z holds f(x) = oo sim(@)2

(the function sin)(z)
(the function cot)(z)-(the function cos)(z)
(the function sin)(z)?2 ’

(iii) Z C dom((the function cot) (the function cosec)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(a:)dac = (—(the function cot) (the function cosec))(sup A) — (—(the
A

function cot) (the function cosec))(inf A).
(48) Suppose that
(i) ACZ,
(ii)  for every x such that = € Z holds

— 1 1
f(fl)) — (the function cos)((the function cot)(z))2 = (the function sin)(z)2’
(iii) Z C dom((the function tan) -(the function cot)),

(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(a;)d:n = (—(the function tan) - (the function cot))(sup A) — (—(the
A

function tan) - (the function cot))(inf A).

(49) Suppose that
i)y ACZ,
(ii)  for every z such that x € Z holds

1 1
f((E) ~ (the function cos)((the function tan)(z))2 = (the function cos)(z)2 ’
(iii) Z C dom((the function tan) -(the function tan)),

(iv) Z =dom f, and
(v)  flA is continuous.
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Then / f(x)dx = ((the function tan) -(the function tan))(sup A)—((the function
A

tan) -(the function tan))(inf A).

(50) Suppose that
(i) ACZ
(ii)  for every z such that x € Z holds

_ 1 1
f((E) ~ (the function sin)((the function cot)(x))2 ~ (the function sin)(z)2’
(iii) Z C dom((the function cot) -(the function cot)),

(iv) Z =dom f, and
(v)  flA is continuous.

Then / f(x)dx = ((the function cot) -(the function cot))(sup A) —((the function
A

cot) -(the function cot))(inf A).

(51) Suppose that
i) ACZ
(ii) for every x such that x € Z holds

— 1 1
f(l‘) ~ (the function sin)((the function tan)(z))2 ~ (the function cos)(z)2’
(iii) Z C dom((the function cot) -(the function tan)),

(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(x)dac = (—(the function cot) - (the function tan))(sup A) — (—(the
A

function cot) - (the function tan))(inf A).
(52) Suppose that
(i) ACZ
(i)  for every z such that x € Z holds f(z) = L +

(the function cos)(z)?
1

(the function sin)(z)2?

(iii)) Z C dom((the function tan)—(the function cot)),
(iv) Z =dom f, and
(v)  flA is continuous.
Then /f(x)d:c = ((the function tan)—(the function cot))(sup A) — ((the func-
A

tion tan)—(the function cot))(inf A).
(53) Suppose that
(i) ACZ
(i)  for every z such that x € Z holds f(z) = L -

(the function cos)(z)?

(the function sin)(z)2’

(iii) Z C dom((the function tan)+(the function cot)),
(iv) Z =dom f, and
(v)  flA is continuous.
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Then /f(a:)dm = ((the function tan)+(the function cot))(sup A) — ((the func-
A

tion tan)+(the function cot))(inf A).
(54) Suppose that
(i) ACZ,
(ii)  for every x such that x € Z holds f(z) = (the function cos)((the function
sin)(z)) - (the function cos)(x),
(ili)) Z =dom f, and
(iv)  flA is continuous.

Then /f(m)dw = ((the function sin) -(the function sin))(sup A) — ((the function
A

sin) -(the function sin))(inf A).
(55) Suppose that
i)y ACZ,
(ii)  for every x such that z € Z holds f(x) = (the function cos)((the function
cos)(z)) - (the function sin)(x),
(iii) Z =dom f, and
(iv)  flA is continuous.

Then /f(a:)dx = (—(the function sin) - (the function cos))(sup A) — (—(the
A

function sin) - (the function cos))(inf A).
(56) Suppose that
(i) ACZ
(ii)  for every x such that z € Z holds f(x) = (the function sin)((the function
sin)(z)) - (the function cos)(x),
(ili)) Z =dom f, and
(iv)  flA is continuous.

Then /f(a:)dac = (—(the function cos) - (the function sin))(sup A) — (—(the
A

function cos) - (the function sin))(inf A).
(57) Suppose that
i) ACZ
(ii)  for every z such that x € Z holds f(z) = (the function sin)((the function
cos)(x)) - (the function sin)(x),
(ii) Z =dom f, and
(iv)  flA is continuous.
Then / f(z)dx = ((the function cos) -(the function cos))(sup A)—((the function
A

cos) -(the function cos))(inf A).

(58) Suppose that
(i) ACZ,
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for every x such that x € Z holds f(x) = (the function cos)(z) +

(the function cos)(z)

(the

function sin)(z)2’

(iii) Z C dom((the function cos) (the function cot)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(:z:)d:z‘ = (—(the function cos) (the function cot))(sup A) — (—(the
A

function cos) (the function cot))(inf A).

(59) Suppose that
i) ACZ

(i)

for every x such that x € Z holds f(x) = (the function sin)(z) +

(the function sin)(z)

(the

function cos)(x)2’

(iii) Z C dom((the function sin) (the function tan)),
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(ac)da: = ((the function sin) (the function tan))(sup A)— ((the function
A

sin) (the function tan))(inf A).
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