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ABSTRACT:

The existence of solutions for a non linear eigenvalue problems is well studied and proved for n even. In this article we will
study the case of odd dimension n>1 for the family of quasi-homogeneous and quasi-elliptic operators and we will give some
examples for the case n=3. We study the conditions for which we can prove the existence of non trivial solution for each case.
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INTRODUCTION :

In this article we study the existence of the
non-trivial ~ solutions  for a  non-linear
eigenvalueproblem with some quasi-homogenous
and quasi-elliptic operators defined on an odd
dimensional space.

In 2003, Helffer, Robert and Wang have proved
the existence of eigenvalues for the non-linear
eigenvalue problems for every even dimension.

For the case of odd dimension: the case n = 1
was studied by [Robert, 2004], [Christ, 1992] and
[Aboud, 2009, 2010]. The case odd n > 1 was
studied in [Aboud, 2009] (doctorate thesis), in
which the author proved the existence of non-
trivial eigenvalues for some quadratics families of
operators for the cases of dimensions n = 1, 3,
5and 7 and a conjecture was given for the upper
odd dimensions.
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In [Aboud, 2018], the existence of the non-trivial
solutions for a non-linear eigenvalue problem with
a quasi-homogeneous operator defined on an odd
dimensional space were proved.

2. PRELIMINARIES

In this section we give some well-known
results. LetThe a compact operator onH, where H
is a separable Hilbert space. If r(T) # 0 (spectral
radius) one order the non-zero eigenvalues of T in
a decreasing sequence in modulo

2. (T)| = |A,(T)| = -+ = [1,(T)]| = -

every eigenvalue be repeated following its
algebraic multiplicity. For proving the existence
of non-trivial eigenvalues, we use the following
theorem:

Theorem 2.1 Theorem of Lidskii (1958) For
every T € C*(H) wehave Tr(T) = Y51 4(T).

We get directly the following corollary:
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Corollary 2.1 If there exists k > 1 such that
Tr(T*) # 0, then o(T) *# {0}.

Definition 2.1 Let X be a Banach space, an
application f: R™\{0} — X, a multi-index

ﬁ € Nn'ﬁ = (hlf""hn)

and d € C. One says that f is quasi-homogeneous
of order d and of type h if

fpMxy, =, pnxy) = p@(xy, -+, xn),
foreach p > 0 and (xy,-:-,x,) € R™\{0}.

We give now the definition of quasi-homogeneous
symbol.

Definition 2.2 For the two multi-indices h €
N™h = (hy, -, hy)andk € N™ k = (ky, -, kp)

we set
M = LCM{hy, -+, hy, kq, -+, kn}.
For, a is a C* function such that
a: R?™\{0} - L(H)
with

a(pixy, o, p'nxn, pMEy, e, pER) =
pMa(xy, =, xn, 1,00, ),

where L(H) is the space of continuous linear
operators fromH to H, x € R™, (xq,:*,x,) and

5 € Rn1 (Elf “'lfn)and
@Q,E(x' $) = ¢Q,E(x: $)

=+
i=1
n
IR
i=1

where p; = hﬂi, q; = kﬂi, 1<i<n,(x¢&) €R™

2.1 CONDITIONS OF TRACE CLASS AND HILBERT-

Aboud.F . /ZJPAS: 2019, 31 (s2): 70-80

71

SCHMIDT CLASS OF THE SYMBOLS
In the following we give a result which

help us to know if the operator is of trace class (or
of Hilbert-Schmidt class) by using the formula of
the associated symbol. For the proof of the
following lemmas see [Rndeaux, 1984] :

Lemma 2.1 Leto™ (L) be the Weyl symbol of L.
One has L is an operator Hilbert Schmidt iff
a% (L) € L*(R?™).

Lemma 2.2 Leta" (L) be the Weyl symbol of L.
One has L € Cyif :

f IDgD! a(L)|pdxdE)p,
oslal+TBl<k(p)

with k(p) even integer > Zn((g) — Difp € [1,2],

k(p) even integer > 3n(1 + (g)) if p €]2, ool.

We recall the following lemma (for the proof see
[Aboud, 2009]) we prove the following lemma:

Lemma 2.3 For an operator L the symbol o (L)
quasi homogenous of order M and of type

(K' ﬁ) = (kl; kz, ‘gl, ’gz)SUCh that
a(L)(p*rx, p*ay, pta, pfen) = pM(x,y,&,1),
i.e.o(L) € Sip

where (x,y) € R™ X R™2, (&,n) € R™ X R™
and n; + n, = n. Then:

i) L is of trace class if o(L) € S, with the
condition:M + (n ky + nyky, +€1ny +£,n,) <
0. (1)

i) L is of Hilbert-Schmidt class if o(L) € S/,
with the condition:

2M + (nikq + nyky + €4nqy +4€5n,) < 0.
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Theorem 2.2 (Theorem of Composition)

One suppose that ¢, ¢ are weight functions, if

© ; © u
A€ L<p1,¢ with symbol a € 5<p.1¢> and B € L(pf(b of

symbol b €S2, then AB EL;f;“Z. Moreover,
the symbol a.b of AB admits an asymptotic

expression
a.b = Z F(a,ﬁ)(anga) (afofb),
aB

in the following sense:

for an integer number N one has

ab— )

|a+B|<N
€ Sﬂ1+ﬂ2—(N’N),

r(a,p)(0gpfa) (ofDgn)

1
alp!’

where I'(a, ) = 5)*(—5)*
3 FUNCTIONAL ANALYSIS OF THE PROBLEM

Let H be a complex Hilbert space and let
L(A) = Hy + AH{+...+A™ tH,_, + A™, (3)

L is a family of non bounded operators on H,
where 1 € C.

In addition, H, is a closed operator with a
dense domainD(H,). The operators H,..., Hyu_4
are defined on D(H,).

We consider the following hypothesis:

Hypothesis (H1):H, is a self-adjoint positive
operator of the domain D(H,) in H.

Hypothesis (H2): For each integer j, 0 < j < k —
1, the operators Hy *H; and Hg *H; are bounded in
H.

To give the third hypothesis, we give the
following definition:

Definition 3.1 LetH,, H, be two complex Hilbert
spaces and T: H, —» H, a compact operator. We
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denote by (u;(T)) ;> the decreasing sequence of

eigenvalues of (T*T)% where each eigenvalue
repeated corresponding to its multiplicity. Let p
strictly positive real number. We say that:

T € CP(Hy, Hy)if

> TP < oo
j=1

where CP? denote the class of Schatten.

Hypotheses (H3): There exists a real p > 0 such

-1

that:H™ € CP(H).
So we have the following result:

Proposition 3.1 Under the previous hypothesis
one has:

i) L(A) define a closed operator of domain D(H,).
i) If L(2)~! exists, then it is compact.

iii) VA € C, L(A) is an operator with index and
Ind(L(1)) = 0.

4 QUASI-ELLIPTIC AND QUASI-HOMOGENOUS
OPERATORS

4.1ELLIPTIC SymBOLS
Definition 4.1 Let A be an operator with the

symbola (4)(x, &) such that:

CAEED =) am 18,

=0

we say that A is elliptic ifa,,(x,&) # 0 for
(x,$) € R™ X (R™\{0}).

Now, let A be an elliptic operator of order m > 0,
invertible and has minimum

increasing radius (i.e. the radius arg A = 6
in C is a minimum increasing radius if this radius
does not contain any proper value of a,,(x,%)).
The symbol of Ais:

[ee)

CAED =) an(),

J=0



where a,,_; is homogenous of order m — j.

Definition 4.2 One says that the symbola(x, &) is
poly-homogenous, if a(x, &)of the following form:

aCe§) = ) ay- ()
{EN

with ay,_,(x, &) is homogenous of order M — #.

Definition 4.3 One says that the symbola(x, §) is
poly-quasi-homogenous, if a(x, &) is of the
following form:a(x,é) = Yren  ap—p(x, ),

with ay_,(x, &) is quasi-homogenous of order
M—¢.

Definition 4.4 One says that the symbola(x, &) is
quasi-elliptic if it is poly- quasi-homogenous with
the fact that its principal symbol principal does
not vanish out of zero, i.e.;ay (x, &) #

0, for(x, &) € R¥™\{0}.

4.2 QUASI ELLIPTIC SYMBOLS
We consider the family of

operators:Lp (1) = a(D,) + (P(x) — 1)?,x € R™
4)

where P(x) = P(xy,-:+,x,) IS a positive quasi-
homogenous polynomial of order M and of type
(kq, -+, ky) such that:

P(p*ixy, -, pnxy) =

pM Py (1, xn) + pM TV Py (X, 00, Xp) )
where y > 1 and P is quasi-elliptic such that:
Py(x) # 0,x € R™\{0},

and a(Dy) = a(Dy,,"-,Dy,) is a positive
pseudodifferential quasi-homogenous operator M’
and of type (#4,--,%,) such that:

a(plexl'”';panxn) =
pM aO(Dxlr “'JDxn) + pM _5a1(Dx1""IDxn) (6)

where § > 1 and a is quasi-elliptic such that:
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ao(§) # 0,§ € R™\{0}.

We have associated to Lp the non self-adjoint
matrix operator on L?(R™) x L?(R™) such that:

A= (_(1’70 _1ﬁ1) @
where
Hy = a(Dy) + (P(x))* =
ao(Dx) + a1(Dx) + (Po(x) + P1(x))?
and
Hy = —2P(x) = =2(Py(x) + Py(x)),

then the symbol of 4 is:

0 1 0 1
A‘A°+A1‘(—Ho —H1>+<—Ha —H{)

where

Hy = ao () + (Po(x))?,

H, = —2(Py(x)),

Hy = ay(&) + 2Py (x)P;(x) + Pf (%),
Hy = —2(P1(x))

the principal symbol of 4 is 4,, in place of 4, we
take a matrix equivalent toA, and we call it also
A, such that:

the principal symbol A, belongs to Sﬁﬂ,where:

k
M_=(—1,~-, n), ’ ’
M MM = (k.

we have
ux(x, &) = Po(x,$) +/ao(x, ). (8)
So, we will prove the following proposition:

Proposition 4.1 For the operator A in (7) with a
symbol A € Sy , such that:
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[ k, 24, 24,
@) = (G 30 Gt 3)

such that there exists j, j = 1 such that:#; + --- +
£, = M'j.

The parametrix of (4, + )™ have the following
symbol:

B &M~ ) baod)
j=0
Then for:

m
kl + + kn
M
+2(£1+---+£n) 2(€1+---+€n)+

,y M
M’ " M’ }
the asymptotic form of this parametrix is the

following :
Z Cj,—m(l)

720

> max{

Tr(Ap + )™ =~

~ A% + g%t + -1,

Gon =] | bz

with

@ = [ @@y fa® s o
C1 = O

C(g._l = 0

and

Csm@) = f by, (x, €)dxde
R2n

= A‘ZSCS

where
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kiny + kyn, N ing +n,?,

24 = —-m+ M’ MI’

as = a, — 6,

ok 28, ky 28,

§ = MM.mm{M+W, ,M-F M,},
~ 2081+ + £,)

p - M[ )

in addition, we have c, # 0.

Proof : We apply the condition (1) for a general
case of quasi-homogenous operators then the
operator (A + 1)~™ is of trace class for m such
that :

ky
M

k ' 2
_|_...+_n+2_,1+...+2_n (9)
M M

m = I

and for finding the asymptotic form of Tr(4 +
A)~™, when A — +oo, we find the asymptotic
form of the symbol B of (A + A)™™. The symbol
B belongs to Sy, such that:

B &) =) b,
720
where
by, (x,§) = Ao +H™,

biaa(68) = —boa(tE)Ts T BIIEDE (Ag(x,8) + H™EDED,,(x,§)
—boa () X T'(a BOFDL Ay (x, &, )If DEby (x,§)

(10)
where
4 = (M +M).(a+B)|+1=j+11<)}
A= {|(M+M).(a+Pl+1I+i=j+11<j0<is<m}
(11)

Ai,m(xJ 5; A) =

m st
s+t=i s't! (AO +A) A ’0 ssts

sEm,t+0
m,0 < i < mwith



|(M + M. (a + B)I
ki 2t
~Gtw

26,
+ W) (an + .Bn)

ky,
)(ai + 1)+ + (ﬁ

Then we find the asymptotic form of the trace:

Tr(A + )™ ~ Z f tr (b 1 (x, £))dxdg,
RZT’.

j=0
We setcj (A = [ozn  tr(bjalx, §))dxdé
then Tr(A+ )™ = ¥js0  Cj—m(A).

We start by calculate the first term:

Com = f tr (b, (x, €)) dxdE
R21

_ f (R + iyao@) + ) ™)dxds,

to calculate the integral we do the changement of
variables

ky k1
x1 = /1Mx1/ = dx1 = AM dxll
X, = AMxy = dx, = Amdxy

24 26
§&, = AMéy > dé = AMdéy
: ﬁ : 2{J:
én = AME = dé, = AMdéy
(12)
we have:

Co—m(A) = A% [L0n  R(Po(x") +iyJao(§) +
1)™™dx'd¢&' where

kq k, 2¢; 24,
ao——m+ﬁ+---+ﬁ+ﬁ+---+W,

where m satisfy the condition (9).We set
f@=|  @E)+afa®)
R21
+ 1) ™dx'd¢’,

then we do the changement of variables:

Aboud.F . /ZJPAS: 2019, 31 (s2): 70-80

75

2 2t
fll = «a M’fl,r = dflr a M dfl,/

: : (13)
20n 2tn

fn' = a_an,/ = dfnr a_Wdfn,r

we have
f@=ar [ o+ fane”

where p = — %+ ---+2Mi’,1). Then by doing an

analytic extension of f(a) we can take a = ithen:

o) = 2R [ (o)

+ ﬂlao(f"

to have that R(i”) # 0 we must have that p is an
even number, i.e. there exists j such that:

L1+ Ly = M,

SO

oom = (DF [ R+ Jane”

for the integral

[ @+ ™ fue

we have that the previous integral is defined and
non-zero for

m>
max {k1+-~-+kn _I_z(el;-’wn) n, 2(4)1;-,-#,1) +
m} (14)
For the second term we set:
k, 2¢; k, 2¢,
K=miny—+—, =+, —+—1¢
{M M’ M M’}

20,

we suppose that:x = by —
M M

ZANCO Journal of Pure and Applied Sciences 2019
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then the second term is b, we take in
consideration the type of homogeneity (c.f. also
(11)), sowhen Il =0,i=0and a; + B, = MM’
we have

bKMM',/'l =
—I'(MM',0)bo ;0™ (Ap + D)™ DM by

—I'(0, MM")by ;,DMM' (Ap + )™
oMM by, — M(MM' — 1,1)
bo 0™ T1DL (Ap + A)™0E DMM'~1pg )
—I(MM' — 2,2)b, ;0™ =2D2 (4p + )™
0Z DMM'=2py; = I'(1,MM' — 1)
bo a0, DY =1 (Ap + D)OYM 1D} b ;.
We do the changement of variables (12) we have:

fRZn tr (bKMM’,A(x, E)) dxdé

= A= f (g, E))d
R n

where
_ 4 kiny + kyn, nyfy +nyd,
a; = —m M M
— kMM' = ay — kMM’
and by, (x', &) is the rest of by, 5 (x, ) after

the application of the changement of variables and
taking A as a factor.

We use the proposition (4.1) and the
theorem of Lidskii we can proving the following
theorem:

Theorem 4.1 The operator Lp en (4) is defined on
L?>(R™) where P(x) = P(xq,***,x,) is a positive
quasi-homogenous polynomial of order M and of
type (k4, -, ky) such that:

P(p*ixy, -, p*nxy) =

pMPO(xli "'rxn) + pM_ypl(xlﬂ 'xn) (15)

where y > 1 and P is quasi-elliptic such that:
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Py(x) # 0,x € R™\{0},

a(Dy) = a(Dy,,*,Dy,) is a positive
pseudodifferential quasi-homogenous operator of
order M’ and of type (¢4, -, €,) such that:

a(p®tDy,, -+, p"Dy,) =
pM ag(Dx,y++, Dy,) + pM 0y (Dx,, Dy, )(16)
where § = 1 and a is quasi-elliptic such that:
ao($) # 0,§ € RM\{0}.
If there exists j such that:
b+ 4+, =M.

Then there exists Ao € C and wug € L>(R™),

5 QUADRATIC QUASI-HOMOGENOUS FAMILY
We consider the following quadratic
family of operators:

L(A) = Hy + AH, + 22, (17)

where H, and H; are pseudo-differential
operators with the symbols H, and H; of order M

and % respectively and of type (k, ¢)i.e.:
Ho(ka:pfg) = ,DM H,(x,&), Hl(pkx'pff) —

pTH, (x,6).

H, and H, satisfy the hypotheses (1),(2) and (3)
of the section (3), in addition we suppose that H,
and H, — H are positive operators.

We associate to L(A), the following non
self-adjoint matrix operator:

° (18)

with a matrix symbol A which belongs to
Sio(L?(R™) x L*(R™))where
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Proposition 5.1 The operator A in (18) is defined

k ¢
k) =(=,—), . .
& ) (M M) in L>(R™) x L*(R™) where H, and H, are positive

such that: pseudo-differential operators of orders M and %
. respectively and are of type (k, £) such that there
. < 0 Hg ) (19 exists j, j = 1 with n(k + €) = Mj.
—Hp2 —H, For m large enough and A — +oo we have
and g = Hy ¥ iy/Ho — HY. Tr(dp + )™ ~ Z & —m(A)
We find the asymptotic form of the trace of the Jj=z0

operator (A+ A)™™, for m large enough. The

=)
symbol B of (A+A)™™ belongs to CoA% + csA%070 + -,

Q

S (L*(R™) X L*(R™)) such that such that
B(x,¢, 1) = z bj (%, $), ¢j-m(A) = j b; 2(x,y,&,n)dxdyd&dn,
j=0 R21
where where b;, are the terms of the symbol of the
o parametrix of (4p + 1)™and
bop(x,§) = (AXxH+DH™,
bjria(x) = wo = —m 4 2D
M
P
~boaCt®) Y T(a,fogDf o= (-1 fron  (Hi(n ) +
’ JH G ) — B2 ) +1)  dxds,
(A, ©) + )™0f DEb (%, §), _ {E L}
§7x 6 =M. it
. , 2n(k + 1)
A={ltk+D).(a+ )| +1=j+11<j} p=—

So the trace has the following asymptotic form:

1% <H1(x;§)+ /Ho(x,f)—Hf(x,§)+1> dxdg,
Rzn

Co

Tr(A+1)™ = 2 j tr(bj(x,&))dxd¢
j20 R2M 6 = M min{ﬁ ﬁ}
J= : MM
N > Gm® b= o
j—m\)

j=0

of plus ¢, # 0.
setting P 0

Proof: we have :

¢j—-m(A) = tr(bja(x,&))dxdé,
LZ" tr(boy) = R(H, + i /HO —HZ+ )™,

then we find the integral

and

bia(x,§) € gy (LA(R™) X L*(R™)).
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f (Hy+i /HO — H? + 1) ™dxdé,
RZn
we do the changement of variables:
Y dx= Awd
= ! —1 = ™ !
= A )

2¢
§= Am& = dé= Amdé
we have

S trboa(x,§))dxdg

r@=(3) [ (meen

+ \/HO(X”,SH) —H i(xn'fu)

-m
+ 1) dx" d&"

where p = anlerd)

An analytic extension of f(a), allow to

=2% [0 R(Hi(x', &) + iHo (', §) — HE (',

2n(k+?)

where ¢y = —m + ”

)

we set

Co = f §R<H1(x',f')
R21

+1 HoCel, ) — H2(, )

-m
+ 1) dx'dé’,

i.e. co—m(A) = A%c,.

To calculate ¢, we use the same method of the
previous section. we suppose that : f(a) =

fon  (Ha(x' € + ay/Ho(e', &) — HZ(x', €1 +
1)_mdx’d<f’,by doing the changement of
variables :

2k 2kn
M, IS/
x' = (—) x' = dx' = (—) dx’
a a
2¢ 2¢n
- O - @)
g= (5) ¢ = ar= (3) a
we get
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N f%ljpﬂs%gch,%l gq’= i, and we have

¢y = R(i) f (Hl(x”,f”)

R21

+ JHO(x”,E”)—H 2(x", €

-m
+ 1) dx"d&"

then ¢, # 0, if there exists j, j = 1 such that

n(k + €) = Mj, (21)

For n and M even numbers we must
having k and ¢ such that (21) is satisfied. For n
odd and M even we must obtain that the sum
k + ¢ be even and (21) is satisfied. For example,
the case n = 3, (k,¥) = (1,3) and M = 6.

Then we have

o= -17%

R2n

(Hl (xII’ {_’II)

+ JHO(x”,f”) —H i(xu'{://)
-m
+ 1) dx"d€"

and ¢, # 0 because

<H1(x",€") + \/Ho(x”, §)—H 2(x",&")
+ 1) dx" d&"

IS positive.



We find the second term of the trace of
(A + 2)™™ we set

o {k {’}
K = min Y

then we take in consideration the type of

homogeneity we have by, , is the second term
whenl=0anda+f =M ie.

=T (M, 0)bo1(x, 3¢ (Ap(x,§) + D™ Dy'bo,a(x,§)
=T (0, )by (x, DY (Ap(x,) + D™ ¢ boa(x,§)
—I(M = 1,1)bo(x,$)0¢' "Dy (Ap(x,§) + D™
gD hoa(x,§)
—I'(M = 2,2)bo(x,§)0¢' ~2DZ (Ap(x,§) + )™
0¢Dy'~?bo a(x,§)

bema(x,§) =

= (1, M = 1)bo(x, E).fij.ngf—l(Ap(x, H+A™
0"~ Dybo,a (%, §).
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5.1 EXAMPLEWITHNn = 3

We consider for example the operator
L(A) in L?>(R®) with H, and H, of order6 and 3
respectively and of type (1,3) such that:

HO(X, Dx) =
Hl(xl Dx) =

|x|6 - Da%'
|x|3,

Then we have the matrix operator A has the
symbol Awith :

Ho(x,$) =
Hl(x' E) =

|x|® +1¢1%,
|xI°,

For m > 9 and A — +oo, the asymptotic form of
the trace is the following :

-m—(kM)
we have by, € S&f then we do the TrA+ )™ ~ Z ¢ —m(A),
changement of variables (20) we find : =0
f tr(bema(x,€))dxdé = Aalf tr(byy(x',E)dx'dé’, ~ A%cy+ A%y + -,
R21 R2n
where with
a, = qg — KM,
c = [ GaPevmeax [ ag+
and by, (x',&") is the rest of b,y 5 (x, &) after the R? R?
application of the changement of variables (20) o = 0
and taking 2 as a factor. o
We use the proposition (5.1) and the @ = —m+4
theorem of Lidskii we can proving the following
a, = -m+ 3

theorem:

Theorem 5.1 Let Lp be the operator in (17),
which is defined on L?(R™) with H,, H, are
positives pseudo-differential operators with the

symbols H,, H, of order M and % respectively
and of type (k, ©), if there exists j, j = 1 such that

n(k +¥¢) = Mj.

Then there exists A, € C and wu, € L>(R™),
uy # 0 such that Lp(49)uy = 0.

and ¢y # Osince(Jx|® + 1)™™*3 and (€| + 1™
are positives.

Then by using the proposition (5.1) and
the theorem (5.1) we can prove the existence of
non trivial solutions for the operator L.
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