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Summary. In this article, we define and develop partial differentiation of
vector-valued functions on n-dimensional real normed linear spaces (refer to [19]
and [20]).
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The notation and terminology used in this paper have been introduced in the
following papers: [7], [15], [2], [3], [24], [4], [5], [1], [11], [16], [6], [9], [12], [17],
[18], [10], [8], [23], [14], [21], [13], and [22].

For simplicity, we use the following convention: n, m denote non empty
elements of N, i, j denote elements of N, f denotes a partial function from
E™ ) to (€™ - I}, g denotes a partial function from R™ to R™, h denotes
a partial function from R™ to R, = denotes a point of (€™, || - ||), y denotes an
element of R™, and X denotes a set.

We now state a number of propositions:
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J 7
(2) Ifi <y, then (0,...,0)[(i —"1) = (0,...,0)
—— ———
7 i—'1
3) (0,...,0); =(0,...,0)
— T
J i="i
(4) Ifi < j, then (0,...,0)[(i —' 1) = (0,...,0) and (0,...,0);; = (0,...,0).
—— —— —— ——
J i—'1 J Jj='i
(5) For every element a1 of (£',[ - |[) such that 1 < 4 < j holds

[ (reproj (i, 0¢es .y)) (@) | = [l |-
(6) Let m,ibe elements of N, z be an element of R, and r be a real number.
Then (reproj(i,z))(r) — xz = (reproj(i, (0, ...,0)))(r — (proj(i,m))(x)) and
——

z — (reproj(i,))(r) = (reproi(, (. ..., 0)}) ((proj(i, m)) () ).
——
(7) Let m, ¢ be elements of N, z be a point of (E™, | - |,
and p be a point of (£L,]| - |). Then (reproj(i,z))(p) — =z =

(reproj(i, 0¢gm j1.y))(p — (Proj(i,m))(z)) and z — (reproj(i,z))(p) =
(reproj(i, 0gm |1.1y)) ((Proj(i, m))(x) — p).

(8) Let m, n be non empty elements of N, ¢ be an element of N, f be a partial
function from (E™,| - ||) to (E", ] - ||}, and Z be a subset of (E™, || - ||).
Suppose Z is open and 1 < i < m. Then f is partially differentiable on Z
w.r.t. ¢ if and only if Z C dom f and for every point x of (€™, || - ||) such
that x € Z holds f is partially differentiable in x w.r.t. 7.

(9) For all elements z, y of R and for every element ¢ of N such that
1 <4 < m holds Replace((0,...,0),7,z +y) = Replace((0,...,0),3,z) +
~—— ——

m m
Replace((0, ..., 0),4,y).
——
m
(10) For all elements x, a of R and for every element i of N such that 1 <i <m
holds Replace((0,...,0),%,a - x) = a - Replace((0,...,0),,x).
—— ——
m m

(11) For every element x of R and for every element 7 of N such that 1 <i <m

and x # 0 holds Replace((0, ...,0),i,z) # (0,...,0).
N—— ——

(12) Let z, y be elements of R, z be an element of R™, and i be an
element of N. Suppose 1 < i < m and y = (proj(i,m))(z). Then
Replace(z,i,z) —z = Replace((0, ...,0),i,x —y) and z—Replace(z,i,x) =

——

Replace((0, ...,0),i,y — ).
——

m
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(13) For all elements x, y of R and for every element i of N such that 1 <
i < m holds (reproj(i, 0,...,0)))(x +y) = (reproj(, (0,...,0)))(z) +
—— \ﬁ/—’

(xeproj(i, 0, ..., 0)(y).
m

(14) For all points x, y of (€1, - ||) and for every element i of N such that
1 <4 < m holds (reproj(i, 0¢em |.y))(z + y) = (reproj(i, 0em j.y))(z) +
(reproj (7, O¢gm ||.1y)) (Y)-

(15) For all elements x, a of R and for every element i of N such that 1 <i <m
holds (reproj(i, (0,...,0)))(a- ) = a - (reproj(, (0, ..., 0)))(z).

m m

(16) Let x be a point of (€1,]-||), @ be an element of R, and i be an element of
N.If 1 <4 < m, then (reproj(i, 0(em . y))(a-x) = a-(reproj(i, 0gm |.y))(Z)-

(17) For every element x of R and for every element ¢ of Nsuch that 1 <i <m
and z # 0 holds (reproj(i, (0,...,0)))(x) # (0,...,0).

m m

(18) TFor every point = of (€1,| - ||) and for every element i of N such that
1 <i<mand x # 01 .y holds (reproj(i, 0gm ||.1y)) () # Ogm |||y

(19) Let z, y be elements of R, z be an element of R, and i be
an element of N. Suppose 1 < ¢ < m and y = (proj(i,m))(z).
Then (reproj(i,z))(z) — z = (reproj(i,(0,...,0)))(z — y) and z —

——

(reproj(i, z))(x) = (reproj(i, (0,...,0)))(y — x).
——

(20) Let z, y be points of (£1,] - ||), i be an element of N, and 2 be a po-
int of (E™,| - ||). Suppose 1 < i < m and y = (Proj(i,m))(z). Then
(reproj(i, z))(z) —2 = (veproj(i, 0ygm |.y)) (z—y) and z—(reproj(i, z))(v) =
(reproj(i, 0gem . p)) (Y — ).

(21) Suppose f is differentiable in  and 1 < i < m. Then f is partially
differentiable in x w.r.t. i and partdiff(f,z,7) = f'(x) - reproj(i, 0¢gm |.|y)-

(22) Suppose g is differentiable in y and 1 < i < m. Then g is partially diffe-
rentiable in y w.r.t. i and partdiff (g, y,) = (¢'(y)-reproj(i, 0gm |.1y)) ((1)).

Let n be a non empty element of N, let f be a partial function from R" to
R, and let  be an element of R™. We say that f is differentiable in « if and
only if:
(Def. 1) (f) is differentiable in x.
Let n be a non empty element of N, let f be a partial function from R" to
R, and let = be an element of R™. The functor f/(z) yielding a function from
R™ into R is defined as follows:
(Def. 2)  f'(x) = proj(1,1) - (f)'(x).

Next we state several propositions:
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(23) Suppose h is differentiable in y and 1 < ¢ < m. Then h is partially
differentiable in y w.r.t. ¢ and
partdiff (h,y,) = (h - reproj(i, y))'((proj(i, m))(y)) and
partdiff (h,y,7) = h'(y)((reproj(z, (0,...,0)))(1)).

——
m

(24) Let m be a non empty element of N and v, w, u be finite sequences of
elements of R™. If domv = domw and u = v+w, then > u=> v+ w.

(25) Let m be a non empty element of N, r be a real number, and w, u be
finite sequences of elements of R™. If u = rw, then Y u=1r-> w.

(26) Let n be a non empty element of N and h, g be finite sequences of
elements of R™. Suppose len h = len g + 1 and for every natural number ¢
such that ¢ € dom g holds g; = h; — hi+1. Then hy — hjenn = 2 9.

(27) Let n be a non empty element of N and h, g, j be finite sequences of
elements of R™. Suppose lenh = lenj and leng = lenj and for every
natural number ¢ such that ¢ € domj holds j; = h; — g;. Then > j =
Xh=22g.

(28) Let m, n be non empty elements of N, f be a partial function from R™
to R", and z, y be elements of R™. Then there exists a finite sequence h
of elements of R™ and there exists a finite sequence g of elements of R"
such that

(i) lenh=m+1,
(ii) leng=m,
(iii)  for every natural number ¢ such that ¢ € domh holds h; = (y[((m +
1) —"4)) ~(0,...,0),
i1
(iv)  for every natural number ¢ such that i € domg holds ¢; = fyin, —
fx+hi+1 )
(v)  for every natural number i and for every element h; of R™ such that
i € domh and h; = hy holds |h1| < |y|, and
(i) fory— fo= X0

(29) Let m be a non empty element of N and f be a partial function from

R™ to R!'. Then there exists a partial function fy from R™ to R such that

f= (/o).

(30) Let m, n be non empty elements of N, f be a partial function from R™
to R™, fo be a partial function from (€™, ||-]|) to (€™, ||-||), = be an element
of R™, and z¢ be an element of (™, | - ||). If x € dom f and = = ¢ and

f = fo, then fi = (f0)z,-
Let m be a non empty element of N and let X be a subset of R". We say
that X is open if and only if:

(Def. 3) There exists a subset X of (€™, ]| -||) such that Xy = X and X is open.

The following proposition is true
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(31) Let m be a non empty element of N and X be a subset of R™. Then X
is open if and only if for every element x of R™ such that z € X there
exists a real number r such that r > 0 and {y € R™: |y —z| <r} C X.

Let m, n be non empty elements of N, let ¢ be an element of N, let f be a
partial function from R™ to R™, and let X be a set. We say that f is partially
differentiable on X w.r.t. i if and only if:

(Def. 4) X C dom f and for every element x of R™ such that x € X holds f[X
is partially differentiable in x w.r.t. 7.

One can prove the following propositions:

(32) Let m, n be non empty elements of N and f be a partial function from
R™ to R™. Suppose f is partially differentiable on X w.r.t. . Then X is
a subset of R™.

(33) Let m, n be non empty elements of N, ¢ be an element of N, f be a
partial function from R™ to R", g be a partial function from (E™, | -||) to
(E™ I II), and Z be a set. Suppose f = g. Then f is partially differentiable
on Z w.r.t. ¢ if and only if ¢ is partially differentiable on Z w.r.t. .

(34) Let m, n be non empty elements of N, ¢ be an element of N, f be a
partial function from R™ to R"™, and Z be a subset of R™. Suppose Z is
open and 1 < i < m. Then f is partially differentiable on Z w.r.t. ¢ if and
only if Z C dom f and for every element x of R™ such that x € Z holds
f is partially differentiable in x w.r.t. i.

Let m, n be non empty elements of N, let i be an element of N, let f be
a partial function from R™ to R™, and let us consider X. Let us assume that
f is partially differentiable on X w.r.t. . The functor f[°X yielding a partial
function from R™ to R" is defined as follows:

(Def. 5) dom(f["X) = X and for every element x of R™ such that x € X holds
(f1'X), = partdiff(f, z,1).

Let m, n be non empty elements of N, let f be a partial function from R™
to R™, and let zo be an element of R™. We say that f is continuous in zq if and
only if:

(Def. 6) There exists a point yo of (™, - ||) and there exists a partial function
g from (E™ /| - ||} to (€™, ] - ||) such that xg = yo and f = g and g is
continuous in yp.

The following propositions are true:

(35) Let m, n be non empty elements of N, f be a partial function from R™
to R"™, g be a partial function from (€™, |- ||) to (£",]-]|),  be an element
of R™, and y be a point of (€™, - ||). Suppose f = g and x = y. Then f
is continuous in x if and only if ¢ is continuous in y.

(36) Let m, n be non empty elements of N, f be a partial function from R™
to R™, and xy be an element of R™. Then f is continuous in x( if and
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only if the following conditions are satisfied:

(i) o € dom f, and

(ii)  for every real number r such that 0 < r there exists a real number s
such that 0 < s and for every element x5 of R™ such that x9 € dom f and
|x2 — zo| < s holds |fz, — fzol <7

Let m, n be non empty elements of N, let f be a partial function from R™
to R"™, and let us consider X. We say that f is continuous on X if and only if:

(Def. 7) X C dom f and for every element zp of R™ such that zp € X holds f[X
is continuous in xg.

Next we state a number of propositions:

(37) Let m, n be non empty elements of N, f be a partial function from R™
to R", g be a partial function from (E™, || - ||) to (£", ] - ||), and X be a
set. If f = g, then f is continuous on X iff ¢ is continuous on X.

(38) Let m, n be non empty elements of N, f be a partial function from R™
to R™, and X be a set. Then f is continuous on X if and only if the
following conditions are satisfied:

(i) X Cdom f, and

(ii)  for every element xo of R™ and for every real number r such that
g € X and 0 < r there exists a real number s such that 0 < s and
for every element xo of R™ such that x9 € X and |zo — x¢| < s holds

| fzo = faol <7

(39) Let m be a non empty element of N, x, y be elements of R™, 1
be an element of N, and x; be a real number. If 1 < ¢ < m and
y = (reproj(i, x))(z1), then (proj(i,m))(y) = z1.
(40) Let m be a non empty element of N, f be a partial function from R™ to
R, z, y be elements of R™, i be an element of N, and 1 be a real number.
If 1 <i<m and y = (reproj(i, z))(z1), then reproj(i, x) = reproj(i,y).
(41) Let m be a non empty element of N, f be a partial function from R™ to R,
g be a partial function from R to R, x, y be elements of R™, i be an element
of N, and z; be a real number. If 1 < ¢ < m and y = (reproj(i,z))(z1)
and g = f - reproj(i, z), then ¢'(x1) = partdiff (f,y, ).
(42) Let m be a non empty element of N, f be a partial function from R™ to
R, p, g be real numbers,  be an element of R™, and ¢ be an element of
N. Suppose that
) 1<,
(i) i<m,
) p<gq,
) for every real number h such that h € [p,q] holds (reproj(i,z))(h) €
dom f, and
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(v)  for every real number h such that h € [p,q] holds f is partially diffe-
rentiable in (reproj(i, z))(h) w.r.t. i.
Then there exists a real number 7 and there exists an element y of R" such
that r E]p’ Q[ and y = (reproj (iv x))(r) and f(reproj(i,m))(q) - f(reproj(i,m))(p) =
(¢ — p) - partdiff (f,y, 7).
(43) Let m be a non empty element of N, f be a partial function from R™ to
R, p, ¢ be real numbers, £ be an element of R™, and ¢ be an element of
N. Suppose that
) 1<,
) i <m,
(i) p<gq,
) for every real number h such that h € [p,¢] holds (reproj(i,x))(h) €
dom f, and
(v)  for every real number h such that h € [p,q] holds f is partially diffe-
rentiable in (reproj(i, x))(h) w.r.t. .
Then there exists a real number  and there exists an element y of R™ such
that r € [ 7Q] and y = (reproj (Za .%'))(7’) and f(reproj(i,x))(q) _f(reproj(i,:(:))(p) -
(q —p) - partdiff (f, y, ).

(44) Let m be a non empty element of N, z, y, z, w be elements of R, i be
an element of N, and d, p, g, r be real numbers. Suppose 1 < i < m and
ly—z| < dand |z—z| < d and p = (proj(i,m))(y) and z = (reproj(i,y))(q)
and r € [p,q] and w = (reproj(i,y))(r). Then |w — x| < d.

(45) Let m be a non empty element of N, f be a partial function from R™
to R, X be a subset of R™, x, y, z be elements of R™, i be an element of
N, and d, p, ¢ be real numbers. Suppose that 1 < i < m and X is open
and z € X and |y —z| < d and |z — 2| < d and X C dom f and for every
element x of R™ such that x € X holds f is partially differentiable in x
w.r.t. 7 and 0 < d and for every element z of R™ such that |z—z| < d holds
z € X and z = (reproj(i,y))(p) and ¢ = (proj(i,m))(y). Then there exists
an element w of R™ such that |w— x| < d and f is partially differentiable
inww.rt. iand f. — fy = (p — q) - partdiff (f, w, 7).

(46) Let m be a non empty element of N, h be a finite sequence of elements
of R™, vy, x be elements of R™, and j be an element of N. Suppose len h =
m+1 and 1 < j <m and for every natural number ¢ such that ¢ € dom h
holds h; = (y[((m+1)—"4))~(0,...,0). Then z+ h; = (reproj((m+1) —'
Js @ + hjs1))((proj((m + 1) =" j,m))(z + y)).

(47) Let m be a non empty element of N, f be a partial function from R™ to
R, X be a subset of R™, and x be an element of R™. Suppose that

(i) X is open,
(ii) ze€ X, and
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(iii)  for every element i of N such that 1 < ¢ < m holds f is partially
differentiable on X w.r.t. i and f]°X is continuous on X.
Then

(iv)  f is differentiable in z, and

(v)  for every element h of R™ there exists a finite sequence w of elements
of R! such that domw = Segm and for every element i of N such that i €
Segm holds w(i) = (proj(i, m))(h) - partdiff (f, z,7) and f'(z)(h) = > w.

(48) Let m be a non empty element of N, f be a partial function from (€™, ||-|)
to (1, ]| - ||}, X be a subset of (€™, || - ||), and = be a point of (™, || - ||).
Suppose that

(i) X is open,

(ii) ze€X, and

(iii)  for every element i of N such that 1 < ¢ < m holds f is partially
differentiable on X w.r.t. i and f]'X is continuous on X.
Then

(iv)  f is differentiable in =, and

(v)  for every point h of (€™, ||-||) there exists a finite sequence w of elements
of R' such that domw = Segm and for every element i of N such that
i € Segm holds w(i) = (partdiff (f, z,7))({(proj(i,m))(h))) and f'(x)(h) =
S w.

(49) Let m be anon empty element of N, f be a partial function from (E™, ||-||)
to (€1,]|-]]), and X be a subset of (€™, | - ||). Suppose X is open. Then for
every element ¢ of N such that 1 < ¢ < m holds f is partially differentiable
on X w.r.t.and f]*X is continuous on X if and only if f is differentiable
on X and ff y is continuous on X.

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

[2] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

[3] Czestaw Bylinski. Finite sequences and tuples of elements of a non-empty sets. Formalized
Mathematics, 1(3):529-536, 1990.

[4] Czestaw Bylinski. Functions and their basic properties. Formalized Mathematics, 1(1):55—

65, 1990.
[5] Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,
1990.
[6] Czestaw Bylinski. Partial functions. Formalized Mathematics, 1(2):357-367, 1990.
[7] Agata Darmochwal. The Euclidean space. Formalized Mathematics, 2(4):599-603, 1991.
[8] Noboru Endou and Yasunari Shidama. Completeness of the real Euclidean space. For-

malized Mathematics, 13(4):577-580, 2005.

[9] Noboru Endou, Yasunari Shidama, and Keiichi Miyajima. Partial differentiation on nor-
med linear spaces R". Formalized Mathematics, 15(2):65-72, 2007, doi:10.2478/v10037-
007-0008-5.

[10] Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,

1(1):35-40, 1990.



[13]

[14]

[15]

PARTIAL DIFFERENTIATION OF VECTOR-VALUED ...

Hiroshi Imura, Morishige Kimura, and Yasunari Shidama. The differentiable functions on
normed linear spaces. Formalized Mathematics, 12(3):321-327, 2004.

Takao Inoué, Noboru Endou, and Yasunari Shidama. Differentiation of vector-valued func-
tions on n-dimensional real normed linear spaces. Formalized Mathematics, 18(4):207-212,
2010, doi: 10.2478/v10037-010-0025-7.

Jarostaw Kotowicz. Real sequences and basic operations on them. Formalized Mathema-
tics, 1(2):269-272, 1990.

Jarostaw Kotowicz. Functions and finite sequences of real numbers. Formalized Mathe-
matics, 3(2):275-278, 1992.

Yatsuka Nakamura, Artur Kornitlowicz, Nagato Oya, and Yasunari Shidama. The real
vector spaces of finite sequences are finite dimensional. Formalized Mathematics, 17(1):1—
9, 2009, doi:10.2478/v10037-009-0001-2.

Takaya Nishiyama, Keiji Ohkubo, and Yasunari Shidama. The continuous functions on
normed linear spaces. Formalized Mathematics, 12(3):269-275, 2004.

Beata Padlewska and Agata Darmochwal. Topological spaces and continuous functions.
Formalized Mathematics, 1(1):223-230, 1990.

Konrad Raczkowski and Pawel Sadowski. Topological properties of subsets in real num-
bers. Formalized Mathematics, 1(4):777-780, 1990.

Walter Rudin. Principles of Mathematical Analysis. MacGraw-Hill, 1976.

Laurent Schwartz. Cours d’analyse. Hermann, 1981.

Wojciech A. Trybulec. Vectors in real linear space. Formalized Mathematics, 1(2):291-296,

1990.
Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.

Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,

1990.
Hiroshi Yamazaki, Yoshinori Fujisawa, and Yatsuka Nakamura. On replace function and

swap function for finite sequences. Formalized Mathematics, 9(3):471-474, 2001.

Received April 22, 2010



