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HAUSDORFF AND BOX DIMENSIONS OF CONTINUOUS
FUNCTIONS AND LINEABILITY

A. BONILLA, G.A. MUNOZ-FERNANDEZ, J.A. PRADO-BASSAS,
AND J.B. SEOANE-SEPULVEDA

ABSTRACT. Given s € (1,2], we study (among other questions) the
algebraic genericity of the set of continuous functions f : [0,1] — R
whose graph has Hausdorff (or Box) dimension exactly s.

1. INTRODUCTION AND PRELIMINARIES

It is a classical conjecture of Benoit B. Mandelbrot from 1977 (see [17])
that the Hausdorff dimension of the graph of the Weierstrass function

(1.1) Wip(z) = Z Acos(2mb"z) x € R
n=0
is equal to
log A
D=2+ —"—
+ logh’

where b € N, 0 < A <1 < b and Ab > 1. Many authors have worked in this
problem for over 30 years. This conjecture has been proved recently by W.
Shen ([21], see also [16]). In fact, due to the periodicity of the Weierstrass
function, its Hausdorff dimension is the same if it is restricted to [0, 1].

Given a function f: A C R — R, by graph(f) we shall denote the graph
of this function, that is,

graph(f) = {(z, f(2)), = € A} CR%.

If B C A, by graphp(f) we mean the set {(z, f(z)), x € B}, that is, the
part of graph(f) supported on B.

In order to make this article self-contained, we now include the definitions
of Hausdorfl and Box dimensions.

Given a set F' C R”, the diameter of F' is |F| := sup{|z — y| : =,y € F}.
Given 6 > 0, a d-cover of F' is a countable collection (U;); of subsets of R”
such that F' C |J, U; and |U;| < 6 for all 1.
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FIGURE 1. A sketch of the famous Weierstrass’ Monster (for
A = 1/2 and b = 3), of Hausdorff dimension equals to 2 —
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For any subset M of RY and any 6 > 0, let
H3(M) :=inf {Z |Ui|* = (Ui)i is a § — cover of M} ,
i=1

and write
H¥ (M) = lim Hi(M).
0—0
The Hausdorff dimension of M is
dimpg (M) :=inf{s > 0: H*(M) =0} =sup{s >0: H*(M) = +oo}.

Furthermore, given any non-empty subset M of R™, let Ns(M) denote the
smallest number of sets, of diameter at most §, needed to cover M. Then
the lower and upper boxr dimensions of M are

log Ns(M N log Ns(M
dimp(M) := lim inf Og’ikfg(é) and  dimg(M) = lirglj[l]lp Og_kfg((s),
When these numbers are equal, the common value will be the box dimension
of M, that is,

. . log Ns(M

For more details on the above definitions and their properties, see [13,
Chapters 2-3|. Notice that, in particular,

for any subset M of R™.
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As usual, we endow the space C[0, 1] of continuous functions [0,1] — R
with the maximum norm. Observe that it is an infinite dimensional sepa-
rable Banach space, hence its dimension is exactly ¢, where the last symbol
stands for the continuum (as usual).

In this paper, we are interested in the following type of question:

Consider the subset H of continuous functions f : [0,1] — R
with dimg (graph(f)) = s. Is there an infinite dimensional
subspace X C H U {0} every non-zero element of which has
Hausdorff dimension s? What about the same problem re-
placing Hausdorff dimension by Box dimension?

This kind of questions (related ones are dealt with in [1,9]) fall under
the area of research nowadays known as lineability and spaceability. Let us
provide a brief summary of the definitions from this area and that we shall
need along this paper.

Assume that X is a vector space and « is a cardinal number. Then a
subset A C X is said to be:

e lineable if there is an infinite dimensional vector space M such that
M\ {0} C A.

o «-lineable if there exists a vector space M with dim(M) = « and
M\ {0} C A.

o mazimal-lineable if it is dim(X)-lineable.

If, in addition, X is a topological vector space, then the subset A is said to
be:

e spaceable in X whenever there is a closed infinite-dimensional vector
subspace M of X such that M \ {0} C A.

e dense-lineable in X whenever there is a dense vector subspace M of
X satisfying M \ {0} C A.

e «-dense-lineable in X whenever there is a dense vector subspace M
of X with dim(M) = « and M \ {0} C A.

o maximal-dense-lineable in X whenever there is a dense vector sub-
space M of X with dim(M) = dim(X) and M \ {0} C A.

And, provided that X is a vector space contained in some (linear) algebra,
then A is called:

e algebrable if there is an algebra M so that M\ {0} C A and M is in-
finitely generated, that is, the cardinality of any system of generators
of M is infinite.

o strongly a-algebrable if there exists an a-generated free algebra M
with M \ {0} C A. Recall that if X is contained in a commutative
algebra, then a set B C X is a generating set of some free algebra
contained in A if and only if for any N € N, any nonzero poly-
nomial P in N variables without constant term and any distinct

fi,-.., [~ € B, we have P(fy,...,fn) € A\ {0}.
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For an account of results on lineability, the reader is referred to the survey
[10], the monograph [2], and the works [4,11,12,14,20] in order to see the
many fields in which this theory has made an impact so far.

Here, I shall denote a non-trivial interval of R. The following definition
and proposition can be found in [6] or [13].

Definition 1.1. Let f: I — R.

(1) We say that f is Hélder continuous with exponent o > 0 if there
exist ¢,§ > 0 such that

[f (@) = f(y)] < clz —y|*

for every x,y € I such that |z —y| <.
(2) We say that f satisfies the lower Hélder condition, with exponent
B >0, if there exist §,¢ > 0 such that

sup f(z) — inf f(z) > ¢|J|?
xeJ zeJ
for every interval J C I with |J| < 5.

Proposition 1.2. If f : I — R is Hélder continuous with exponent o €
(0,1], then

dimp(graph(f)) <2 — a.

If a continuous function f : I — R satisfies the lower Hélder continuous
condition with exponent B € (0,1], then

dimp(graph(f)) > 2 — B.

This paper is arranged in two main sections. Section 2 shall deal with
continuous functions with prescribed Box and Hausdorff dimension of the
graph and the problem of lineability of this class of functions. Section 3 will
cover the same problem but, in this case, in relation to the Box dimension
everywhere. Open questions and directions of research shall also be provided
within this topic.

2. ON CONTINUOUS FUNCTIONS WITH PRESCRIBED BOX AND
HAUSDORFF DIMENSION OF THEIR GRAPHS

Let us, first, recall a series of results that will be useful for the purpose
of this paper. The first one is a direct consequence of the basic properties
of the Hausdorff measure.

Lemma 2.1. The Hausdorff dimension of a subset of R? is invariant under
translations and dilations.

Lemma 2.2. Given a number s € [1,2], a compact interval [a,b] and two
real numbers v, w, there exists a continuous function f : [a,b] — R such that

fla) =wv, f(b) =w and dimg(graph(f)) = s.
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Proof. The case s = 1 is straightforward. We know that the Hausdorff
dimension of the graph of the Weierstrass function on [0,1] is D = 2 + 112§Z\~
Therefore, given s € (1,2), the functions Fy := Wy, have a graph with
Hausdorff dimension s for a suitable choice of A and b. If s = 2, then the

function

Fy(x) = Z n~V" sin(n"2mx)
n=1

has graph of Hausdorff dimension 2 (see [5] and Figure 2).
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FIGURE 2. A sketch of function F5 from the proof of Lemma
2.2. Here, graph(F3) has Hausdorff dimension 2.

By Lemma 2.1, we can translate and dilate, for any s € (1, 2], the function
F, in order to obtain Fj : [a,b] — R with dimy (graph(Fy)) = s.

Finally take into account that, according to [18, Theorem 1], the Hausdorff
dimension of the graph of a function does not change by adding a Lipschitz
function, so that we can add a suitable affine function in order to fulfill the
property on the extremes of the interval. [l

Theorem 2.3. Given s € (1,2], the set of continuous functions f : [0,1] —
R with dimg (graph(f)) = s is spaceable.

Proof. Fixed s € (1,2] we split [0,1] into infinitely many intervals with
disjoint interior as follows:

0,1] ={1}u | In,
neN
where I, = 1—%,1—7#1] for n € N.

Now, by Lemma 2.2, for every n € N there exists a continuous function
fn :[0,1] = R such that:
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(1) ful—3) =0,
(i) fu(l—;37) =0,
(iii) fn is null on [0,1]\ I,
(iv) || falloo < 1/n, and
(v) dimg(graph(f,)) = s.

It is clear that the family {f, : n € N} is linearly independent (since the
interior of their corresponding supports are pairwise disjoint). Next, let M
be the closed linear span of {f, : n € N}. Again due the disjointness of the
interior of the supports, every nonzero member of M is a finite or infinite
sum of f,,’s that, on each I, is a multiple of the corresponding f,,. Therefore
its graph has Hausdorff dimension s. By (i) and (ii), any nonzero member
of M is obviously continuous on [0,1) (observe that, possibly, the supports
of the functions f,,’s included in the member of M may accumulate at 1).
Finally, condition (iv) and the fact that f,(1) = 0, guarantee the continuity
at 1. U

Lemma 2.4. Let s € (1,2], the set of functions f € C[0,1] with
dimp (graphp)(f)) = dimp(graphp 1)(f)) = s.
1s ¢-lineable.

Proof. Let s € (1,2) and M = span{f, : 0 < a < 1} where

r—a

fa(x) _ W)\7b <1 — a> — W)\7b(0) ifx e [a, 1],

0 if z <a,

with parameters b > 2 and 1/b < A < 1 chosen such that

dimp (graphp ) (fa)) = s.

To show the linear independence, we shall proceed by induction. First,
we show that for any two functions {fq,, fa,} are linearly independent with
a1 < ap. Suppose that A\ fq, + Aafs, = 0. Then for any z € (a1, a2),
Al far () + Aafay () = A1 fa, (x) = 0, thus Ay = 0 and hence Ay = 0.

Now suppose that any set {f,, : 0 < a3 <---aq; < 1} withI < N —11is
linearly independent. Let us suppose that A fy, + -+ + Anfay = 0, where
0<a; <az <---ay < 1. Thus, for any = € (a1, as2)

)\lf(ll(x) +- )\NfaN('r) = )\lfm(x) =0.

Thus, A\; = 0 and by inductional assumption, hence Ay = --- = Ay = 0.
Now, we will show that for any non-trivial combination ( \; # 0 for
1<i<N)withO0<a; <as<---ay <1

dimH(.graph[O,l]()‘lfal +eeet /\NfaN))
= dimB(gTaph[O,l]()‘lfm +oet )\NfU«N)) = s.
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The upper bound of %B(gmph[o’l} (A fa,+ - +FANSfan)) < s by the Holder
continuity of A\; f,, + -+ Anfay. On the other hand,

dimp (graphio1)(Mfa, + -+ AN fay) >

> dimp (graphie, g) (M fa, + -+ AN fay)) =

= dimp (graphia, a,)(Mfa,)) =

= dimu (graphia, a,)(fa,)) = s.

Now, since dimyg (M) < dimpg(M) < dimp(M), we obtain the result.
For s = 2, we change W), by

Fy(z) = Zn“/ﬁsin(nn%rx).
n=1

O

We shall now need an auxiliary, general result about lineability: Let X be
a vector space and A, B be two subsets of X. According to [3]|, we say that
A is stronger than B whenever A+ B C A. The following lemma (of which
many variants have been proved) can be found in [2,3,10] and references
therein.

Lemma 2.5. Assume that X is a metrizable topological vector space. Let
A C X be (mazimal) lineable. Suppose that there exists a dense-lineable
subset B C X such that A is stronger than B and ANB =@&. Then A is
(mazimal) dense-lineable in X.

Theorem 2.6. Given s € (1,2], the set of functions f € C[0, 1] with
dimp (graph(f)) = dimp(graph(f)) = s

is mazximal dense-lineable in C|0, 1].

Proof. Denote
A(s) :={f €C[0,1] : dimpg(graph(f)) = dimp(graph(f)) = s}.

It is straightforward that the set P of all polygonal lines (i.e., continuous
piecewise affine functions) is a dense linear subset of C[0,1]. In addition, we
have that for any s € (1,2], A(s) is stronger than P because

dimp (graph(f + h)) = dimg(graph(f))
and
dimp(graph(f + h)) = dimpg(graph(f))

for every Lipschitz functions h (see, [18, Theorem 1], [5]).
Finally, taking into account that A(s) is c¢-lineable by Lemma 2.4, a direct
application of Lemma 2.5 helps us to conclude the proof. O
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All previous results can be extended to higher dimensions just by using
properties regarding the Hausdorff dimension and cartesian product of sets.

It is well known that given any pair of subsets £ C R™ and F C R™, we
only can assert that

dimH(E X F) > dlmH(E) + dlmH(F)

But if one of the subsets is regular enough, the equality holds (see [13, Section
7.1]).

Lemma 2.7. For any pair of subsets E C R"™ and F C R™ with dimpy (F') =
dimp(F), then

dimH(E X F) = dlmH(E) + dlmH(F)

This result is false in general, if we change Hausdorff-dimension by any
type of Box-dimension.

Theorem 2.8. Given N € N and S € (N,N + 1], the set of functions
F:[0,1]Y — R such that its graph,

g’l”(lph(F) = {(mla"waaF(xl?'"amN)) 6RN+17 Ti € [071]7 1 §Z§N}>

has Hausdorff dimension exactly S, is spaceable and maximal dense-lineable

in C([0, 1]V).

Proof. Fix a f € C([0,1]) and define f : [0,1]Y — R as f(z1,--- ,2n) =
f(zy). This function is clearly continuous on [0,1]", in addition we have
that graph(f) = [0,1)V"! x graph(f) and by applying Lemma 2.7 with
F =10,1]V"1, it holds that

dimg (graph(f)) = N — 1 + dimg (graph(f)).

Now fix S € (N,N + 1] and let M be the infinite-dimensional closed
vector space of C([0,1]) given by Theorem 2.3 for s =S - N +1 € (1,2]. It
is straightforward that the set M = { f:feM } is an infinite dimensional
closed vector space of C([0,1]") all of whose nonzero functions have graph
with Hausdorff dimension N — 1+ s = 5.

A similar construction, based on Theorem 2.6, gives the maximal-dense
lineability. ]

By the other hand, one may think that the same arguments as those
used in Theorem 2.3 would imply that the set of continuous functions on
[0, 1] with prescribed Box dimension s € (1, 2] is spaceable. This is not true
because, as it is shown in [13, Example 3.5], the Box dimension is not stable
under numerable (disjoint) unions.

In [5, Corollary 8] Baranski construct for every h,b € [1,2] with h < b a
function f € C([0,1]) such that

dimg (graph(f)) = dimp(graph(f)) = h and dimpg(graph(f)) = b.
As a matter of fact, using this function, the stability of the Box dimension
under finite unions and Lemma 2.5, the following result can also be proved.
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Corollary 2.9. Given h,b € [1,2] with h < b, the set of functions f € C[0, 1]
with

dimg (graph(f)) = dimpg(graph(f)) =h and dimp(graph(f)) ="5b
is dense-lineable in C|0, 1].
In order to motivate the next question, we prove the next result.

Proposition 2.10. Let g € C1(R) be non-constant function such that R, =
{z € R: ¢'(x) = 0} is finite. Then for any continuous function f : [0,1] — R
dimp (graphy,1)(g o f)) = dimu(graphyg 1 (f))-

In particular, dimg(graphy,1)(f")) = dimm(graphy 1)(f)) for all n.
Proof. First, we introduce the notation of convex hull. Namely, for a Borel

set A C [0, 1] let conv(A) the smallest closed interval such that A C conv(A).
Observe that for any Borel set A C [0,1] and any bi-Lipschitz map g :

conv(f(A)) — g(conv(f(A)))
(2.1) dimpggrapha(go f) = dimggrapha(f).

Indeed, G : (z,y) — (w,9(y)) is also a bi-Lipschiz map on conv(A) x
conv(f(A)), moreover grapha(go f) = G(grapha(f)). Equation (2.1) fol-
lows by the bi-Lipschitz invariance of the Hausdorff dimension.

Let g € C*(R) be non-constant function such that R, = {z € R: ¢'(z) =
0} is finite. Then there exists N such that for every n > N, f(]0,1] \
Uyer, (¥ —1/n,y+1/n) is a finite union of disjoint closed intervals. Denote
I, -+, I this collection of disjoint closed intervals. It is easy to see that
g : I' = g(I]') is a bi-Lipschitz map. Moreover,

0,1 ={z: fx) e RJuL |J U

n=N [=1
by (2.1), for every n > N and 1 <1 <m

dimp (graphy-1(iry(g o f)) = dimp(graphg-1m)(f))-
Hence, by the countable stability of the Hausdorff dimension
dimg (graphp 11(g o f))

oo m

= dimgy (graphiz.pyer,y (9o f)U U U graphy—imy(g o f))
n=N [=1

= max{dimngaph{gC:f(gc)eRg}(gof) SUpn>N,1<i<mdimggraph -1 ny(go
= maz{dimggraph,. s, )eRq}(f) supn>N,1<i<mdimpgraph g (f)}

= dzmH(graph{zf(z yery) (f U UgTaphf L) f))
n=N I=1

= dimg(graphyp1(f))-

N}
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Note that we also used that the set R, is finite and thus,

dimp (graphye.f(z)er,y(9 0 f)), dimp(graphiz.syer,y () < 1.
|

We finish this section posing an open question. We propose it in the
one-dimensional case, but it is easily adapted to higher dimensions.

Question 2.11. Given s € (1,2], it is possible to obtain the algebrability of
the set of functions f € C[0,1] with dimg (graph(f)) =s?

3. ON CONTINUOUS FUNCTIONS WITH PRESCRIBED BOX DIMENSION
EVERYWHERE OF THEIR GRAPHS

Let us consider the following definition, that shall be recurrent from now
on.

Definition 3.1. We say that a function has Box dimension o everywhere
in [0,1] (or, simply, everywhere) if

dimp(graph(y) (f)) = V(a,b) C[0,1],

that is, the graph of f has Box dimension « if restricted to any (nonvoid)
open subinterval of [0,1].

It is known (see [13, Example 11.3]) that the classical Weierstrass func-
log A
logb

Invoking Ho6lder continuity, we can establish also the maximal dense-
lineability of continuous functions having graph with (different) lower and
upper box dimensions everywhere between any two numbers 0 < 51 < s2 <

1.

tions have Box dimension D = 2 + everywhere on [0, 1].

Theorem 3.2. Given 0 < a < 8 < 1, the set of functions f : [0,1] —
R Hélder continuous with exponent a and lower Holder continuous with
exponent 3 is c-lineable.

Proof. Given 0 < o < 8 < 1, we define for a sufficiently large prime number
p (that shall be specified later in the proof) the following:

Vo, := span {fv(t) = Zp_m sin(2mp"t) <y < ﬁ} .

n=0

Then V, g is a linear subspace of Holder continuous functions with exponent
a, since each f, is Holder continuous with exponent . Moreover the set

{fyra<y<p}
is linearly independent. Indeed, let us suppose that

)‘lf’n + )‘Qf’m +oot )‘kf’yk =0
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for some k € N, v < ; < B for every i € {1,2,...,k} and A\y,..., \x € R.
Then

oo
Z (AMip™ " + Xgp™ 2" 4 -+ 4 App” %) sin(2mp™t) = 0
n=0
for every t € [0,1], so the uniqueness of coefficients of the Fourier series
yields
Alp—'ﬁn + )\2p—'72n + . 4 )\kp—’Ykn =0
for every n € Ng. For n =0,...,k — 1, we obtain the following conditions:

>\1+)\2+"'+>\k20

AP T+ Xop 2+ AgpT R =0

Ap k=D 4 op=r2(k=1) ooy N p (D) —

\
The above equations are equivalent to the following one.

1 1 ne 1 A1 0
pf’Yl p772 N pf'yk )\2 0
p k=1 py=y2(k-1) p~ k(1) hy 0

The previous square matrix is a Vandermonde-type matrix and, thus, its de-
terminant is not 0 since p~ ™, ..., p~ " are different and non-zero. Therefore,
)\1 = O, /\Q = 07---7)\19 = 0. Thus dimVa,g =C.

Now, we shall prove that every function f € V, g\ {0} is lower Holder
continuous with exponent S.

If f e V,p\{0}, then there are N e N, a < v1 <72 < --- < yn < S and
AL,y ..., An € R\ {0} such that

f=Xfn+ -+ A [y
We can assume that A\; = 1. If that were not the case, then we would prove
the property of lower Holder condition with exponent § for the function
AN
BWEAL
and then f = A1g would also satisfy the lower Holder condition with expo-
nent .

A
g:f71+)\72f72+"'+
1

For a sufficiently large positive integer n (to be specified later in the
proof), setting § = p~™, we may choose a subinterval [id, (i + §)d] in each
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interval [id, (i +1)d], (i € N), and denote these intervals by [s;, ¢;]. By doing
this, we would have that

| o (50) =

fn ()]

v

v

v

v

>

|[p~ " (sin(p"2ms;) — sin(p"2wt;)|

n—1
- Zp_“k(sin(p@ﬂsi) — sin(p"2rt;)
k=1
o0
Z p~ 1k (sin(p*2ms;) — sin(p2nt;)
k=n+1

2mp—1)n| cos( "27s)| [t — sif

-] St -2 3

k=n+1
\/SWPWL B pfn Zp(l Wk _ 9 Z pk
k=n+1
\/Eﬂ' —yn E p,yl_l —vin ) p_’Yl —v1in
8 41—p’71*1p 1—p*71p
Clp_71n>

with C1 > 0 for a suitable choice of large values of p, as we advanced earlier
in this proof. Moreover,

|f’Yj (Sz) -

f“/j (tl)|

IA

IN

IN

IN

IN

IN

n
Zp_%k(sin(pkmrsi) — sin(p*2nt;)
k=1

oo

Z p~ 9k (sin(p*2ms;) — sin(p*2rt;)
k=n+1

n o
21 Zp(lfw)]ﬂ cos(p*2ms)||ti — si| + 2 Z p ik

_l’_

k=1 k=n+1
2md
3 S ptigs 3
k=1 k=n+1
n
p nzp =)k +2 Z P -5k
k=1 k=n+1
T phm +24p_%’ pNn
4p= — 1? 1—p

Cip_’y].na
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for certain C; > 0. Thus, for every 1,

|f(si) = fFtD)] > | fra(s0) = Fou ()] = N2l fra (i) = fra(ti)] — - -
— AN fon (8i) = fyn ()]

> Cip " — | A2|Cop™ 2" — .. — | AN|CNp N
= (C1 — |Ao|Copi=2m — Ay |Cypr TNy
> Cp P,
with C' > 0 provided we have chosen large values of n (as we mentioned
earlier in this proof). This finishes the proof. ([

Theorem 3.3. Given 1 < s1 < sy < 2, the set of functions f € C[0,1] with
s1 < dimp(graph(f)) < dimp(graph(f)) < s2
everywhere in [0, 1] is maximal dense-lineable in C([0,1]).

Proof. Let B(s1, s2) denote the set of functions f € C[0, 1] with
s1 < dimp(graph(f)) < dimpg(graph(f)) < s2

everywhere in [0, 1]. The set P of all polygonal lines is a dense linear subset of
C[0, 1]. In addition, by [5], we have that B(s1, s2) is stronger than P. Finally,
taking into account that B(si,s2) is maximal lineable as consequence of
Theorem 3.2 for a > 2 — 5o, f < 2 — s1, a direct application of Lemma 2.5
concludes the proof. O

We finish this section with the following open question.

Question 3.4. Given s € (1,2), is it possible to obtain mazximal-dense-
lineability (or algebrability) of the set of functions f € C[0,1] whose graph
have Box dimension s everywhere in [0, 1]?
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