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ABSTRACT:

In this work, we study zero-divisor graph of the ring Zpmg2 and give some properties of this graph. Furthermore we
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1. INTRODUCTION::

Let R be a commutative ring with identity 1#0
and let Z(R) be the set of zero divisor graph of R,
we denoted I' (R) is a simple graph with vertices
in  Z(R)'=Z(R)-{0} ,such that u v
€Z(R)=V(I'(R)) are adjacent if and only if uv=0.
Many authors studied this concept see (Anderson
and Badawi,2017; Anderson and Livindston,1999
; Axtell , Stickles and Trampbachls,2009; Atiyah
and Macdonald ,1969 ) .The distance between a
pair of vertices (u,v)of the graph is the length of
the shortest path between u,v. The diameter of a
connected graph I', denoted diam(I'), is the
maximum distance between two vertices. The
eccentricity e(v) of a vertex is the maximum
distance from it to any other vertex, that is
e(v)=max {d(u,v) where u,veV(['(R))}, the
radius of T is rad (I') = min{d(x,y) : x and y are
vertices of I' } and the center of I is defined by
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Cent(I') = {xe V(I') : d(x,y)=rad (G)}, for any
yEV() ( Buckley and Harary,1990) [?](EJ
resp.) Its means that the smallest integer is not
less than [?] (the greatest integer is not greater

thanEJresp.). A complete sub-graph K, of a

graph I" is called a clique , and ® (I) is the clique
number of I, which is the greatest integer n>1such
that K,CI'. In (Hosoya,1985) Hosoya gave the
concept of Hosoya polynomials as follows:

H(;x)= Yoam® g(r,k)x* such that d(Tk),k >0,
be the number of vertex pairs at distance k in
connected graph I' . The Wiener index of I" is the
sum of the distance between all pair of vertices of
I, that is W(I')=Y.d(u,v) ,where u,veV ,and we
can find this index by differentiating Hosoya
polynomial with respect to x then putting x=1, see
(Wiener,1947; Gutman,1993) . In (Ahmadi and
Jahani-Nezhad ,2011) Ahmadi and Jahani-
Nazhad studied the Wiener index of graph I'(Zg),
F(Zqz) where p,q are distinct prime .In
(Mohammed and Authman,2018) studied the
Hosoya polynomials and Wiener index of
I'(Zp™q),['(Zp™) and gave the properties of them
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In this work we find Wiener index of
F(meqz),where m>2 and p,q are distinct prime
.and we give new properties of Hosoya
polynomials of T(Z,"y”

2. Properties of T'(Zp™ q?)

In this section we give some properties of
I'(Zy," ) and find the degree of T(Z," ¢°) , where
m>2 and p,q are distinct prime number .

Lemma 2.1: (Duane,2006)
Let Z, be a ring of integers modulo n. then the

- n n
number of all non-zero-divisors for L are - — 1.

Definition 2.2:

Let R=2," q 2 where m>2 andpqare prime, we
can write Z(R) =U™, A; UjZoBj Uk o Ci
where Ar (F’m ) {0}, A= (™ ¢ (P
q )} 1=2,3,.

Bo= (P 0) {(p”‘q)} BJ (™ a)-{(p™ a*) v
©™" q) },j=1,2.3,.

Co= (") -(p" q) and Ck— ®™)-{(p™ q) U (p™
+1)} k=1,2,3,...,m-1. Using lemma 2.1, we have

p™q? p™q?
| Agl= p 1 AE(EES - 1) - (g = D =
p' — p'~!, where i=2,...,m. Similarly IBol q -1,
1Bj1=(p' - p‘ )(g-1),1Col=q(q-1) and 1yl -(p —p
)(ql)q,foranyJ 1,2,3,...,m and k=1,2,3,.
1,
Remark 2.3:
For any s € 7" we get,
1IA | -(p 1)+(p —p)+(p° -
)+(p p*H=p° -1,
]=0|B]| =(g-1)+(p — D(@-1)+ (p* - p)(@ — D+...+
(- p*Ha-1) =p*a-1)
Yool Ckl =(@-1)a+(p - 1)(a-Dg+...+ (p° - p*)(a-
1a(a - 1)g= p*(g-1)q,

—pr. T (7 P

Next, we shall give the following results

Theorem 2.4:

Let Ai, Bj, Cx be a subsets as Definition 2.2,
then for each x € Z (Z ," )*,
deg(x)xer(pmq?)

‘
pm 1q2 2,

=4 pm-ig — . . . m
prq—-2, ifx€Bjand 0 <j < >

i m
p™Jq—1, ifx€Bjand l§J+1SjSm.
L p™ k-1,  ifxeCrand0<k<m-1.
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m
ifxeAiandlsiS[?J.

p™ig? — 1, ifx € A;and [EJ+1<i<m
’ 1 2 = = .

Proof:
Flrst let xeA; for each 1<i<m and let y € Z
Z," 4 2)", then there are three cases.

Case 1:
If yeA,, where j=1,2,...,m, since xy=0 (mod
) if and if i+) < m, then X adjacent with y 1f

and only if j=1,... , m-i.Since X2 '|A;| =p miq,
but X€A; has loop if and only if 1515[;] ,we get
the number of adjacent elements with A; in this
case p™-2, if 1<i< EJ and  p™-1, if

EjﬂgiSm

Case 2:

If ye Bj, since xy=0 if and only if i+j<m,
1<j<m, then x adjacent with y if and only if
j=1,2,..,m-i, then the number of adjacent elements
with A; in this case ¥251B;|=p ™'(g-1) .

Case 3:

If ye Cy, since xy=0 if and only if itk < m,
0<k<m-1, this implies that ¥I-J|C,|=p™"q(q-1).
Therefore the degree of vertex A;j where xe A ,
1<i< |3 is

m—i_2

pr gt — 2,
deg(X)xea; = pm

iflsisl%l.

‘iqz—l,ifl%J+1SiSm.

)

Now, if xeB; , j=0,1,...,m and ye Z(Z," ), ify €
Ck, then xy=+0 ,we have two cases:
Case 4:

If ye A, then xy=0 if and only if i+j<m,
i=1,...,m-] .So that the number of adjacent
elements with B; in this case is ZQ?IAﬂ:pm'j-l.
Case 5:

If ye Bj, then xy=0 if and only if i+j<m,
i=1,2,...m-j, then X" JJ|B;| = p™ (q — 1), but x
has loop if and only1f0<1<l J then the number
of adjacent elements with B; is p™(g-1) -1, if
0<]<[ J and pmJ(q 1) ,if l J+1<J<m . Hence
deg()xegi=p™ -1+ p™ (q-1)-1 = p™ q -2, if



OSjSEJ . In a similar way we can find, deg(x)

e =™ g1, if [ 2]+ 15j<m.

Finally, If xe Cy, for each k=0,1,...,m-1, ,since
xy=0 if and only if i+k<m, yeA; ,where i=1,...,m,
SO X adjacent with y if and only if k=1,..,m-k, but
YK Cil= p™* -1,if follows that deg(x)xec, =p™ "
-1

Theorem 2.5:

Let Aj, Bj, C be a subsets as Definition
2.2,where i=1,2,3,...,m, j=1,2,3,...,m and

k=1,2,3,....m-1 then o(T'(Z,")= plzlg-1.
Proof:

Let N be a sub-graph of 1“(Z|0mq2 , with
different sets of vertices Ai and B;, wherel<i<

[2]05 < |2 so sl - plllandz |,|=

plzJ (9-1). we note that any vertex in A; is
adjacent to each other vertices in Bj, and the
elements of A; are adjacent with each other also
the elements of B; are adjacent with each other.
Therefore, the sub-graph N is complete.

If xeV(I'(R)) such that x¢N, then x is non a
adjacent with any element of BPJ.SO that N the

greats complete sub-graph of 1“(R)2 Therefore
o A)=52 A 1+ 512 B [=plElgL

Theorem 2.6:

Let A;, Bj, Cx be a subset as Definition 2.2,
where i=1,2,3,...,m, j=0,1,2,3,...,m, k=0,1,...,m-
1.Then Cent (T'(Z,"¢)))=UZ7" A; U5 B;.

Proof:
Let xel' (Z," qz) . Then we have the following
two cases:

Casel.
If min e(x)=1,then x is adjacent to all other
vertlces This mean that Z,™ ;%is a local ring or Z,"
=F, xF, , where F; , ie{1,2} is a field but not
Iocal (Wang,2005) , this contradict the fact that
Z," qz ) is not local ring or isomorphic with F; x
Fo.
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Case2.

If min e(x) =2 or 3 .Since diam I'(R)<3, then
max e(x)<3.So min e(x)=2 this mean the
eccentrlclty of the vertices of the center of ['(Z,"

¢’) must be 2 .We observe that xeA; or yeB;,
Where i=1,,2,....m-1 ,;=0,1,...,m-1, has the
eccentricity 2.

Example .1:

Let T'(Zp" 4 2)is graph such that p=3,g=5,m=3,
then Z(Ze7s) -2(Z5°s%) = {3, 5, 6, 9, 10, 12, 15,
18, 20, 21, ..., 663, 669, 672}.

Z ( Ze7s) "z ( Z5°5) =U, A U, B; Uy C
A;=(32. 5%)-{0}={225,450}.

A=(3 5%)-{ Au{0}}={75, 150, 300, 375, 525,
600}.

Az =(5%)-{AuAu{0}}={25, 50, 100, 125, 175,
200, 250, 275, 325, 350, 400, 425, 475, 500, 550,
575, 625, 650}.

Bo=(3%. 5)-{0}={135, 270, 405, 540}.

B1=(3% 5)-{ BouA,uA1u{0})={45, 90, 180, 315,
360, 495, 585, 630}.
B,=(3.5)-{B1uA1u{0}}={15, 30, 60, 105, 120,
165, 195, 210, 240, 255, 285, 330, 345, 390, 420,
435, 465, 480, 510 , 555, 570, 615, 645, 660 }.

Bs =(5)-{B.u Asu{0}}={5,10,20, 35, 40, 55, 65,
70, 80, 85, 95, 110, 115, 130, 140, 145, 155, 160,
170, 185, 190,...655, 665,670}

Co=(3%)-{0}={27, 54, 81, 108, 162, 189, 216, 243,
297, 324,351, 378, 432, 459, 486, 513, 567, 594,
621, 648}.

C1=(3% )-{ Cou Bsu A3u{0}}={9, 18, 36, 63, 72,
99, 117, 126, 144, 153, 171, 198, 207, 234, 252,
261,279, 288, 306,...,666}.

C,=(3)-{ C1uBsu Asu{0}}={3, 6, 12, 21, 24, 33,
39, 42, 48, 51, 57, 66, 69, 78, 84, 87, 93, 96, 102,
111, 114, 123, 129, 132, 138, ..., 672}.

Then the

deg(I'(Ze75))xen, =224,deg(I'(Ze75) ) xen, =14,
deg(I'(Z675))xen,=24,deg(I'(Ze75) ) xeB, =134,
deg(I'(Zg7s))xen, =44,deg(l'(Zs75))xeB, =14,
deg(I'(Ze75))xen,=4,deg(T'(Z675))xec, =26,

deg(T (Ze75))xec, =8, deg(T'(Ze75))xec,=2 , and
Cent (T'( Z5%%))= A1 UA,UBy UB,UB,
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3. Hosoya and W.iener index of zero
divisor graph of I'(Zp™ g°)

In this section we will compute Hosoya
polynomials and Wiener index of 1”(Zp %).First
we find the order and size of T'(Z,"q ) where
m>2 and p, q are distinct prime number.

We begin this section with the following results.
"Lemma 3.1:( Shuker and Mohammad,2013)

Let R=R; X R, ,where R; and R, are local
rings, then 1Z(R)I=|RulX| Z(Ro)[+RalX| Z(Ra)l-
Z(R)|l Z(R2)|-1™.

Theorem 3.2:

Let R = Z,mq2 then the order of R is ao= p™"
(p? +pg-g)-1 and the size is

s =l () +a (F5) + e () -

(|3] +6m+1)1.

Proof:

Let R= Zymg2, since Zymgz = Z,mXZ .2, and
Z(Z,")=p™ - 1 Z(Z 2)=0-1, then by Iemma31
|20 = | 2Zpm) | |26 ] +1 222 | | Zym |-
| 2Zym) | | Z(Zg2) | -1 = p"™ (p* +p 0-0)-1
Next we shall find the size a,of R. Since
2a1=Yperr) deg(v) = Xyea, deg(v) +

ZUEBJ' deg(v) + ZvECk deg(v)
where 1i=1,2,3,...,m, j=0,1,2,3,...,m, k=0,1,...,m

2a1= Zl J p™iq® —2) + ZmlmJH(Pm Lg® —

1+ Zl J(pm ’q—Z)
D+ X ™ - 1.

Hence1 - - -
al:E[qz(ﬁ +q( 1p—p )+p(1—pp) N
]

(2o

+ ijglﬂ@m_] q-

Theorem 3.3:

Let F(meqz) be a zero divisor graph, and p, q
are distinct prime numbers and m>2. Then
diamI'(Z,";%)=3

Proof:

Let Z(Z,"¢) = UA; UB;U Cy, where A ,B;, C,
i=1,2,....,mj=0,1,2,...,m, k=0,1,...,m, be subsets
as definition 2.2.we can find vi€Cy.1 ,V2€Bn
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.Since every element in Cp.1is adjacent with only
element in A; and every element in By, is adjacent
with only element in By, and since every element
in By is adjacent with only element in A;.Then we
have d(vi,V2)=3. So that diamI'(Z,"")=3

The following lemma is given by (Hosoya,1985)

Lemma3.4:
Let G be a connected graph of order r, then

S0 @ d(G, i) = 1(r+1).

Theorem 3.5:
Let R= Z,"* mod(p™ q?), since diamI(
Z,")=3, then H([(R),x)=ap+ax+ax’+asx’,

where a=p™(g*+pg-q )-1, a; = é[q2 (_11—_13p ) T

a(5-) +0 () - (l“‘J+6m+1)l =3
™ (o P )-11(p™(@*+pa-a)-1+1) - p™* (o

v 21 () - (E) ()

1-p 1-p 1-p
(2] emei - P Gmp @00 [2eis m
[2]<i< m, oskem-1. ag= p™ ("™ (a- 1)’

Proof:
By Theorem (3.1), ag=p™* (¢® +pg-q) -1,

ar=31a? (F2) +a () +p () -
(Ej +6m +1)].

Now to find az. Let
X,yeZ(meqz))*,Z(meqZ))*:

U, A; U2, By URLy' Cy, where
AI pm|2{pm|+12 i12 .,m, BJ pmlq{(p
q 9} v (™" q)},J =0,...,m,C=p™*-{(p"™
“D1uip™h}, k=0,...,m-1,
Then we have three cases:
Casel:

1. fxeAjandy € Ay i= 1,2,..., mj=1,2,...

m, X = klpm—iqzlpm—i+1 1, k1, y =

kpp™7q’
,p™7i*1 4 k,, then x and y adjacent p™*qg?
,2that is d(x,y) <2 a contradiction.

2. Ifx€Ajandy € By, i=1,2,....m, j= 0,1 ,2,

. ,MmX = klpm—iqz’pm—i+1 Jf kl! y = kz

p™iq, p™I*1q t k,, then x and y
adjacent p"q, that is d(x,y)<2 a
contradiction .



3. IfxeAjandy € Cy, i=1,2,...,m, k= 0,1,2,
,m-l. X = klpm—iqZ’pm—i+1 } klv y =

k, p™~ K, pm~k*+1 y k.. If i #m, then x and

y adjacent p™'g® that is d(x,y)< 2 a
contradiction . if i = m, then x adjacent
with only elements in By or Cy, but y non
adjacent with every elements in By or Co,

so that d(x,y)=3 for any k=I,....,m-1 and

the number of element in this cases
Anl T Cl = (0™-p™ )™ (0-1)g

Case2:

1. IfxeBj,andy € B;, i,j=0,1,2,...,m

x =k;p™7lq, y = k,p™q, where p™~*iq 4

ki, p™7q% tk;, p™I*lqtk, and p™Tg? ¢

k;j, since x and y are adjacent with elements

p"q, that is d(x,y)< 2 a contradiction.

2. If xe B;and ye C; ,i=0,1,...,m, j=0,1,...,m-
1. x=kip™q , y=kop™, p™*qtk, and p™
'Ptky ,p™"k, and p™g?t ks |, then x
and y adjacent p™g?, for any i,j=0, ...m-1
that is d(x,y)< 2, a contradiction. If i=m,
and je{0,...,m-1}. Then by the similar way
in case 1 for i=m, we can show that
d(x,y)=3, so that the number of element in
this cases|Bnl. S0 Cil = p™(p"-p"™) (-
1)’

Case3:

If xe Ci,_and y € Cj,where i,j = 0,1,2,...,m-1.
Then x=kip' ,y=kop!, qor pi+1 tki,qor pj+1 t
k,, then x and y adjacent pm-1q2, that is d(x,y)< 2
a contradiction.

Therefore, we get a;= p™*(p™-p™*)(g-1)0?, ag—g
[p™ (@ +pa-0)-11(P" (@ +pg-0)-1+1) - p™ (g

o) Lrg2 (=2 1-p™ 1-p™Y _
+quI) Z[q (1—p)+q( 1-p )+p(1 p)
(F|+6m+D1 - P ™p™ (@D | [F]<is m
Zl<j< m, 0<k<m-1.
[2] ] ’
Corollary 3.6:
maw_1r 2 1-pm 1—pm+1

WNEZ")=5[a? (52-) +a(7-) +

p(52) - (|5] + 6m + 1)+2L (™ (47 +pa-0)-

1) E™Yg*+pg-a)-1+1)-p" g +pg-q) -
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g[qz (11—_;);“) +q (l—lpﬂ:l) +p (11—p:‘) .
(F]+em+1 - (™ ™™D 1+3p™ (" -
P (-1 [ 2]<i< m, [2] <j< m, 0<k<m-1.

Proof:
From definition Wiener index, since W

(F(meqz)):%H(F(meqz);x)|x:1 . Therefore, then
W T
(Z,"))=0+a1+2a,x+3a3x*=
1 1—pm 1—pm+1
E[qz(l—p)q( 1-p )

1—p™ m 1, mil /.2
#p (55) = ([5] + 6m + 1)+20 07" (@ +pe-
0)-1)(p" (g™ +pa-0)-1+1)-p™ (g +po-q) -
le? (B2
2 1-p

1— pm+1 1— pm m m-
ra(om ) e )= Glaman o
(0"™-p" (@D x+3[™ ™ -p"N(A-1)G] Xl
,[;]<1§ m, [;]<_]§ m, 0<k<m-1.Therefore we have

210 () +a(55)+
p(EE) = (|2]+ 6m + 1)+2E (™ (o2 +pa-a)-
L)(P™(@*+pa-a)-1+1)-p™" (A" +pa-0)-

L () +a(550)

+p (52) - (| F]+emD1-6™(e"p™ ) (@-D]

- M ][5 |<is m . [F<is m,
0<k<m-1.

W (Z")=

Example 2:

In Example 1,we find Hosoya and Wiener
index szzero divisor graph of I'( Z3>59), d(T ( Z3°
5 ) 0 ) ) =
314 A(T(Z5%52,1))=272,d(T(Z5* 52,2))=32669,d(I (Z
352,3))=16200.Therefore we  have(I'(Zs’s):X)
=314 +272x + 32669x°+16200x°. By definition
Wiener index of zero divisor graph of I'(Z3%5°) .
W(T(Z3% 52)) =272+2(32669)+3(16200)=114210 .
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